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Fall, 2001

Instructor: Bo Li
Department of Mathematics
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Exercise Problems

Chapter 0. Introduction

1. Let H be a real Hilbert space and denote its inner product by (-,-). Let n > 1

be an integer and ¢, -, ¢, be n elements in H. Show that the Gram matriz
G(gbl; o )gbn) for ¢17 e 7¢n7 defined by G(¢17 e 7¢n) = ((sz, ¢j>)7 18 Symmetric
positive semi-definite, and that it is positive definite if and only if ¢, --- , ¢, are

linearly independent.
2. Let f € C[0,1]. Assume that

/0 f(z)o(z)dz =0 Vo € C5°(0,1).

Prove that f(x) =0 for all z € [0, 1].
3. Let f € C0,1] and consider the two-point boundary value problem

—u" = f(x), 0<z<l,
u(0) = u(1) = 0.

Let n > 1 be an integer, h = 1/n, and x; = ih (i =0,--- ,n). Let
Vi, =A{v, € C[0,1] : v4(0) = vp(1) =0, vy,

[wi—1,2i] € Pl([l'i_l,l'i]), 1 = 17 . 7n}

be the continuous piecewise linear finite element space. Let u, € V), be the corre-
sponding finite element approximation to the exact solution u, defined by

/O W(x) - (2)] v (2)dz =0 Yoy € Vi

Show that

up(x;) = ulxy), i=0,--,n.

Chapter 1. Sobolev Spaces and Elliptic Boundary Value Problems



1. Let H be a real Hilbert space. Denote by (-,-) its inner product and by || - || the
corresponding norm. Let K be a non-empty, closed, convex subset of H. Let x € H.
Prove that there exists a unique v € K such that

|lu—z|| = inf ||v — z||.
veEK

The element u € K is called the projection of x onto K and is denoted by u = Pkx.
Prove also the following.
(1) In general, the projection u = Pkx is characterized by u € K and

(x—u,v—u)y <0 YvekK.

(2) If K is a non-empty, closed, convex cone of H with vertex 0, then the projection
u = Pgx is characterized by u € K and

(x—u,v) <0  YoeK,
(x —u, u)y = 0.
(3) If K is a closed subspace of H, then the projection u = Pgx is characterized
by u € K and
(x—u,v)=0 YvekK.
2. Let 5 € R be such that 1/2 < < co. Define using the polar coordinate

Qg:{(r,9)20<r<1,0<9<%}

and
ug(r,0) = r’sin B9 V(r,0) € Q.

(1) Find all values of the integer k£ > 0 and the extended real number p € [1, 0]
such that ug € WHP(Qp).

(2) Let = 1/2. The domain €5 is called a slit domain. Find all integers k > 1
and extended real numbers p € [1, 00] such that uy /s € WH5P(Qy ).

(3) Let 8 = 2/3. The domain Qy/3 is called a reentrant corner. Find all integers
k > 1 and extended real numbers p € [1, o0] such that ug/3 € WP (Qy3).

3. Let Q@ = {& € R : |z| < 1} be the open unit ball in R™ with n > 2. Define
u: € — R by

1
u(z) = loglog <1 + ﬂ) Vx € Q.
x
Show that w € W'(Q) but u & L>®().
4. Let p and r be two real numbers such that 2 < p < r. Let

Q={(z,y) eR*:0<x <1,y <a"}.

Define u : Q — R by u(x,y) = 277 for (z,y) € Q. Show that u € W'P(Q) but
u ¢ L>*(2). Dose this contradict the Sobolev embedding for the case p > n with
n =27
5. Let n > 2 be an integer and {2 C R™ a bounded domain with a Lipschitz boundary.
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(1) Show that
||Au||L2(Q) = ||D2UHL2(Q) Yu € Hg(Q),

where A is the n-dimensional Laplacian and
Dy = 3 [ 107 ute) e

(2) Show that u — [|Aul| 12y defines a norm of H§(£2) and this norm is equivalent
to the usual H*(Q)-norm of HZ(12).
6. Let Q C R? be a bounded domain. Set £(u) = (Vu + (Vu)T)/2 for any u €
H(;R3).
(1) Prove the identity
IVullZai) + tr (Vu)llizg) = 21E @2 Yu € Hy(RY).
(2) Prove Korn’s first inequality: there exists a constant C' = C(€2) > 0 such that
(3) Let I'y C 092 be dS-measurable with a positive dS-measure. Let
HE (R = {ue H'(Q;R®) : w =0 on Iy}
Prove that there exists a constant C' = C(€2,T'g) > 0 such that
ull ) < CllE(u) 2o Vu € Hp, (5 R?).

(Hint: use Korn’s second inequality, and show that £(u) = 0 in © implies that
u(z) = a x ox + b for some vectors a,b € R3.)
7. Let n > 2 be an integer and {2 C R™ a bounded domain with a Lipschitz boundary
I' = 09Q. Let a;; € L>(Q) for all i,7 = 1,--- ,n, and assume that there exists a
constant A > 0 such that

n

D ay(@)&& = MEP Yz eQ, VEER™

ij=1
Let b € L>®(Q) with b > 0 a.e.Q and f € L*Q). Moreover, let Ty C T' and
I'y = I'\ Ty be both dS-measurable subsets of I' with positive dS-measure. Let
g € L*(T'y). Prove the following.
(1) There exists a unique u € V such that

A(u,v) = F(v) Yv eV,
where

V={ve H(Q

)
/[i: )0y, u(2) 0y v() + b(z)u(z)v(2)| dr,

/f dx+/rlg( 2)o(z) dS.

3

v=0on Ty},



(2) If in addition a;; € W*°(Q) (i,5 = 1,--- ,n) and u € C*(Q), then u solves the
boundary value problem

— >y Oy (a30pu) +bu = [ in Q
u =70 on F(),

n —
2ije1 @ijOnuv; =g onlhy,

where v = (v, -+ ,15,) is the unit outer normal along the boundary 0f2.

8. Let n > 2 be an integer and {2 C R™ a bounded domain with a Lipschitz boundary
90. Let b € L>(Q) with b > 0 a.e.Q and f € L*(Q). Let ¢ € L>®(T) with
¢ >0ael and g € L*(T'). Suppose either meas{z € Q : b(z) > 0} > 0 or
dS-meas {x € 00 : ¢(x) > 0} > 0. Prove the following,.

(1) There exists a unique v € H*(2) such that

A(u,v) = F(v) Yo € H(Q),

where
Alu,v) = /Q [Vu(x) -Vou(z) + b(:v)u(x)v(x)] dx + /89 c(x)u(z)v(z) dS,
Fv) = /Qf(x)v(x) dx +/ g(x)v(x)dS.

o0

(2) If in addition u € C%*(Q), then u solves the following boundary value problem

{ CAutb@u = fz) WO,
Oyu+ c(x)u=g(xr)  on 09,

where v = (v, -+ ,14,) is the unit outer normal along the boundary 0f2.
9. Let n > 2 be an integer. Let 2, 21, and €2, be bounded Lipschitz domains in R"
such that Q; C Q (i = 1,2), Q2 = Q; UQy, and each T; := 9Q; N 9N (i = 1,2) has
a positive dS-measure. Denote S = 92y N 0€)y. Consider the interface boundary
value problem
—V-aVu=f in ,
u=20 on I'y,
as0,u = g on I'y,
[u] =[ad,u) =0  on S,

where

Joa if x € (),
a(z) = { a9 if x € Qo,

and a; and ay are two distinct, positive, real numbers, f € L?(Q), g € L*(T'), v is
the unit exterior normal of 02, and [] denotes the jump across the interface S.
(1) Find the weak formulation of the boundary value problem.
(2) Prove that the problem in weak formulation has a unique solution.
(3) Prove that the weak solution, if it is smooth enough, solves the boundary value
problem.
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10. Let © = (0,1) x (0,1) C R?. Show that the boundary value problem

Au=1 in
u=0 on 0f)

has a unique weak solution u which is defined by u € H}(€) and
/ Vu(z) - Vou(z)dr = / v(x)dx Vv € Hy ().
Q Q

Show also that the weak solution u ¢ C2().

Chapter 2. Construction of Finite Elements and Finite Element Spaces

1. Let Q and Qy,---,Q, (r > 2) be bounded Lipschitz domains in R™ (n > 1) such
that , CQ (1 <i<r), uNQ;=0fori+#j(1<4,7j<r),and Q=U._,Q,.

(1) Suppose that u € L*(Q) and that ul|g, € H'(;) (1 < i < r). Show that
u € H'(Q) if and only if u|g, = ulo, on 9Q; N0 (1 <45 < 7).

(2) Suppose that v € L*(Q) and that ulg, € H?*(;) for all i € {1,--- ,r}. Show
that u € H*(Q) if and only if both u|q, = u|g, and Vulg, = Vulg, on 9€;N99Q;
(1<4,j<r).

2. Let X be a real vector space with a finite dimension d > 1. Denote by X’ the set
of all linear functionals from X to R. Prove the following.

(1) The set X' is also a vector space with the same dimension d.

(2) Let {®y,--- Py} C X'. Then, the following are equivalent: (a) {®y,--- P4} is a
basis for X’; (b) N, Ker ®; = {0}; (c) There exist ¢; € X, i =1,--- ,d, such
that @Z(¢J) = (5@'7 Z,j = 1, Tt ,d.

(3) Any basis for X has a unique dual basis for X', and any basis for X’ has a
unique dual basis for X.

(4) If{¢1,- -+ ,0a} C X and {Py,--- , P4} C X' are a pair of dual bases, then

d
F=Y ®(fei VfeX,
=1

d
F=> F(¢;)® VFeX.
=1

3. Let T = Az12923 C R? be a triangle. Let \; = \j(z) € P (T) (i = 1,2,3) be the
barycentric coordinates of x € T such that \;(z;) = d;; (4,7 = 1,2,3).

(1) Let (ijk) be any permutation of (123). Show that V; - VA; < 0 if and only
if the angle Zz;2,2; < 90°. Moreover, V; - VA; = 0 if and only if the angle
Lzizpzy = 90°.

(2) Let «, 3, and v be any nonnegative integers. Show that

| M) de = 27— 22T
T

(a+B+y+2)V
where |T'| denotes the area of T
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(3) Find the shape functions for the cubic triangular finite element (T, P3, X)), where
Y ={p(2): z€ L3(T)} and L3(T) is the set of all principle lattice points of T'

of order 3.
4. Let n > 2 be an integer and T' = S(zp, -+ ,2,) C R" an n-dimensional simplex.
Let Ao(z),- -+, An(z) be the barycentric coordinates of = € T" such that \;(2;) = d;;
<Z7j = OJ 7n)'

(1) Prove the identity
1

p=)_ 3NN — (BN — 2p(=)
1=0

9
+ D SMNGN—Dp(ag)+ Y 2Tp(up) VP E R,
0<i,j<n, i 0<i<j<k<n
where 2, = (2 + z; + 2x) /3 and z;;; = (22 + 2;)/3.
(2) For each triple of integers (¢, 7, k) with 0 <i < j <k < mn, let
Yige(p) = 12p(zin) +2 ) p(z) =3 Y plaum)
l=i,5,k l,m=i,j,k,l#£m
and
Py={pe€ P;y:¢j(p) =0forall i,j,k with 0 <i<j<k<n}.
Prove that P, C Pj and that (7', Pi(T),>r) is a finite element, where

Y =A{p(2:) (0 < <n), pziy) (0 < 4,5 <, i # )}

5. Let n and k be two positive integers. Prove that

" ka, — i’ i in
plxe, -, x,) = Z H | H R p(%""’? Vp € Q.
0<iy<k,1<I<n  \m=1 0<i, <k, il, #im
6. (The Q) element.) Let T = [—1,1] x [-1,1] C R% Denote by z1, 29, 23, and z
the vertices of T, ordered counterclockwise starting from the lower left one. Denote

by zs, 26, 27, and zg the midpoints of the four edges of T', ordered counterclockwise
starting from the one of the bottom edge. Denote by zg = (0,0) the center of T

Define
4 8
Q5= {P € Q2 : 4p(z9) + ZP(%) - 2Zp(2i)} :
i=1 i=5

Finally, define ¥ = {p(z;) : 1 =1,--- ,8}.

(1) Show that P, C Q5.

(2) Show that (T, @5, Y) defines a finite element.

(3) Find the shape functions of the finite element (7', Q%, X).

7. Let T' = Az 2923 be a triangle and denote 2, = (2;+2;+21)/3 and z;;; = (22,42;)/3
for 4,7,k = 1,2,3. Let A\i(z), Aa(z), A3(z) be the barycentric coordinates of z € T
such that \;(z;) = 6;; (4,5 =1,2,3).
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(1) Define
Pr=span {\} (1 <i<3), M\ (1<i<j<3), Mdads),
Yr=A{p(z) (1 <i<3), pleyy) (1 <i<j<3), plaizs)}

Prove that (T, Pr, Y1) defines a finite element and that P»(T) C Pr.
(2) Define

Pr=span{X} (1 <i<3), XA, M3 (1<i<j<3),
)\?)\i+l)\i+2 (1 S ) S 3 (mod 3))},

where

3 1
2F = 5(1 — 04)2123 -+ 5(306 — 1)21', 1 S i S 37

)

and a € (0,1), o # 1/3. Prove that (T, Pr,Xr) defines a finite element and
that Py(T) C Pr.
(3) Let Pr be the same as in (2). Define

where
Z:j:")/lzi‘i"}?zja 1§27]§37Z7éj7
1 3 1 3
71 2 ( 5) ) Y2 92 ( + \/;) )
and
z :Oézi‘i‘%a(zi—i-l“‘zi-w)a 1 <i<3(mod3),

and o € (0,1), o # 1/3. (Notice that 71,1/2,v2 are the Gaussian quadrature
points of the interval [0,1].) Prove that (T, Pr, ¥7) defines a finite element.

8. Let T be a rectangle with sides parallel to the coordinate axes, Pr = @Q1(T'), and
Yr={p(z) : 1 <i <4}, where z; (1 < i < 4) are the midpoints of edges of T.
Show that 7 does not determine Pr.

9. (The three-dimensional rotated @, finite element.) Let T = [>_, [as, bi],

T 2 X 2 X 2 T 2
P = Span {1,[1’5171‘2,1'3, (l_l) - (l_z) ) (l_z) - (l_B) } )
1 2 2 3

where [; = b; —a; (1 =1,2,3), and ¥ = {p(¢;) : i =1,--- ,6}, where ¢1,--- ,c¢ are
the centers of the six faces of the 3-rectangle T'.
(1) Prove that (T, P,X) defines a finite element.
(2) Find the shape functions of this finite element.
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10.

11.

12.

13.

Let 2 = (0,1) x (0,1). Fix an integer N > 2 and decompose {2 into small triangles
using the linesx = i/N,y = j/N,and z—y = £k/N (i,7,k =0,--- , N). Denote by
T}, the resulting finite element triangulation of Q, where h = v/2/N is the mesh size.
Denote by Vo the Crouzeix-Raviart nonconforming finite element space over the
mesh T} corresponding to the homogeneous Dirichlet boundary condition. Prove
the following discrete Poincaré inequality:

[n ] 720y < 2 Z IVonllZery  Yon € Vio.

TeT,

(The Morley finite element and the associated finite element space.)

(1) Let T = Az;z923 C R? be a triangle. Let P = Po(T) and X = {p(z;) (1 <i <
3);0,p(2ij) (1 <@ < j < 3)}, where 0, is the exterior normal derivative and
zij = (2 + 2;)/2 (1,7 = 1,2,3). Prove that the triple (7, P,3) defines a finite
element.

(2) Let 2 C R? be a polygonal domain with a Lipschitz boundary and T), a finite
element triangulation of (2. Let V}, be the corresponding Morley finite element
space. Show that in general V, ¢ C(Q) and V}, ¢ H'(9).

(3) Let Vo be the subspace of Vj, consisting of all functions v, € V}, such that v,
vanishes on Z; NI and 0,v;, on M;, N OS2, where Z;, and M;, are the sets of
vertices and edge midpoints, respectively, of all triangular elements in the mesh
T Define [vp|on by [vnl3, = Yrer |vnlsp for any vy, € Vig. Show that | - |2
is a norm of Vjg.

(The static condensation of the degrees of freedom in the Hermite triangular finite

element approximation.) Let © C R? be a polygonal domain, T}, a finite element

triangulation of €2, and V}, the corresponding Hermite triangular finite element space.

Let ¢1,---, ¢ be all the global shape functions in V}, corresponding to all the

barycenters of triangular elements in T, and ¢pr41, - - - , ¢n all the other global shape

functions in V;,. The finite element solution u; = Zf\;l & € Vi, to a boundary value
problem of a nonhomogeneous biharmonic equation on the domain 2 is obtained
by solving the linear system

N
> A(bi.d))¢=bi,  i=1-- N,
j=1

for some (b, - ,by) € RN, where A(¢;, ¢;) = / A¢;A¢;dx. Prove that this lin-

Q
ear system of N equations for the N unknowns &;,---,&y can be reduced to an
equivalent linear system of N — M equations for the N — M unknowns &1, -+, &N
corresponding to non-barycentric nodes, by eliminating the M unknowns &1, --- , &y

corresponding to the barycentric nodes.
(Comparison of the finite element method and the finite difference method.) Con-
sider the boundary value problem

—Au=f in €,
{d )



where Q = (0,1) x (0,1) and f € C(2). Fix an integer N > 2.

(1) Discretize the boundary value problem (1) by the five-point finite difference
scheme with a uniform gird of  of size 1/N in both directions.

(2) Decompose €2 into small triangles using the lines z = i/N, y = j/N, and
x—y==xk/N (i,j,k =0, ---,N). Denote by T}, the resulting finite element
triangulation of 2, where h = +/2/N is the mesh size. Use the piecewise
linear finite element method with the mesh T}, to discretize the boundary value
problem (1).

(3) Choose a suitable ordering of nodal points and use a suitable numerical quad-
rature for the calculation of the load vector in the finite element discretization
to obtain the linear system same as that resulting from the five-point finite
difference discretization.

14. Write a computer program to solve numerically the boundary value problem

—Au=f in €,
u=>0 on 0f2,

where Q = (0,1) x (0,1) and f(z,y) = 2(x +y — x* — y?), using the piecewise linear
finite element method. (The exact solution is u(z,y) = (1 — x)y(1 —y). )

Chapter 3. Finite Element Interpolation and Approximation

1. Let (T, P,X) be an n-dimensional Lagrange finite element with dim P = d, the set
of degrees of freedom ¥ = {p(z;) : 1 < i < d}, and the set of shape functions
¢ = {¢Z o1 S 1 S d}, where ¢Z(ZJ) = 5,']' (Z,j = 1, ,d) Let IT : C(T) — P
denote the Lagrange interpolation operator. Assume that P.(7) C P for some
integer k > 1. Prove the following.

(1) For any n-dimensional multi-index o with 0 < |a| < k,

d
N 1 if|al=0
Z(Zi —2)%¢i(x) = doja| = { 0 if1<]o<k

=1

(2) For any u € C**(T) that

Ve el

d

(Mu — u)(x) = Z Ri(u, x)p;(x) Ve e T,

i=1
where R;(u,x) for 1 <i < d is the remainder in the Taylor expansion
1
u(z) = u(z) + Du(x)(z — ) + -+ ngu(x)(zl —2)* + Ri(u, v), rzeT.
(3) For any u € C*1(T) and n-dimensional multi-index o with 1 < |a| < k that

d
0“(Mu — u)(x) = Z Ri(u, 2)0%¢;(x) Ve eT.
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2.

@

Let n > 1 be an integer. Let (T, P,X¥) and (T, P, f)) be two n-dimensional, affine-
equivalent, Lagrange finite elements. Let d = dim P and ¥ = {p(z;) : i =1,--- ,d}.
Let 1 < ¢ < o0 §how that there two positive constants C'; and Cs, depending only
on g and (T, P,Y), such that

Cillvllzory < [{vitllgr < Collvllpay Vo€ P,

where

1/
(ITISLioz0l) ™ i1 <g <o,

max |v(z)| if ¢ = oo,

{vitllgr =

and |T'| denotes the volume of T
Prove that not any two Morley finite elements are affine equivalent.

. Prove that the shape regularity condition of a family of two-dimensional finite ele-

ment triangulations {J7%,} of a polygonal domain 2 C R? is equivalent to Zldmal’s
mazximum angle condition: there exists a constant 6y > 0 such that 6 > 6, for any
angle 6 of any triangular element T' € U,T},.

. Let n > 2 be an integer and 2 C R" a polygonal domain. Let {J,} be a family

of regular finite element meshes of {2 parameterized by the mesh size h and {V,} a

corresponding family of affine finite element spaces with each V,, € C(2). Show for
each p € [1, 00] that there exists a constant C' > 0, independent of h, such that

[onlLooe) < CR P |lon|l o) You € Vi

. Let n > 2 be an integer and @ C R" a Lipschitz polygonal domain. Let {7} be

a family of quasi-uniform finite element meshes parameterized by the mesh size h
and {V},} a corresponding family of affine Lagrange finite element spaces with each
Vi, € C(Q). For each h, let IIj, : C(2) — V}, denote the Lagrange finite element
interpolation operator. Prove the following.

(1) For each p with 1 < p < oo, there exists a constant C' > 0, independent of h,

such that

”HhUHLP(Q) < CHUHLP(Q) Yu € C(Q)

(2) For each p with n < p < oo, there exists a constant C' > 0, independent of h,
such that

pul|wrr@ < Cllullwir@) Yu € WHP(Q).

. Let {T,} be a regular family of finite element meshes, parameterized by the mesh

size h, of a polygonal domain ) C R™ with n > 2. Assume all the elements in U, T},
are affine equivalent to a single element 7' C R". For each u € L*(Q) and each h,
define Ajyu € L*(2) to be a piecewise constant function with A,u = ur on any
T € Ty, where

1
ur = — / w(x)de VT €Ty,
T Jr

and |T'| denotes the volume of T'. Let 1 < p < co. Prove the following.
10



(1) If u € LP(2), then
tnl| ey < |lullzr)-
(2) If uw e W1P(Q), then
[w — tnll L) < Clulwie),

where C' > 0 is constant independent of u and h.

8. (Clément type interpolation.) Let 2 C R? be a convex polygonal domain, {J7,}
a family of regular finite element triangulations of ) parameterized by the mesh
size h, and {V},} the corresponding family of H;(2)-conforming, P; type, Lagrange
finite element spaces. Fix h. Denote by Ny = {z1,--- , 2y} and &, = {¢1,--- ,on},
respectively, the set of all vertices of triangular elements of 7, and that of all
the shape functions in Vj, such that ¢;(z;) = é;; (i, = 1,---,N). For each ¢
(1 <4 < N), denote w; = supp ¢; and P; : L*(w;) — Py(w;) the L? projection onto
Py (w;), i.e., for any v € L*(w;), Pv € P(w;) and (v— P, p),, = 0 for all p € Py (w;).
Finally, define 7, : L*(Q2) — V}, by

N
TR = Z Pu(z)op; v e L*(9).
i=1

Denote by C' a generic, positive constant that is independent of the diameter of any
element in any of the meshes. Prove the following.
(1) fT € T, and T C wj, then

diamw; < Chrp, 1=1,---,N,
where hp = diam T'. Moreover,
card{T € T, : T Cw;} <C. i=1,---,N.
(2) For any integers [ and m with 0 < m <[ <2,
v — Pl < C(diamw;) ™ [vhe, Yve HYw), i=1,---,N.
(3) For m = 0,1,
Plmcor < CITI7 2™ plox VT € Ty, Vp € Pi(T),

and
|Gi|lmr < C|T|Y?hR;™  NT €Ty, i=1,--- N,
where |T'| denotes the area of T
(4) For any v € L*(Q),

|v — )00 < Clvog,

lim |v — mpv]p0 = 0.
h—0

For any v € H'(Q) and m =0, 1,
v = mpvlma < CRT" v,
lim |v — mpv|1 0 = 0.
h—0
11



For any v € H*(Q) and m = 0, 1,

v — Tpv|ma < Ch* " v|2,

1/2
(Z lv — 7rhv|§7T> < Clvlaq.

TeT
(Hint: for T = Az; 2,2, € T, and v € L*(Q), show that
(Whv - U)’T = (Pilv - U)|T + Z I:Pijv(z’ij) - Pilv(zij)} (bile
=23

and estimates the two terms on the right in suitable semi-norms.)

Chapter 4. Error Estimates for Elliptic Boundary Value Problems

. Let V be a real Hilbert space with norm || - ||. Let A:V x V — R be a bilinear
form satisfying
(1) boundedness: there exists a constant M > 0 such that

[A(v, w)| < Mo flw]] Yv,weV,
(2) coercivity: there exists a constant v > 0 such that
A(v,v) > 7|v|]? Yo e V.
Let V}, a closed subspace of V. Let u € V and u;, € V}, satisfy
A(u — up,vp) =0 Yoy, € Vi,
Prove for any &, € V}, that

Alu— &, v
Nun—all < sup AL En0n)

< Mfup = &ll.
vp €V, vp #0 H/UhH

. (Optimality of finite element error estimates.) Fix an integer n > 2 and let Tj, =
{lxi=1,z;] i =1,--- ,n} be a finite element mesh of (0,1), where z; = ih (i =
0,---,n) and h = 1/n is the mesh size. Let V}, C Hj(0,1) be the corresponding
P, type Lagrange finite element space for some integer £ > 1. Let u, € V}, be the
unique finite element approximation of a function u € Py, 1(0,1) N H}(0, 1), defined
by

(w—wup),v,) =0 Yoy, €V,
where (-, ) denotes the L?(0, 1) inner product.
(1) Prove that

Uh(x('j)):u(xz(j))7 jIO,'”,k, i:1,~--,n,

7

where {xgj)};?zo for each i (1 < i < n) are all the Lobatto points of order k — 1
on [z;_1,x;], defined by
O Ti1+x; + hf(j)

7 2 ?
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where §g = —1, & =1, and &§ < - -+ < &1 are the k—1 simple roots in (—1, 1)
of Lj, € P, and

2%]{:'(;‘[_; [(52 _ 1)2k}

is the kth Legendre polynomial.

(2) Prove that
Lk 1/2
/ H 5(] ] thrl’

Jj=

Li(§) =

(k+1)
U
HU - UhHL2(0,1) (‘ ‘

1/2

(k+1) 14 k A 2
||w _ U;L||L2(O,1) = (|Z+ 1)" /1 [d_g H (5 _ 5(]))] df hk’

7=0

[u2)] : ) e
— oo = J
|2 — || oo (0,1 i+ 1) max, Jl;[ ¢—¢U)|n
(k-+1) k
o ‘u ‘ i J)
Il = willimon = gy max, dfg §-¢

3. Let Q C R™ be a convex polygonal domain, {J,} a family of quasi-uniform finite
element meshes parameterized by the mesh size h, and {V,,} a corresponding fam-
ily of affine, H, 1(Q) conformmg, Lagrange finite element spaces with the reference
finite element (T, P,3) satisfying that P D P,(P) for some integer k > 1. Let
uw € H} ()N W’”“"(Q) and uj, € Vj, for each h be the Galerkin finite element
approximation of u defined by

(V(’LL — Uh), V’Uh) = (f, Uh) Y, € V.
Prove that there exists a constant C' > 0, independent of A and u, such that
[t = o000 < CRET2||u| 41,00 0-

. Let © C R? be a convex polygonal domain. Recall that there exists gy € (2,00),
depending only on €2, that satisfies the following property: for any ¢ € (1, ¢qy) and
f € LI(Q), there exists a unique u € W, ?(Q) N W24(Q) such that

(Vu, Vov) = (f,v) Yo € Hy(9Q)

and

[ullzg0 < Cllflloqn,

where (-,-) denotes the L?*() inner product and C' > 0 is a constant that only
depends on ) and gq.
Let {7} be a family of quasi-uniform finite element meshes parameterized by the

mesh size h and {V},} a corresponding family of affine, H}(Q2)-conforming, Lagrange
13



finite element spaces. For each h, let u, € V}, denote the Ritz-Galerkin finite element
projection of a fixed u € Wy (Q) N W24(Q), defined by

(V(’LL — uh), V’Uh) =0 Yu, € V).

Show for each real number p > ¢y that there exists a constant C' > 0, independent
of v and h, such that

[u = unllope < Chllu — unll1p0-
5. (Discrete maximum principle.) Consider the boundary value problem

—Au=f in €,
u=20 on 0f),

where Q0 C R? is a polygonal domain with a Lipschitz continuous boundary 9 and
f € L*Q). Let T, be a finite element triangulation of Q and V,, C C(Q) N H}(Q)
the corresponding piecewise linear finite element space. Let ¢, -+, ¢n be all the
finite element shape functions defined by ¢; € Vj, (1 = 1,--- ,N) and ¢;(z;) = J;;
(i, = 1,--- | N), where z1,--- ,zy are all interior vertices of triangular elements
in T,. Define A = (a;;) € RV and b = (b;)) € RY by a;; = (V¢y, Vo,;) and
b; = (f, ¢:), where (-, -) denotes the L?(2) inner product. The finite element solution
up € Vj of the given boundary value problem is determined by wu, = Zf\il &b,
where £ = (&) € RY is the unique solution of the linear system A& = b.

Assume that all the angles of triangular elements in T, are less than or equal to
90°. Prove the following.
(1) Allag >0 (i=1,--- ,N),ay <0 (i,j =1, N,i#j), and 11 a;; >0

(¢=1,---,N). Moreover, there exists iop € {1,--- , N} such that Z;VZI a;,; > 0.
(2) Ifall b; <0 (i=1,---,N), then us, <0 on Q.
6. Prove some properties for the special weight functions.

14



