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Preface

These lecture notes present elements of Hilbert space and the theory of linear
operators on Hilbert space, and their application to integral equations.

Chapter 1 reviews vector spaces: bases, subspaces, and linear transforms.
Chapter 2 covers the basics of Hilbert space. It includes the concept of Ba-
nach space and Hilbert space, orthogonality, complete orthogonal bases, and
Riesz representation. Chapter 3 presents the core theory of linear operators on
Hilbert space, in particular, the spectral theory of linear compact operators
and Fredholm Alternatives. Chapter 4 is the application to integral equations.
Some supplemental materials are collected in Appendicies.

The prerequisite for these lecture notes is calculus. Occasionally, advanced
knowledges such as the Lebesgue measure and Lebesgue integration are used
in the notes. The lack of such knowledge, though, will not prevent readers
from grasping the essence of the main subjects.

The presentation in these notes is kept as simple, concise, and self-complete
as possible. Many examples are given, some of them with great details. Ex-
ercise problems for practice and references for further reading are included in
each chapter.

The symbol O is used to indicate the end of a proof.

These lecture notes can be used as a text or supplemental material for
various kinds of undergraduate or beginning graduate courses for students of
mathematics, science, and engineering.

Bo Li
Spring, 2005
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1

Vector Spaces

Notation:

N: the set of all positive integers.
Z: the set of all integers.

R: the set of real numbers.

C: the set of complex numbers.

1.1 Definition

We denote by F either C or R.

Definition 1.1 (vector space). A nonempty set X is called a vector space
(or linear space) over F, if there are two mappings X x X — F, called addition
and denoted by (u,v) — u+v for any u,v € X, and Fx X — X, called scalar
multiplication and denoted by (o,u) — au or a-u for any « € F and any
u € X, that satisfy the following properties:

(1) Commutative law for addition.
u+v=v+u Yu,v € X; (1.1)
(2) Associative law for addition.
(u+v)+w=u+ (v+w) Yu,v,w € X; (1.2)
(3) A zero-vector. There exists o € X, called a zero-vector, such that
ut+o=u Yu € X; (1.3)

(4) Negative vectors. For each u € X, there exists —u € X, called a negative
vector of u, such that

u+(—u)=o Yu € X; (1.4)
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(5) Associative law for scalar multiplication.
(afB)u = a(Bu) Va,B € F, Vu € X; (1.5)
(6) Right distributive law.
(a4 B)u =au+ Pu Va,B € F, YVu € X; (1.6)
(7) Left distributive law.
alu+v) =au+ av Va € F, Vu,v € X; (1.7)

(8) The unity of F.
l-u=u Yu € X. (1.8)

Remark 1.2. Throughout these notes, vector spaces are always defined with
respect to the scalar field I, which is either R or C.

Remark 1.3. Let X be a vector space.

(1) Suppose o' € X is also a zero-vector:
ut+o =u VuelX. (1.9)
Then, by (1.9) and (1.3),
o=0+0d=0+o0=0.

Hence, the zero-vector in X is unique.
(2) Let u € X. If both v; € X and v are negative vectors of u, then

v1 = v1+0 = v1+H(utvs) = (v1+u)+ve = (utv1)+vy = 0+vy = va+0 = va.
Thus, the negative vector of u € X is unniue. We shall denote
u—v=1u+(—v) Yu,v € X.
(3) Let n € N with n > 2 and uq, -+ ,u, € X. We define recursively
U+ uy = (Ut Up—1) + Up-

It is easy to see that the sum w; + - - - + u,, is uniquely defined regardless
of the order of vectors in the sum. We shall denote

n
Zuk‘:ul—'_”'—’_un'
k=1

For convenience, we also denote

1
E U = U7
k=1



1.1 Definition 3

Proposition 1.4. Let X be a vector space. Let n € N with n > 2.
(1) For any ay, €F (k=1,---,n) and any u € X,

(i ak> u= iaku. (1.10)
k=1 k=1

(2) For any o € F and any ur, € X (k=1,--- ,n),

azn:uk zzn:auk. (1.11)
k=1 k=1

(3) For any a € F and any u € X,
au=o0 ifand onlyif a=0 oru=o. (1.12)

Proof. (1) If n = 2, then (1.11) follows from (1.6). Suppose (1.11) is true for
a general n > 2. Let a1 € F. Then, by (1.6) and (1.11),

()= (G o

= (Z Cvk> u 4+ Ap41U

k=1

n
= <Z ozku> + Qpr1u

k=1
n+1

= E apU.
k=1

Thus, by the Principle of Mathematical Induction,® (1.11) holds true for any
n > 2.

(2) This part can be proved similarly.

(3) Let u € X and a € F. By (1.6),

Ou = (0 4+ 0)u = Ou + Ou.
Adding —0u, we get by (1.4) that
Ou = o.
Similarly, by (1.7) and (1.3),
ao = a(o+0) =ao+ ao

'A statement P = P(n) that depends on an integer n € N is true for all n € N,
if: (1) P(1) is true; and (2) P(n + 1) is true provided that P(n) is true.
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Adding —ao, we obtain by (1.4) that
ao = o. (1.13)

This proves the “if” part of (1.12).
Now, assume that au = 0 and a # 0. By (1.8) and (1.13),

1 1 1
ulu(a)u(au)oo.
o

o e
This proves the “only if” part completes the proof. 0O

Ezample 1.5. Let n € N and

&
F* = S ibeeFk=1,---,n
én
Define
&1 m §&i+m 3 m
= v || e
&n Tn En + M n n
&1 agy &1
al | =] : VaeF, V|| cF"
&n aép én

It is easy to verify that with these two operations the set F" is a vector space.
The zero-vector is

0
o= |:],
0
and the negative vector is given by
& —& &
- =1": V|| el
&n —&n &n

Ezxample 1.6. Let

F* ={{&}2 & eFk=1,---}

be the set of ordered, infinite sequences in IF. Define for any {152, {me}72, €
F*° and « € F the addition and scalar multiplication
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{&ebizy + {nedizy = {&k + me}is,
afitrey = {adk}izy

Then, the set F*° is a vector space. Its zero-vector is the unique infinite se-
quence with each term being zero. For {£;}72,, the negative vector is

_{fk}l?;l = {_fk}lzir

Ezxample 1.7. Let m,n € N. Denote by F"*"™ the set of of all m x n matrices
with entries in F. With the usual matrix addition and scalar multiplication,
F™*" is a vector space. The zero-vector is the m X n zero matrix .

Ezxample 1.8. The set of all polynomials with coefficients in F,

n
P = {Zakzk:ak eF,k=0,--- ,n;n>01is an in‘ceger}7
k=0

is a vector space with the usual addition of polynomials and the scalar multi-
plication of a number in F and a polynomial in P. The zero-vector is the zero
polynomial.

For each integer n > 0, the set of all polynomials of degree < n,

Tn{Zakzk:akEF,kO,~~ ,n},

k=0
is a vector space.

Ezample 1.9. Let a,b € R with a < b. Denote by C|[a, b] the set of all continu-
ous functions from [a, b] to F. For any v = u(z),v = v(z) € Cla,b] and o € F,
define u + v and au by

(u+0)(@) = u(@) +o(z) Ve o,
(au)(x) = au(x) Yz € [a,b].

Clearly, u+v, au € C|a,b]. Moreover, with these two operations, the set Cla, b]
is a vector space over F.

1.2 Linear Dependence

Definition 1.10 (linear combination and linear dependence). Let X
be a vector space over F and n € N.

(1) Ifuy, - ,u, € X and a1, ,ap, €F, then

n
E AU
k=1

is a linear combination of uy,- -+ ,u, with coefficients ay,--- ,ay, in F.
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(2) Finitely many vectors uy, -+ ,u, € X arelinearly dependent in F, if there
erist ay,- - ,apn € F, not all zero, such that the linear combination

n
E AU = 0.
k=1

They are linearly independent, if they are not linearly dependent.

(3) Let Y be a nonempty subset of X. If there exist finitely many vectors in
Y that are linearly dependent in F, then Y is linearly dependent in F. If
any finitely many vectors in'Y are linearly independent in F, then Y is
lienarly independent in F.

Ezample 1.11. Let n € N,

k
&
g(k): e, k=1,---.,n,
g
and
SRR
A= (g]@)"k =[] = | | e,
kel : :
: e L g
The linear combination of the n vectors €1, ... £ in F” with coefficients
Uy, ,uy € Fis given by
n Uy
Z upt® = Au with v =
k=1 U,
Now, the n vectors €1, ... £ are linearly dependent, if and only if the

linear system Au = o has a nontrivial solution, if and only if the matrix A is
non-singular.

Example 1.12. By the Fundamental Theorem of Algebra, any polynomial of
degree n > 1 has at most n roots. Thus, if for some n € N and ag, -+ ,a, € F,

n
E akzk =0
k=0

identically, then all ap = 0 (k = 0,---,n). Consegently, the infinite set
{pk}zozoa with
pr(z) = 2° (k=0,---),

is linearly independent in the vector space P.
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Ezample 1.13. Let a,b € R with a < b and consider the vector space C|a, b]
over F. For each r € (a,b), define f,. € C|a,b] by

fr(x) =e", a<z<hb.
We show that the infinite subset {f,}o<r<p is linearly independent in Cla, b].
LetneNanda<ry <---<r, <b. Suppose

n

chfrk =0 in Cla, b]

k=1

for some cy,---,c, € R. Let m € N and take the mth derivative to get
n
Z cpripe™® =0 YV € [a,b].
k=1

Fix © = a and divide both sides of the equation by r; to get

ch(r—k) et =0 Ym=1,---.
T'n

k=1

Now, taking the limit as m — oo, we obtain ¢, = 0. Since each f, € Cla, ]
(a < r < b) is linearly independent in Cla, b], a simple argument of induction
thus implies that any finitely many members of the set {f;}o<r<p is linearly
independent in Cfa, b]. Consequently, the infinite set { f; }o<r<p itself is linearly
independent.

Proposition 1.14. Let X be a vector space and ) # Z CY C X.

(1) If Y is linearly independent, then Z is also linearly indenpendent.
(2) If Z is linearly dependent, then Y is also linearly dependent.

The proof of this proposition is left as an exercise, cf. Problem 1.3.

Proposition 1.15. Let X be a vector space.

(1) A single vector u € X is linearly independent if and only if u # o.
(2) Let n € N with n > 2. Then, any n vectors in X are are linearly depen-
dendet if and only if one of them if a linear combination of the others.

Proof. (1) If w = o, then 1-u = o. Hence, by Definition 1.10, u is linearly
dependent. Conversely, if u # o, then, for any a € F such that au = o, we
must have o = 0 by Part (3) of Proposition 1.4. This means that w is linearly
independent.

(2) Let uy,- -+ ,u, € X. Suppose they are linearly dependent. Then, there
exist aq,- -+ ,a, € F, not all zero, such that

n
E AU = 0.
k=1
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Assume «a; # o for some j: 1 < j < n. Then,

k=1,k#j

i.e., u; is a linear combination of the others.

Suppose now one of uy,- - , Uy, say, u; for some j: 1 < j < n, is a linear
combination of the others. Then, there exist 31,---,8j-1,085+1, - ,0n € F
such that .

uj= > B,
k=1,k#j
Setting 8; = —1 € I, we have the linear combination
n
> Bruk =o
k=1
in which at least one coefficient, 3; = —1, is not zero. Thus, uy,--- ,u, are

lienarly dependent. O

Definition 1.16 (span). Let X be a vector space and E C X. The span of
E, denoted by span E, is the set of all the linear combinations of elements in
E:

span E = {Zakuk:ak eF,u.e B, k=1,--- ,n;neN}.

k=1
Theorem 1.17. Let uy, -+ ,u, be n linearly independent vectors in a vector
space X. Then, any n+1 vectors in span{uy,--- ,u,} are linearly dependent.
Proof. Let
vg € span{uy, -+ ,up}, k=1,--- n+1.
If the n vectors vy, --- ,v, are linearly dependent, then, by Proposition 1.14,
the n 4 1 vectors vy, -+ ,Un,Un41 are also linearly dependent.
Assume vy, - ,v, are linearly independent. Since vy (1 < k < n) is a
linear combination of u, - - ,u,, there exist a;k) € F (1 <j,k < n)such that
n
o= au,  j=1-n (1.14)
k=1
Thus, for any &1,--- ,&, € F, we have

n n

ij’l)j = Z Oz§vk)fj Uk .
Jj=1 1

k=1 \j=
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Since both the groups of vectors vy,--- ,v, and uq,--- ,u, are linearly inde-
pendent, all {; =0 (1 < j <n), if and only if

n
> &vi=o,
j=1

if and only if

Hence, the matrix
A= (oz(.k))n
) k=1

is nonsingular. Therefore, by (1.14), each uy (1 < k < n) is a linear combina-

tion of vy, - -+ ,v,. But, v,41 is a linear combination of uy, - - - , u,. Thus, v,41
is also a linear combination of vy,--- ,v,. By Proposition 1.15, this means
that vy,--- , vy, vp41 are linearly dependent. 0O

1.3 Bases and Dimension

Definition 1.18 (basis). Let X be a vector space. A nonempty subset B C X
is a basis of X if it is linearly independent and X = span B.

Lemma 1.19. Let X be a vector space. Let T be a linearly independent subset
of X. If T U{u} is linearly dependent for any w € X \ T, then X = spanT.

Proof. Let u € X. If u = o or u € T, then obviously u € spanT. Assume
u#oand u € X \T. Then 7" := T U {u} is linearly dependent. Hence, there
are finitely many, linearly dependent vectors vy, - ,v,, in TV with m € N.
The vector v must be one of those vectors, for otherwise vy,--- ,v,, € T
would be linearly dependent, in contradiction with the fact that T is linearly
independent. Without loss of generality, we may assume that v; = wu. Since
u # o, by Proposition 1.15 the single vector wu is linearly indendent. Thus, we
must have m > 2.
Since v1 (= u), va, - -+ , Uy, are linearly dependent, there exist oy, -, €
FF, not all zero, such that
m
Z QU = 0
k=1

We have «a; # 0, since vs, - -+ , v, € T are linearly independent. Therefore,

m
«
U =11 = Z <_a_k> v € spanT.
k=2

1

Thus, X =spanT. 0O
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A vector space that consists of only a zero-vector is called a trivial vector
space.

Theorem 1.20. Let X be a nontrivial vector space. Suppose S and T are two
subsets of X that satisfy:

(1) X = spanS;
(2) R is linearly independent;
B)RCS.

Then, there exists a basis, T', of X such that
RCTCS.

Proof. 2 Denote by A the collection of all the linearly independent subsets
E C X such that RC E C S. Since R € A, A # 0. For any E{,Fy € A,
define Fy < Es if By C Es. Tt is obvious that (A, <) is partially ordered.

Let C C A be a chain of A. Define

U= U C. (1.15)

cec
Clearly, R C U C S. Consider any finitely many vectors uy,--- ,u, € U. By
(1.15), there exist Cq,---,C, € C such that ux € C, k = 1,--- ,n.. Since C
is a chain, there exists j : 1 < j < n such that C, C Cj forall k =1,--- ,n.
Thus, u € C; for all k = 1,--- ,n. Since C; € A is linearly independent,
the n vectors wuy,--- ,u, are therefore linearly independent. Consquently, U

is linearly independent. Therefore, U € A. Obviously, C < U for any C € C.
Thus, U € A is an upper bound of the chain C. By Zorn’s Lemma, 4 has a
maximal element T" € A.

By the definition of A, T is linearly independent. Let w € X \ T. Then,
T" := T U {u} must be linearly dependent. Otherwise, 7" = T, since T' C T"
and T is a maximal element in A. This is impossible, since u ¢ T. Now,
by Lemma 1.19, X = spanT. Therefore, T is a basis of X. Since T' € A,
RCTCS. O

Corollary 1.21 (existence of basis). Any nontrivial vector space X has a
basis.

Proof. Since X is nontrivial, there exists g € X with z¢ # 0. Let R = {zo}
and S = X. Then, it follows from Theorem 1.20 that there exists a basis of
X. O

Corollary 1.22. Let X be a nontrival vector space.

(1) If R C X is linearly independent, then R can be extended to a basis of X.

2See Section A.1 for Zorn’s Lemma and the related concepts that are used in the
proof.



1.3 Bases and Dimension 11

(2) If X = span S for some subset S C X, then S contains a basis of X.

Proof. (1) This follows from Theorem 1.20 by setting S = X.
(2) Since X is nontrivial and X = span S, there exists u € S with u # o.
Let R = {u}. The assertion follows then from Theorem 1.20. O

Theorem 1.23. If B is a basis of a vector space X, then any nonzero vector
i X can be expressed uniquely as a linear combination of finitely many vectors
in B.

Proof. Let u € X be a nonzero vector. Since B is a basis of X,

p
u = Z ARV — Zﬁkwk (116)

for some p,q € N, a, € F with a # 0 (1 <
(1<k<gq),and v, € B(1<k<p)and wy €

If
{vetim N{wilio, =0,

then (1.16) implies that

P q
5 RV — E Brwy = o,
k=1 k=1

and hence that vy, - ,vp, w1, -+ ,w, are linearly dependent. This is impos-
sible, since all these vectors are in B and B is linearly independent.
Assume now

{ulv tee vur} = {vk}Z:l n {wk}zzl
for some r € N with » < min(p, ¢). By rearranging the indecies, we can assume,
without loss of generality, that

Vp = Wk = Uk, k=1,---,r.

Thus, by (1.16),

r

P q
Z(ak - ﬁk)uk + Z RV — Z Brvr = o.

k=1 k=r+1 k=r+1

Since the distinct vectors wi, -+ ,Up, Vry1, "+ ,Vp, Wrt1, - , Wy are all in the
basis B, they are linearly independent. Consequently, by the assumption that
all the coefficients oy # 0 (1 < k < p) and 8 # 0 (1 < k < ¢), we must have
that r=p=qgqand ap, =F, k=1,---,r. O

The following theorem states that the “number of elements” in each basis

of a vector space is the same. The cardinal number or cardinality of an infinite
set is the generalizataion of the concept of the “number of elements” in a
finite set. See Section A.2 for the concept and some results of the cardinality
of sets.
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Theorem 1.24 (cardinality of bases). Any two bases of a nontrivial vector
space have the same cardinal number.

Proof. Let X be a nontrivial vector space. Let R and S be any two bases of
X

Case 1. R is finite. Let card R = n for some n € N. Then, by Theorem 1.17,
all n + 1 vectors in X are linearly dependent. Hence, S is finite and

cardS <n =-cardT.
A similar argument than leads to
cardT < card S.

Therefore,
cardT = card S.

Case 2. R is infinite. By Case 1, S is also infinite. Let
S ={AC S:card A =k}, k=1,---,

and -
g: UFk XSk,
k=1
where
F¥ xSy = {(& A) : €€ FF A€ S}, k=1,---.

Let u € R. Since S is a bisis of X, by Theorem 1.23, there exist a unique
k € N, a unique vector £ = (£1,---,&) € FF, and a unique set of k vectors
A={vy, - ,vp} C S, such that

k
u = Z fj’Uj.
j=1

Let
p(u) = (& A).

This defines a mapping ¢ : R — G. By Theorem 1.23, this mapping is injective.
For each k € N, let

Ry, = {u € R : uis a linear combination of exactly k vectors in S}.
It is clear that

R= Ej Ry,
k=1

and

Rj(\Ri =0 if j # k.
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Since both R and S are linearly independent, by Theorem 1.17, there exist
at most k vectors in F¥ such that
Thus, ¢(Rk).
to be completed
O

Definition 1.25 (dimension). The dimension of a nontrivial vector space
is the cardinality of any of its bases. The dimension of a trivial vector space
15 0.

The dimension of a vector space X is denoted by dim X.
Remark 1.26. Let X be a vector space.

(1) If dim X < oo, then X is said to be finitely dimensional.

(2) If dim X = oo, then X is said to be infinitely dimensional.
(a) If dim X = N, then X is said to be countably infinitely dimensional.
(b) If dim X > Ny, then X is said to be uncountably infinitely dimensional.

Ezample 1.27. Let n € N and

0
0
ex = | 1| « kth-commponent, k=1,--- n.
0
_O_
We call e, the kth coordinate vector of F™* (1 < k < n). It is easy to see that
e1,- -+ ,en are linearly independent. Moreover,
n &1
€= &en V= |:1|eF
= £
Thus,
F™ =span{ey, - ,en}.
Consequently, {e1,--- ,e,} is a basis of F". Clearly,

dimF" = n.

Example 1.28. For each integer k > 0, let py(z) = z*. Then, it is easy to see
that {po,p1, - ,Pn} is a basis of the vector space P, of all polynomials of
degrees < n and that the infinite set {pg,p1,- -} is a basis of the vector space
P of all polynomials. Obviously,

dim®P, =n+1,
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Ezample 1.29. Consider the vector space Cla,b] over F. By Example 1.13,
there exist uncountably infinitely many vectors in Cla,b] that are linearly
independent. Thus, by Corollary 1.22, Cla, b] is uncountably infinitely dimen-
sional.

Definition 1.30. Two vector spaces X and Y are isomorphic, if there exists
a bijective mapping ¢ : X — Y such that

(1) olu+v) = p(u) + ¢(v) Yu,v € X; (1.17)
(2) o(au) = ap(u) Va e F, Vu € X. (1.18)

Such a mapping ¢ : X — Y is called an isomorphism between the vector
spaces X andY .

Proposition 1.31. Let ¢ : X — Y be an isomorphism between two vector
spaces X and Y. Then,

(1) For any a1, -+, € F and any uy, - ,u, € X,

@ (Z ak“k) = app(ug);
k=1 k=1

(2) If o is the zero-vector of X, then (o) is the zero-vector of Y;
(3) For any u € X,

The proof of this proposition is left as an exercise problem, cf. Problem 1.4.

Theorem 1.32 (isomorphism). Two vector spaces are isomorphic if and
only if they have the same dimension.

Proof. Let X and Y be two vector spaces.

(1) Assume X and Y are isomorphic. Then, there exists a bijective map-
ping ¢ : X — Y that satisfies (1.17) and (1.18).

If X is a trivial vector space, then

Y =p(X) ={p(u) :ue X}
is also trivial. Thus, in this case,
dim X =dimY = 0.

Assume now X is nontrivial. Then, there exist at least two vectors uy, us €
X with uy # us. Thus, p(u1), p(uz) € Y and ¢(u1) # ¢(us). Hence, Y is also
nontrivial. Let A # () be a basis of X. Let

B=p(A) ={p(u):uec A} CY.
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Clearly, B # (). We show that B is in fact a basis of Y.

Let o(ux) (k = 1,---,n) be n distinct vectors in B with n € N and
n < dim X. Since ¢ : X — Y is bijective, u1,--- ,u, € A are distinct. Let
o €F (k=1,---,n) be such that

Z ak@(uk) =0,
k=1

the zero-vector in Y. Then, by Part (1) of Proposition 1.31,

¥ (Z Oékuk> =0,
k=1

the zero-vector in Y. By the fact that ¢ : X — Y is bijective and Part (2) of
Proposition 1.31,

Z apur = 0,

k=1

the zero-vector in X. Since u1, -+ ,u, € A are linearly independent, we have
ak:O, k‘:1,-~-,n.

Thus, ¢(u1),- - ,p(uy,) are linearly independent. Consequently, B is linearly
independent.

Let v € Y. Since ¢ : X — Y is bijective, there exists a unique v € X such
that v = @(u). Since A is a basis of X, u € span A. By Proposition 1.31,

v = ¢(u) € span p(A) = span B.
Thus,
Y = span B.

Therefore, B is a basis of Y.
Clearly, the restriction ¢|4 : A — B is a bijective mapping. Thus,

card A = card B,

cf. Section A.2. Thus,
dim X =dimY. (1.19)

(2) Assume (1.19) is true. If this common dimension is zero, then both X
and Y are trivial, and are clearly isomorphic. Assume that this dimension is
nonzero. Let A and B be bases of X and Y respectively. Then, since

dim X = card A = card B = dimY,

there exists a bijective mapping ¢ : A — B.
We now construct a mapping ¥ : X — Y. We define that ¥ maps the zero-
vector of X to that of Y. For any nonzero vector u € X, by Theorem 1.23,
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there exist a unique n € N, unique numbers ay, - -+ , a,, € F with each ay # 0
(1 < k < n), and unique distinct vectors uy,--- ,u, € A such that

u= Zakuk. (1.20)
k=1

Define n
W) =Y ar(ur). (1.21)
k=1

We thus have defined a mapping ¥ : X — Y.

We show now the mapping ¥ : X — Y is bijective. Let u € X be a
nonzero vector as given in (1.20). Notice that in (1.21) ¢¥(uy),- - ,¥(u,) € B
are linearly independent and ay # 0 (1 < k < n). Thus,

U (u) # o.
Let v’ € X. If v’ = o, then
') = 0 £ (),

Assume u’ # o and v’ # u. Then, u’ has the unique expression

m
! !
u = E Bruy,
k=1

for uniquem € N, B, € Fand 8 # 0 (1 < k < m), and unique v}, --- ,ul, € A.
Consequently,

W) = Betb(up).
k=1

If

then . .
Z apt(ug) = Z B (uy,).-
k=1 k=1

By Theorem 1.23, m = n, oy, = 0, and ux = uj, for k = 1,--- ,n. Thus,
u=1'. Hence, ¥ : X — Y is injective.
Let v e Y. If v = o0 then
Y(o) =o.

Assume v # 0. Then, by Theorem 1.23,

l
V= ngvk (1.22)
k=1
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for some !l € N, & € Fwith & #0 (k=1,---,l),and vy € B (k=1,---,1).
Since 1 : A — B is bijective, there exist uq,--- ,u; € A such that

7/)(Uk):1)k» k:177l

This, (1.22), and the definition of ¥ : X — Y imply that

l l
v="> &v(uw) =v() &),
k=1 k=1

Hence, ¥ : X — Y is surjective. Consequently, it is surjective.
We now show that ¥ : X — Y is indeed a isomorphism.
let u € X be given as in (1.20) and let o € F. Then,

n

au = Z(aak)uk.

k=1

Hence,
n

U(au) = Z(aak)w(uk) = az ar(ug) = a¥(u).

k=1 k=1

to be completed
O

1.4 Subspaces

Ezample 1.33. Let n € 0 be an integer. Denote by P,, the set of polynomials
of degreee < n that hasve coefficients in F. Then, P,, is a subspace of P.

Ezample 1.34. Let a,b € R with a < b. For each n € N, denote by C"[a, b] the
set of all functions [a,b] — R that have nth continuous derivative on [a,b]. It
is clear that C"™[a, b] is a subspace of C|[a, b

1.5 Linear Transforms

Exercises

1.1. Verfity that the set F>° with the addition and scalar multiplication de-
fined in Example 1.6 is a vector space.

1.2. Consider the vector space Cla, b] over R.

(1) Show that the three functions 1,sin? z, cos? € C[a, b] are linearly depen-
dent.
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(2) Let n € N. Let A1,--- , A\, € R be n distinct real numbers. Show that the
n functions e*1?, ... e € C[a, b] are linearly independent.

1.3. Prove Proposition 1.14.
1.4. Prove Proposition 1.31.

1.5. Let a,b € R with a < b. Denote by C?[a,b] the set of all real-valued
functions defined on [a,b] that have continuous second-order derivatives on
[a,b]. Let S be the set of all functions y € C?[a,b] that solves the different
equation

d*y dy
ﬁ +p(l‘)% +q(5€)y:7"($), WS [a7b]a

for some given p = p(z),q = q(z),r = r(z) € Cla,b]. Prove that C?[a,b] is a
subspace of C|a,b] and S is a subspace of C?[a, b].

References
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Hilbert Spaces

2.1 Inner Products

For any complex number z € C, we denote by Z its conjugate. Note that z = z,
if z€eR.

Definition 2.1 (inner product). Let X be a vector space over F.

(1) An inner product of X is a mapping (-,-) : X x X — F that satisfies the
following properties:

(i) (u+v,w) = (u,w) + (v,w) Yu,v,w € X; (2.1)
(i) (au,v) = alu,v) VYu,v € X, Va € F; (2.2)
(144) (u, vy = (v, u) Yu,v € X; (2.3)
(iv) (u,uy >0 Yu € X, (2.4)

(u,u) =0<=u=0 (2.5)

(2)If (-,-) : X x X — F is an inner product of X, then (X, (,-)), or simply
X, is an inner-product space.

Remark 2.2. An inner product is also called a scalar product or a dot product.

Ezample 2.3. Let n € N. Define

n 51 m
Em=> &n V&= |:|,n=1]:|€PF" (2.6)
J=1 &n Mn

It is easy to see that this is an inner product of F", cf. Problem (1.1).

Ezample 2.4. Let
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12={(517"')€Fm52|§k|2<00}~

k=1

Define for any &€ = (&1, ),n=(m,--+) € la

(§1’)+(’rl17) = (51 +771>"' ’)7
a(gh...) = (a§17"')-
Proposition 2.5. Let X be a vector space over F and denote by o its zero-

vector. Let (-,-) : X x X — F be an inner product of a vector space X over F.
Then,

(u, v+ w) = (u,v) + (u, w) u,v,w € X; (2.7)
(u, av) = a@(u,v) Vu,v € X, Va € F. (2.8)
(o,u) = (u,0) =0 Yu € X. (2.9)

Proof. Let u,v,w € X and e € F. By (2.3) and (2.1), we have

(u,v +w) = (v +w,u) = (v,u) + {(w,u) = (v,u) + (w,u) = (u,v) + (u, w),
proving (2.7). Similarly, by (2.3) and (2.3),

(u, av) = {aw,u) = a{v,u) = a(v,u) = alu,v).
This is (2.8). Finally, by (2.2),
(0,u) = (0o, u) = 0{o,u) =0,

and by (2.8),
(u, 0y = {u, 00y = 0{u,o0) = 0.
These imply (2.9). O

2.2 Normed Vector Spaces

2.3 Hilbert Spaces

2.4 Orthogonality

2.5 Complete Orthogonal Bases
2.6 Riesz Representation

Exercises

2.1. Show that the mapping (-,-) : F* x F"* — F defined by (2.6) is an inner
product of F™.

References
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Operator Theory

Throughout this chapter, we assume that H is a Hilbert space over F. We also
call a mapping from H to H an operator on H.

3.1 Bounded Linear Operators

Definition 3.1 (linear operators). An operator T : H — H is linear, if

T(u+v)=Tu+Tv Yu,v € H,
T(ou) = aTu Va e, Yu e H.

Proposition 3.2. Let T': H — H be a linear operator. Then,

(1) To=o, (3.1)
(2) T(—u)=-Tu Yu € H,
(3) T (Z akuk> = Z OékT’LLk
k=1 k=1
VneN, Vo, eF,Vup, € H, k=1,--- ,n. (3.3)

Proof. (1) We have
To=T(o+0)=To+To.
Adding —To, we obtain (3.1).
(2) By (3.1),
T(—u)+Tu=T(—u+u) =To=o.

This implies (3.2).
(3) Clearly, (3.3) is true for n = 1 and n = 2. Assume it is true for n € N
with n > 2. Then,
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T (Z akuk> =T (alul + Z akuk>
k=1

k=2

= T(alul) +T (i akuk>

k=2

n
=o1Tu + Z apTuy,
k=2

n
= E OékTuk.
k=1

Therefore, (3.3) is true for alln e N. O

Ezample 3.3 (the identity operator and the zero operator). The identity oper-
ator I : H — H, defined by

ITu=u Yu € H,

is a linear operator.
The zero operator O : H — H, defined by

Ou=o Vu € H,

is also a linear operator.

Example 3.4. Let n € N and H =F". Let A € F"*". Define T : F* — F"™ by
Tu = Au Yu € F". (3.4)

Clearly, T : F™ — F" is a linear operator. Thus, every n X n matrix determines
a linear operator in F”.
Conversely, suppose T : F* — F” is a linear operator. Let

a(k):TekGIE‘", k=1,---,n,

where eq,---,e, are all the n coordinate vectors in F" as defined in Ex-

ample 1.27. Define A € F"*" to be the n x n matrix that has columns
@ . g,
a'y - al™:

A= [a(l) o a(n)] ) (3.5)
We have

Uy

Tu=T (Z ukek> = ZUkTek = Zuka(k) = Au Vu= || eF"
k=1 k=1 k=1

Un

Thus, any linear operator T : F” — F" is given by (3.4) with the matrix A
that is defined in (3.5). We call A the transformation matriz of T : F" — F™.
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Example 3.5 (the Hilbert-Schmidt operator). Let H = L%[a,b] and k € L?([a, b] x
[a,b]). Let u € L?[a,b] and define

b
(Ku)(z) = / o ut)dt o € [a,b)]

Using the Cauchy-Schwarz inequality, we have

(Ku)(a)? = < [ kG oPat [ juto) P

/ ’ k(e () di

Integrating over z € [a, b], we obtain

/: |(Ku)(z)|?de < /: /: |k(x,t)|2dasdt/: u(t)[2dt < co.

Thus, Ku € L*[a,b]. Consequently, K : L?[a,b] — L*[a, b] is an operator. One
can easily verify that this operator is linear. For each k, the operator K is
called a Hilbert-Schmidt operator.

Ezample 3.6 (orthogonal projections). Let M be a nonempty, closed subspace
of H. Then, for any u € H, there exists unique Py;u € M such that

(u— Pyu,v) =0 Yv e M,
cf. Fig 3.6.

M

Fig. 3.1. The orthogonal projection Py : H — M

The operator Py; : H — M is a linear operator, called the orthogonal
projection operator onto M. For w € H, Pyyu € M is called the orthogonal
projection of w onto M.

We shall denote by L(H) the set of all linear operators from H to H.

Definition 3.7 (addition and scalar multiplication of operators). For
any T, S € L(H) and any « € F, we define the operator T+ S : H — H and
ol : H— H by
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(T + S)Yu=Tu+ Su Yu € H,
(aT)u =aTu Vo € F, Vu € H.

The proof of the following proposition is left as an exercise problem, cf.
Problem 3.1.

Proposition 3.8. With respect to the operations defined in Definition 3.7,
the set L(H) is a vector space over F.

Definition 3.9 (continuity and boundedness of operators). Let T €
L(H).

(1) The operator T is continuous, if

lim Tup =Tu in H, whenever lim ur=u in H.

k—o0 k—o0

(2) The operator T is bounded, if there exists a constant M > 0 such that
[ Tull < M|ull Yu € H. (3.6)

Proposition 3.10. Let T € L(H). Then, the following are equivalent:

(1) The operator T : H — H is continuous;
(2) The operator T : H — H is continuous at o, i.e.,

lim Tux =0 in H, whenever lim uy =o0 in H;
k—o0 k—o0
(3) The operator T : H — H is bounded;
(4) For any bounded set E C H, the image T(E) = {Tu : u € E} is bounded
i H.

Proof. (1) = (2). This follows from setting u = o in Part (1) of Definition 3.9.
(2) = (1). Suppose uy, — u in H. Then, uy —u — o in H. By Proposi-
tion 3.2 and (2),

T(ux —u) =Tur, — Tu — o. in H.

Hence,
Tur — Tu in H.
This proves (1).
(3) = (2). If ux, — o, then by (3)

I Tuk|| < M||lug]] — 0 as k — oo,
implying (2).

(2) = (3). Assume (2) is true. If (3) were not true, then, for any k € N
there exists uy € H such that



3.1 Bounded Linear Operators 25
[Tugl| > Mul k=1, (3.7)

Clearly, by this and Part (1) of Proposition 3.2, each u; (k > 1) is nonzero.
Moreover, setting

1
Ve = 77— Uk, k:17"'7
Kllu||
we have 1
||ka:EHO as k — oo.
But, by (3.7),

||Tuk||>17 kzla"'a

contradicting (2). Therefore, (3) is true.
(3) = (4). If E C H is a bounded set, then there exists C' > 0 such that

lu|<C VueE.

Thus,
[Tul| < (|7 lull < C|IT||  Yue€E.

Hence, T'(F) is bounded.
(4) = (3). Setting

E={u€eH:|u|l|=1}
we have

M:= sup |[|[Tul < oo.
uweH, |[ull=1

Since (1/||u]])u € E for any u € H with u # o,

1 1
— || Tu|| = HT (—u)H <M YueH u#o.
] [l

This implies (3.6). Hence, T' is bounded. O

We shall denote by B(H) the set of all the bounded linear operators in H.
Definition 3.11. For any T € B(H), we define
I Tul

IT|| = sup : (3.8)
ueHuzo ||ull
By Definition 3.9, ||T|| is finite for any T € B(H).
Proposition 3.12. Let T € B(H). Then,
1Tl = sup [[Tull= sup [Tul, (3.9)

u€H,[|ul| <1 u€H,||ul|=1
ITull < |T]ul]  Vue m. (3.10)
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Proof. By (3.8),

sup [Tl < sup ||Tul| < [T (3.11)
uw€H,[Jul|=1 w€H,|lul|<1

If u € H and u # o, then v = (1/|Ju||)w is a unit vector. Thus,

Tu
I7el _ 2o < sup Tl
[l u€H, |ul=1

Hence, by (3.8),

IT| < sup ||Tul].
ueH, Jul=1

This and (3.11) imply (3.9).
The inequality (3.10) follows from the definition (3.8). O

Theorem 3.13. The set B(H) is a Banach space with respect to the opera-
tions in L(H) and ||- || : B(H) — R.

Proof. Step 1. The set B(H) is a vector subspace of the vector subspace L(H).
Obviously, the zero operator O € B(H). So, B(H) # (. Let T, S € B(H).
Then,

(T + S)ull = [|Tw + Sul| < [[Tul| + [|Sull
S NTIMull + 1Sl = ATH+ 1SIDNull Ve e H. - (3.12)

Hence, T+ S € B(H). Let T € B(H) and a € F. Then,
[(@T)ul| = [la(Tw)|| = e[ Tu]| < [a||T[[ul  Vue H.

Hence, oT € B(H). Therefore, by ?, B(H) is a vector subspace of L(H).
Step 2. The vector space B(H) is a normed vector space with respect to
Il : B(H) — R defined in (3.8).
(1) Clearly,
T >0 vT € B(H).

By (3.8) and (3.1), for T' € B(H),
ITII=0 if and only if T=o.
(2) Let T € B(H) and « € F. By (3.8),

[oT]| = sup [(aT)ull = sup [a(Tu)
ueH,u#o ueH,u#o

sup |afl|Tull = la| sup |[(aT)ull = |af][T].

uweH,u#o uweH,u#o

(3) Let T, S € B(H). It follows from (3.12) and (3.8) that
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1T+ S| < IT1 + [IS]-

It follows from (1)—(3) that B(H) is a normed vector space.

Step 3. The normed vector space B(H) is a Banach space.

Let {T,}22, be a Cauchy sequence in B(H). Then, for any u € H,
{Tu}Se, is a Cauchy sequence in H, since

| Tmu — Thul| < || T — Tollljull — 0 as m,n — oo.
Since H is a Hilbert space, {T,,u}>2; converges in H. We define
Tu= lim T,u in H. (3.14)

n—oo

Clearly, T': H — H is linear, since

T(u+v)= lim T,(u+v) = lim (Tu+ T,v)

n—oo n—o0

= lim Thu+ lim T,v =Tu+Tv Yu,v € H,

T(au) = lim T,(au) = lim a(T,u)

=a lim T,u=aTu Yu,v € H.

n—oo

By (3.14), we have
ITull = Jim [Tl < (sup I3l ) ol = Mllll - Vo€ B

where
M = sup || T, || < oo,
n>1

since {T},}52; is a Cauchy sequence and hence a bounded sequence in B(H).
Therefore, T € B(H).

Finally, let ¢ > 0. Since {T,,}22, is a Cauchy sequence in B(H), there
exists N € N such that

T — Tl < e Ym,n > N.

Let u € H with |Ju| = 1. We thus have
I Tmu — Toull < || T — Tull - llull <e  ¥Ym,n > N.

Sending n — oo, we obtain

| Tmu — Tul|| <e Ym > N.
This, together with (3.9), leads to

T —T|| <e Ym > N,

ie.

lim T, =T in B(H).

m—00

Consequently, B(H) is a Banach space. 0O.
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Ezxample 3.14. Let H = F". Then, B(H) = L(H).

Definition 3.15 (multiplication of operators). Let T, S € B(H). We de-
fineTS:H — H by

(T'S)u =T(Su) Yu € H.
We also define
=1 and TF=TF'T, k=1,
Proposition 3.16. If T, S € B(H), then T'S € B(H). Moreover,
TSI < TSI (3.15)

In particular,

Proof. We have for any u,v € H and any « € F that

(TS)(u+v)=T(S(w+v)) =T(Su+ Sv)
=T(Su) +T(Sv) = (TS)u+ (TS)v,
(T'S)(au) =T (S(au)) = T(aSu) = aT(Su) = a(TS)u.

Thus, TS : H — H is linear.
The boundedness of T'S and (3.15) follow from the following:

I(TS)ull = (IT(Sw| < T [|Sull < ITTASI ull Vue H. O

The following result is straightforward, and its proof is omitted.

Proposition 3.17. Let R, S,T € B(H) and o € F. Then,

(RS)T = R(ST), (3.17)
R(S+T) = RS + RT, (3.18)
(R+ S)T = RS + ST, (3.19)
(@S)T = a(ST) = S(aT). (3.20)

A Banach algebra over F is a normed vector space over F on which a
multiplication is defined so that (3.17)—(3.20) and (3.15) hold true for all
R, S,T in the space and all a € F. By Proposition 3.16 and Proposition 3.17,
we have the following corollary.

Corollary 3.18. For any Hilbert space H over F, the set B(H) of all bounded
linear operators on H is a Banach algebra over IF.

Proposition 3.19. (1) If T,, — T in B(H), then

Tou— Tu Yu € H.
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2)If T, —» T and S, — S in B(H), then
T,S, — TS.
Proof. (1) For any u € H, we have by (3.10),
I Thu — Tul|| < ||T, — T [Jull — 0 as n — 0o.

(2) Since {T),}52; converges in B(H), it is bounded. Thus, by the triangle
inequality and (3.15), we have

|T0Sn = TS| = |(Th, = T)Sn + T(Sy, — 9)||
< (T = T)Sull + 1T (Sn = S|
<N = TSl + 1T IH]Sn = S]]

—0 as n — o0.
completing the proof. O

Ezample 3.20. Let H be a Hilbert space over F with a countable orthonormal
basis {ey,}52 ;. Each u € H then has a unique Fourier expansion (cf. ?)

U= Z(u, ek )ek.

k=1

Define T;, : H — H for each n € N by

Thu = Z<u7 ek>ek:-
k=1

Clearly, T;, is the projection onto
M, :=span{e, - ,e,}.
Hence, T,, € B(H). Moreover,

T =1 VneN.

In particular, {T},}22; does not converge to the zero operator O : H — H in
B(H).
However, for any u € H,
n
||Tnu||2 :Z‘<U,ek>|2*>0 as n — oo.
k=1

Hence, the converse of Part (1) in Proposition 3.19 is in general not true.
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Definition 3.21 (invertible operators). Let S,T € B(H). If

ST =TS =1, (3.21)
then T is invertible, and S is an inverse of T.

Proposition 3.22. If T' € B(H) is invertible, then its inverse is unique.

Proof. Let R, S € B(H) be inverses of T. Then,
R=RI=R(TS)=(RT)S=15=5. O
If T € B(H) is invertible, we shall denote by 7! its unique inverse.

Theorem 3.23 (The von Neumann series). Let T € B(H). Suppose
IT|| < 1. Then, I —T € B(H) is invertible. Moreover,

(I-T7)"'= iT’“.
k=0

Proof. For each n € N, set Let

Since || T|| < 1, the series >_p- | T||¥ converges. Thus, for any p € N, we have
by (3.16) that

n+p n+p %
Snsp = Sull=1|| D THI< > %< Y 71" =0  asn— oo
k=n+1 k=n+1 k=n+1

Hence, {5, }52; is a Cauchy sequence in H, and therefore it converges in H.
This shows that the series > p,, 7" converges in H, and

Sy — i T  in H. (3.22)
k=10
One can easily verify that
(I-T)S,=8,I-T)=1-T""".
Sending n — oo, we obtain then by (3.22) and Part (2) of Proposition 3.19

that . .
(I-T7)> TF= (Z T’“) (I-T)=1,

k=10 k=10
completing the proof. 0O
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3.2 Self-Adjoint Operators

3.3 Compact Operators

Definition 3.24 (compact operators). An operator T € B(H) is a com-
pact operator, if for any bounded squence {u, %, in H, there exists a sub-
sequence {un, }72, such that {Tuy,, }?2, converges in H.

Proposition 3.25. (1) If T, S € B(H) are two compact operators and o € F,
then T' 4+ S and oT are also compact operators on H.

(2)If T € B(H) is a compact operator and S € B(H), then T'S and ST are
also compact operators.

(3) If {T}5%, is a sequence of compact operators on H and

T,—T in B(H)
for some T € B(H), then T is also a compact operator.

Proof. (1) Let {u,}22; be a bounded sequence in H. Since T' € B(H) is com-
pact, there exists a subsequence {uy, }32, of {u,}5%; such that {Tw,, }3,
converges in H. Clearly, {(aT")uy, }72, also converges. Hence, aT € B(H) is
compact. Moreover, there exists a further subsequence, {unk]_ }52q, of {un, }2
such that {Sunkj }321 converges in H, since S € B(H) is compact. Thus,
{(T + S)unkj }321 converges in H. This implies that 7'+ .5 € B(H) is com-
pact.

(2) Let {u,}52; be a bounded sequence in H. Since S € B(H), {Su,}52,
is also bounded in H. Thus, since T' € B(H) is compact and

(TS)un, =T (Suy), n=1---,

there exists a subsequence, {uy, }72,, of {u,}ne, such that {(T'S)u,, }72,
converges. Hence, T'S € B(H) is compact.

Since T is compact, there exists a subsequence {un, }72,, of {u,}52, such
that {T'uy, }7°, converges. Since S € B(H), {(ST)un,}7>, also converges.
Hence, ST is also compact.

(3) Let again {u,}>2; be a bounded sequence in H. There exists A > 0
such that

lun| < A, n=1---. (3.23)

Since Ty is compact, there exists a subsequence, {ug)}%‘;l, of {un}>2,
such that {Tlugll)}ff’:l converges in H. Suppose {u;’“)};;o:l is a subsequence
of {u,}52, such that {Tku%k)},‘;ozl converges in H. Then, since Ty is
compact, there exists a subsequence, {uﬁ{““)}go:l, of {u%k)};’f:l such that
{Tk+1Uq(ka+1)}ZO:1 converges in H. Thus, by induction, for each k& € FF, there
exists a subsequence {uﬁf)};o:l of {u%kfl)}ff:l, with {uglo)};’f’:l being {u, }2 ,

such that {Tkugtk)}j’le converges. Let
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vy = ul™, n=1,---.

Then, {v,}22, is a subsequence of {u,}%2,, and for each k € N, {Tju,}>2
converges in H.

We need now only to show that the sequence {Tv,}52; converges in H.
Let € > 0. Since T,, — T in B(H), there exists N € N such that

T — T|| < eVk > N. (3.24)

Since {Tnvy, 152, converges, it is a Cauchy sequence. Thus, there exists L € N
such that
Tnvp — Tnvgll < € Vp,q € Nwith p,q > L. (3.25)

Consequently, by (3.10), (3.23), (3.24), and (3.25),

[Tvp — Tyl < | Tvp — Tnvpll + | Tnvy — Tnvvg|l + [[Tnvg — T
S|NT = Tn|llvpll + [ Tnvp = Tvvgll + 1T — T vl
< 2Ae+e€ Vp,q € Nwith p,q > L.

Hence, {Tv,}52, is a Cauchy sequence, and it thus converges in H. 0O
We shall denote by C(H) the set of all compact operators on H.
Proposition 3.26. The set C(H) is a Banach algebra.

Proof. Note that the zero operator O : H — H is a compact operator. Thus,
C(H) is nonempty. Note also that C(H) C B(H). By Proposition 3.25, C(H)
is closed under addition, scalar multiplication, and multiplication. It is also
closed with respect to the norm of B(H). Therefore, C(H) is a sub-Banach
algebra of B(H). Hence, it is itself a Banach algebra. O

If T € L(H), then the image of T: H — H,
T(H)={Tu:ue H},
is a subspace of H. We call the dimension of T'(H) the rank of T.
Proposition 3.27. If T € B(H) has a finite rank, then T is compact.
Proof. 0O

Exercises

3.1. Prove Proposition 3.8.
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Appendix

A.1 Zorn’s Lemma

Given a set S. Let < be a relation of S, i.e., for some x,y € S, either z < y
ory < z.

Definition A.1. A relation < of a set S is a partial order, if the following
are satisfied:

(1) For anyx € S, x < x;
(2) For any x,y € S, x <y and y < x imply x = y;
(3) For any x,y,z € S, x <y and y < z imply x < z.

Definition A.2. Let S be a partially ordered set with the partial order <.

(1) A subset C C S is a chain, if either x <y ory < x for any xz,y € C.
(2) An element m € S is a maximal element of S, if x € S and m < x imply
that © = m.

We hypothesize the following

Zorn’s Lemma. A partially ordered set in wich any chain has an upper bound
contains a maximal element.

A.2 Cardinality

Definition A.3. Let S and T be two sets. A mapping ¢ : S — T is:

(1) injective, if p(s1) # @(s2) for any s1,s2 € S with s1 # Sa;
(2) surjective, if for any t € T, there exists s € S such that t = p(s);
(3) bijective, if it is both injective and surjective.
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Two sets S and T are said to be equipllent, denoted by S ~ B, if there
exists a bijective mapping from S to T'. Clearly, equipllence is an equivalence
relation on the class of all sets, i.e., for any sets R, S,T: S ~ S; S ~ T implies
T~S;and R~ S and S~ T imply R~ T.

Any set S is therefore associated with a unique cardinal nubmer, or cardi-
nality, denoted by card S, that is characterized by

card S = card T if and only if S~T.

For two sets S and T, we say card S < cardT, if card S # cardT and there
exists Ty € T such that card S = card Tj.

If S is a finite set, then card S is the number of elements in S. If S is infinite
and card S = card N, then S is said to be countably infinite or countable. The
cardinal number of a countably infinite set is denoted by X¢ (R is pronounced
aleph). If S is infinite but card S # card N, then S is said to be uncountably
infinite or uncountable.

For example, the set of positive integers N, the set of all integers Z, and the
set of all rational numbers Q are all countable. The set {zr e R: 0 < z < 1},
the set of real numbers R, the set of all complex numbers C, the set C™ for
any integer n € N are all uncountable. They have the same cardinal number,
denoted by Y. One can verify that Ry < N.



