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Abstract

We develop a computational model for the solvation of charged molecules in an
aqueous solvent. Such solvent is modeled as an incompressible fluid, and its dynamics
is described by the Stokes equations. All the surface tension force, van der Waals dis-
persive force, electrostatic force, hydrostatic pressure, and viscous force are balanced
on the solute-solvent interface, giving rise to the traction boundary conditions on such
an interface. We use the level-set method for the solute-solvent interface motion. To
describe the hydrophobic interaction that is characterized by the volume change of the
solute region, we design special numerical boundary conditions for the Stokes equa-
tions. We then reformulate and discretize the Stokes equations with a second-order
finite difference scheme using a MAC grid. At virtual nodes near the solute-solvent
interface, we use interpolation to discretize the boundary conditions and formulate the
difference equations at such nodes. The resulting linear system is reduced by the Schur
complement and then solved by the least-squares method with various techniques of
acceleration. Numerical tests show that our method has a second-order convergence in
the maximum norm for both the velocity and pressure up to the boundary. We apply
our methods to some model molecular systems. With the comparison of our approach
with a well established, static solvation theory and method, our dynamic model and
numerical techniques accurately reproduce the solvation free energies, and capture the
dry and wet molecular states. Our work provides a possibility of describing solvent
fluctuations through the solvent fluid flow.
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1 Introduction
Aqueous solvent plays a critical role in the structure and dynamics of charged molecules,
particularly biological molecules, such as proteins, DNA and RNA, and biological mem-
branes [7, 10, 37]. Such a role arises from the solvent molecular network and structural
characteristics as well as the solvent macroscopic fluid mechanical properties. In fact, ex-
perimental and theoretical studies have indicated that the solvent shear motion can induce
protein conformational changes and the solvent viscosity can affect the kinetics of such
changes [1, 24, 28, 34, 49, 55, 56, 58, 60]. Explicit-water molecular dynamics simulations have
suggested the validity of the Rayleigh–Plesset equation in modeling nanoscale bubbles in
water [20, 31, 42, 47]. Such equation is derived from the Navier–Stokes equations of fluid
mechanics under the spherical symmetry [47]. Continuum hydrodynamic models have also
been used to describe the phase separation in multi-component lipid bilayers [11,12].

In this work, we develop a fluid mechanics model and computational methods for the
solvent dynamics in the solvation of charged molecules, aiming particularly at a good under-
standing on effect of the solvent viscosity [58] to the molecular conformational changes and
the dry-wet transition [7,10]. We construct our model based on the Stokes equations for the
solvent flow, as well as the recently developed variational implicit-solvent model (VISM),
a static theory for stable equilibrium conformations and solvation free energies of charged
molecules [21, 22] (cf. also [18, 61,67] and [9]), which we now briefly review.

Let us consider one or a few charged molecules consisting of N atoms with fixed atomic
positions x1, . . . ,xN and partial charges Q1, . . . , QN , respectively. We denote by Ωm (m
stands for molecule) the solute molecular region that contains all the solute atoms, and by
Ωw = R3\Ωm (w stands for water) the solvent region. These two regions are separated by the
solute-solvent interface, or dielectric boundary, Γ; cf. Figure 1.1. In VISM, one determines
the stable equilibrium conformations and solvation free energies of an underlying charged
molecular system by minimizing a solvation free-energy functional of all possible dielectric
boundaries Γ. The functional is [18,21,22,61,67]

G[Γ] = p0Vol(Ωm) + γ0

∫
Γ

(1− 2τH) dS + ρw

∫
Ωw

UvdWdV +Gele[Γ]. (1.1)

The first term in (1.1), in which Vol (Ωm) is the volume of Ωm and p0 is the difference
between the solvent and solute pressures on the boundary Γ, describes the reversible work
needed to create the solute region Ωm. The second term in (1.1) is the surface energy, where
the surface energy density (surface tension) not only includes the constant surface tension
γ0 for a flat interface but also the curvature correction with H the mean curvature (i.e.,
the average of the two principal curvatures) and τ the correction constant, often called the
Tolman length [59]. The third term in (1.1), in which ρw is the constant bulk density of
solvent molecules, describes the solute-solvent short-range excluded volume effect and the
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Figure 1.1: Schematic of molecular solvation with an implicit solvent. The dielectric bound-
ary Γ separates the solute region Ωm and the solvent region Ωw that have the dielectric
coefficients εm and εw, respectively. All the solute atoms are located at x1, . . . ,xN , and they
carry the partial charges Q1, . . . , QN , respectively.

long-range dispersive interactions. The function UvdW is the solute-solvent van der Waals
(vdW) interaction potential. We take, as in molecular dynamics simulations,

UvdW(x) =
N∑
i=1

U
(i)
LJ (|x− xi|) ,

where each U (i)
LJ is a 12-6 Lennard-Jones (LJ) potential

U
(i)
LJ (r) = 4εi

[(σi
r

)12

−
(σi
r

)6
]

with εi and σi the energy and length parameters. The last term Gele[Γ] in (1.1) is the
electrostatic part of the free energy, where Γ is the dielectric boundary. It is often determined
by the Poisson–Boltzmann theory [2,13,19,38,53,65,67] or the Coulomb-field approximation
[8, 14,61].

The minimization of the VISM free-energy functional can be achieved computationally
by the level-set method [45,46,51], in which the “normal velocity” is the normal component
of the boundary force, defined to be the negative first variation, −δΓG[Γ] : Γ → R, of the
functional G[Γ] with respect to the variation of boundary Γ. We have [15,61,67]

δΓG[Γ] = p0 + 2γ0(H − τK)− ρwUvdW + δΓGele[Γ], (1.2)

where K is the Gaussian curvature. If the electrostatic free energy Gele[Γ] is given in
the Poisson–Boltzmann formulation, then the variation δΓGele[Γ] can be obtained by shape
derivative calculations [39, 67]. Here, we shall use the Coulomb-field approximation of the
electrostatic energy, assuming a lower ionic concentration. In this case, the electrostatic
energy is given by

Gele[Γ] =
1

32π2ε0

(
1

εm

− 1

εw

)∫
Ωw

∣∣∣∣∣
N∑
i=1

Q(x− xi)

|x− xi|3

∣∣∣∣∣
2

dx, (1.3)
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and its variation is given by

δΓGele[Γ](x) =
1

32π2ε0

(
1

εm

− 1

εw

) ∣∣∣∣∣
N∑
i=1

Q(x− xi)

|x− xi|3

∣∣∣∣∣
2

if x ∈ Γ, (1.4)

where ε0 is the vacuum permittivity, and εm and εw are the dielectric coefficients (i.e., relative
permittivities) of the solute and solvent, respectively; cf. Figure 1.1. The rationale behind
our choice of the Coulomb-field approximation is two-fold. First, it is an efficient model as no
equations need to be solved. Second, such an approximation includes the effect of dielectric
inhomogeneity, and captures the dry and wet states in molecular hydration, as demonstrated
in our earlier work [61].

Extensive work on the level-set VISM has shown that this approach can capture multiple
hydration states and subtle electrostatic effect, and provide reasonably good free-energy
estimates [15,17,18,26,27,48,52,61,66–69].

In contrast to our VISM, we call our solvent fluid mechanics model the dynamic implicit-
solvent model (DISM). In this model, all the solute region Ωm, solvent region Ωw, and the
dielectric boundary Γ depend on time t. This dynamical model consists of the following
main elements:
(1) The motion of the dielectric boundary Γ(t) is defined by ẋ = u(x) for any point

x = x(t) ∈ Γ(t), where a dot denotes the time derivative and u = (u, v, w) is the
velocity field of solvent fluid. This means that the normal velocity of the moving
boundary Γ(t) is given by

Vn = u · n on Γ(t), (1.5)

where n is the unit normal at the boundary Γ(t) pointing from the solute region Ωm(t)
to the solvent region Ωw(t); cf. Figure 1.1;

(2) The solvent fluid is assumed to be incompressible, and is described by the Stokes
equations

∇ · u = 0 and µw∆u−∇pw + g = 0 in Ωw(t), (1.6)

where µw and pw are the dynamic viscosity and pressure of the solvent fluid, and g
is the source term representing the density of a body force experienced by the solvent
fluid. The velocity and pressure satisfy the far-field conditions:

lim
|x|→∞

u(x, t) = 0 and lim
|x|→∞

pw(x, t) = p∞, (1.7)

where p∞ is the constant bulk solvent pressure;
(3) The pressure pm = pm(t) of solute molecules is assumed to be spatially constant and

described simply by the ideal-gas law

pm(t)Vol(Ωm(t)) = NkBT, (1.8)

where Vol(Ωm(t)) is the volume of solute region. If the solute molecular region has
multiple subregions (i.e., connected components), then this equation holds true for each
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of the subregions with N replaced by the number of solute atoms in the subregion; (We
note that the error arising from the efficient ideal-gas approximation is insignificant,
as the solute volume Vol (Ωm) in the solvation free energy (1.1) is usually small.)

(4) At the solute-solvent interface Γ(t), all the surface tension force, solute-solvent vdW
interaction force, electrostatic force, hydrostatic pressure, and viscous force are bal-
anced:

2µwD(u)n + δΓG[Γ]n = 0 on Γ(t), (1.9)

where D(u) = (∇u + (∇u)T )/2 is the strain rate tensor and δΓG[Γ] is given in (1.2)
with p0 = pw − pm which is now spatially and temporally dependent.

The main objective of our current work is to develop robust numerical methods to solve
the equations (1.5)–(1.9) in the three-dimensional setting. We simulate the solvation dynam-
ics on a bounded region Ω that is sufficiently large to contain all the possible solute regions
Ωm(t) for all time t. Let us still denote by Ωw(t) the solvent region, which is now defined as
Ωw(t) = Ω \Ωm(t). We shall design special numerical boundary conditions on the boundary
∂Ω (cf. Section 3) in replace of the far-field conditions (1.7). Our main contributions and
results include the following:
(1) We use the level-set method to track the solute-solvent interfacial motion;
(2) To allow the change of volume of the solute molecular region, we design special nu-

merical boundary conditions that allow the solvent fluid to freely flow through the
boundary of the domain Ω with an arbitrary geometry. We call such boundary condi-
tions free-flow boundary conditions;

(3) We reformulate the Stokes equations for solvent fluid using the pressure Poisson equa-
tion [25,30,32,33,54]. We solve the reformulated equations, together with our free-flow
numerical boundary conditions and the interface conditions (1.9) on Γ(t), using the
MAC scheme [29] for regular grid points and a virtual node method [3, 44, 50] for the
discretization at grids around the interface;

(4) We use the Schur complement to reduce our resulting linear system of algebraic equa-
tions, and then solve such a system using the least-squares method. We apply various
kinds of techniques to speed up our three-dimensional computations. These include the
generalized minimal residual method (GMRES), algebraic multigrid method (AMG),
the additive Schwarz method (ASM), and a specially designed local relaxation precon-
ditioning. We implement our numerical methods using the PETSc package [4–6] and
the Hypre package [23];

(5) We verify that our method is second-order accurate and demonstrate that our model,
particularly our free-flow numerical boundary conditions, and numerical methods are
capable of capturing the viscous effect to the dynamics of dry-wet transitions in molec-
ular solvation with complicated topological changes.

Several recent studies [40,41,57,62,63] have initiated the development of a dynamic sol-
vent modeling approach and the related numerical methods for the solvent fluid flow. Luo
et al. [62] propose to combine the fluid mechanics description of solvent with the molecu-
lar dynamics simulation of solute molecules. In [41, 62], Luo et al. develop a second-order
augmented semi-implicit immersed-interface method for the solvent fluid motion with direc-
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tional free-flow boundary conditions. The recent work by Luo et al. [63] reports results of
their molecular dynamics fluid dynamics simulations of some nonpolar molecular systems.
Due to the unrealistic parameters used, what they have simulated is essentially a relaxation
process. Li et al. [40] study the linear stability of a cylindrical solute-solvent interface, and
conclude that the viscosity can modify the critical wavelength of such stability. Sun et al. [57]
develop a numerical method for the dynamic solvent model and captured the dry and wet
states in a two-dimensional setting. Here, our dynamic implicit-solvent model (DISM) is
developed systematically to include various kinds of effects, particularly the electrostatics
which is crucial in biomolecular modeling. We construct general free-flow boundary condi-
tions that can work for arbitrary geometries and allow the solvent fluid to flow in and out
in all parts of the boundary of a computational domain. Such generality is important for
studying biomolecular conformations which are often complex with different orientations.
Our numerical methods are of high accuracy, even up to the solute-solvent interface. Such
robust methods have allowed the track of the complex solute-solvent interface motion, and
in particular, the capture of the dry and wet states and the transition from one to the other
by the solvent fluid flow in three-dimensional space.

The rest of the paper is organized as follows: In Section 2, we describe the level-set method
for moving the solute-solvent interface and the algorithm of our computation. In Section 3,
we reformulate our system of equations and design the free-flow boundary conditions. In
Section 4, we introduce nodes (grid points) of different types, and discretize the equations and
boundary conditions. We then solve the resulting linear system, and study the convergence
of our numerical methods. Some of the details are given in Appendix. In Section 5, we apply
our model and numerical methods to a spherical bubble of nanometer size and a two-plate
system. Finally, in Section 6, we draw conclusions and discuss future work.

2 The Level-Set Method and Algorithm
We apply the level-set method that we have developed for minimizing the VISM functional
(1.1) to track the motion of solute-solvent interface Γ(t) with the normal velocity Vn given by
(1.5) [15,16,18,61,67]. Let φ = φ(x, t) denote a level-set function for the interface Γ(t) at time
t, i.e., Γ(t) = {x ∈ Ω : φ(x, t) = 0}, with the convention that Ωm(t) = {x ∈ Ω : φ(x, t) < 0}
and Ωw(t) = {x ∈ Ω : φ(x, t) > 0}. This level-set function is determined by the level-set
equation

∂tφ+ Vn|∇φ| = 0, (2.1)

together with the boundary coundition ∂nφ = 0 on ∂Ω, the boundary of Ω, and an initial
level-set function. Here, the normal velocity Vn is defined in (1.5). It is extended constant
along the normal direction to Γ(t) to the entire computational region Ω with the fast marching
method. We use the forward Euler method and the fifth-order WENO scheme to iteratively
solve the level-set equation. We re-initialize the level-set function in each time step.

As usual in the level-set method [45,46,51], the mean curvature and Gaussian curvature
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of Γ(t) can be calculated by

H =
1

2
∇ ·
(
∇φ
|∇φ|

)
and K =

∇φ
|∇φ|

· adj
(
∇2φ

|∇φ|

)
∇φ
|∇φ|

on Γ(t),

where adj(·) is the adjoint matrix. The surface and volume integrals of a function ψ(x) can
be expressed, respectively, as∫

Γ(t)

ψ(x) dSx =

∫
Ω

δ(φ(x, t))ψ(x)dx,∫
Ωm(t)

ψ(x)dVx =

∫
Ω

Heav(−φ(t,x))ψ(x)dx,

where δ and Heav are the Dirac delta function (suitably regularized) and Heaviside function,
respectively.

Our algorithm of simulation consists of the following main steps:
(1) Initialize the interface Γ (by defining an initial level-set function). Set t = 0;
(2) Calculate the unit normal, mean curvature, and Gaussian curvature on Γ(t), using the

level-set function;
(3) Calculate the volume of Ωm(t), and calculate the pressure pm(t) by (1.8);
(4) Solve the fluid equations (1.6) together with the boundary conditions (1.9) on Γ(t) and

those on the boundary ∂Ω (defined in the next section);
(5) Calculate the normal velocity Vn by (1.5) on Γ(t) and extend it to the entire region Ω;
(6) Solve the level-set equation (2.1) for one time step ∆t;
(7) Set t := t+ ∆t and go to Step (2).

3 Free-Flow Boundary Conditions and Reformulation of
Stokes’ Equations

In this section, we first discuss briefly why some of the commonly used boundary conditions
for the velocity field will not allow the change of the volume of solute. Based on such
discussion, we then introduce our free-flow numerical boundary conditions. Finally, we
reformulate the system of fluid equations and the corresponding boundary conditions into
an equivalent and coupled system of Poisson’s equations and the boundary conditions. This
section highlights one of our main contributions in this work.

We recall that we have denoted by n the unit exterior normal of the boundary ∂Ω. Notice
that ∂Ωw(t) = Γ(t) ∪ ∂Ω and that the normal n on Γ(t) points from Ωm(t) to Ωw(t). By the
Reynolds transport theorem [36], the divergence theorem, and the incompressibility of the
solvent fluid, we have

d

dt
Vol(Ωm(t)) =

∫
Γ(t)

u · ndS = −
∫
∂Ωw(t)

u · n dS +

∫
∂Ω

u · n dS
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= −
∫

Ωw(t)

∇ · u dx +

∫
∂Ω

u · n dS =

∫
∂Ω

u · n dS. (3.1)

Consequently, if we use the impermeability condition (u · n = 0), or periodic boundary
conditions (for a rectangular parallelepiped region Ω), then the volume of the solute molecular
region Ωm(t) will be a constant, independent of time t. If we fix the boundary value of u·n, in
particularly, if we use the Dirichlet boundary condition, then the rate of change of the volume
of solute region will be fixed, which is not true in general in the hydrophobic interaction of
a molecular system. Therefore, it is natural to leave the values u · n free but prescribe
the tangential component (I − n ⊗ n)u on the boundary ∂Ω. Specifically, we impose our
numerical boundary conditions to be

(I − n⊗ n)u = u0 and pw = pw0 on ∂Ω, (3.2)

where I is the identity matrix, and u0 = (u0, v0, w0) and pw0 are given functions defined on
∂Ω with u0 the tangential velocity on the boundary ∂Ω. .

Notice that we are replacing Ωw(t) = R3 \ Ωm(t) in (1.6) and the far-field conditions
(1.7) by Ωw(t) = Ω \ Ωm(t) and the boundary conditions (3.2), respectively. Therefore,
the solutions u and p for the two different systems may not be the same everywhere in Ω.
However, we expect that, if the region Ω is large enough, the effect of these solutions to
the motion of solute-solvent interface will not be significantly different. We shall verify this
when we test our model and methods; cf. Section 5. Notice also that the first vector equation
in (3.2) is equivalent to two scalar equations on the tangential components of the velocity
field along the boundary ∂Ω. These, together with the pressure boundary condition in (3.2),
provide the correct number of equations in the boundary conditions for the Stokes equations
for an incompressible fluid on a bounded region. In general, the pressure boundary condition
is not needed for such equations on a bounded region. But here we are given the far-field
pressure (1.7); and imposing the pressure boundary condition is practically necessary from
the modeling purpose. Moreover, as we will see next, our systems of equations and boundary
conditions will be reformulated into new ones where we have the pressure Poisson’s equation
for which the pressure boundary condition is needed to determine a unique solution.

To develop efficient methods for solving the underlying Stokes equations for incompress-
ible solvent fluid flow with a rather complicated geometry in three-dimensional space, we
now reformulate our system of equations (1.6), (1.9), and (3.2). First, following [54], we
convert these equations and boundary conditions into

µw∆u−∇pw + g = 0 in Ωw(t), (3.3)
∆pw = ∇ · g in Ωw(t), (3.4)
2µwD(u)n + δΓG[Γ]n = 0 and ∇ · u = 0 on Γ(t), (3.5)
(I − n⊗ n)u = u0, pw = pw0, and ∇ · u = 0 on ∂Ω. (3.6)

The Poisson’s equation (3.4) is derived by applying the divergence operator to the Stokes
equations in (1.6) and using the divergence-free condition in (1.6). The divergence-free
equation on the interface Γ(t) and boundary ∂Ω result from the same equation in Ωw(t) in
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(1.6) with continuous extension to the boundary of Ωw(t). Conversely, (3.3) and (3.4) imply
that ∆(∇ · u) = 0 in Ωw(t). The homogeneous Dirichlet boundary condition for ∇ · u in
(3.5) and (3.6) then imply that ∇ · u = 0 throughout the computational domain Ωw(t).

Let τ1 and τ2 denote two orthogonal unit tangent vectors at the boundary of Ωw(t),
which is the union of ∂Ω and Γ(t). We assume the three vectors n, τ1, and τ2 form a right-
handed system, i.e., n × τ1 · τ2 = 1. We can now finally reformulate (3.3)–(3.6) into two
systems of Poisson’s equations for the velocity field and pressure, respectively, together with
the corresponding boundary conditions on the boundary ∂Ωw(t) = Γ(t) ∪ ∂Ω. The system
for the velocity Poisson equation is

µw∆u = ∇pw − g in Ωw(t), (3.7)
2µwτi ·D(u)n = 0 for i = 1, 2, and ∇ · u = 0 on Γ(t), (3.8)
u · τ1 = b1, u · τ2 = b2, and ∇ · u = 0 on ∂Ω, (3.9)

where bi = u0 · τi (i = 1, 2). The system for the pressure Poisson’s equation is

∆pw = ∇ · g in Ωw(t), (3.10)
pw = 2µwn ·D(u)n + pm − 2γ0(H − τK) + ρwUvdW − δΓGele[Γ] on Γ(t), (3.11)
pw = pw0 on ∂Ω, (3.12)

where pm = pm(t) is given in (1.8), and −δΓGele[Γ] is the dielectric boundary force. We shall
use the Coulomb-field approximation of the electrostatic interaction energy, and therefore
δΓGele[Γ] is given by (1.4). Note that (3.3) and (3.4) are exactly the same as (3.7) and (3.10),
respectively, and that (3.6) is the same as (3.9) and (3.12) with bi = u0 · τi (i = 1, 2). The
divergence-free equation in (3.5) is the same as that in (3.8). Finally, since p0 = pw−pm, the
force-balance equaiton in (3.5) is equivalent to the equations for the tangential components
in (3.8) and that for the normal component in (3.11) (cf. (1.2)). Therefore, the system
(3.3)–(3.6) is equivalent to the system (3.7)–(3.12).

4 Numerical Methods for Solvent Fluid Flow Equations
We fix time t and solve the two Poisson systems (3.7)–(3.12). For convenience, we write in
this section Ωw, Ωm, and Γ, instead of Ωw(t), Ωm(t), and Γ(t). We also write p instead of pw.

4.1 Different Types of Nodes and Discretization Scheme

We choose Ω = (−lx, lx)× (−ly, ly)× (−lz, lz), with lx, ly, and lz positive numbers, and cover
it with a finite difference grid with the number of grid points nx, ny, and nz in the three
directions. The grid sizes are hx = 2lx/nx, hy = 2ly/ny, and hz = 2lx/nz, respectively. We
shall use the MAC grid for the fluid velocity and pressure. This means that the pressure
values are stored at the centers of the grid cells, while the three velocity components are
stored at the centers of the faces of the cubic grid cells.
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Given a grid cell (ihx, (i + 1)hx) × (jhy, (j + 1)hy) × (khz, (k + 1)hz), its center is
xi,j,k = ((i+ 1/2)hx, (j + 1/2)hy, (k + 1/2)hz), and its face centers are xi±1/2,j,k, xi,j±1/2,k,
and xi,j,k±1/2, respectively. For 0 ≤ i ≤ nx − 1, 0 ≤ j ≤ ny − 1, and 0 ≤ k ≤ nz − 1, we
call xi,j,k a p-point, xi−1/2,j,k a u-point, xi,j−1/2,k a v-point, and xi,j,k−1/2 a w-point. (Recall
that u, v, and w are the components of the velocity field.) Any u, v, w, or p point is called
a fluid point. For convenience, we denote Pp, Pu, Pv, Pw, and Pf , the set of p, u, v, w, and
fluid points, respectively. We also denote

d(x, x̃) =

√
(x− x̃)2

h2
x

+
(y − ỹ)2

h2
y

+
(z − z̃)2

h2
z

∀ x = (x, y, z), x̃ = (x̃, ỹ, z̃) ∈ Pf ,

N (xp) = {x ∈ Pf : d(xp,x) ≤ 1/2},
N (xα) := {x ∈ Pf : d(xα,x) ≤ 1} ∀α ∈ {u, v, w}.

We now define boundary nodes, virtual nodes, regular nodes, and void nodes. A p-point
xi,j,k ∈ Pp is called
• a boundary node if i ∈ {0, nx − 1} or j ∈ {0, ny − 1} or k ∈ {0, nk − 1};
• a virtual node if N (xi,j,k) ∩ Ωw 6= ∅ and N (xi,j,k) ∩ Ωm 6= ∅;
• a regular node if it is in Ωw and it is neither a boundary node nor a virtual node; and
• a void node if it is in Ωm and it is not a virtual node.

A u-point xi−1/2,j,k ∈ Pu is called
• a boundary node if i ∈ {0, nx} or j ∈ {0, ny − 1} or k ∈ {0, nk − 1};
• a virtual node if it is in Ωm ∪ Γ and N (xi−1/2,j,k) ∩ Ωw 6= ∅;
• a regular node if it is in Ωw and xi−1/2,j,k is not a boundary node; and
• a void node if it is in Ωm and it is not a virtual node.

The definition that a v or w-point is a boundary node, virtual node, regular node, or void
node is similar.

We now discretize our underlying equations and boundary conditions to obtain finite
difference equations for the approximations of the velocity and pressure at all the regular,
boundary, and virtual nodes. We shall use the standard notation Dx

±(·)i,j,k, Dy
±(·)i,j,k, and

Dz
±(·)i,j,k, where (·)indices = (·)(xindices). For instance, Dx

+(·)i,j,k = [(·)i+1,j,k − (·)i,j,k]/hx and
Dx
−(·)i,j,k = [(·)i,j,k − (·)i−1,j,k]/hx. We apply the second-order finite difference scheme to

discretize Poisson’s equations (3.7) and (3.10) at regular nodes to get

µw

(
Dx

+D
x
− +Dy

+D
y
− +Dz

+D
z
−
)
ui−1/2,j,k +Dx

−pi,j,k + g
(1)
i−1/2,j,k = 0, (4.1)

µw

(
Dx

+D
x
− +Dy

+D
y
− +Dz

+D
z
−
)
vi,j−1/2,k +Dy

−pi,j,k + g
(2)
i,j−1/2,k = 0, (4.2)

µw

(
Dx

+D
x
− +Dy

+D
y
− +Dz

+D
z
−
)
wi,j,k−1/2 +Dz

−pi,j,k + g
(3)
i,j,k−1/2 = 0, (4.3)(

Dx
+D

x
− +Dy

+D
y
− +Dz

+D
z
−
)
pi,j,k + (∇ · g)i,j,k = 0, (4.4)

where g(i) (i = 1, 2, 3) are the components of g.
We now discretize the boundary conditions (3.9) and (3.12) on ∂Ω to define the finite

difference equations at boundary nodes. Consider the part of the boundary ∂Ω with x = lx
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corresponding to i = nx. On this part, we have n = (1, 0, 0), τ1 = (0, 1, 0), and τ2 = (0, 0, 1).
Hence, the boundary conditions (3.9) on this part are v = b1, w = b2, and ∂xu = −∂yb1−∂zb2.
These can be discretized as

vnx−1,j−1/2,k = b1(xnx−1,j−1/2,k), j = 1, . . . , ny − 1, k = 0, . . . , nz − 1,

wnx−1,j,k−1/2 = b2(xnx−1,j,k−1/2), j = 0, . . . , ny − 1, k = 1, . . . , nz − 1,

Dx
−unx−1/2,j,k =

b1(xnx−1,j−1/2,k)− b1(xnx−1,j+1/2,k)

hy
+
b2(xnx−1,j,k−1/2)− b2(xnx−1,j,k+1/2)

hz
,

j = 0, . . . , ny − 1, k = 0, . . . , nz − 1.

The boundary conditions for the pressure (3.12) on this part is simply discretized as

pnx−1,j,k = pw0(xnx−1,j,k), j = 0, . . . , ny − 1, k = 0, . . . , nz − 1.

The boundary conditions for the velocity field and pressure on the other parts of the boundary
∂Ω can be discretized similarly.

To discretize the boundary conditions (3.8) and (3.11), and define the finite difference
equations for all the virtual nodes, we sweep all the virtual nodes. For each of such a node, we
use the boundary conditions on the part of the boundary Γ that is near this node. We then
express the values and partial derivatives of the components of velocity field and pressure in
the boundary conditions in terms of linear combinations of the velocity and pressure values
at grid points, both regular and virtual, creating the finite difference equations at these grid
points. To achieve high accuracy, we use high-order interpolation at these regular and virtual
grid points. We shall detail our discretization of the traction boundary condition in (3.8) in
Appendix A1. The divergence-free condition in (3.8) and the pressure boundary condition
in (3.11) are similar, and will not be discussed.

4.2 Solving the Linear System

We denote by Nu, Nv, Nw, and Np the number of both boundary nodes and regular nodes
for u, v, w, and p, respectively, and by Mu, Mv, Mw, and Mp the number of virtual nodes
for u, v, w, and p, respectively. Clearly, Ns = O(nxnynz) and Ms = O((nxnynz)

2/3) for
s ∈ {u, v, w, p}. We also denote N = Nu + Nv + Nw + Np and M = Mu + Mv + Mw + Mp.
The discretization described in Section 4.1 leads to the following linear system of equations:[

A B
C D

] [
y
z

]
=

[
c
d

]
. (4.5)

Here, A is the N ×N matrix

A =


Au O O Apx
O Av O Apy
O O Aw Apz
O O O Ap

 ,
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where O represents a zero matrix. The matrices Au, Av, Aw, and Ap correspond to the
finite difference equations resulting from the discretization of the Laplacian of u, v, w,
and p in (4.1)–(4.4), respectively, at regular points, together with those equations from
the discretization of the boundary conditions on ∂Ω. Each matrix As (s ∈ {u, v, w, p})
is an Ns × Ns non-singular matrix. The matrices Apx, Apy, and Apz correspond to the
discretization of derivatives of p in (4.1)–(4.3). The matrix A is nonsingular. The matrix
B is an N × M matrix. It stores the coefficients of the unknown velocity and pressures
values at the virtual nodes in the finite difference equations in (4.1)–(4.4) for all the regular
and boundary nodes. Note that B is a rather sparse matrix. The matrices C and D are
9M×N and 9M×M matrices, respectively. They correspond to the 9M equations from the
discretization at all the virtual nodes where we use the boundary conditions. The matrix C
stores the coefficients of the unknowns at regular and boundary nodes, while the matrix D
stores the coefficients of the unknowns at the virtual nodes. The prefactor 9 is determined
by the fact that we choose 9 base points on the interface Γ for each of the M virtual nodes.
The vector y = (ubr,vbr,wbr,pbr)

T (T denotes the transpose) is the N -component column
vector for the unknowns u, v, w, and p at all the N boundary and regular nodes. The vector
z = (uv,vv,wv,pv)

T is the M -component column vector for the unknowns u, v, w, and p at
all the M virtual nodes. The vector c has N components, corresponding to all the g-terms
in the N equations in (4.1)–(4.4). Finally, the vector d is a 9M -component column vector,
corresponding to the right-hand sides of the finite difference equations at all the virtual nodes
using the boundary conditions on Γ.

The over-determined system of equations (4.5) is equivalent to the systems

Sz = d− CA−1c, (4.6)
Ay = c−Bz, (4.7)

where S = D − CA−1B (the Schur complement). The system (4.7) can be solved with the
block backward substitution, together with an algebraic multigrid method (AMG) for each
block. The particular AMG algorithm we apply here is the BoomerAMG [64] from Hypre
package [23]. The system (4.6) is still over-determined, and we solve for its least-squares
solution. This means that we solve the normal equation

STSz = ST (d− CA−1c). (4.8)

Since the matrix STS is dense and not necessarily diagonal dominant and since A is an
N ×N matrix, quite large for our three-dimensional problem, we solve the system (4.8) by
an iterative method with preconditioning. We shall obtain an approximation S̃ for S, by
finding an efficient approximation to A−1B, as detailed in Appendix A2. We then apply the
GMRES to (4.8). In the GMRES iteration, we use an additive Schwarz method (ASM) for
preconditioning S̃T S̃ and the AMG method to calculate A−1c. We employ a distributed-
memory parallel implementation of our method; and all of our implementation is done with
the PETSc package [4–6].
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4.3 Convergence Test

Here, we test the convergence of our numerical algorithm on solving the fluid flow equations
with a spherical interface. Our applications to some simple molecular systems described in
the next section also demonstrate the convergence of our method; cf. in particular, Table 2
in Section 5.1 and Figure 5.1 in Section 5.2.

Let us set Ω = (−0.5, 0.5)3, Ωm = {(x, y, z) ∈ Ω :
√
x2 + y2 + z2 < 0.2}, Ωw = Ω \ Ωm,

Γ = ∂Ωm, and µw = 1. We consider the system of equations (3.7)–(3.12), with Ωw, Ωm,
and Γ replacing Ωw(t), Ωm(t), and Γ(t), respectively, and with p = pw and the equation
pw = 2µwn ·D(u)n+ f replacing (3.11). The function g, b1, b2, f , and pw0 in this system are
determined by the following exact solution:

u(x, y, z) = − sinx sin y sin z,

v(x, y, z) = − cosx cos y cos z,

w(x, y, z) = − cosx sin y(cos z + sin z),

pw(x, y, z) = − sinx sin y sin z.

We set nx = ny = nz = n, and the tolerance of absolute error 1e-9. Figure 4.1 shows the log-
log plots of the solution errors in the L1-norm, L2-norm, and L∞-norm, respectively, against
n, the number of grid point in each coordinate direction. We observe that the errors decay as
n increases in the order O(n−2.5) for the velocity components and O(n−2) for the pressure for
all the norms used. The spikes in these error plots are generic in resolving irregular domain
with cartesian grids. We see that our method has the second-order convergence up to the
boundary.

5 Applications
We provide three examples of application of our model, which consists of (1.5), (3.7)–(3.12),
and (1.8) with g = 0, and our numerical methods. In the first example, we study the solvation
of a single-ion and that of a two-plate system. We use our DISM (dynamical implicit-solvent
model) to simulate the dynamics of each of these systems to obtain steady states of solute-
solvent interfaces, Then, we compute the VISM (variational implicit-solvent model) solvation
free energies with such interfaces. We compare our results with the VISM energies. In the
second example, we simulate the dynamic of shrinking of a bubble, charged or uncharged, in
water, comparing our result with those obtained by solving a generalized Rayleigh–Plesset
equation. In the last example, we simulate the two-plate system to demonstrate that our
method can capture the dry-wet transition due to the hydrophobic interactions.

Unless otherwise stated, we use the parameters specified in Table 1. Note that we take the
value of viscosity µw from the reference [20]. We shall also set the tangential components of
the velocity field on the boundary of Ω to be b1 = 0 and b2 = 0; cf. (3.9). Other parameters,
such as the Tolman length τ , Lennard-Jones parameters εi and σi, and the partial charges
Qi, will be specified later. We shall use kBT for energy and Å for length. We shall also use
a uniform grid with the number of grid points being n = nx = ny = nz.
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Figure 4.1: Log-log plots of the errors of the velocity components and the pressure, marked
by u, v, w, and p, respectively, in the L1-norm, L2-norm, and L∞-norm versus the number
of grid points along each coordinate direction. The blue and red lines with slopes −2 and
−2.5, respectively, are plotted as references.

5.1 Solvation Free Energy of One Charged Particle and a Two-Plate
System

For the system of a single charged particle, such as an ion, with a point charge Q located
at the origin, the spherical symmetry simplifies the VISM free-energy functional (1.1) into a
function of the radius R of the spherical solute region:

G[R] = 4πγ0R
2 + 16πρwε

(
σ12

9R9
− σ6

3R3

)
+

Q2

8πε0R

(
1

εw

− 1

εm

)
. (5.1)

Here, we have set the pressure difference p0 = 0 as the volume contribution is very small
compared with other parts in the free energy. We also set the Tolman length τ = 0 for the
convenience of computation and comparison between the results of VISM and DISM. Note
that ε = ε1 and σ = σ1 are the Lennard-Jones parameters, and Q = Q1 is the point charge,
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Table 1: Parameters.

Parameter Symbol Value Unit
temperature T 298 K

surface tension γ0 0.18 kBT/Å
2

solvent viscosity µw 0.1285 kBT ps/Å3

solvent density ρw 0.033 Å−3

solute dielectric constant εm 1
solvent dielectric constant εw 80

vacuum permittivity ε0 1.4372× 10−4 e2/(kBT Å)

for the single particle. We use ε = 0.361 kBT and σ = 4.577 Å. The one variable-function
(5.1) can be minimized numerically with high accuracy.

We have also solved the system of equations in the DISM. They include (1.5), (3.7)–
(3.12), and (1.8), with Ω = (−8, 8)3. As in the VISM calculation, we set p0 = 0 and τ = 0.
We also set pm = 0 on Γ(t) to replace (1.8) as the contribution of the pressure for a small
system (a few particles) is small. Once we obtain a steady-state interface position, we can
use the VISM functional (1.1) to calculate the VISM energy.

We consider two cases: Q = 0.5 e and Q = 2 e. We summarize our VISM and DISM
results in Table 2, where the surface energy, LJ energy, and CFA energy corresponding to
the second term (with τ = 0), the third term, and the last term in (1.1), respectively. The
electrostatic energy Gele[Γ] is given in (1.3). The radius in Table 2 means the equilibrium
radius of the spherical solutes-solvent interface. The units for the charge, energy, and length
are e (elementary charge), kBT , and Å, respectively. Clearly, the two models agree with each
other very well for these two cases.

Table 2: Energy comparison for a one-particle system.

Charge Q Model Surf. Energy LJ Energy CFA Energy Total Energy Radius
0.5 DISM 37.329 -8.601 -16.884 11.843 4.062
0.5 VISM 37.310 -8.447 -16.888 11.976 4.061
2 DISM 29.734 14.040 -302.783 -259.009 3.626
2 VISM 29.853 13.467 -301.808 -258.488 3.633

We now consider a system of two parallel plates [15, 61, 67]. More precisely, we place
36 atoms on the plane z = 6 and another 36 atoms on the plane z = −6. (The unit for
distance or length is Å.) The positions of these atoms are given by (2.1945 i, 2.1945 j, 6 k)
with i, j ∈ {−5,−3,−1, 1, 3, 5} and k ∈ {−1, 1}. Again, we set p0 = 0 and τ = 0. The
Lennard-Jones parameters associated with all these solute particles are the same: σ = 3 Å
and ε = 0.5 kBT. Our VISM and DISM computations are done on Ω = (−20, 20)3. We
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consider two cases: (1) uncharged particles, i.e., the partial charge is set to be 0 e for each of
the particles; and (2) partially charged with Q = 0.1 e assigned at each of the 72 particles.
Our results are summarized in Table 3. Again, we see that the dynamic model and our
numerical methods can reproduce very well the VISM sovlation free energy for this system.

Table 3: Energy comparison for the two-plate system.

Charge Q Model Surf. Energy LJ Energy CFA Energy Total Eenergy
0 DISM 689.410 -342.586 0 346.824
0 VISM 703.623 -349.372 0 354.251
0.1 DISM 690.816 -339.031 -883.269 -531.484
0.1 VISM 701.843 -348.505 -880.263 -526.925

5.2 Dynamics of a Nano-Bubble Shrinking and Collapsing

In this section, we apply our DISM and numerical methods to study the dynamics of shrink-
ing and collapsing of a nano-bubble, assumed to be spherical and centered at the origin. We
compare the numerical solutions of our DISM equations with those of the classical or gen-
eralized Rayleigh–Plesset equations that have been tested and validated against molecular
dynamics simulations [20, 43, 47]. The specific, generalized Rayleigh–Plesset equation that
we compare with is (cf. Eq. (5) in [20] without the viscosity correction)

dr

dt
=

r

4µw

f(r),

where r = r(t) is the radius of the spherical bubble at time t and

f(r) = pm − pw − 2γ0

(
1

r
− τ

r2

)
+ 4ρwε

(
σ12

r12
− σ6

r6

)
− 1

32π2ε0

(
1

εm

− 1

εw

)
Q2

r4
.

Note that f(r) is exactly the VISM boundary force given in (1.2) and (1.4) for a spherical
dielectric boundary with only one solute particle.

We shall consider three cases.
Case 1. The collapse of an air bubble. We set Q = 0, the Lennard-Jone parameters ε = 0

and σ = 0, and the Tolman length τ = 0, We use the values of solvent viscosity µw,
solvent bulk density ρw, and surface tension γ0 as listed in Table 1. The pressure
value on the boundary of computational box is set to be pw0 = 1 bar and that on the
spherical interface to be pm = 0 to have the approximation of the pressure difference
around 1 bar [20].

Case 2. The shrinking of an uncharged particle. We set the partial charge Q = 0 e, the
Lennard-Jones parameters ε = 0.361 kBT and σ = 4.577 Å, and the Tolman length
τ = 0.9 Å.We use the values of solvent viscosity µw, solvent bulk density ρw, and surface
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tension γ0 as listed in Table 1. The pressure value on the boundary of computational
box is set to be pw0 = 1 bar.

Case 3. The shrinking of a charged particle. We set the partial charge Q = 1 e, the Lennard-
Jones parameters ε = 0.361 kBT and σ = 4.577 Å, and the Tolman length τ = 0.9 Å.
We use the values of solvent viscosity µw, solvent bulk density ρw, and surface tension
γ0 as listed in Table 1. The pressure value on the boundary of computational box is
set to be pw0 = 1 bar.

In our DISM computations for all these cases, we set Ω = (−15, 15)3, the number of grid
points in each coordinate direction n = 64, and the initial radius of the bubble r0 = 7.5 Å.
The initial boundary Γ(0) is the zero level set of the function φ(x) = |x|−r0. Note that in our
DISM computations, we obtain the radius r = r(t) of the bubble by computing the surface
area of the bubble using our level-set function and then calculate r(t) =

√
Area (t)/(4π),

where Area (t) is the surface area of the spherical bubble at time t.
In Figure 5.1, we plot the radius r = r(t) of the spherical particle vs. the time t obtained

by our DISM computations and by solving the generalized Rayleigh–Plesset equation for each
of the three cases. We observe that a very good agreement is reached. Since the Rayleigh–
Plesset equations have been well validated, our results demonstrate that our computational
model and methods can reproduce well the shrinking and collapsing dynamics of a spherical
(uncharged or charged) particle. In particular, our numerical boundary conditions do allow
the change of volume of a region embedded in an incompressible fluid. We note that our
DISM result deviates from that of the generalized Rayleigh–Plesset equation when the radius
gets very small. This is due to the numerical resolution of our DISM computations. This
deviation is more significant when we used a coarser grid with n = 32.
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Figure 5.1: The comparison between the DISM computational results and the solution to
the generalized Rayleigh–Plesset equation for the three cases of the nano-bubble shrinking
and collapsing as described in the text.

5.3 Viscosity Effect to the Conformational Change of a Charged
Two-Plate System

In this section, we study the conformational change of a charged two-plate system and the
effect of viscosity to such changes. We consider the same two-plate system as in Section 5.1
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with the same Lennard-Jone parameters ε = 0.5 kBT and σ = 3 Å for all the particles. As
before, we also set τ = 0. We assume each of the 36 particles on one of the plates carries a
partial charge of Q = 0.2 e and each of those on the other plate carries a partial charge of
Q = −0.2 e. We use pm(t) = 1 kBT/Vol(Ωm(t)) to replace (1.8). This approximation avoids
the change of particle numbers when the solute-solvent interface undergoes a topological
change. We simulate our DISM in the region Ω = (−20, 20)3 with the number of grids
n = 81 in each of the three coordinate directions. We select three values of the solvent
viscosity µw: 0.12, 0.25, and 0.5 kBT · ps/Å

3. For each of these values, we run our code. In
each of the simulations, we choose the initial solute-solvent interface to be a box defined by
the zero level set of the level-set function φ(0,x) = max(x− 10, y− 10, z− 10). We then run
our code with no charges to get a steady-state solute-solvent interface, which corresponds to
a wet state as shown in the first snapshot in Figure 5.2. This interface is then used as an
initial solute-solvent interface in our simulation with the partial charge Q = 0.2 e for each
of the 36 particles in one plate and Q = −0.2 e for each of the 36 particles in the other
plate. In each of our three simulations with different solvent viscosity values, we capture
the dynamical evolution of the solute-solvent interface—the dry-wet transition—as shown in
Figure 5.2.

Figure 5.2: Snapshots of conformations of the two-plate system from our DISM simulations.

To understand the viscosity effect to the conformational change, we plot in Figure 5.3
the surface area of the solute-solvent interface Γ(t̃) vs. the rescaled simulation time t̃ =

t × 0.25 kBT · ps/Å
3
/µw. We observe that the three curves collapse into one, indicating

that the viscosity slows down the conformational charge and the effect of viscosity is simply
rescaling the time of the dynamics in a reciprocal manner. Note that the surface area first
increases, corresponding to the drying process that shrinks the hydrophobic pocket; and then
decreases slightly to a steady state, corresponding to the dry-wet process breaking the one
component solute region into tow. This entire process occurs in a scale at the order of 20 ps,
and the topological change takes place roughly at time t = 27 ps.

6 Conclusions
We have developed a computational model and numerical methods for the dynamics of solute-
solvent interface in the solvation of charged molecules in an aqueous solvent. We treat the
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Figure 5.3: The area of the solute-solvent interface vs. the rescaled simulation time for three
different values of solvent viscosity µ = µw.

solvent as incompressible fluid and describe its flow using Stokes’ equations. The interface
motion is determined by the solvent fluid motion. All the forces are balanced on the solute-
solvent interface, giving rise to the traction boundary conditions on such an interface. These
forces consist of the viscous force as well as the surface tension force, van der Waals dispersive
force, and the electrostatic force. The later three parts arise from the solvation free energy
in a static theory of solvation of charged molecules. One of our main contributions is the
construction of the free-flow numerical boundary conditions that allow the change of volume
of a solute region embedded in the region of incompressible solvent fluid. We reformulate
our underlying fluid flow equations into Poisson’s equations for the velocity and pressure,
together with boundary conditions. We discretize the traction boundary conditions using a
third-order scheme at several points on the solute-solvent interface nearby a given virtual
grid point near such an interface. We speed up our computations using various kinds of
techniques in solving systems of linear equations.

Our computational tests have shown that our numerical methods are of second-order
accuracy up to the boundary. Such accuracy on the boundary results from our discretization
of the traction boundary conditions using many different points. Our numerical tests also
show that the divergence free condition (i.e., the fluid incompressibility) is retained with a
spatial first-order accuracy. With our new free-flow numerical boundary conditions, we have
captured the change of volume of solute region in several applications. Moreover, our DISM
captures the interfacial geometry very well, as indicated by our comparison of solvation
free energies for some molecular systems and our DISM computations of the dynamics of
shrinking and collapsing of a bubble.

We now discuss several issues. First, our free-flow boundary conditions allow the solvent
fluid to flow into or out of the region near the solute-solvent interface, and therefore increase
(or decrease) the total solvent density in the region. This raises the question if our model

19



can predict well the kinetic energy well of an underlying molecular system. A possible
difficulty in calculating the kinetic energy in our DISM approach and then comparing it
with the molecular dynamics simulations lies in the fact that such simulations often keep the
total number of solvent molecules. Nevertheless, further studies along this line will be much
interested.

Second, we observe that the dry-wet transition shown in Figure 5.2 is in the opposite
direction of the wet-dry transition, or dewetting transition, as captured with a stochastic
level-set VISM approach [69] (cf. Figure 3 there). From the energy landscape theory, it is clear
that the wet-try transition can occur more often than the other way around; cf. again [69] and
the references therein. However, it is well appreciated that the solvent fluctuation are critical
to molecular conformational changes and molecular regcognition in an aqueous environment
[7, 10, 37]. Such fluctuations are reflected in the continuum fluid flow equations. Therefore,
it is likely that the solvent fluid flow helps the the dry-wet transition as indicated by our
computations. Certainly, more studies are needed to understand such two-way transitions.

Third, our computations show an interesting scaling law on the change of interfacial areas
vs. the fluid viscosity. This may or may not be explained just by a simple change of variable.
Further detailed studies are needed to confirm such a scaling.

Fourth, we have not studied the well-posedness of our underlying system of equations with
various kinds of boundary conditions, including the free-flow boundary condition. As we have
pointed out, the number of unknowns functions and the number of boundary conditions do
match. But, any further understanding of such mathematical issue will be helpful to improve
our modeling and numerical computation.

Finally, with our model and numerical methods, it is possible to include the solvent
fluctuations that are crucial for molecular systems. One possible way to describe such fluc-
tuations is to study the Navier–Stokes–Landau–Lifshitz equations of fluid equations with
fluctuating stress [35]. This will be our future work.

Acknowledgment. H. Sun was supported in part by an AMS–Simons Foundation Travel
Grant, Simons Foundation Collaborative Grant with grant number 522790, and an XSEDE
startup allocation through the US National Science Foundation grant DMS-170031. S. Zhou
was supported in part by the National Natural Science Foundation of China (NSFC) through
grant NSFC 11601361 and NSFC 21773165, and Natural Science Foundation of Jiangsu
Province, China, through grant BK20160302. L.-T. Cheng and B. Li were supported in part
by the US National Science Foundation through grant DMS-1620487. The authors thank
Dr. Joachim Dzubiella for helpful discussions.

20



Appendix

A1. Discretization of the Traction Boundary Condition on
the Solute-Solvent Interface
Here we detail our high-accurate method for discretizing the traction boundary condition in
(3.8). Fix a virtual node x.We assume that this is a u-point. The case that it is a v or w-point
is similar. Let x∗ ∈ Γ be the orthogonal projection of x on Γ, determined by the condition
that the vector connecting these two points is normal to Γ at x∗. To find such a projection,
we approximate the normal at x∗ by n̂ = ∇φ(x)/|∇φ(x)|, using the level-set function φ. This
is a good approximation, as our level-set function is close to the signed distance function
due to the reinitialization in each step. We define q(α) = φ(x − αn̂) and solve for α∗ such
that q(α∗) = 0 to determine x∗ = x− α∗n̂. In the code, we interpolate q(α) at α = 0, φ(x),
and 2φ(x), and find the zero α∗ of the resulting quadratic interpolation polynomial. Once
we find x∗, we calculate n = ∇φ(x∗)/|∇φ(x∗)|, τ1 = e × n, and τ2 = n × τ1, where e is a
unit vector along a coordinate direction with |e · n| <

√
2/2. We then find 8 more points on

the boundary Γ approximately. They are x∗ ± (h/2)τ1, x∗ ± (h/2)τ2, x∗ ± (h/2)(τ1 + τ2),
and x∗ ± (h/2)(τ1 − τ2), where h = max{hx, hy, hz}. We call each of these 8 points and the
point x∗ a base point corresponding to x.

We now identify some grid points around the virtual node x and discretize the derivatives
of velocity components at the base points using the function values at these grid points. We
shall call such grid points stencil points. We aim to achieve a second-order convergence
scheme for the velocity and pressure up to Γ. Therefore, we construct a third-order dis-
cretization scheme for the gradients of the velocity and pressure. This requires the use of
20 stencil points for each of the velocity components and 10 stencil points for the pressure.
We consider various cases in constructing these stencil points. By the definition of a virtual
node, u-point, and N (x), one of the following two conditions should be satisfied:
(1) {x± (hx, 0, 0),x± (0, hy, 0),x± (0, 0, hz)} ∩ Ωw 6= ∅;
(2) {x+ (l1hx, l2hy, 0),x+ (l1hx, 0, l2hz),x+ (0, l1hy, l2hz) : l1, l2 ∈ {−1/2, 1/2}}∩Ωw 6= ∅.

The first condition corresponds to the case where one consecutive stencil point along one of
the axes is a regular node. It has 6 possibilities, which are all symmetric. Figure A.1 (a)
shows the 20 stencil points corresponding to the case that x+ (hx, 0, 0) ∈ Ωw. Note that we
have circled some stencil points to check if they are all regular points. We call these points
the check points. Note also that the stencil points in Figure A.1 (a) are representative, for all
other cases in condition (1) can be derived by symmetry with respect to the coordinate axes.
The second condition corresponds to the case where a neighboring node which corresponds
to another velocity component is a regular point. It has 8 possibilities, and again they are
all symmetric. Figure A.1 (b) and (c) show the stencil points and check points for the case
that x + (hx/2, hy/2, 0) ∈ Ωw. All other cases can be considered by symmetry.

Let us label all these 20 stencil points as xk (k = 0, . . . , 19) with x0 = x. Fix a base point
xb corresponding to the virtual node x. If u = u(x, y, z) is smooth, then we can Taylor expand
u(xk) at xb up to the third-order derivatives. Let us denote by ub, ub,x, ub,y, ub,z, ub,xy, etc.
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(a) (c)

check points

stencil points

(b)

(d) (e)Figure A.1: Stencil points and check points for a virtual node and u-point x located at the
origin, corresponding to various cases of the 20 stencil points for a third-order scheme. In
(a), x + (hx, 0, 0) is a regular point. In (b) and (c), x + (hx/2, hy/2, 0) is a regular point.

approximate values of u(xb), ux(xb), uy(xb), uz(xb), uxy(xb), etc. Let us also denote by uk
the approximate values (the finite difference values) of u(xk) (k = 0, . . . , 19). Then, based
on the Taylor expansions for k = 0, . . . , 19, we relate the function values and derivatives at
base points with the finite difference values at the stencil points by the following system of
linear equations 

1 h0 h2
0 h3

0

1 h1 h2
1 h3

1

1 h2 h2
2 h3

2

1 h3 h2
3 h3

3
...

...
...

...
1 h19 h2

19 h3
19





ub

ub,x

ub,y

ub,z
...

ub,xyz


=



u0

u1

u2

u3
...
u19


,

where

hk = xk − xb := (hx,k, hy,k, hz,k),

h2
k =

(
h2
x,k

2
,
h2
y,k

2
,
h2
z,k

2
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6
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2
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h2
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2
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2
,
h2
y,khz,k

2
,
h2
z,khx,k

2
,
h2
z,khy,k

2
, hx,khy,khz,k

)
.

Let us denote h = xb−x = (λ1hx, λ2hy, λ3hz) and (s1, s2, s3) = (sign(λ1), sign(λ2), sign(λ3)).
Then each hk = xk −x−h, and hence all hk, h2

k, and h3
k (k = 0, . . . , 19) can be represented

in terms of λi and si (i = 1, 2, 3). With Matlab, we invert symbolically the 20×20 coefficient
matrix, obtaining the general formulas for ub, ub,x, etc. for any u-point virtual node and any
of its corresponding base points.

Finally, in the traction boundary condition for each of the 9 base points, we replace
the derivatives of velocity components and pressure values by the linear combination of the
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function values at 20 stencil points, leading to the finite difference equations on the given
virtual node.

We note that, due to the complex geometry of the boundary Γ, there may not be enough
stencil points available for a third-order discretization. In such a case, we construct a second-
order discretization scheme for the gradients of velocity and pressure, requiring 10 stencil
points for the velocity and 4 for the pressure. If there are still not enough grid points, we
then construct a first-order discretization scheme, with only 4 stencil points for the velocity
and 1 for the pressure. By our definition of a virtual node, a first-order discretization scheme
can always be constructed.

A2. A Local Relaxation Scheme
Here we describe our method of local relaxation in finding an approximation of A−1B, and
further the approximation S̃ of S. We first observe that the discretization of the traction
boundary conditions involves only local stencils composed of a virtual node and several
nearby regular nodes. That means that the nonzero elements in each row of C are clustered
near the virtual nodes locally. Moreover, we note that each column vector b of B has
exactly one nonzero element at an index corresponding to a virtual node. Hence, for each
such virtual node xindex, we fix a grid box [−a, a]3 centered at that virtual node, and then we
solve Aζ = b locally by setting the components of ζ corresponding to the boundary of the
box to be zero, and perform Gauss–Seidel sweeps in eight directions. We denote by ζ(xindex)
and b(xindex) the components of ζ and b, respectively. We summarize our local relaxation
sweep algorithm in the following pseudo-code:

for (i := ±a to ∓ a) ∧ (j := ±a to ∓ a) ∧ (k := ±a to ∓ a)
newIndex = index + (i, j, k);
if (xnewIndex is a void node) ∨ (i = ±a) ∨ (j = ±a) ∨ (k = ±a)
ζ(xnewIndex) = 0;

else if xnewIndex is a virtual node
ζ(xnewIndex) = b(xnewIndex);

else if xnewIndex is a regular node
ζ(xnewIndex) =

∑
i′′=±1,j′′=±1,k′′=±1 ζ(xnewIndex+(i′′,j′′,k′′))/6 + b(xnewIndex);

end
end

We apply the local sweep algorithm a few times until convergence is reached, leading to an
approximation of the corresponding rows in A−1b, where b has nonzero value at a u, v, or w
virtual node. However, for b corresponding to a p virtual node, the above algorithm needs
to be complemented by a propagation algorithm, which passes the influence of p to velocity
components through ∇p:

for (i := i′ −±a to i′ +∓a) ∧ (j := j′ −±a to j′ +∓a) ∧ (k := k′ −±a to k′ +∓a)
if xi−1/2,j,k is an regular node
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b(xi−1/2,j,k)← b(xi−1/2,j,k)−Dx
−pi,j,k;

else if xi,j−1/2,k is an regular node
b(xi,j−1/2,k)← b(xi,j−1/2,k)−Dy

−pi,j,k;
else if xi,j,k−1/2 is an regular node
b(xi,j,k−1/2)← b(xi,j,k−1/2)−Dz

−pi,j,k;
end

end

After applying the propagation algorithm for p, we apply the sweep algorithm for u, v, w
again until convergence. The sweep algorithm is applied in the box [−a, a]3 centered at the
virtual node. Typically, we choose a to be between 5 and 10. We then take the values of
the vector ζ from a smaller box [−a′, a′]3 centered at the virtual node, as the only nonzero
components of ζ. Typically, we choose a′ to be 4. By approximating all the columns of
A−1B in this way, we obtain an approximation S̃ of S = D − CA−1B.
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