3. Approximation and Numerical ODE

In this part, we assume that a,b € R with a < b. We also denote by P,, the set
of all polynomials of degree < n for any integer n > 0.

Question 3.1.
(a) Prove for any f € C|a,b] that

li inf - _
Jiminf o max [f(2) = gu(2)] =0,

b
lim inf /[ﬂ@—wM@H%xzﬁ

n—oo g, €Py,

Proof. Denote ||g| = max,<q<p|g(z)| for any g € Cla,b]. Since Py C
- C Py C -, we have Eo(f) > -+ > En(f) > --- . Let € > 0. By the
first Weierstrass approximation theorem, there exists p € P such that

If —pll <e.

Assume p € P for some N > 0. Then for any n > N

0<En(f) <En(f) <|f —pll <e

Therefore,

li inf —qn =0.
Jiminf max (@) = gu(2)] =0

Let p, € P, be the best uniform approximation of f in P,,. Then

b b
0< it [ 1@ - a@Pde < [ 11@) - pa(o)Pdo

Gn€Pn

b
< / | f — pull?de = [E.(f))*(b—a) — 0. asn — oo. Q.E.D.

et p2 € Py be the best uniform approximation in Py of the function

b) Let P2 be the best unif imation in Py of the functi
g(z) = % — 22 + 1 with respect to the C[—1, 1]-norm. What is the value
of p2(1)? Justify your answer.

Solution. Let Ts(z) = 272T5(z) = (1/4) cos(3arccosz). Then Ts(z) =
23 — qo(z) and go € Py is the best uniform approximation of 2% in Py with
respect to the C[—1, 1]-norm. Let pa(z) = q2(z) — 222 + 1 € Py. For any
ro € Po, we have ro(z) + 222 — 1 € Py. Hence

lg = p2ll = ll2° = @2()| < [|2° = [r2(x) + 227 = 1]|| = [lg(2) — r2(2)]].



Thus p2(7) = go(z) — 222 + 1 is the best uniform approximation of g(z) =
23 — 222 + 1 in Py with respect to the C[—1,1]-norm. Now, since

3

~ 1
q@(z) =23 — T3(z) = 23 — 1 cos(3 arccos x),

we have 1 1
p2(l) =¢q(1)—1=1-— ZcosO— 1= 1

(c) Let Qo,...,Qn,... be orthogonal polynomials in L?[a,b]. Fix n > 1.
Prove that @, has n simple roots in [a, b].

Proof. Fix an integer n > 1. By the orthogonality, fab Qn(z)dz = 0.
Hence, @Q,, changes its sign in (a,b) at least once. If n = 1, this implies
that @1 has exactly one root. Consider n > 2. Suppose @, changes
its sign in (a,b) only k times with 1 < k < n — 1 at x1,...,2 with
a<x<---<zp <b. Define

p(x) = (z —x1) - (v — ).

Clearly, p € P, € P,,_1. Moreover, both @,, and p change their signs only
at x1,...,x,. Thus,

(Qn,p) = / Qn(x)p(z)dx # 0.

This contradicts the fact that (@, q) = 0 for any ¢ € P,,_1. Hence, k > n.
But @,, € P,, can have at most n roots. Thus, k = n, and @,, has exactly
n simple roots in (a,b). Q.E.D.

Question 3.2.

(a) Find out the degree of precision of the numerical quadrature

(h-a)[f(@) 7 O]~ (b-al[F D)~ (@] ¥f & C*lab]

N =

/abf(x)dm

Solution. The degree of precision is m = 3. To show this, we rewrite
b
o) - 1@ = [
which vanishes for any f € P1. Notice that the first part (b — a)[f(a) +

f(b)] is the value of the trapezoidal rule which is exact for any p € P;.
Thus, the given formula is exact for any p € P;.



We now check with Py, for k > 2. For k = 2, we check with f(z) = (z—a)?.
We have

b 1
/a (x —a)’dz = g(b —a)?

and
1 1 1
§(b_ a)(b—a)* - E(b —a)*2(b—a) = §(b —a)®.

Hence, it is exact.
For k = 3, we check with f(z) = (z — ¢)® with ¢ = (a + b)/2. We have

b
/ (x —c)*dx = 0,
1 1
S a)lla =0 + (-] — 56— aP8(b - ) ~ a—c’] =0.

Hence, it is exact.
For k = 4, we try f(z) = (z — a)*. We have

b 1 .
/a (z —a)tdx = g(b —a)

1 , 1 ) 1
5(()— a)(b—a)* — E(b_ a)?4(b —a)® = g(b— a)®.

They are different. Therefore, the degree of precision is m = 3.

Consider a sequence of interpolatory numerical integration formulas

/f deZA(")f((")> n=1,....

k=1

Suppose all the coefficients Agcn) (k=1,---,n;n =1,--) are positive.
Prove that

lim ZA(n)f (n) / f(z)dx vVf e Cla,b].

n—oo

Proof. Let L,_1 : C[a,b] — P,_1 be the Lagrange interpolation operator
associated with azgn), . 75551”). Fix f € Cla,b]. For each n > 1, let p,,_1 €

P.—1 be the best uniform approximation of f in P,_;. We have

En1(f) == llpn—1— fll = mln ||f*qH -0 as n — oo,



where the norm is Cfa, b]-norm. Since the quadrature is interpolatory with
n points, it has degree of precision > n — 1. Therefore,

;Aé"’f («4”) - / ' fa)da
S AP L) / e

k=1

_ / b(Ln,1f>(:c>dx— / bf(ﬂf) dz

b b
| [ (s f)@) = pus(alide — [ [£(e) = o ()] do

IN

IN
MSEM: =

b
[Lna(f = pn-)l(@)dz| + [ |f(z) = pps(z)|da

AP = paet) (247)] + (0= @) Baca ()

ap

”f Pn— 1” + ( )En—l(f)

™~
Il

1

ZA”)llf Pactll + (b~ @) B ()

k=1
2(b = a)En1(f)

0 as n — 0o,

!

where we used the fact that all A > 0 and

n b
Soar :/ dr=b—a  Q.E.D.

k=1



