AMSC 698V: Advanced Topics in Applied Mathematics, Fall, 2003
Mathematical and Computational Problems in Materials Science
Instructor: Bo Li

HOMEWORK ASSIGNMENT 2
(Due Monday, November 3, 2003)

1. Let A,B € R>3 n € R® with [n| = 1, and a € R. Prove that there exists a
continuous mapping ¥ : R? — R3 such that

A ifr-n<a,
Vy(x)—{B ifx-n>a,
if and only if
A—B=a®n

for some a € R3.
2. Let Uy = diag{a, 3,7} and Uy = diag {3, o, v} with «a, 3, and «y positive real numbers
and a # 3. Find all (Q,a,n) € (SO (3),R3 R?) with a # 0 and |n| = 1 such that

QUl — UQ =a@n.
Show for any A € (0,1) that
F)\ = )\QUl + (1 — )\)UQ ¢ SO (S)Ul U SO (S)UQ

3. Let © C R™ be a bounded Lipschitz domain. Let {v,}.cq be the family of Young
measures associated with a bounded sequence {ug} in L>®(Q2;R™). Let 1 < p < oc.
Prove that u;, — u in LP(§; R™) if and only if v, = dy,) for a.e. x € Q.

4. Let I : W14(0,1) — R be defined by

1
Iu) = / [(u’2 — 1)2 + uz} dr  Vue W'0,1).
0
(1) Prove that inf,ep1.4.0,1) I[u] = 0 but I[u] > 0 for any u € W4(0,1).
(2) Let up € WH4(0,1) (k = 1,...) be such that limy_.o I{ug] = 0. Let {1 }aeo,)
be the family of Young measures associated with {u},}. Prove that
MEP NS € (0,1)
Ve = 5 1 5 -1 a.e. T s .
5. Let Q= (0,1) x (0,1). Define I : W;*(Q2) — R by
] = / [((amuf 1)+ (amu)?] dr  Yue WHQ).
Q

(1) Prove that inf, ey q) I[u] = 0 but I[u] > 0 for any u € W,*(Q).
(2) Let up € Wo'(Q) (k = 1,...) be such that limy_e I[ug] = 0. Let {1, }oeq be
the family of Young measures associated with {Vuy}. Prove that
1 1
Vy = 55(170) + 55(,170) a.e. x € ().
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6. Let 2 C R? be a bounded Lipschitz domain, A € (0,1), and A, B € R? with
A—B=a®n
for some nonzero a,n € R3. Let
yo(x) =M+ (1 —-N)B)x  Vre.
Let {yx} be a bounded sequence in WH(2;R3) such that y.(z) = yo(z) for all
x € 0N and that the corresponding sequence of gradients {Vy,} generates the Young

measures
Ve =Xa+ (1 —XN)op a.e. r € €.

Prove that y; — 3o in W5®(Q; R?) and that (Viy,)w — (Vyo)w in LP(Q;R?) for any
w € R3 such that w-n = 0 and any p € [1,c0).



