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Due Wednesday, January 24

. Let X be a TVS, zg € X, and a € F with « # 0. Prove that the maps x — x + xg and

x — ax are homeomorphisms of X.

. Let X be a TVS and U the collection of all open sets of X that contain 0. Prove the

following:

(1) For any A C X, A =nNpey(A+U);

(2) For any U € U, there exists a balanced open subset V' of X such that 0 € V C U;

(3) If U € U and {«,} is a sequence of real numbers such that 0 < ag < -+ < a < -+
and oy, — 0o, then X = U2 o, U;

(4) If U € U is bounded and {e,} is a sequence of real numbers such that ¢, > --- >
€n > -+ and €, — 0. then {,U}5, is a local base at 0.

Prove that any compact subset of a TVS is bounded.

Let X be a Hausdorff TVS. Prove the following:

(1) Let F be a closed subset of X and x € X \ F'. Then there exist open sets U and V
of Xsuchthat x e U, FCV,and UNV = {;

(2) Let K be a compact subset of X and F a closed subset of X with K NF = (). Then
there exist open sets U and V of X such that K CU, FCV,and UNV = ).

. Let X be an LCS defined by a family of seminorms P. Let A C X. Prove that the

following are equivalent:

(1) The subset A is bounded;

(2) For any continuous seminorm ¢ on X, sup{¢(a) : a € A} < o0;
(3) For any p € P, sup{p(a) : a € A} < 0.

. Prove the following:

(1) Assume that X is a finitely dimensional vector space and that (X, 71) and (X, 2)
are two Hausdorff TVS, then 7 = 79;

(2) A Hausdorff TVS is finitely dimensional if and only if it is locally compact.

Prove the following:

(1) Any vector subspace of a TVS is also a TVS with respect to the subspace topology;

(2) The closure of any subspace of a TVS is also a subspace;

(3) Any finitely dimensional subspace of a Hausdorff TVS is closed.

. Let X and Y be two LCS. Let Q be a family of seminorms that define the topology of

Y. Let T : X — Y be a linear map. Prove that the following are equivalent:

(1) T: X — Y is continuous;

(2) For any continuous seminorm p on Y, po T is a continuous seminorm on X;
(3) For any g € Q, go T is a continuous seminorm on X.

. Let X be an LCS topologized by a sequence of seminorms {p,}°>; on X such that

> {z € X : pp(x) =0} = {0}. Let

d X = T I — vI c X.

Prove that (X, d) is a metric space and its topology is the same as that induced by the
seminorms {py, }5° ;.
Let X be an LCS. Prove that X is metrizable if and only if X is first countable.



