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Instructor: Bo Li

HOMEWORK ASSIGNMENT 2
(Due Monday, November 3, 2003)

1. Let A,B ∈ R
3×3, n ∈ R

3 with |n| = 1, and α ∈ R. Prove that there exists a
continuous mapping y : R

3 → R
3 such that

∇y(x) =

{

A if x · n < α,

B if x · n > α,

if and only if

A − B = a ⊗ n

for some a ∈ R
3.

2. Let U1 = diag {α, β, γ} and U2 = diag {β, α, γ} with α, β, and γ positive real numbers
and α 6= β. Find all (Q, a, n) ∈ (SO (3), R3, R3) with a 6= 0 and |n| = 1 such that

QU1 − U2 = a ⊗ n.

Show for any λ ∈ (0, 1) that

Fλ := λQU1 + (1 − λ)U2 6∈ SO (3)U1 ∪ SO (3)U2.

3. Let Ω ⊂ R
n be a bounded Lipschitz domain. Let {νx}x∈Ω be the family of Young

measures associated with a bounded sequence {uk} in L∞(Ω; Rm). Let 1 < p < ∞.
Prove that uk → u in Lp(Ω; Rm) if and only if νx = δu(x) for a.e. x ∈ Ω.

4. Let I : W 1,4(0, 1) → R be defined by

I[u] =

∫ 1

0

[

(

u′2 − 1
)2

+ u2
]

dx ∀u ∈ W 1,4(0, 1).

(1) Prove that infu∈W 1,4,(0,1) I[u] = 0 but I[u] > 0 for any u ∈ W 1,4(0, 1).
(2) Let uk ∈ W 1,4(0, 1) (k = 1, . . .) be such that limk→∞ I[uk] = 0. Let {νx}x∈(0,1)

be the family of Young measures associated with {u′

k}. Prove that

νx =
1

2
δ1 +

1

2
δ−1 a.e. x ∈ (0, 1).

5. Let Ω = (0, 1) × (0, 1). Define I : W
1,4
0 (Ω) → R by

I[u] =

∫

Ω

[

(

(∂x1
u)2 − 1

)2
+ (∂x2

u)2
]

dx ∀u ∈ W
1,4
0 (Ω).

(1) Prove that inf
u∈W

1,4

0
(Ω) I[u] = 0 but I[u] > 0 for any u ∈ W

1,4
0 (Ω).

(2) Let uk ∈ W
1,4
0 (Ω) (k = 1, . . .) be such that limk→∞ I[uk] = 0. Let {νx}x∈Ω be

the family of Young measures associated with {∇uk}. Prove that

νx =
1

2
δ(1,0) +

1

2
δ(−1,0) a.e. x ∈ Ω.
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6. Let Ω ⊂ R
3 be a bounded Lipschitz domain, λ ∈ (0, 1), and A,B ∈ R

3 with

A − B = a ⊗ n

for some nonzero a, n ∈ R
3. Let

y0(x) = (λA + (1 − λ)B)x ∀x ∈ Ω.

Let {yk} be a bounded sequence in W 1,∞(Ω; R3) such that yk(x) = y0(x) for all
x ∈ ∂Ω and that the corresponding sequence of gradients {∇yk} generates the Young
measures

νx = λδA + (1 − λ)δB a.e. x ∈ Ω.

Prove that yk
∗

⇀ y0 in W 1,∞(Ω; R3) and that (∇yk)w → (∇y0)w in Lp(Ω; R3) for any
w ∈ R

3 such that w · n = 0 and any p ∈ [1,∞).
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