AMSC 612: Numerical Methods in Partial Differential Equations
Fall Semester, 2002

Instructor: Bo Li

Homework Assignment 1
Due Friday, October 4, 2002

1. Let Az > 0, At > 0, and v = At/(Az)?. Show that there exists a constant
C' = C(v) > 0 such that

A
1 — 4v sin? ka — e A < Ok (AL)? Vk >0, VAz > 0.

Verify that when v = 1/4 this inequality holds true for C' = 1/2.
2. Consider the model problem:

Up = Ugy, O<z<1,t>0,
u(0,t) = u(1,t) =0, t >0, (1)
u(z,0) = up(x), 0<z<1,

where v is given. For 6 € [0, 1], the #-scheme on a uniform grid with space and
time steps Az and At, respectively, is defined by

wI — = v [06ou) T + (1 —0)67u] ] j=1,---,J—1;n=0,---,N,

where v = At/(Ax)?, §2v(x,t) = §,(0,v(z,t)) for any function v = v(z,t), and

dv(x) =v (x—i—%,t) — (:c—%,t).

Define the truncation error for this of scheme, calculate the leading terms of the
truncation error, and prove the consistency of the scheme.
3. Consider the finite difference discretization of the model problem (1) on a uniform
grid with space and time steps Az and At, respectively. Denote v = At/(Ax)?%.
(1) Show the that scheme
u?“ — u?_l = %V ((ﬁuyﬂ + cﬁu;‘ + 5§u§‘_1)

is stable for all values of v.
(2) Show the that scheme

1
n+1 n—1 __ 2 n+1 2. n 2 n—1
up g =gy (Goul™ + 467u + ooul ™)

is unstable for all values of v.



4. On uniform grids with space and and time steps Ax and At, respectively, use the
explicit scheme

a — (WG = 6) Pz — (4 — i) picays
At (Ax)?
to solve the initial-boundary-value problem
ou 0 ou
— = = — O<z<1,t>0
u_2 (p<a:> ax) | P10
u(0,t) = u(1,t) =0, t >0,

u(z,0) = ug(x), 0<x<1,

Find the leading terms in the truncation error of the scheme, and deduce a bound
on the global error in terms of bounds on the derivatives of the solution u and the
function p, under the condition 0 < p(z)At < (Ax)?/2.

5. A two-d problem: ADI method—analysis and implementation.

6. Consider the initial-boundary-value problem

hy = ((hl“)?) —hy — hx:m:)x \V/(l', t) S (O, 12) X (0, 70],
h(x,t) is periodic in z with period =12 V¢ € [0,70],

h(xz,0) = 0.1 (sin % + sin %Tx + sin mc) Vr € [0,12].

(1) Design an implicit finite difference scheme to discretize the model, treating the
nonlinear term explicitly.

(2) Write a Matlab code to implement the scheme.

(3) Use the Matlab code to compute numerical solutions. Plot the numerical ap-
proximation of the solution and that of the standard deviation of the solution

defined by

w(t) = \/ % /O [h(z,t) — h()]"dz,  where h(t) = % /0 h(z,t) dz

where L = 12.



