
Math 210A, Fall 2009. Homework Assignment 5. Due Friday, December 4, 2009

1. Prove the following identity:

1

2
+ cos θ + · · · + cos nθ =

sin((n + 1/2)θ)

2 sin θ/2
∀θ ∈ R, ∀n = 1, 2, . . .

(Remark: for θ = 0 the right-hand side of the identity is interpreted as the limiting
value as θ → 0.)

2. Let f(θ) be a 2π-periodic function such that f(θ) = θ2 for θ ∈ [−π, π].

(1) Find the Fourier series of f .
(2) Show by Dini’s test that f and its Fourier series are equal to each other at every

point in R.
(3) By evaluating both f and its Fourier series at some points to show that
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3. Suppose
∑

∞

n=−∞
cne

inθ is the (complex) Fourier series of a Lipschitz continuous function
f(θ). Find the Fourier transform of f .

4. Let N ≥ 1 be an integer and xj = j2π/N , j = 0, . . . , N − 1. Show for any integers k
and l that

N−1
∑

j=0

eikxje−ilxj =

{

N if k ≡ l (mod N),
0 if k 6≡ l (mod N).

(Remark: k ≡ l (mod N) means that k − l is an integer multiple of N .)

5. The displacement of a damped harmonic oscillator is given by

f(t) =

{

Ae−αteiω0t if t > 0,

0 if t < 0,

where A, α, and ω0 are all real numbers.

(1) Find the Fourier transform f̃(ω) of f .
(2) Show that the frequency distribution |f̃(ω)|2 is given by
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2π [(ω − ω0)2 + α2]
.


