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Chapter 1

Polynomial Approximation

1.1 The Weierstrass Theorem

Let a; b2 R with a < b. Let C[a; b] denote the set of all continuous, real-valued functions
on the closed interval [a:b]. Let P denote the set of all real polynomials. For each integer
n ¸ 0, let Pn denote the set of all real polynomials of degree less than or equal to n.

Theorem 1.1 (The First Weierstrass Approximation Theorem) . Let f 2 C[a; b].
For any " > 0, there existsp 2 P such that

jf (x) ¡ p(x)j < " 8x 2 [a; b]: (1.1)

To prove Theorem 1.1, we de¯ne for any givenf 2 C[0; 1]

(B0f )(x) = f (0) 8x 2 [0; 1];

(Bn f )(x) =
nX

k=0

f
µ

k
n

¶ µ
n
k

¶
xk(1 ¡ x)n¡ k 8x 2 [0; 1] 8n ¸ 1;

where µ
n
k

¶
=

n!
k!(n ¡ k)!

:

For eachn ¸ 0, we callBn f the nth Bernstein polynomialof f 2 C[0; 1]. Clearly, Bn f 2 Pn

for eachn.

Lemma 1.2 (Properties of Bernstein polynomials).
(1) For eachn ¸ 0, Bn : C[0; 1] ! Pn is linear, i.e.,

Bn (f + g) = Bn f + Bng 8f; g 2 C[0; 1];

Bn (®f ) = ®Bn f 8® 2 R 8f 2 C[0; 1]:
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(2) For eachn ¸ 0, Bn : C[0; 1] ! Pn is non-negative, i.e.,(Bn f )(x) ¸ 0 for any x 2 [0; 1]
provided that f (x) ¸ 0 for any x 2 [0; 1].

(3) Let pi (x) = x i (i = 1; 2; 3). Then,

(Bnp0)(x) = p0(x) 8x 2 [0; 1] 8n ¸ 0; (1.2)

(Bnp1)(x) = p1(x) 8x 2 [0; 1] 8n ¸ 1; (1.3)

(Bnp2)(x) = p2(x) +
1
n

x(1 ¡ x) 8x 2 [0; 1] 8n ¸ 2: (1.4)

Proof. Part (1) and Part (2) are obvious. To prove Part (3), we use the binomial formula:

(®+ ¯ )n =
nX

k=0

µ
n
k

¶
®k¯ n¡ k 8®; ¯ 2 R: (1.5)

Let x 2 [0; 1]. We have by (1.5) that forn ¸ 1

(Bnp0)(x) =
nX

k=0

µ
n
k

¶
xk(1 ¡ x)n¡ k = ( x + (1 ¡ x))n = 1 = p0(x):

By de¯nition, ( B0p0)(x) = p0(x) = 1 for all x 2 [0; 1]. Thus, (1.2) is true.
Let n ¸ 1. Using (1.5), we obtain for anyx 2 [0; 1] that

(Bnp1)(x) =
nX

k=0

p1

µ
k
n

¶ µ
n
k

¶
xk(1 ¡ x)n¡ k

=
nX

k=0

k
n

n!
k!(n ¡ k)!

xk(1 ¡ x)n¡ k

= x
nX

k=1

(n ¡ 1)!
(k ¡ 1)!((n ¡ 1) ¡ (k ¡ 1))!

xk¡ 1(1 ¡ x)(n¡ 1)¡ (k¡ 1)

j = k¡ 1
= x

n¡ 1X

j =0

µ
n ¡ 1

j

¶
xn¡ 1(1 ¡ x)n¡ 1¡ j

= x(x + (1 ¡ x))n¡ 1

= p1(x):

This is (1.3). The proof of (1.4) is left as an exercise.

Lemma 1.3 (Convergence of Bernstein polynomilas). We have

lim
n!1

max
0· x· 1

j(Bn f )(x) ¡ f (x)j = 0 8f 2 C[0; 1]:
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Proof. Let f 2 C[0; 1]: Let " > 0: We show in three steps that

max
0· x· 1

j(Bn f )(x) ¡ f (x)j < "; (1.6)

if n is su±ciently large.
Step 1. Let M = max0· x· 1jf (x)j. Then,

¡ 2M · f (x) ¡ f (y) · 2M 8x; y 2 [0; 1]: (1.7)

Sincef 2 C[0; 1]; f is uniformly continuous on [0; 1]. Thus, there exists± > 0 such that

¡
"
2

< f (x) ¡ f (y) <
"
2

8x; y 2 [0; 1] with jx ¡ yj < ±: (1.8)

We claim that

¡
"
2

¡
2M
±2

(x ¡ y)2 · f (x) ¡ f (y) ·
"
2

+
2M
±2

(x ¡ y)2 8x; y 2 [0; 1]: (1.9)

In fact, if jx ¡ yj < ±, then (1.8) implies (1.9). If jx ¡ yj ¸ ±, then ((x ¡ y)=±)2 ¸ 1, and
hence, (1.7) implies (1.9).

Step 2. Fix y in (1.9). Apply Bn (n ¸ 1) to each side of (1.9) as a continuous function
of x. Using the properties ofBn (cf. Lemma 1.2), we obtain

¡
"
2

¡
2M
±2

(Bn (x ¡ y)2)(x) · (Bn f )(x) ¡ f (y) ·
"
2

+
2M
±2

(Bn (x ¡ y)2)(x): (1.10)

Since
(x ¡ y)2 = x2 ¡ 2xy + y2 = p2(x) ¡ 2yp1(x) + y2p0(x);

we have again by Lemma 1.2 that

(Bn (x ¡ y)2)(x) = ( Bnp2)(x) ¡ 2y(Bnp1)(x) + y2(Bnp0)(x)

= x2 +
1
n

x(1 ¡ x) ¡ 2yx + y2

= ( x ¡ y)2 +
1
n

x(1 ¡ x):

This and (1.10) lead to

¡
"
2

¡
2M
±2

·
(x ¡ y)2 +

x(1 ¡ x)
n

¸
· (Bn f )(x) ¡ f (y) ·

"
2

+
2M
±2

·
(x ¡ y)2 +

x(1 ¡ x)
n

¸

8x; y 2 [0; 1]: (1.11)

Step 3. Setting y = x in (1.11), we obtain

j(Bn f )(x) ¡ f (x)j ·
"
2

+
2M
±2

x(1 ¡ x)
n

·
"
2

+
2M
±2n

8x 2 [0; 1]:

Therefore, (1.6) holds true for alln > 4M=(±2" ).
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Proof of the First Weierstrass Approximation Theorem.De¯ne g(t) = f ((b¡ a)t + a) (0 ·
t · 1). Then, g 2 C[0; 1]. Hence, by Lemma 1.3, there existsq 2 P such that

jg(t) ¡ q(t)j < " 8t 2 [0; 1]:

Let p(x) = q((x ¡ a)=(b¡ a)). Then, p 2 P, and

jf (x) ¡ p(x)j = jg(t) ¡ q(t)j < " 8x 2 [a; b]:

This is (1.1).

We de¯ne for any f 2 C[a; b],

kf kC[a;b] = max
a· x· b

jf (x)j:

When no confusion arises, we also writekf k instead ofkf kC[a;b]. One easily veri¯es thatk¢k
is a norm of the vector spaceC[a; b], i.e., the following hold:

(1) kf k ¸ 0 8 f 2 C[a; b]:
kf k = 0 if and only if f (x) = 0 8x 2 [a; b];

(2) k®f k = j®jkf k 8® 2 R 8f 2 C[a; b];
(3) kf + gk · k f k + kgk 8 f; g 2 C[a; b]:

The last inequality is called thetriangle inequality. It implies that

j kf k ¡ k gk j · k f ¡ gk 8f; g 2 C[a; b]: (1.12)

This norm is called themaximum norm or C[a; b]-norm.
With the notion of maximum norm, the Weierstrass Theorem statesexactly that, for

any f 2 C[a; b] and any " > 0, there existsp 2 P such that kf ¡ pk < " . Equivalently,
for any f 2 C[a; b], there exists a sequence of polynomialsf p(k)g1

k=1 such that p(k) ! f in
C[a; b], i.e., kf ¡ p(k)k ! 0 ask ! 1 :

The proof of Lemma 1.3 can be extended to the proof of the following Bohman{Korovkin
Theorem for more general sequences of linear, non-negative operators; and clearly the
Bohman{Korovkin Theorem and the properties of Bernstein polynomials imply the First
Weierstrass Approximation Theorem:

Theorem 1.4 (Bohman{Korovkin). For each integern ¸ 1, let Ln : C[a; b] ! Pn be an
operator. Assume:

(1) Each Ln : C[a; b] ! Pn is linear;
(2) Each Ln : C[a; b] ! Pn is non-negative;
(3) Lnpk ! pk in C[a; b] for k = 0; 1; 2, wherepk(x) = xk .

Then kLn f ¡ f k ! 0 for any f 2 C[a; b]:
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1.2 Best Uniform Approximation

We denote for anyf 2 C[a; b]

En (f ) = inf
p2 Pn

kf ¡ pk 8n ¸ 0: (1.13)

Here, the normk ¢ kis the C[a; b]-norm. Clearly, 0· En (f ) · k f k for all n ¸ 0. Moreover,
sinceP0 ½ ¢ ¢ ¢ ½Pn ½ ¢ ¢ ¢; we haveE0(f ) ¸ ¢ ¢ ¢ ¸ En (f ) ¸ ¢ ¢ ¢:

Proposition 1.5. The First Weierstrass Approximation Theorem is equivalentto

lim
n!1

En (f ) = 0 8f 2 C[a; b]:

De¯nition 1.6 (Best uniform approximation). A best uniform approximation of a
given function f 2 C[a; b] in Pn is a polynomialpn 2 Pn that satis¯es

kf ¡ pnk = min
qn 2 Pn

kf ¡ qnk: (1.14)

Since (1.14) can be written as

max
a· x· b

jf (x) ¡ pn (x)j = min
qn 2 Pn

max
a· x· b

jf (x) ¡ qn (x)j;

a best uniform approximation is also called aminimax approximation.

Theorem 1.7 (Existence of best uniform approximation). For any f 2 C[a; b] and
any integer n ¸ 0, there exists a best uniform approximation off in Pn .

Proof. Let f 2 C[a; b] and ¯x an integer n ¸ 0. For any c = ( c0; : : : ; cn ) 2 Rn+1 , we
associate with a unique polynomialpc 2 Pn by pc(x) =

P n
k=0 ckxk . De¯ne F : Rn+1 ! R

by

F (c) = kf ¡ pck = max
a· x· b

¯
¯
¯
¯f (x) ¡

nX

k=0

ckxk

¯
¯
¯
¯:

Clearly, the assertion of the theorem is equivalent to the existence ofc 2 Rn+1 such that

F (c) = min
d2 Rn +1

F (d): (1.15)

Step 1. We show that the function F : Rn+1 ! R satis¯es the following properties:
(1) F : Rn+1 ! R is continuous;
(2) F (c) ! + 1 as c ! 1 .
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By (1.12), we have

jF (c) ¡ F (d)j = j kf ¡ pck ¡ k f ¡ pdk j · k pd ¡ pck

= max
a· x· b

¯
¯
¯
¯
¯

nX

k=0

(dk ¡ ck)xk

¯
¯
¯
¯
¯

·
nX

k=0

jdk ¡ ck j maxfj ajk ; jbjkg

! 0 asd ! c in Rn+1 :

This proves Part (1).
To prove Part (2), we de¯neG : Rn+1 ! R by G(c) = kpck for any c 2 Rn+1 . As proved

in Part (1), G : Rn+1 ! R is continuous. Let

Sn = f c 2 Rn+1 : kck = 1g;

where

kck =

vu
u
t

nX

k=0

c2
k 8c = ( c0; : : : ; cng 2 Rn+1 :

Clearly, Sn is a closed and bounded subset, and hence a compact subset, ofRn+1 . Moreover,
G(c) > 0 for any c 2 Sn . The continuity of G : Rn+1 ! R then implies that

¹ := inf
c2 Sn

G(c) > 0: (1.16)

Now, let c 2 Rn+1 with c 6= 0. Set ĉ := (1 =kck)c 2 Sn . We have

pc(x) =
nX

k=0

ckxk = kck
nX

k=0

ck

kck
xk = kckpĉ(x) 8x 2 [a; b];

i.e., pc = kckpĉ. Therefore, by (1.12) and (1.16), we have

F (c) ¸ k pck ¡ k f k = k kckpĉ k ¡ k f k

= kckG(pĉ) ¡ k f k ¸ k ck¹ ¡ k f k ! + 1 as kck ! 1 ;

proving Part (2).
Step 2. Clearly F (c) ¸ 0 for any c 2 Rn+1 : Let m = inf c2 Rn +1 F (c) ¸ 0: Since

limc!1 F (c) = + 1 , there exists R > 0 such that F (c) ¸ m + 1 if kck > R . There-
fore, m = inf kck· R F (c): SinceF is continuous on the bounded and closed subsetBR :=
f c 2 Rn+1 : kck · Rg, it attains its minimum over BR , and hence over the entireRn+1 .

Theorem 1.8 (The Chebyshev Alternation Theorem). Let f 2 C[a; b] and f 62Pn .
Then, p 2 Pn is a best uniform approximation if and only iff ¡ p achieves its maximum
magnitude atn + 2 points with alternating signs, i.e., there existn + 2 points xk (1 · k ·
n + 2) with a · x1 < ¢ ¢ ¢< x n+2 · b such that

jf (xk) ¡ p(xk)j = kf ¡ pk; k = 1; : : : ; n + 2;

[f (xk) ¡ p(xk)][f (xk+1 ) ¡ p(xk+1 )] < 0; k = 1; : : : ; n + 1:
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Example. Considerf (x) = x2 with x 2 [0; 1] and n = 1. Let p1 2 P1 be the best uniform
approximation of f over the interval [0; 1]. Assumep1(x) = ®x+ ¯ with ®; ¯ two constants.
Let g(x) = f (x) ¡ p1(x) for any x 2 [0; 1]: By the Chebeyshev Alternation Theorem, there
exist x1; x2; x3 2 [0; 1] with 0 · x1 < x 2 < x 3 · 1 such that jg(x i )j = kgkC[0;1], i = 1; 2; 3;
and the sign ofg(x1); g(x2); g(x3) alternates.

Notice that g0(x) = 2 x ¡ ® which has only one root inside (0; 1). Sincex2 is an interior
extrem point of g(x), we must haveg0(x2) = 0, leading to x2 = ®=2. Moreover, the other
maximal or minimal points x1 and x3 must be the boundary points:x1 = 0 and x3 = 1.

Now by the fact that g(x1) = g(x3), i.e., g(0) = g(1), we obtain that ¡ ¯ = 1 ¡ ®¡ ¯ .
Hence® = 1 and x2 = 1=2: By the fact that g(x1) = ¡ g(x2), i.e., g(0) = ¡ g(1=2), we obtain
¡ ¯ = ¡ 1=4 + (1=2 + ¯ ). Hence¯ = ¡ 1=8. Thereforep1(x) = x ¡ 1=8. We also have that
kgkC[0;1] = g(0) = 1 =8:

To summarize, we have

min
p2 P1

kf ¡ pkC[0;1]j = min
°;±2 R

max
0· x· 1

jx2 ¡ (°x + ±)j = max
0· x· 1

¯
¯
¯
¯x

2 ¡
µ

x ¡
1
8

¶ ¯
¯
¯
¯ =

1
8

:

Proof of the Chebyshev Alternation Theorem.Notice that pn 2 Pn is the best uniform ap-
proximation of f 2 C[a; b] in Pn if and only 0 2 Pn is the best uniform approximation of
f ¡ pn 2 C[a; b] in Pn : Therefore, the Chebyshev Alternation Theorem is equivalent to the
following statement:

Let f 2 C[a; b] but f 62Pn . Then, the zero polynomial0 2 Pn is a best uniform
approximation of f in Pn if and only if f achieves its maximum magnitude atn + 2
points in [a; b] with alternating signs.

Therefore, we need only to prove this statement. We divide ourproof into two parts.
Part 1. The \if" part. If 0 were not the best uniform approximation inPn of f , then

there would exit p 2 Pn such that

0 < kf ¡ pk < kf ¡ 0k = kf k: (1.17)

Let a · x1 < ¢ ¢ ¢< x n+2 · b be such that

jf (xk)j = kf k; k = 1; : : : ; n + 2;

f (xk)f (xk+1 ) < 0; k = 1; : : : ; n + 1:

It follows from (1.17) that

jp(xk) ¡ f (xk)j · k p ¡ f k < kf k= jf (xk)j; k = 1; : : : ; n + 2:

Consequently,

signp(xk) = sign (p(xk) ¡ f (xk) + f (xk)) = sign f (xk); k = 1; : : : ; n + 2;
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where signz = z=jzj for any nonzeroz 2 R and sign 0 = 0. Thus,p changes its sign atn + 2
points. Hence,p has at leastn + 1 roots. But p 2 Pn . So,p = 0. By (1.17), k0¡ f k < kf k.
This is a contradiction.

Part 2. The \only if" part. Assume the assertion were not true. Then, there would
exist m + 1 points with 0 · m · n such that f achieves its maximum magnitude at these
points with alternating signs. If m = 0, then f would have the same sign at all its points
of maximum magnitude. In this case, there would exist a nonzeroconstant c such that
kf ¡ ck < kf k. This contradicts the fact that 0 is the best uniform approximation of f in
Pn . Thus, 1 · m · n. We shall construct a polynomial inPn that would be closer tof
than 0 with respect to the normk ¢ k.

Step 1. Let Z = f x 2 [a; b] : jf (x)j = kf kg. Without loss of generality, we may assume
that f > 0 at the smallest number ofZ . Such smallest number exists, sinceZ is closed
in [a; b], a consequence of the continuity off . Since signf alternates at m + 1 points in
Z , there exist »k (1 · k · m) with a · »1 < ¢ ¢ ¢< »m · b such that signf alternates in
Z \ [a; »1]; Z \ [»1; »2]; : : : ; Z \ [»m¡ 1; »m ]; Z \ [»m ; b]: De¯ne

p(x) = ( »1 ¡ x) ¢ ¢ ¢(»m ¡ x):

Clearly, p 2 Pn , and
signp(x) = sign f (x) 8x 2 Z: (1.18)

Let x 2 Z . Sincejf (x)j = kf k > 0, (1.18) implies that p(x) 6= 0. Since Z is closed in [a; b],

min
x2 Z

jp(x)j > 0: (1.19)

In particular, this implies that kpk > 0.
Step 2. We show that °

°
°
° f ¡

"
kpk

p

°
°
°
° < kf k (1.20)

for small " > 0.
Let

± = min
x2 Z

p(x)f (x)
kpk

= min
x2 Z

jp(x)jj f (x)j
kpk

=
kf k
kpk

min
x2 Z

jp(x)j:

By (1.19), ± > 0. De¯ne

A =
½

x 2 [a; b] :
p(x)f (x)

kpk
>

±
2

¾
and B =

½
x 2 [a; b] :

p(x)f (x)
kpk

·
±
2

¾
:

Clearly, [a; b] = A [ B , A and B are disjoint, and B is closed in [a; b]. If x 2 A, then

¯
¯
¯
¯f (x) ¡

"
kpk

p(x)

¯
¯
¯
¯

2

= jf (x)j2 ¡ 2"
p(x)f (x)

kpk
+ "2

µ
p(x)
kpk

¶ 2
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· k f k2 ¡ 2"
p(x)f (x)

kpk
+ "2

· k f k2 ¡ "± + "2 = kf k2 ¡
±2

4
for 0 < " <

±
2

: (1.21)

If x 2 B, then by the de¯nition of ± and B,

p(x)f (x)
kpk

·
±
2

< ± ·
p(y)f (y)

kpk
8y 2 Z:

This implies that x 62Z , and hencejf (x)j < kf k. Consequently, sincef is continuous and
B is closed in [a; b], we obtain that

M := max
x2 B

jf (x)j < kf k:

Therefore, for 0< " < kf k ¡ M ,
¯
¯
¯
¯f (x) ¡

"
kpk

p(x)

¯
¯
¯
¯ · j f (x)j +

¯
¯
¯
¯

"
kpk

p(x)

¯
¯
¯
¯ · M + " < kf k 8x 2 B: (1.22)

It therefore follows from (1.21) and (1.22) that
°
°
°
° f ¡

"
kpk

p

°
°
°
° < kf k if 0 < " < min

µ
±
2

; kf k ¡ M
¶

:

This contradicts the fact that 0 is the best uniform approximation in Pn of f .

Theorem 1.9 (Uniqueness of best uniform approximation). For any f 2 C[a; b] and
integer n ¸ 0, the best approximation off in Pn is unique.

Proof. Without loss of generality, we may assumef 62Pn . Assume that p; q 2 Pn are best
uniform approximations of f in Pn , i.e.,

kf ¡ pk = kf ¡ qk = En (f );

whereEn (f ) is de¯ned in (1.13). Let r = ( p + q)=2 2 Pn . Then,

En (f ) · k f ¡ r k =

°
°
°
°

1
2

(f ¡ p) +
1
2

(f ¡ q)

°
°
°
° ·

1
2

kf ¡ pk +
1
2

kf ¡ qk = En (f ):

Hence,r 2 Pn is also a best uniform approximation off in Pn .
By the Chebyshev Alternation Theorem, there existn + 2 points xk (k = 1; : : : ; n + 2)

with a · x1 < ¢ ¢ ¢< x n+2 · b such that

jf (xk) ¡ r (xk)j = kr ¡ f k = En (f ); k = 1; : : : ; n + 2:
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Fix k (1 · k · n + 2). Assume ¯rst f (xk) ¡ r (xk) = En (f ): Then, we have

f (xk) ¡
1
2

[p(xk) + q(xk)] = f (xk) ¡ r (xk) = En (f ) = kf ¡ pk ¸ f (xk) ¡ p(xk);

leading to q(xk) · p(xk): Similarly, we havep(xk) · q(xk): Thus, q(xk) = p(xk): Assume
now f (xk) ¡ r (xk) = ¡ En (f ): We have

f (xk) ¡
1
2

[p(xk) + q(xk)] = f (xk) ¡ r (xk) = ¡ En (f ) = ¡k f ¡ pk · f (xk) ¡ p(xk);

leading to q(xk) ¸ p(xk). Similarly, p(xk) ¸ p(xk). Hence, q(xk) = p(xk): Therefore,
p(xk) = q(xk) for all the n + 2 distinct points x1; : : : ; xn+2 . Hence,p = q in Pn .

1.3 Chebyshev Polynomials

Consider n ¸ 1 and f (x) = xn for x 2 [¡ 1; 1]. By Theorem 1.7, There exists a unique
pn¡ 1 2 Pn¡ 1 such that

kf ¡ pn¡ 1kC[¡ 1;1] · k f ¡ qn¡ 1kC[¡ 1;1] 8qn¡ 1 2 Pn¡ 1:

Denote for any integerk ¸ 0

ePk = f p 2 Pk : the leading coe±cient ofp is 1g:

Then eTn := f ¡ pn¡ 1 2 ePn is the unique polynomial inePn that satis¯es

k eTnkC[¡ 1;1] = min
ep2 ePn

kepkC[¡ 1;1]: (1.23)

By the Chebyshev Alternation Theorem, eTn is characterized by achieving its maximum
magnitude at n + 1 points in [¡ 1; 1] with alternating signs.

To ¯nd eTn , we consider for eachn ¸ 01

Tn (x) = cos(n arccosx) 8x 2 [¡ 1; 1]: (1.24)

Introducing x = cosµ for all µ 2 [0; ¼], we can write

Tn (x) = cos nµ = cos(n arccosx) 8x 2 [¡ 1; 1]:

Since
cos(n + 1) µ + cos(n ¡ 1)µ = 2 cosµcosnµ; (1.25)

1See [8] for more on the derivation ofeTn .
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we obtain
Tn+1 (x) = 2 xTn (x) ¡ Tn¡ 1(x) x 2 [¡ 1; 1]: (1.26)

Clearly, T0(x) = 1 and T1(x) = x. Therefore, by induction, we conclude thatTn is a
polynomial of degreen, and for n ¸ 1 the leading coe±cient ofTn is 2n¡ 1.

Let µk = k¼=n2 [0; ¼] and xk = cosµk , k = 0; : : : ; n. Then,

Tn (xk) = cos nµk = cosk¼= ( ¡ 1)k = ( ¡ 1)kkTnkC[¡ 1;1]; k = 0; : : : ; n:

This means that Tn 2 Pn achieves its maximum magnitude atn + 1 points in [¡ 1; 1] with
alternating signs. Therefore, forn ¸ 1,

eTn (x) = 2 1¡ nTn (x) = 2 1¡ n cos(n arccosx); x 2 [¡ 1; 1]: (1.27)

We call Tn (n ¸ 0) the Chebyshev polynomials of the ¯rst kind.The ¯rst few of these
polynomials are

T0(x) = 1 ;

T1(x) = x;

T2(x) = 2 x2 ¡ 1;

T3(x) = 4 x3 ¡ 3x;

T4(x) = 8 x4 ¡ 8x2 + 1:

The following theorem summarizes the properties of such polynomials:

Theorem 1.10 (Properties of Chebyshev polynomials of the ¯rs t kind).
(1) Orthogonality.

Z 1

¡ 1

1
p

1 ¡ x2
Tm (x)Tn (x) dx =

8
><

>:

0 if m 6= n;

¼ if m = n = 0;

¼=2 if m = n > 0:

(1.28)

(2) Recurrence.

T0(x) = 1 ;

T1(x) = x;

Tn+1 (x) = 2 xTn (x) ¡ Tn¡ 1(x); n = 1; : : :

In particular, each Tn is a polynomial of degreen. Moreover, if n is an even(odd)
number, thenTn is an even(odd) function.
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(3) Extreme points and zeros.

kTnkC[¡ 1;1] = 1; n = 0; : : : ;

Tn

µ
cos

k¼
n

¶
= ( ¡ 1)k = ( ¡ 1)k ; k = 0; : : : ; n; n = 1; : : : ;

Tn

µ
cos

(2k ¡ 1)¼
2n

¶
= 0; k = 1; : : : ; n; n = 1; : : :

(4) Best uniform approximation and least-squares approximation. For each n ¸ 1; eTn =
21¡ nTn 2 ePn is the unique polynomial inePn such that

k eTnkC[¡ 1;1] = min
~p2 ePn

k~pkC[¡ 1;1] = 21¡ n ;

Z 1

¡ 1

1
p

1 ¡ x2
[ eTn (x)]2dx = min

~pn 2 ePn

Z 1

¡ 1

1
p

1 ¡ x2
[~pn (x)]2dx = 21¡ 2n¼:

(5) Di®erential equation.

(1 ¡ x2)T00
n (x) ¡ xT 0

n (x) + n2Tn (x) = 0 ; n = 0; : : :

(6) The generating function.

1 ¡ tx
1 ¡ 2tx + t2

=
1X

n=0

Tn (x)tn 8t 2 (¡ 1; 1) 8x 2 [¡ 1; 1]:

(7) Rodrigues' formula.

Tn (x) =
(¡ 1)n

(2n ¡ 1)!!
(1 ¡ x2)

1
2

dn

dxn
(1 ¡ x2)n¡ 1

2 ; n = 0; : : :

Proof. We only prove Parts (1){(6). The proof of Part (7) can be foundin [9].
(1) By the change of variablex = cosµ, we obtain

Z 1

¡ 1

1
p

1 ¡ x2
Tm (x)Tn (x) dx =

Z ¼

0
cosmµcosnµ dµ

=
1
2

Z ¼

0
[cos(m + n)µ + cos(m ¡ n)µ] dµ:

Since Z ¼

0
coskµ dµ= 0 for any integer k ¸ 1;

simple calculations then lead to (1.28).
(2) This is proved above, cf. (1.24){(1.26).
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(3) This follows from the de¯nition (1.24) and direct calculations.
(4) The ¯rst minimization property is proved above, cf. (1.23)and (1.27). The second

minimization property follows from Theorem 1.21 in Section1.8 on properties of orthogonal
polynomials and (1.28).

(5) By the de¯nition (1.24), we have

T0
n (x) =

n sin(n arccosx)
p

1 ¡ x2
;

T00
n (x) =

¡ n2 cos(n arccosx)
1 ¡ x2

+
nx sin(n arccosx)

(1 ¡ x2)3=2
:

These, together with (1.24), imply the desired di®erential equation.
(6) Let i be the complex unit, i.e.,i 2 = ¡ 1. DenoteR(z) the real part of a complex

number z. We have usingx = cosµ that

1X

n=0

Tn (x)tn =
1X

n=0

cos(nµ)tn =
1X

n=0

R
¡
tneinµ

¢
= R

Ã
1X

n=0

¡
teiµ

¢n

!

:

Since
1X

n=0

¡
teiµ

¢n
=

1
1 ¡ teiµ

=
1

1 ¡ t cosµ ¡ i t sinµ
=

1 ¡ t cosµ + i t sinµ
(1 ¡ t cosµ)2 + t2 sin2 µ

=
1 ¡ tx + i t sinµ

1 ¡ 2tx + t2
;

we have
1X

n=0

Tn (x)tn = R

Ã
1X

n=0

¡
teiµ

¢n

!

=
1 ¡ tx

1 ¡ 2tx + t2
;

completing the proof.

1.4 Uniform Approximation by Trigonometric Poly-
nomials

1.5 Modulus of Continuity and Jackson's Theorems

1.6 Least-Squares Approximation

De¯nition 1.11 (Weight functions). A weight function on a ¯nite intervale [a; b] is a
non-negative, integrable function½: (a; b) ! R that satis¯es

Z d

c
½(x)dx > 0 for any sub-interval(c; d) µ (a; b): (1.29)
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For a measurable function½: (a; b) ! R, the above condition (1.29) is equivalent to the
condition that ½ >0 almost everywhere in (a; b).
Examples.

(1) For any [a; b], ½(x) ´ 1 de¯nes a weight function.
(2) For [a; b] = [ ¡ 1; 1], ½(x) = 1 =

p
1 ¡ x2 de¯nes a weight function.

(3) Let ½: [a; b] ! R satisfy the following: (a) ½is integrable on [a; b]; (b) ½is continuous
in (a; b); (c) ½(x) ¸ 0 for any x 2 (a; b) and ½has at most ¯nitely many zeros in (a; b).
Then, ½is a weight function on [a; b].

We assume in the rest of this section that½is a weight function on [a; b]. We denote by
L2

½(a; b) the set of all measurable functionsf : [a; b] ! R such that

Z b

a
½(x)[f (x)]2dx < 1 :

If ½(x) = 1 for all x 2 (a; b), then we simply write L2(a; b) instead of L2
½(a; b). Under the

usual addition and scalar multiplication, L2
½(a; b) is a vector space. Clearly,P ½ C[a; b] µ

L2
½(a; b). If f; g 2 L2

½(a; b), then

Z b

a
½(x)jf (x)g(x)j dx ·

Z b

a
½(x)

[f (x)]2 + [ g(x)]2

2
dx < 1 : (1.30)

Thus, ½fg is integrable. In particular, setting g(x) = 1, we see that½f is integrable.

Proposition 1.12 (The Cauchy{Schwarz inequality). We have

¯
¯
¯
¯

Z b

a
½(x)f (x)g(x) dx

¯
¯
¯
¯ ·

s Z b

a
½(x)[f (x)]2dx

s Z b

a
½(x)[g(x)]2dx 8f; g 2 L2

½(a; b):

(1.31)

Proof. Consider the non-negative quadratic functionÁ : R ! R de¯ned by

Á(¸ ) =
Z b

a
½(x) [f (x) + ¸g (x)]2 dx

= ¸ 2
Z b

a
½(x)[g(x)]2dx + 2¸

Z b

a
½(x)f (x)g(x) dx +

Z b

a
½(x)[f (x)]2dx 8¸ 2 R:

If the leading coe±cient of Á is 0, then the inequality (1.31) holds true trivially. If it i s
nonzero, then the discriminant ofÁ is non-positive, i.e.,

4
· Z b

a
½(x)f (x)g(x) dx

¸ 2

¡ 4
Z b

a
½(x)[g(x)]2dx

Z b

a
½(x)[f (x)]2dx · 0:

This leads to the inequality in (1.31).
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A di®erent proof of the Cauchy{Schwarz inequality (1.31) is as follows: Applying Fubini's
Theorem, we have for anyf; g 2 L2

½(a; b) that

0 ·
Z 1

0

Z 1

0
½(x)½(y) [f (x)g(y) ¡ f (y)g(x)]2 dxdy

=
Z 1

0

Z 1

0
½(x)½(y)[f (x)]2[g(y)]2dxdy +

Z 1

0

Z 1

0
½(x)½(y)[f (y)]2[g(x)]2dxdy

¡ 2
Z 1

0

Z 1

0
½(x)½(y)f (x)g(x)f (y)g(y) dxdy

= 2
µ Z 1

0
½(x)[f (x)]2dx

¶ µ Z 1

0
½(x)[g(x)]2dx

¶
¡ 2

µ Z 1

0
f (x)g(x) dx

¶ 2

;

leading to (1.31).

De¯nition 1.13 (Least-squares approximation). A least-squares approximationof a
given function f 2 L2

½(a; b) in Pn is a polynomialpn 2 Pn that satis¯es

Z b

a
½(x)[f (x) ¡ pn (x)]2dx ·

Z b

a
½(x)[f (x) ¡ qn (x)]2dx 8qn 2 Pn : (1.32)

Theorem 1.14 (Existence, uniqueness, and characterizatio n of least-squares ap-
proximations). Let f 2 L2

½(a; b). Let n ¸ 0 be an integer.
(1) There exists a unique least-squares approximation off in Pn .
(2) Let pn 2 Pn . Then pn is the least-squares approximation off in Pn if and only if

Z b

a
½(x)[f (x) ¡ pn (x)]qn (x)dx = 0 8qn 2 Pn : (1.33)

(3) If pn 2 Pn is the least-squares approximation off in Pn , then

Z b

a
½(x)[f (x) ¡ pn (x)]2dx =

Z b

a
½(x)[f (x)]2dx ¡

Z b

a
½(x)[pn (x)]2dx: (1.34)

To prove this theorem, we introduce the (n + 1) £ (n + 1) matrix

Gn+1 :=
· Z b

a
½(x)x i + j dx

¸ n

i;j =0

: (1.35)

In the special case that [a; b] = [0; 1] and ½(x) ´ 1, this is a Hilbert matrix.

Lemma 1.15. The matrix Gn+1 is symmetric positive de¯nite.
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Proof. De¯ne

Q(») =
1
2

Z b

a
½(x)

Ã
nX

i =0

»i x i

! 2

dx 8» = ( »0; : : : ; »n ) 2 Rn+1 :

Clearly, Q : Rn+1 ! R is a non-negative quadratic form. IfQ(») = 0 for some » 2 Rn+1 ,
then, by Lemma 1.16,

P n
i =0 »i x i = 0 for all x 2 [a; b]: Hence,» = 0 in Rn+1 . Therefore,

Q : Rn+1 ! R is a positive quadratic form.
It is clear that

Q(») =
1
2

nX

i;j =0

µ Z b

a
½(x)x i + j dx

¶
»i »j 8» = ( »0; : : : ; »n ) 2 Rn+1 :

Therefore, Gn+1 is the matrix associated with the positive quadratic formQ : Rn+1 ! R.
Hence,Gn+1 is symmetric positive de¯nite.

Proof of Theorem 1.14. (1) De¯ne

F (c) =
Z b

a
½(x)

"

f (x) ¡
nX

i =0

ci x i

#2

dx 8c = ( c0; : : : ; cn ) 2 Rn+1 : (1.36)

Clearly, F : Rn+1 ! R is a non-negative quadratic function. Direct calculationslead to

F (c) =
nX

i;j =0

· Z b

a
½(x)x i + j dx

¸
ci cj ¡ 2

nX

i =0

· Z b

a
½(x)f (x)x i dx

¸
ci ¡

Z b

a
½(x)[f (x)]2dx:

Thus, the Hessian matrix ofF is
·

@2F
@ci @cj

¸ n

i;j =0

= 2
· Z b

a
½(x)x i + j dx

¸ n

i;j =0

= 2Gn+1 ;

where Gn+1 is the matrix de¯ned in (1.35). By Lemma 1.15, the Hessian matrix of F is
therefore symmetric positive de¯nite. Consequently,F : Rn+1 ! R is a convex quadratic
form. Since it is non-negative, it admits a unique minimizer̂c = ( ĉ0; : : : ; ĉn ) 2 Rn+1 . De¯ne

pn (x) =
nX

i =0

ĉi x i 8x 2 R: (1.37)

Then, pn 2 Pn is the unique polynomial inPn that satis¯es (1.32).
(2) From Part (1), the unique least-squares approximationpn 2 Pn is given by (1.37),

where ĉ = ( ĉ0; : : : ; ĉn ) 2 Rn+1 is the unique minimizer of the convex quadratic function
F : Rn+1 ! R. Clearly, ĉ is the unique critical point of F determined by

@j F (ĉ) = 0 ; j = 0; : : : ; n: (1.38)
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By the de¯nition of F : Rn+1 ! R (cf. (1.36)) and the Chain Rule, we obtain for any
c = ( c0; : : : ; cn ) 2 Rn+1 that

@j F (c) = 2
Z b

a
½(x)

"

f (x) ¡
nX

i =0

ci x i

#
¡
¡ x j

¢
dx; j = 0; : : : ; n: (1.39)

Therefore, by the de¯nition of pn in (1.37), the system of equations (1.38) is equivalent to
Z b

a
½(x) [f (x) ¡ pn (x)] x j dx; j = 0; : : : ; n;

which in turn is equivalent to (1.33), sincePn = Spanf 1; x; : : : ; xng.
(3) Supposepn 2 Pn is the least-squares approximation off . By (1.33) with qn = pn ,

we have Z b

a
½(x)[f (x) ¡ pn (x)]pn (x)dx = 0:

Therefore,
Z b

a
½(x)[f (x)]2dx =

Z b

a
½(x)[f (x) ¡ pn (x) + pn (x)]2dx

=
Z b

a
½(x)[f (x) ¡ pn (x)]2dx +

Z b

a
½(x)[pn (x)]2dx

+ 2
Z b

a
½(x)[f (x) ¡ pn (x)]pndx

=
Z b

a
½(x)[f (x) ¡ pn (x)]2dx +

Z b

a
½(x)[pn (x)]2dx:

This implies (1.34).

From the proof, cf. (1.38) and (1.39), we see that this least-squares approximation
pn (x) =

P n
i =0 ĉi x i can be obtained by solving the system of linear equations

nX

i =0

· Z b

a
½(x)x i + j dx

¸
ĉi =

Z b

a
½(x)f (x)x j dx j = 0; : : : ; n:

The coe±cient matrix of this system of linear equations is exactly Gn+1 , de¯ned in (1.35).

1.7 Orthogonal Polynomials

Fix a weight function ½on [a; b]. For convenience, we denote

hf; g i =
Z b

a
½(x)f (x)g(x) dx 8f; g 2 L2

½(a; b):
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By (1.30), hf; g i is ¯nite for any f; g 2 L2
½(a; b). The mapping h¢; ¢i : L2

½(a; b) £ L2
½(a; b) ! R

clearly satis¯es the following properties:
(1) Symmetry.

hf; g i = hg; f i 8 f; g 2 L2
½(a; b);

(2) Bilinearity.

h®f + ¯g; h i = ®hf; h i + ¯ hg; hi 8 f; g; h 2 L2
½(a; b) 8®; ¯ 2 R;

(3) Non-negativity.
hf; f i ¸ 0 8f 2 L2

½(a; b):

Lemma 1.16. Let f 2 C[a; b]. If

Z b

a
½(x)[f (x)]2dx = 0;

then f (x) = 0 for all x 2 [a; b].

Proof. Suppose there existed a pointx0 2 [a; b] such that f (x0) 6= 0. By the continuity of
f , there would have existed a sub-interval [c; d] µ [a; b] with c < d such that jf (x)j ¸ "0

for all x 2 [c; d] for some constant"0 > 0. Now, by the de¯nition of a weight function,Rd
c ½(x)dx > 0: Therefore,

Z b

a
½(x)[f (x)]2dx ¸

Z d

c
½(x)[f (x)]2dx ¸ "2

0

Z d

c
½(x)dx > 0:

This contradicts the assumption.

Consider the subspaceC[a; b] of L2
½(a; b). The mapping h¢; ¢i : C[a; b] £ C[a; b] ! R is

in fact an inner product of C[a; b], i.e., it is symmetric, bilinear, and positive. Here, the
positivity means

hf; f i ¸ 0 8f 2 C[a; b]:

hf; f i = 0 if and only if f = 0 in C[a; b]:

The \only if" part in the last equation follows from Lemma 1.16. The norm of C[a; b]
induced by this inner product is

kf kL 2
½(a;b) =

p
hf; f i =

s Z b

a
½(x)[f (x)]2dx (1.40)

for any f 2 C[a; b]. This is called the L2
½(a; b)-norm. We will also use (1.40) for any

f 2 L2
½(a; b). It is often written as k ¢ kinstead ofk ¢ kL 2

½(a;b) , when no confusion arises.
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De¯nition 1.17 (Orthogonal polynomials). A sequence of polynomialsQn (n = 0; :::)
are calledorthogonal polynomialsin L2

½(a; b), if the following hold true:
(1) For each integern ¸ 0, Qn is a polynomial of degree exactlyn;
(2) hQm ; Qn i = 0 wheneverm 6= n.

A sequence of orthogonal polynomialsQn (n = 0; :::) in L2
½(a; b) are calledorthonormal

polynomials in L2
½(a; b), if they satisfy

(3) hQn ; Qn i = 1 for all n ¸ 0.
A set of polynomials are calledorthogonal (or orthonormal) in L2

½(a; b) if it is a subset
of a sequence of orthogonal(or orthonormal) polynomials.

If Qn (n = 0; : : : ) are orthogonal polynomials, thenhQn ; Qn i 6= 0 for each n ¸ 0. More-
over, the polynomialsQn=

p
hQn ; Qn i (n = 0; : : : ) are orthonormal. In general, orthonormal

polynomials Qn (n = 0; : : : ) are characterized by

hQi ; Qj i = ±i;j 8i; j ¸ 0; (1.41)

where±ij is de¯ned to be 1 if i = j and 0 if i 6= j .
The Chebyshev polynomialsTn (n = 0; : : : ) are orthogonal polynomials inL2

½(¡ 1; 1)
with ½(x) = 1 =

p
1 ¡ x2. Another important class of orthogonal polynomials are Legendre

polynomials Pn (n = 0; : : : ) in L2(¡ 1; 1) that will be discussed in Section 1.9.

Lemma 1.18. If Q0; : : : ; Qn be orthogonal polynomials inL2
½(a; b), then

(1) The n + 1 polynomialsQ0; : : : ; Qn are linearly independent inL2
½(a; b);

(2) Pn = Spanf Q0; : : : ; Qng: Moreover,

pn =
nX

k=0

hpn ; Qk i
hQk ; Qk i

Qk 8pn 2 Pn : (1.42)

Proof. (1) Suppose there exist®0; : : : ; ®n 2 R such that
P n

k=0 ®kQk = 0. Multiplying both
sides of this equation by½Qj for an arbitrary but ¯xed j with 0 · j · n and then integrate
over [a; b], we obtain by (1.41) that ®j hQj ; Qj i = 0, implying ®j = 0, since hQj ; Qj i 6= 0 by
Lemma 1.16. Hence,Q0; : : : ; Qn are linearly independent.

(2) Since the dimension ofPn is n + 1, the n + 1 linearly independent polynomials
Q0; : : : ; Qn in Pn form a basis ofPn . Hence, they spanPn .

Fix pn 2 Pn = Span f Q0; : : : ; Qng: There exist constantsci 2 R (i = 0; : : : ; n) such that
pn =

P n
k=0 ci Qi . Multiplying both sides of this equation by½Qj for an arbitrary but ¯xed j

with 0 · j · n and then integrate over [a; b], we obtain by (1.41) thathpn ; Qj i = cj hQj ; Qj i .
This implies (1.42).

Theorem 1.19 (Characterization of least-squares approxim ations using orthonor-
mal polynomials). Let Q0; : : : ; Qn be orthonormal polynomials inL2

½(a; b). Then the least-
squares approximation of a givenf 2 L2

½(a; b) in Pn is given by

pn =
nX

k=0

hf; Q k i Qk : (1.43)
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Moreover,

kf ¡ qnk2 = kf k2 ¡
nX

k=0

hf; Q k i 2: (1.44)

Proof. Clearly, the polynomial pn de¯ned in (1.43) is inPn . Fix an arbitrary integer j with
0 · j · n. SinceQ0; : : : ; Qn are orthonormal, we have

hf ¡ pn ; Qj i = hf; Q j i ¡
nX

k=0

hf; Q k ihQk ; Qj i = hf; Q j i ¡ h f; Q j i = 0:

Hence, by Lemma 1.18,
hf ¡ pn ; qn i = 0 8qn 2 Pn :

This is exactly (1.33). Therefore, by Theorem 1.14,pn 2 Pn is the unique least-squares
approximation of f in Pn .

It follows from (1.43), the symmetry and bilinearity ofh¢; ¢i, and the fact that Q0; : : : ; Qn

are orthonormal that

hpn ; pn i = h
nX

i =0

hf; Q i i Qi ;
nX

i =0

hf; Q j i Qj i =
nX

i;j =0

hf; Q i ihf; Q j ihQi ; Qj i =
nX

i =0

hf; Q i i 2:

This, together with Part (3) of Theorem 1.14, implies (1.44).

Theorem 1.20 (The Gram{Schmidt orthogonalization). ConsiderL2
½(a; b). Let f 0(x) =

1 and f k(x) = xk for any integer k ¸ 1. De¯ne

g0(x) =
1

p
hf 0; f 0i

f 0(x); (1.45)

8
>>>><

>>>>:

ĝk(x) = f k(x) ¡
k¡ 1X

j =0

hf k ; gj i gj (x);

gk(x) =
1

p
ĥgk ; ĝk i

ĝk(x);

k = 1; 2; : : : (1.46)

Then gk (k = 0; 1; : : : ) are orthonormal polynomials.

Proof. Clearly, g0 and g1 are polynomial of degrees 0 and 1, respectively. Moreover, direct
calculations using (1.45) and (1.46) lead tohg0; g0i = hg1; g1i = 1 and hg0; g1i = 0. Let
k ¸ 1 be an integer. Assume thatgi is a polynomial of degreei for eachi with 0 · i · k
and that

hgi ; gj i = ±ij ; 0 · i; j · k: (1.47)
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Sincef k+1 is a polynomial of degreek + 1, we see from (1.46) withk replaced byk + 1
that gk+1 is a polynomial of degreek + 1. Clearly, hgk+1 ; gk+1 i = 1. Moreover, for eachi
with 0 · i · k, we have by (1.46) and (1.47) that

ĥgk+1 ; gi i = hf k+1 ; gi i ¡
kX

j =0

hf k+1 ; gj ihgj ; gi i = hf k+1 ; gi i ¡ h f k+1 ; gi i = 0:

Sincegk+1 and ĝk+1 di®er by a nonzero constant multiplier, we have

hgk+1 ; gi i = 0; i = 0; : : : ; k:

Therefore, (1.47) is true with k replaced by k + 1. Consequently, gk (k = 0; 1; : : : ) are
orthonormal polynomials.

Example. ConsiderL2[¡ 1; 1]:

g0(x) =
1

p
hf 0; f 0i

f 0(x) =
1

q R1
¡ 1 1 ¢1dx

=
1

p
2

:

ĝ1(x) = f 1(x) ¡ h f 1; g0i g0(x) = x ¡
µ Z 1

¡ 1

x
p

2
dx

¶
1

p
2

= x;

g1(x) =
1

p
ĥg1; ĝ1i

g1(x) =
x

q R1
¡ 1 x2dx

=

r
3
2

x:

ĝ2(x) = f 2(x) ¡ h f 2; g0i g0(x) ¡ h f 2; g1i g1(x)

= x2 ¡
µ Z 1

¡ 1

x2

p
2

dx
¶

1
p

2
¡

µ Z 1

¡ 1
x2

r
3
2

x dx
¶ r

3
2

x = x2 ¡
1
3

;

g2(x) =
1

p
ĥg2; ĝ2i

g2(x) =
1

q R1
¡ 1(x2 ¡ 1=3)2dx

µ
x2 ¡

1
3

¶
=

p
15
4

µ
x2 ¡

1
3

¶
:

Therefore,g0; g1; g2 are orthonormal polynomials inL2[¡ 1; 1].

1.8 More Properties of Orthogonal Polynomials

Theorem 1.21 (Minimization). Let Qn (n = 0; : : : ) be orthogonal polynomials inL2
½(a; b).

Supposen ¸ 1 and Qn 2 ePn , then Qn is the unique polynomial inePn that satis¯es

kQnk = min
qn 2 ePn

kqnk:
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Proof. SinceQn 2 ePn , we haveQn (x) = xn ¡ qn¡ 1(x) for someqn¡ 1 2 Pn¡ 1. Thus, by the
orthogonality,

0 = hQn ; qi = hxn ¡ qn¡ 1; qi 8 q 2 Pn¡ 1:

Theorem 1.14 then implies thatqn¡ 1 is the unique least-squares approximation ofxn in
Pn¡ 1. This is equivalent to the assertion of the theorem.

Colloary 1.22 (Uniqueness of orthogonal polynomials). If f Png1
n=0 and f Qng1

n=0 are
two systems of orthogonal polynomials inL2

½(a; b), then, for eachn ¸ 0, there existscn 2 R
with cn 6= 0 such thatPn = cnQn :

Proof. Let ®n and ¯ n be the leading coe±cients ofPn and Qn , respectively. Then, by
Theorem 1.21, (1=®n )Pn = (1 =¯ n )Qn for eachn ¸ 1. This is clearly true also forn = 0.
Thus, Pn = cnQn with cn = ®n=¯ n for eachn ¸ 0.

Theorem 1.23 (The three-term recurrence). Consider L2
½(a; b).

(1) De¯ne

eQ0(x) = 1 ;
eQ1(x) = x ¡ a1;
eQn (x) = ( x ¡ an ) eQn¡ 1(x) ¡ bn

eQn¡ 2(x); n = 2; 3; : : : ;

an =
hx eQn¡ 1; eQn¡ 1i

heQn¡ 1; eQn¡ 1i
; n = 1; 2; : : : ;

bn =
heQn¡ 1; eQn¡ 1i

heQn¡ 2; eQn¡ 2i
; n = 2; 3; : : : :

Then eQn (n = 0; 1; : : : ) are the orthogonal polynomials with eacheQn 2 ePn .
(2) Let Qn (n = 0; 1; : : : ) be orthogonal polynomials. Let®n be the leading coe±cient of

Qn (n ¸ 0). Then

Qn (x) = ( Anx + Bn )Qn¡ 1(x) ¡ CnQn¡ 2(x) n = 2; 3; : : : : (1.48)

where

An =
®n

®n¡ 1
; Bn = ¡

®n

®n¡ 1

hxQn¡ 1; Qn¡ 1i
hQn¡ 1; Qn¡ 1i

; Cn =
®n®n¡ 2

®2
n¡ 1

hQn¡ 1; Qn¡ 1i
hQn¡ 2; Qn¡ 2i

:

Proof. (1) Clearly, eQ0 2 eP0 and eQ1 2 eP1. Since

a1 =
hx eQ0; eQ0i

heQ0; eQ0i
=

hx; 1i
h1; 1i

;
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we have
heQ0; eQ1i = h1; x ¡ a1i = h1; xi ¡ h 1; 1i a1 = 0:

Let n ¸ 2. AssumeeQk 2 ePk for all k 2 f 0; : : : ; n ¡ 1g and

heQj ; eQk i = 0; if 0 · j; k · n ¡ 1 and j 6= k: (1.49)

Clearly, eQn 2 ePn . We have by the de¯nition of eQn and (1.49) that

heQn ; eQn¡ 1i = h(x ¡ an ) eQn¡ 1 ¡ bn
eQn¡ 2; eQn¡ 1i

= hx eQn¡ 1; eQn¡ 1i ¡ anheQn¡ 1; eQn¡ 1i ¡ bnheQn¡ 2; eQn¡ 1i

= hx eQn¡ 1; eQn¡ 1i ¡
hx eQn¡ 1; eQn¡ 1i

heQn¡ 1; eQn¡ 1i
heQn¡ 1; eQn¡ 1i

= 0;

heQn ; eQn¡ 2i = h(x ¡ an ) eQn¡ 1 ¡ bn
eQn¡ 2; eQn¡ 2i

= hx eQn¡ 1; eQn¡ 2i ¡ anheQn¡ 1; eQn¡ 2i ¡ bnheQn¡ 2; eQn¡ 2i

= hx eQn¡ 1; eQn¡ 2i ¡
heQn¡ 1; eQn¡ 1i

heQn¡ 2
eQn¡ 2i

heQn¡ 2; eQn¡ 2i

= heQn¡ 1; x eQn¡ 2i ¡ h eQn¡ 1; eQn¡ 1i

= heQn¡ 1; x eQn¡ 2 ¡ eQn¡ 1i

= 0;

where the last equation follows from that fact thatx eQn¡ 2 ¡ eQn¡ 1 2 Pn¡ 2: Let 0 · k · n ¡ 3
with n ¸ 3. We have again by the de¯nition of eQn and (1.49) that

heQn ; eQk i = h(x ¡ an ) eQn¡ 1 ¡ bn
eQn¡ 2; eQk i

= hx eQn¡ 1; eQk i ¡ anheQn¡ 1; eQk i ¡ bnheQn¡ 2; eQk i

= heQn¡ 1; x eQk i

= 0;

sincex eQk 2 Pk+1 µ Pn¡ 2. Therefore, (1.49) holds true withn ¡ 1 replaced byn. Part (1)
is thus proved.

(2) Note that eQn := (1 =®n )Qn 2 ePn . Thus, it follows from Part (1) and the de¯nition
of all an ; bn ; and An ; Bn ; Cn that

Qn (x) = ®n
eQn (x)

= ®n [(x ¡ an ) eQn¡ 1(x) ¡ bn
eQn¡ 2(x)]
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= ®n

·
(x ¡ an )

1
®n¡ 1

Qn¡ 1(x) ¡ bn
1

®n¡ 2
Qn¡ 2(x)

¸

=
µ

®n

®n¡ 1
x ¡

®nan

®n¡ 1

¶
Qn¡ 1(x) ¡

®nbn

®n¡ 2
Qn¡ 2(x)

= ( Anx + Bn )Qn¡ 1(x) ¡ CnQn¡ 2(x) 8n ¸ 2:

This is (1.48).

Example. ConsiderL2[¡ 1; 1]:

eQ0(x) = 1 :

a1 =
hx eQ0; eQ0i

heQ0; eQ0i
= 0;

eQ1(x) = x ¡ a1 = x:

a2 =
hx eQ1; eQ1i

heQ1; eQ1i
=

R1
¡ 1 x3dx

R1
¡ 1 x2dx

= 0;

b2 =
heQ1; eQ1i

heQ0; eQ0i
=

R1
¡ 1 x2dx
R1

¡ 1 1dx
=

1
3

;

eQ2(x) = ( x ¡ a2) eQ1(x) ¡ b2
eQ0(x) = x2 ¡

1
3

:

Thus, eQ0; eQ1; eQ2 are the orthogonal polynomials inL2[¡ 1; 1] that have leading coe±cient
1. Each of them di®ers by a constant multiplier from the corresponding one obtained in the
previous example using the Gram{Schmidt orthogonalization.

Theorem 1.24 (Zeros of orthogonal polynomials). Let Qn (n = 0; : : : ) be orthogonal
polynomials in L2

½(a; b). Then, for eachn ¸ 1, Qn has exactlyn simple roots in (a; b).

Proof. Fix an integer n ¸ 1. By the orthogonality,
Z b

a
½(x)Qn (x)dx = hQn ; 1i = 0:

Hence, Qn changes its sign in (a; b) at least once. If n = 1, this implies that Q1 has
exactly one root. Considern ¸ 2. SupposeQn changes its sign in (a; b) only k times with
1 · k · n ¡ 1 at x1; : : : ; xk with a < x 1 < ¢ ¢ ¢< x k < b: De¯ne

p(x) = ( x ¡ x1) ¢ ¢ ¢(x ¡ xk):

Clearly, p 2 Pk µ Pn¡ 1: Moreover, both Qn and p change their signs only atx1; : : : ; xk .
Thus,

hQn ; pi =
Z b

a
½(x)Qn (x)p(x)dx 6= 0:
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This contradicts the fact that hQn ; qi = 0 for any q 2 Pn¡ 1. Hence,k ¸ n. But Qn 2 Pn

can have at mostn roots. Thus, k = n, and Qn has exactlyn simple roots in (a; b).

Let Qn (n = 0; : : : ) be orthonormal polynomials inL2
½(a; b) and de¯ne for eachn ¸ 0

K n (x; t ) =
nX

k=0

Qk(x)Qk(t): (1.50)

We call K n : R £ R ! R the Dirichlet kernel associated with ¯rst n + 1 orthonormal
polynomials Q0; : : : ; Qn in L2

½(a; b). We have for anyf 2 L2
½(a; b) that

nX

k=0

hf; Q k i Qk(x) =
nX

k=0

Z b

a
½(t)f (t)Qk(t) dt Qk(x)

=
nX

k=0

Z b

a
½(t)f (t)Qk(t)Qk(x) dt

=
Z b

a
½(t)K n(x; t )f (t) dt

= hK n(x; ¢); f (¢)i :

It then follows from (1.43) in Theorem 1.19 that the least-squares approximation of f 2
L2

½(a; b) in Pn is given by
pn (x) = hK n(x; ¢); f (¢)i :

Theorem 1.25 (The Christo®el{Darboux identity). Let Qn (n = 0; 1; : : : ) be or-
thonormal polynomials inL2

½[a; b] and K n : R £ R ! R the Dirichlet kernel associated with
Q0; : : : ; Qn for eachn ¸ 0. Then,

K n(x; t ) =
®n

®n+1

Qn+1 (x)Qn (t) ¡ Qn+1 (t)Qn(x)
x ¡ t

8x; t 2 R with x 6= t; (1.51)

where®k is the leading coe±cient ofQk (k = 0; 1; : : : ).

The formula (1.51) is called theChristo®el{Darboux identity.

Proof of Theorem 1.25.By Theorem 1.23, the orthonormal polynomialsQn (n = 0; 1; : : : )
satisfy (1.48) with An = ®n=®n¡ 1 and Cn = An=An¡ 1, where®n is the leading coe±cient of
Qn . Therefore, for a ¯xedn ¸ 1,

A ¡ 1
k+1 [Qk+1 (x)Qk(t) ¡ Qk+1 (t)Qk(x)]

= A ¡ 1
k+1 [(Ak+1 x + Bk+1 )Qk(x) ¡ Ck+1 Qk¡ 1(x)] Qk(t)

¡ A ¡ 1
k+1 [(Ak+1 t + Bk+1 )Qk(t) ¡ Ck+1 Qk¡ 1(t)] Qk(x)

= ( x ¡ t)Qk(x)Qk(t) + A ¡ 1
k [Qk(x)Qk¡ 1(t) ¡ Qk(t)Qk¡ 1(x)] ; k = 1; : : : ; n:
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Summing over these, we obtain that

A ¡ 1
n+1 [Qn+1 (x)Qn (t) ¡ Qn+1 (t)Qn (x)]

= ( x ¡ t)
nX

k=1

Qk(x)Qk(t) + A ¡ 1
1 [Q1(x)Q0(t) ¡ Q1(t)Q0(x)]

= ( x ¡ t)
nX

k=1

Qk(x)Qk(t) + ( x ¡ t)Q0(x)Q0(t);

sinceQ0(x) = Q0(t) = ®0. This leads to (1.51) forn ¸ 2. For the casen = 0 or 1, one can
directly verify that (1.51) is true.

1.9 Legendre Polynomials

The Legendre polynomialsPn 2 Pn (n = 0; 1; : : : ) are the unique orthogonal polynomials
in L2(¡ 1; 1) that are normalized by

Pn (1) = 1 8n ¸ 0:

A convenient way to de¯ne these polynomials is to useRodrigues' formula:

Pn (x) =
1

2nn!
dn

dxn

£¡
x2 ¡ 1

¢n¤
; n = 0; 1; : : :

Clearly, for each integern ¸ 0, Pn is a polynomial of degree exactlyn. Moreover, if n is
even (odd), thenPn is an even (odd) polynomial, i.e., it only consists of even (odd) powers
of x. The ¯rst few of these polynomials are

P0(x) = 1 ;

P1(x) = x;

P2(x) =
3
2

x2 ¡
1
2

;

P3(x) =
5
2

x3 ¡
3
2

x;

P4(x) =
35
8

x4 ¡
15
4

x2 +
3
8

:

We summarize in the following theorem some of the important properties of Legendre
polynomials:

Theorem 1.26 (Properties of Legendre polynomials).
(1) Orthogonality.

Z 1

¡ 1
Pm (x)Pn (x) dx =

½
0 if m 6= n;
2=(2n + 1) if m = n:

(1.52)
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(2) Recurrence.

:P0(x) = 1 ;

P1(x) = x;

(n + 1) Pn+1 (x) ¡ (2n + 1) xPn (x) + nPn¡ 1(x) = 0 ; n = 1; 2; : : : (1.53)

(3) Zeros. For eachn ¸ 1, Pn hasn simple roots in (¡ 1; 1).
(4) The least-squares approximation.For eachn ¸ 1; ePn := [2n (n!)2=(2n)!]Pn 2 Pn is the

unique polynomial inePn such that

k ePnkL 2 (¡ 1;1) =
2n (n!)2

(2n)!

r
2

2n + 1
= min

~pn 2 ePn

k~pnkL 2 (¡ 1;1):

(5) Normalization. For eachn ¸ 0,

Pn (1) = ( ¡ 1)nPn (¡ 1) = 1:

(6) Di®erential equation. For all n ¸ 0,

(1 ¡ x2)P00
n (x) ¡ 2xP 0

n (x) + n(n + 1) Pn (x) = 0 : (1.54)

(7) The generating function. For any x 2 [¡ 1; 1], the valuesPn (x) (n = 0; 1; : : : ) are the
coe±cients of the Maclaurin series

1
p

1 ¡ 2tx + t2
=

1X

n=0

Pn (x)tn 8t 2 (¡ 1; 1):

Proof. We only prove Parts (1){(6). The proof of Part (7) can be foundin [9].
(1) Let m; n be non-negative integers. If one of them is 0, then it is clear that (1.52)

holds true. Assume 1· m · n. Let Ák(x) = ( x2 ¡ 1)k for any integer k ¸ 0. Then,
Pk = [1=(2kk!)]Á(k)

k . By integration by parts, we thus have

Z 1

¡ 1
Á(m)

m (x)Á(n)
n (x) dx = Á(m)

m (x)Á(n¡ 1)
n (x)

¯
¯x=1

x= ¡ 1
¡

Z 1

¡ 1
Á(m+1)

m (x)Á(n¡ 1)
n (x) dx

= ¡
Z 1

¡ 1
Á(m+1)

m (x)Á(n¡ 1)
n (x) dx

= ¡ Á(m+1)
m (x)Á(n¡ 2)

n (x)
¯
¯x=1

x= ¡ 1
+ ( ¡ 1)2

Z 1

¡ 1
Á(m+2)

m (x)Á(n¡ 2)
n (x) dx

= ¢ ¢ ¢

= ( ¡ 1)m
Z 1

¡ 1
Á(2m)

m (x)Á(n¡ m)
n (x) dx
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= ( ¡ 1)m (2m)!
Z 1

¡ 1
Á(n¡ m)

n (x) dx:

This is 0 if m < n . For m = n ¸ 1, we have by the change of variablex = cosµ that
Z 1

¡ 1

£
Á(n)

n (x)
¤2

dx = ( ¡ 1)n (2n)!
Z 1

¡ 1
(x2 ¡ 1)ndx

= 2(2n)!
Z 1

0
(1 ¡ x2)ndx

= 2(2n)!
Z ¼=2

0
(sin µ)2n+1 dµ

=
2(2n)!(2n)!!
(2n + 1)!!

:

This leads to
Z 1

¡ 1
[Pn (x)]2 dx =

1
22n (n!)2

Z 1

¡ 1

£
Á(n)

n (x)
¤2

dx

=
2(2n)!(2n)!!

22n (n!)2(2n + 1)!!

=
2

2n + 1
:

(2) Let ePn 2 ePn (n = 0; 1; : : : ) be the unique orthogonal polynomials each with leading
coe±cient 1 in L2(¡ 1; 1). By Theorem 1.23, we have

ePn (x) = ( x ¡ an ) ePn¡ 1(x) ¡ bn
ePn¡ 2(x); n = 2; 3; : : : ; (1.55)

where

an =

R1
¡ 1 x[ ePn¡ 1(x)]2dx
R1

¡ 1[ ePn¡ 1(x)]2dx
; n = 1; 2; : : : ;

bn =

R1
¡ 1[ ePn¡ 1(x)]2 dx

R1
¡ 1[ ePn¡ 2(x)]2dx

n = 2; 3; : : : :

By Corollary 1.22, ePn and Pn di®er only by a constant. Comparing their leading coe±cients,
we have

ePn =
2n (n!)2

(2n)!
Pn ; n = 0; 1; : : : (1.56)

In particular, ePn 2 ePn is even (odd) asPn if n is even (odd). Hence, the functionx[ ePn¡ 1]2

is an odd function, and its integral over (¡ 1; 1) vanishes. Therefore, allan = 0. By (1.56)
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and (1.52),

bn =
(n ¡ 1)2

R1
¡ 1[Pn¡ 1(x)]2 dx

(2n ¡ 3)2
R1

¡ 1[Pn¡ 2(x)]2dx
=

(n ¡ 1)2

(2n ¡ 1)(2n ¡ 3)
; n = 2; 3; : : :

Consequently, we have by (1.55) withn replaced byn + 1 that

ePn+1 (x) = x ePn (x) ¡
n2

4n2 ¡ 1
ePn¡ 1(x); n = 2; 3; : : :

This, together with (1.56), leads to (1.53).
(3) This follows from Theorem 1.24.
(4) This follows from Theorem 1.21 and (1.52).
(5) The fact that Pn (1) = 1 follows from the three-term recurrence (1.53) with argument

of induction. SincePn is an even (odd) function ifn is even (odd),Pn (¡ 1) = ( ¡ 1)nPn (1) =
(¡ 1)n .

(6) For n = 1, (1.54) is clearly true. We thus assume thatn ¸ 2. Let q 2 Pn¡ 1. By
integration by parts and the fact that Pn is orthogonal to all polynomials inPn¡ 1, we have

Z 1

¡ 1

£
(1 ¡ x2)P0

n (x)
¤0

q(x) dx = ¡
Z 1

¡ 1
(1 ¡ x2)P0

n (x)q0(x) dx

=
Z 1

¡ 1

£
(1 ¡ x2)q0(x)

¤0
Pn (x) dx

= 0:

Therefore, ((1¡ x2)P0
n (x))0 is orthogonal to all polynomials inPn¡ 1. It thus follows from

Corollary 1.22 that

®nPn (x) = ((1 ¡ x2)P0
n (x))0 = (1 ¡ x2)P00

n (x) ¡ 2xP 0
n (x):

Let cn be the leading coe±cient ofPn . We have

((1 ¡ x2)P0
n (x))0 = cn

£
(1 ¡ x2)P00

n (x) ¡ 2xP 0
n (x)

¤

= cn
©

(1 ¡ x2)
£
n(n ¡ 1)xn¡ 2 + ¢ ¢ ¢

¤
¡ 2x(nxn¡ 1 + ¢ ¢ ¢)

ª

= cnn(n + 1)( xn + ¢ ¢ ¢):

These two equations imply (1.54) forn ¸ 2.

Exercises

1. Let Bn f 2 Pn (n = 0; 1; : : : ) be the Bernstein polynomials off 2 C[0; 1].
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(a) Let f 0(x) = 1, f 1(x) = 1, and f 2(x) = x2. Show that

Bn f 0(x) = 1 ; Bn f 1(x) = x; B n f 2(x) =
n ¡ 1

n
x2 +

1
n

x; 8x 2 [0; 1]:

(b) In general, isBn f 2 Pn the best uniform approximation off 2 C[0; 1] in Pn on
[0; 1]?

2. Let Bn f 2 Pn (n = 0; 1; : : : ) be the Bernstein polynomials off 2 C[0; 1]. Prove the
following:
(1) k(Bn f )0¡ f 0kC[a;b] ! 0 asn ! 1 for any f 2 C1[0; 1];
(2) Let k ¸ 1 be any integer. Thenk(Bn f )(j ) ¡ f (j )kC[0;1] ! 0 asn ! 1 for any

f 2 Ck [0; 1] and j 2 f 1; : : : ; kg:
3. Let 0 < a < b < 1 and f 2 C[a; b]. Show that there exist a sequence of polynomials

with integer coe±cients that converge tof in the C[a; b]-norm.
4. Denotekf k = kf kC[a;b]. Show that for any f; g 2 C[a; b]

kf + gk · k f k + kgk and
¯
¯kf k ¡ k gk

¯
¯ · k f ¡ gk:

5. Prove Theorem 1.4.
6. Prove Proposition 1.5.
7. Let n ¸ 0 be an integer anda; b two real numbers with a < b. De¯ne

F (c) = max
a· x· b

¯
¯
¯
¯
¯

nX

k=0

ckxk

¯
¯
¯
¯
¯

8c = ( c0; : : : ; cn ) 2 Rn+1 :

Show that F : Rn+1 ! R is a continuous function.
8. Let k ¸ 1 be an integer andf 2 Ck [a; b]. Show that, for any ² > 0, there existsp 2 P

such that

kf ¡ pkC[a;b] < ²; kf 0¡ p0kC[a;b] < ²; : : : ; kf (k) ¡ p(k)kC[a;b] < ²:

9. Let f 2 C[a; b] but f 62P. Show that there exits no polynomialp 2 P such that

kf ¡ pkC[a;b] · k f ¡ qkC[a;b] 8q 2 P:

10. Let x0; : : : ; xn be n + 1 distinct points in [ a; b]. Let f 2 C[a; b]. Does there exist a
unique p 2 Pm such that

max
0· j · n

jf (x j ) ¡ p(x j )j · max
0· j · n

jf (x j ) ¡ q(x j )j 8q 2 Pm?

Discuss the cases 0· m < n , m = n, and m > n .
11. Let f 1; : : : ; f n be n linearly independent functions inC[a; b]. Let f 2 C[a; b]. Show

that there exists p 2 Spanf f 1; : : : ; f ng such that

kf ¡ pkC[a;b] · k f ¡ qkC[a;b] 8q 2 Spanf f 1; : : : ; f ng:

Discuss the uniqueness of such an approximation.
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12. Let f 2 C[a; b] and qn 2 Pn for some integern ¸ 0. Supposepn 2 Pn is the best
uniform approximation of f in Pn . Prove that pn+ qn is the best uniform approximation
of f + qn in Pn .

13. Let c > 0. Let f 2 C[¡ c; c] be an even (odd) function. Show that the best uniform
approximation of f in Pn for an integern ¸ 0 is also an even (odd) function.

14. Show thatp1(x) = x ¡ 1=8 is the best uniform approximation off (x) = x2 in P1 on
[0; 1].

15. Let f (x) = x4 (0 · x · 1). Find the best uniform approximation off in P1 on [0; 1].
16. Find the best uniform approximation ofxn+2 in Pn with respect to theC[¡ 1; 1]-norm.
17. Let f 2 C[a; b] but f 62Pn for some integern ¸ 0. Let p 2 Pn be the best uniform

approximation of f in Pn on [a; b]. Can there exist a sequence of strictly increasing
points f xkg1

k=1 in [a; b] such that

jf (xk) ¡ p(xk)j = kf ¡ pkC[a;b] 8k ¸ 1?

or such that
f (xk) ¡ p(xk) = ( ¡ 1)kkf ¡ pkC[a;b] 8k ¸ 1?

18. Let n ¸ 1 be an integer. Denote bŷTn the set of all functions

T̂(x) = a0 +
nX

k=1

¡
ak coskx + bk sinkx

¢

with a0; a1; : : : ; an and b1; : : : ; bn all real numbers.
(1) Show that Tn ¶ T̂n .
(2) Snow that T2 6= T̂2:

19. Show that any nonzero trigonometric polynomial of degree less than or equal ton can
have at most 2n zeros in [0; 2¼).

20. Prove the Second Weierstrass Approximation Theorem by the First Weierstrass Ap-
proximation Theorem.

21. Show that the best uniform approximation of an even (odd) function f 2 C2¼ in Tn is
also an even (odd) function.

22. Given any functiong on [a; b], de¯ne

g¤(µ) = g
µ

(b¡ a)cosµ+ ( a + b)
2

¶
8µ 2 (¡1 ; 1 ):

Let f 2 C[a; b] and n ¸ 0 be an integer. Letp 2 Pn and T 2 Tn satisfy, respectively,

kf ¡ pkC[a;b] = En (f ) := min
q2 Pn

kf ¡ qkC[a;b]

and
kf ¤ ¡ TkC2¼ = E ¤

n (f ¤) := min
S2 Tn

kf ¤ ¡ SkC2¼:

Show that En (f ) = E ¤
n (f ¤) and that T = p¤.
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23. Let f 2 C[a; b]. Let ! f be the modulus of continuity of f over [a; b]. Show for any
integer k ¸ 1 that

! f (k±) · k! f (±)

and for any ¸ > 0 that
! f (¸± ) · (¸ + 1) ! f (±):

24. Let f 2 C(¡1 ; 1 ). De¯ne for any ± > 0

Rf (±) =
1
±

Z x+ ±
2

x¡ ±
2

f (t) dt:

Show that

jf (x) ¡ Rf (±)(x)j · ! f

µ
±
2

¶
8x 2 (¡1 ; 1 ); ± > 0;

where! f (±) is the modulus of continuity of f .
25. Show that there exists a constantK = K (a; b) > 0 independent off such that

En (f ) ·
K
n

En¡ 1(f 0) 8f 2 C1[a; b]; 8n ¸ 1;

where for any integerk ¸ 0

Ek(f ) = min
q2 Pk

kf ¡ qkC[a;b]:

Let f 2 Cp[a; b] for some integerp ¸ 1. Show that there exists a constantK =
K (a; b; p) > 0 independent off such that

En (f ) ·
K kf (p)kC[a;b]

np
8n ¸ p:

26. Show that
2
¼

<
sint

t
< 1 8t 2

³
0;

¼
2

´
:

27. Let f 2 C2¼. Let

ak =
1
¼

Z ¼

¡ ¼
f (x) coskx dx and bk =

1
¼

Z ¼

¡ ¼
f (x) sinkx dx

be the Fourier coe±cients off . Let

Sn f (x) =
a0

2
+

nX

k=1

(ak coskx + bk sinkx)

be the partial sum of the Fourier series off for any integer n ¸ 1.
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(a) Show that

Sn f (x) =
1
¼

Z ¼

¡ ¼
f (t + x)

sin
¡
n + 1

2

¢
t

2 sin t
2

dt

and that
kSn f kC2¼ · ¸ nkf kC2¼;

where

¸ n =
1
¼

Z ¼

¡ ¼

¯
¯
¯
¯
¯
sin

¡
n + 1

2

¢
t

2 sin t
2

¯
¯
¯
¯
¯

dt:

(b) Show that
kf ¡ Sn f kC2¼ · (1 + ¸ n )E ¤

n (f );

where
E ¤

n (f ) = min
T 2 Tn

kf ¡ TkC2¼:

Show also that
4 logn

¼2
< ¸ n < 2 + log n:

(c) Show that
kf ¡ Sn f kC2¼ · (3 + log n)E ¤

n (f ):

28. Prove that
Tm (Tn (x)) = Tmn (x) 8m; n ¸ 0:

29. Prove that Z 1

¡ 1
[Tn (x)]2 = 1 ¡

1
4n2 ¡ 1

8n ¸ 0:

30. CalculateT0
n (§ 1) for any integern ¸ 0.

31. (Chebyshev) Letn ¸ 0 be an integer andTn the nth Chebyshev polynomial of ¯rst
kind. Let P 2 Pn satisfy that jP(x)j · 1 for all x 2 [¡ 1; 1]. Show that

jP(y)j · j Tn (y)j 8y 62[¡ 1; 1]:

32. Prove the following properties of the Chebyshev Polynomials of second kind

Un (x) =
sin(n + 1) µ

sinµ
; n = 0; 1; : : : ;

wherex = cosµ (µ 2 [0; ¼]):
(a) Recursion formula.

U0(x) = 1 ; U1(x) = 2 x;

Un+1 (x) = 2 xUn (x) ¡ Un¡ 1(x); n = 1; 2; : : : ;
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(b) Orthogonality.
Z 1

¡ 1

p
1 ¡ x2Um (x)Un (x)dx =

½
0 if m 6= n;
¼=2 if m = n;

(c) Di®erential equations.
¡
1 ¡ x2

¢
U00

n (x) ¡ 3xU0
n (x) + n(n + 2) Un (x) = 0 n = 0; 1; : : : ;

(d) Relations with the Chebyshev polynomials of ¯rst kind.

nUn¡ 1(x) = T0
n (x); n = 1; 2; : : : ;

Un (x) = xUn¡ 1(x) + Tn (x); n = 1; 2; : : : ;

(e) For each n ¸ 0, Un is a polynomial of degreen with leading coe±cient 2n .
Moreover, if n is even (odd), thenUn is an even (odd) polynomial.

33. De¯ne Â(x) = ¡ 1 if ¡ 1 · x < 0 and Â(x) = 1 if 0 · x · 1.
(a) Show that

inf
f 2 C[¡ 1;1]

sup
¡ 1· x· 1

jf (x) ¡ Â(x)j = 1;

and that there exist in¯nitely many f 2 C[¡ 1; 1] such that

sup
¡ 1· x· 1

jf (x) ¡ Â(x)j = 1:

(b) Show that

inf
f 2 C[¡ 1;1]

Z 1

¡ 1
jf (x) ¡ Â(x)j2dx = 0;

and that there exists nof 2 C[¡ 1; 1] such that
Z 1

¡ 1
jf (x) ¡ Â(x)j2dx = 0:

34. Let S be an inner product space and de¯nekf k =
p

hf; f i for any f 2 S. Prove the
following.
(a) Triangle inequality.

kf + gk · k f k + kgk 8f; g 2 S:

(b) The Pythagoras Law.For any f; g 2 S,

kf + gk2 = kf k2 + kgk2 if and only if hf; g i = 0:

(c) Parallelogram Law.

kf + gk2 + kf ¡ gk2 = 2kf k2 + 2kgk2 8f; g 2 S:
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35. Show that
Z 1

0
jf (x)j dx ·

s Z 1

0
jf (x)j2dx 8f 2 C[0; 1]:

36. Let f 1; : : : ; f n be n elements in an inner product spaceS. Prove that f 1; : : : ; f n are
linearly independent if and only if the Gram matrix

G(f 1; : : : ; f n ) := ( hf i ; f j i ) 2 Rn£ n

is symmetric positive de¯nite.
37. Let S be an inner product space. Letf 1; : : : ; f n be n linearly independent vectors in

S and Sn = Spanf f 1; : : : ; f ng. Let f 2 S. Prove the following:
(a) There exists a uniquep 2 Sn such that

kf ¡ pk = min
q2 Sn

kf ¡ qk:

This p is called theleast-squares approximationof f in Sn ;
(b) The least-squares approximationp 2 Sn of f is characterized by

hf ¡ p; qi = 0 8q 2 Sn ;

(c) The error of the least-squares approximation is given by

kf ¡ pk2 = kf k2 ¡ k pk2:

38. Let f f 1; : : : ; f ng be an orthonormal system in an inner product spaceS. Let Sn =
Spanf f 1; : : : ; f ng. Prove the following.
(a) The vectors f 1; : : : ; f n are linearly independent.
(b) Any q 2 Sn has the unique expression

q =
nX

k=1

hq; fk i f k :

Moreover,

kqk2 =
nX

k=1

hq; fk i 2:

(c) The least squares approximation of a givenf 2 S in Sn is given by

p =
nX

k=1

hf; f k i f k :

Moreover,

kf ¡ pk2 = kf k2 ¡
nX

k=1

hf; f k i 2:
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39. Let f f ng1
n=1 be an orthonormal system of an inner product spaceS. Prove the Bessel

inequality
1X

n=1

hf; f n i 2 · k f k2 8f 2 S:

40. Find the least-squares approximation off (x) = x3 in P1 over [¡ 1; 1].
41. Find the least-squares approximation off (x) = x4 in P1 over [0; 1].
42. Let p(x) =

P n
k=0 akxk 2 Pn be the least squares approximation of a givenf 2 C[0; 1]

over [0; 1]. Find the coe±cient matrix of the linear system that determinesa0; : : : ; an .
43. Let f 2 C[a; b] and de¯ne

¹ n (f ) =
Z b

a
xn f (x) dx; n = 0; 1; : : :

Show that f (x) = 0 for all x 2 [a; b] if and only ¹ n (f ) = 0 for all n = 0; 1; : : :
44. Let

Pn (x) =
1

2nn!
dn

dxn

£¡
x2 ¡ 1

¢n¤
; n = 0; 1; : : :

be the Legendre polynomials.
(a) Let n ¸ 1. Prove directly by Rolle's Theorem thatPn has n simple roots in

(¡ 1; 1).
(b) Let r ¸ 1 be an integer. Show that the sequence of corresponding derivatives

f P (r )
n g1

n= r is orthogonal with respect to the weight function (1¡ x2)r , i.e.,
Z 1

¡ 1
P (r )

m (x)P (r )
n (x)(1 ¡ x2)r dx = 0 if m 6= n:

45. Let n ¸ 0 be an integer andPn be de¯ned as in the previous problem.
(a) Show that P0

n+1 hasn distinct roots »1; : : : ; »n in (¡ 1; 1).
(b) Show that

d
dx

"

xn+1 ¡
nX

k=0

µ Z 1

¡ 1
tn+1 Pk(t) dt

¶
Pk(x)

#

vanishes at these points»1; : : : ; »n .
46. Let f Qng1

n=0 be an orthonormal system of polynomials inL2
½(a; b). Prove for anyn ¸ 0

the identity

nX

k=0

[Qn (x)]2 =
®n

®n+1

£
Q0

n+1 (x)Qn (x) ¡ Q0
n (x)Qn+1 (x)

¤
;

where®k is the leading coe±cient ofQk (k = 0; : : : ).
47. Let f Qng1

n=0 be an orthogonal system of polynomials inL2
½(a; b). Let n ¸ 1. Prove

that the zeros ofQn and that of Qn+1 alternate.
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Chapter 2

Polynomial Interpolation

2.1 Lagrange Interpolation

Let n ¸ 0 be an integer,x0; : : : ; xn distinct points in a ¯nite interval [ a; b], andy0; : : : ; yn 2 R.

De¯nition 2.1 (Larange interpolation). A Lagrange interpolation polynomial, or La-
grange interpolant, that interpolates y0; : : : ; yn at x0; : : : ; xn is a polynomial pn 2 Pn such
that

pn (x i ) = yi ; i = 0; : : : ; n: (2.1)

The pointsx0; : : : ; xn are called theinterpolation points. In the caseyi = f (x i ) ( i = 0; : : : ; n)
for some function f : [a; b] ! R, pn is also called a Lagrange interpolation polynomial, or
Lagrange interpolant, off at x0; : : : ; xn .

Theorem 2.2 (Existence and uniqueness of Lagrange interpol ation). There exists
a unique Lagrange interpolation polynomial that interpolates y0; : : : ; yn at x0; : : : ; xn .

Proof. If n = 0, then the unique p0 2 P0 is given by p0(x) = y0. Let n ¸ 1. Consider a
general polynomial inPn

pn (x) = a0 + a1x + ¢ ¢ ¢+ anxn ;

whereai 2 R (i = 0; : : : ; n): Eq. (2.1) is equivalent to the system of linear equations of the
unknownsa0; : : : ; an

a0 + a1x i + ¢ ¢ ¢+ anxn
i = yi ; i = 0; : : : ; n: (2.2)

The determinant of the coe±cient matrix of this linear system isthe Vandermonde deter-
minant

V(x0; x1; : : : ; xn ) =

¯
¯
¯
¯
¯
¯
¯
¯

1 x0 x2
0 : : : xn

0
1 x1 x2

1 : : : xn
1

: : : : : : : : : : : : : : :
1 xn xn : : : xn

n

¯
¯
¯
¯
¯
¯
¯
¯

=
Y

0· i<j · n

(x j ¡ x i ):
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This is nonzero, sincex0; : : : ; xn are distinct. Therefore, (2.2) has a unique solution. This
implies the desired existence and uniqueness.

For n ¸ 1, we de¯ne

l i (x) =
(x ¡ x0) ¢ ¢ ¢(x ¡ x i ¡ 1)(x ¡ x i +1 ) ¢ ¢ ¢(x ¡ xn )

(x i ¡ x0) ¢ ¢ ¢(x i ¡ x i ¡ 1)(x i ¡ x i +1 ) ¢ ¢ ¢(x i ¡ xn )

=
nY

j =0
j 6= i

x ¡ x j

x i ¡ x j
; i = 0; : : : ; n: (2.3)

Clearly, eachl i 2 Pn has the degree exactlyn. Moreover,

l i (x j ) = ±ij ; i; j = 0; : : : ; n: (2.4)

If n = 0, we de¯ne l0(x) = 1.

Theorem 2.3 (Lagrange's formula of Lagrange interpolation ). The unique Lagrange
interpolation polynomial pn 2 Pn that interpolatesy0; : : : ; yn at x0; : : : ; xn is given by

pn (x) = y0l0(x) + y1l1(x) + ¢ ¢ ¢+ yn ln (x) =
nX

i =0

yi l i (x): (2.5)

Proof. Let pn be given by (2.5). Clearly,pn 2 Pn . Moreover, by (2.4),

pn (x j ) =
nX

i =0

yi l i (x j ) =
nX

i =0

yi ±ij = yj ; j = 0; : : : ; n:

Thus, pn is the Lagrange interpolation polynomial inPn .

The formula (2.1) is calledLagrange's formulaof the Lagrange interpolation.

Example. Find the Lagrange interpolation polynomial p2 2 P2 that interpolates y0 =
¡ 1; y1 = 3; y2 = 2 at x0 = 0; x1 = 1; x2 = 2:

We ¯rst calculate the polynomials l0, l1, and l2 associated with the pointsx0; x1, and
x2.

l0(x) =
(x ¡ x1)(x ¡ x2)

(x0 ¡ x1)(x0 ¡ x2)
=

(x ¡ 1)(x ¡ 2)
(0 ¡ 1)(0 ¡ 2)

=
1
2

x2 ¡
3
2

x + 1;

l1(x) =
(x ¡ x0)(x ¡ x2)

(x1 ¡ x0)(x1 ¡ x2)
=

(x ¡ 0)(x ¡ 2)
(1 ¡ 0)(1 ¡ 2)

= ¡ x2 + 2x;

l2(x) =
(x ¡ x0)(x ¡ x1)

(x2 ¡ x0)(x2 ¡ x1)
=

(x ¡ 0)(x ¡ 1)
(2 ¡ 0)(2 ¡ 1)

=
1
2

x2 ¡
1
2

:
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We have now by Lagrange's formula (2.1) that

p2(x) = y0l0(x) + y1l1(x) + y2l2(x)

= ( ¡ 1)
µ

1
2

x2 ¡
3
2

x + 1
¶

+ 3
¡
¡ x2 + 2x

¢
+ 2

µ
1
2

x2 ¡
1
2

¶

= ¡
5
2

x2 +
13
2

x ¡ 1:

We can check that

p2(0) = ¡
5
2

¢02 +
13
2

¢0 ¡ 1 = ¡ 1;

p2(1) = ¡
5
2

¢12 +
13
2

¢1 ¡ 1 = 3;

p2(2) = ¡
5
2

¢22 +
13
2

¢2 ¡ 1 = 2:

The polynomials l0; : : : ; ln de¯ned in (2.3) are called theLagrange basis polynomials
associated with then +1 distinct points x0; : : : ; xn . The word \basis" is justi¯ed in the ¯rst
part of the following proposition:

Proposition 2.4. (1) The polynomialsl0; : : : ; ln de¯ned in (2.3) form a basis ofPn .
(2) For any pn 2 Pn ,

nX

i =0

pn (x i )l i (x) = pn (x) 8x 2 R; (2.6)

nX

i =0

pn (x ¡ x i )l i (x) = pn (0) 8x 2 R: (2.7)

Proof. (1) Let c0; : : : ; cn 2 R satisfy
P n

i =0 ci l i = 0 in Pn , i.e.,
P n

i =0 ci l i (x) = 0 for all x 2 R:
Setting x = x j for an arbitrary j with 0 · j · n, we obtain by (2.4) that cj = 0. Thus,
l0; : : : ; ln are linearly independent inPn , and form a basis ofPn , since dimPn = n + 1.

(2) Let qn (x) denote the left-hand side of the identity in (2.6). Clearly,qn 2 Pn . More-
over, it follows from (2.4) that qn (x j ) = pn (x j ) for all j = 0; : : : ; n. Thus, the polynomial
pn ¡ qn 2 Pn vanishes atn +1 distinct points. Since any nonzero polynomial inPn can have
at most n zeros,qn (x) ¡ pn (x) must be identically zero. This proves (2.6).

To prove (2.7), we ¯x an arbitrary x 2 R. Notice that pn (x ¡ ¢ ) 2 Pn . Thus, by (2.6),

nX

i =0

pn (x ¡ x i )l i (t) = pn (x ¡ t) 8t 2 R:

Setting t = x, we obtain (2.7).
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For any f 2 C[a; b], we denote byLn f 2 Pn the Lagrange interpolation polynomial that
interpolates f at x0; : : : ; xn . We call Ln : C[a; b] ! Pn the Lagrange interpolation operator,
or simply Lagrange interpolator, associated with then + 1 distinct points x0; : : : ; xn 2 [a; b].

Proposition 2.5. (1) Each Ln : C[a; b] ! Pn is a linear operator.
(2) Ln f = f for any f 2 Pn .

Proof. (1) This follows from Lagrange's formula (2.5).
(2) This follows from (2.5) and (2.6).

For eachk ¸ 1, we denote byCk [a; b] the set of functionsf : [a; b] ! R that have all
the continuous derivativesf (j ) on [a; b] for 1 · j · k. The derivatives at the end-points
a and b are the one-sided derivatives, and the continuity ata and b is also one-sided. For
convenience, we denoteC0[a; b] = C[a; b].

Theorem 2.6 (The remainder of Lagrange interpolation). Let x0; : : : ; xn be n + 1
distinct points in [a; b]. Let f 2 Cn+1 [a; b] and Ln f 2 Pn be the Lagrange interpolant off
at x0; : : : ; xn . Then for any x 2 [a; b] there exists»(x) 2 [a; b] such that

f (x) ¡ (Ln f )(x) =
f (n+1) (»(x))

(n + 1)!
(x ¡ x0) ¢ ¢ ¢(x ¡ xn ) 8x 2 [a; b]: (2.8)

Proof. Let x 2 [a; b]. If x = x i for somei with 0 · i · n, then (2.8) holds true for any
»(x) 2 [a; b]. Assume thatx 6= x i (0 · i · n). Let ! (t) =

Q n
i =0 (t ¡ x i ) and de¯ne

Á(t) = f (t) ¡ (Ln f )( t) ¡ ¸! (t);

where¸ 2 R is so chosen thatÁ(x) = 0, i.e.,

¸ =
f (x) ¡ (Ln f )(x)

! (t)
: (2.9)

Clearly Á 2 Cn+1 [a; b]. Moreover, Á = 0 at the n + 2 distinct points x; x0; : : : ; xn in [a; b].
Thus, by Rolle's Theorem,

Á0 = 0 at n + 1 distinct points in [ a; b];

Á00= 0 at n distinct points in [a; b];

: : :

Á(n) = 0 at 2 distinct points in [ a; b]:

Finally, there exists »(x) 2 [a; b] such that Á(n+1) (»(x)) = 0 : By the de¯nition of Á, we have

Á(n+1) (t) = f (n+1) (t) ¡ ¸ (n + 1)!

Hence,
Á(n+1) (»(x)) = f (n+1) (»(x)) ¡ ¸ (n + 1)! = 0

This, together with (2.9), implies (2.8).
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Consider now the special case [a; b] = [ ¡ 1; 1]. Let f 2 Cn+1 [¡ 1; 1]. By the above
theorem, we have

jf (x) ¡ (Ln f )(x)j ·
1

(n + 1)!

µ
max
a· x· b

jf (n+1) (x)j
¶

j! (x)j 8x 2 [¡ 1; 1]; (2.10)

whereLn : C[¡ 1; 1] ! Pn is the Lagrange interpolator associated with a given set ofn + 1
distinct points x0; : : : ; xn in [¡ 1; 1] and ! (x) =

Q n
k=0 (x ¡ xk).

In order to minimize the error f ¡ Ln f for all f 2 Cn+1 [¡ 1; 1] with respect to the
C[¡ 1; 1]-norm, we choosex0; : : : ; xn 2 [¡ 1; 1] to minimize the C[¡ 1; 1]-norm of ! . Since
! 2 ePn , it follows from Theorem 1.10 on properties of Chebyshev polynomials that the
optimal choice of! is the rescaled Chebyshev polynomial:

! (x) = eTn+1 (x) = 2 ¡ nTn+1 (x) 8x 2 [¡ 1; 1]: (2.11)

In particular, the unique set of optimal interpolation points are the roots of Chebyshev
polynomials Tn+1 :

xk = cos
(2k + 1) ¼
2(n + 1)

; k = 0; : : : ; n:

Moreover,
k! kC[¡ 1;1] = k eTn+1 kC[¡ 1;1] = k2¡ nTn+1 kC[¡ 1;1] = 2 ¡ n : (2.12)

Therefore, with such a choice of interpolation points, we havethe error estimate

kf ¡ Ln f kC[¡ 1;1] ·
1

2n (n + 1)!
kf (n+1) k 8f 2 Cn+1 [¡ 1; 1]: (2.13)

If we set f = eTn+1 , then the unique Lagrange interpolation polynomial inPn of f at all the
roots of Tn+1 is the zero polynomial. By (2.12), the equality in (2.13) holds true. Hence,
the error estimate (2.13) is optimal.

Now consider the interpolation error in theL2
½(a; b)-norm for some weight function½on

[a; b]. Let f 2 Cn+1 [a; b]. By (2.10), we have

kf ¡ Ln f kL 2
½(a;b) ·

1
(n + 1)!

kf (n+1) kC[a;b]k! kL 2
½(a;b) ; (2.14)

where againLn : C[a; b] ! Pn is the Lagrange interpolator associated with a given set
of n + 1 distinct points x0; : : : ; xn 2 [a; b] and ! (x) =

Q n
k=0 (x ¡ xk). By Theorem 1.21,

the unique set of optimal interpolation pointsx0; : : : ; xn are the n + 1 distinct roots of the
(n + 1)st orthogonal polynomial Qn+1 2 ePn+1 in L2

½(a; b) i.e., ! = Qn+1 . Thus, it follows
from (2.14) that

kf ¡ Ln f kL 2
½(a;b) ·

1
(n + 1)!

kf (n+1) kC[a;b]kQn+1 kL 2
½(a;b) 8f 2 Cn+1 [a; b]:

45



Taking f = Qn+1 , we haveLn f = 0. Hence, this estimate is optimal.
In the special case [a; b] = [ ¡ 1; 1] and ½(x) = 1 =

p
1 ¡ x2, we see from Theorem 1.10

that the unique set of optimal interpolation points in [¡ 1; 1] are the zeros of Chebyshev
polynomial Tn+1 and that ! = 2 ¡ nTn+1 : By (1.28), we have

k! kL 2
½(¡ 1;1) = k2n+1 Tn+1 kL 2

½(¡ 1;1) =
p

¼
2n+1 =2

:

Therefore, we have the optimal estimate

kf ¡ Ln f kL 2
½(¡ 1;1) ·

p
¼

2n+1 =2(n + 1)!
kf (n+1) kC[¡ 1;1] 8f 2 Cn+1 [¡ 1; 1]:

In the special case [a; b] = [ ¡ 1; 1] and ½(x) = 1, the unique set of optimal interpolation
points in [¡ 1; 1] are the zeros of Legendre polynomialPn+1 and that ! = [2n (n!)2=(2n)!]Pn+1 :
By (1.52), we have

k! kL 2 (¡ 1;1) =
2n (n!)2

(2n)!

r
2

2n + 1
:

Therefore, we have the optimal estimate

kf ¡ Ln f kL 2
½(¡ 1;1) ·

2nn!
(n + 1)(2 n)!

r
2

2n + 1
kf (n+1) kC[¡ 1;1] 8f 2 Cn+1 [¡ 1; 1]:

2.2 Newton's Formula and Divided Di®erences

Supposepk 2 Pk is the Lagrange interpolation polynomial that interpolates f 0; : : : ; f k at
x0; : : : ; xk . Consider adding one more interpolation pointxk+1 2 R that is di®erent from
all x0; : : : ; xk , and adding one more valuef k+1 2 R. Let pk+1 2 Pk+1 be the Lagrange
interpolation polynomial pk+1 2 Pk+1 that interpolates f 0; : : : ; f k ; and f k+1 at x0; : : : ; xk ;
and xk+1 . Since pk(x i ) = pk+1 (x i ) = f i for i = 0; : : : ; k, we see that the polynomial
pk+1 ¡ pk 2 Pk+1 vanishes atx0; : : : ; xk : Hence, it must have the form

pk+1 (x) ¡ pk(x) = dk+1 (x ¡ x0) ¢ ¢ ¢(x ¡ xk)

for somedk+1 2 R. The condition that pk+1 (xk+1 ) = f k+1 determines uniquely that

dk+1 =
f k+1 ¡ pk(xk+1 )

(xk+1 ¡ x0) : : : (xk+1 ¡ xk)
: (2.15)

Therefore, starting from the constant polynomialp0(x) = d0 2 R that interpolates f 0 at x0,
we have

p0(x) = d0;
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p1(x) = p0(x) + d1(x ¡ x0);

p2(x) = p1(x) + d2(x ¡ x0)(x ¡ x1);

: : :

pk(x) = pk¡ 1(x) + dk(x ¡ x0) ¢ ¢ ¢(x ¡ xk¡ 1);

whered0; : : : ; dk 2 R are constants. Finally,

pk(x) = d0 + d1(x ¡ x0) + ¢ ¢ ¢+ dk(x ¡ x0) ¢ ¢ ¢(x ¡ xk¡ 1):

De¯nition 2.7 (Divided di®erences). The divided di®erencesof a given set of numbers
f 0; : : : ; f n at n + 1 distinct points x0; : : : ; xn 2 R are

f [x0] = f 0;

f [x0; : : : ; xk ] =
f [x1; : : : ; xk ] ¡ f [x0; : : : ; xk¡ 1]

xk ¡ x0
; k = 2; : : : ; n:

If f i = f (x i ) ( i = 0; : : : ; n) for some function f that is de¯ned on a set of real numbers
containing all x0; : : : ; xn , then f [x0]; : : : ; f [x0; : : : ; xn ] are called the divided di®erences of
the function f at these pointsx0; : : : ; xn .

Theorem 2.8 (Newton's formula of Lagrange interpolation). Let x0; : : : ; xn 2 R be
n + 1 distinct points and f 0; : : : ; f n 2 R. Then, for each integerk with 0 · k · n,

pk(x) = f [x0] + f [x0; x1](x ¡ x0) + ¢ ¢ ¢+ f [x0; : : : ; xk ](x ¡ x0) ¢ ¢ ¢(x ¡ xk¡ 1) (2.16)

is the Lagrange interpolation polynomial that interpolatesf 0; : : : ; f k at x0; : : : ; xk .

The formula (2.16) is called theNewton's formulaof the Lagrange interpolation.

Example. Use Newton's formula to ¯nd the Lagrange interpolation polynomial p2 2 P2

that interpolates f 0 = ¡ 1; f 1 = 3; f 2 = 2 at x0 = 0; x1 = 1; x2 = 2:
We ¯rst calculate all the needed divided di®erences.

f [x0] = f 0 = ¡ 1;

f [x1] = f 1 = 3;

f [x2] = f 2 = 2;

f [x0; x1] =
f [x1] ¡ f [x0]

x1 ¡ x0
=

3 ¡ (¡ 1)
1 ¡ 0

= 4;

f [x1; x2] =
f [x2] ¡ f [x1]

x2 ¡ x1
=

2 ¡ 3
2 ¡ 1

= ¡ 1;

f [x1; x1; x2] =
f [x1; x2] ¡ f [x0; x1]

x2 ¡ x0
=

¡ 1 ¡ 4
2 ¡ 0

= ¡
5
2

:
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By Newton's formula (2.16), we have

p2(x) = f [x0] + f [x0; x1](x ¡ x0) + f [x0; x1; x2](x ¡ x0)(x ¡ x1)

= ¡ 1 + 4(x ¡ 0) +
µ

¡
5
2

¶
(x ¡ 0)(x ¡ 1)

= ¡
5
2

x2 +
13
2

x ¡ 1:

This is the same polynomial as obtained in the example in Section 2.1.

To prove Theorem 2.8, we ¯rst prove the following useful lemma:

Lemma 2.9. Supposepk ; qk 2 Pk are the Lagrange interpolation polynomials that interpolate
f 0; : : : ; f k at x0; : : : ; xk and f 1; : : : ; f k+1 at x1; : : : ; xk+1 , respectively. Then,

r k+1 (x) =
(x ¡ x0)qk(x) ¡ (x ¡ xk+1 )pk(x)

xk+1 ¡ x0
(2.17)

is the Lagrange interpolation polynomial that interpolatesf 0; : : : ; f k , and f k+1 at x0; : : : ; xk ,
and xk+1 .

Proof. Since pk(x i ) = qk(x i ) for i = 1; : : : ; k, we have by a direct calculation by (2.17)
that r k+1 (x i ) = f i for i = 1; : : : ; k. Also by (2.17) we haver k+1 (x0) = pk(x0) = f 0 and
r k+1 (xk+1 ) = qk(xk+1 ) = f k+1 . Therefore, r k+1 2 Pk+1 is the Lagrange interpolation poly-
nomial that interpolates f 0; : : : ; f k+1 at x0; : : : ; xk+1 .

Proof of Theorem 2.8. We prove this theorem by the induction onk, the number of inter-
polation points. For k = 0, clearly p0(x) = d0 = f 0 is the Lagrange interpolation polynomial
that interpolates f 0 at x0. Fix an integer k ¸ 1 and assume that

pj (x) = f [x0] + f [x0; x1](x ¡ x0) + ¢ ¢ ¢+ f [x0; : : : ; xj ](x ¡ x0) : : : (x ¡ x j ¡ 1)

interpolates f 0; : : : ; f j at at x0; : : : ; xj for eachj = 0; : : : ; k. We need to show that (2.16)
holds true with k replaced byk + 1.

Step 1. By the assumption of induction, the polynomial

pk(x) = f [x0] + f [x0; x1](x ¡ x0) + ¢ ¢ ¢+ f [x0; : : : ; xk ](x ¡ x0) : : : (x ¡ xk¡ 1) (2.18)

is the Lagrange interpolation polynomial that interpolates f 0; : : : ; f k at at x0; : : : ; xk . Let
dk+1 be given as in (2.15) and

pk+1 (x) = pk(x) + dk+1 (x ¡ x0) ¢ ¢ ¢(x ¡ xk):

Clearly, pk+1 (x i ) = pk(x i ) = f i for i = 0; : : : ; k, and by (2.15),

pk+1 (xk+1 ) = pk(xk+1 ) + dk+1 (xk+1 ¡ x0) ¢ ¢ ¢(xk+1 ¡ xk) = f k+1 :
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Thus, pk+1 2 Pk+1 is the Lagrange interpolation polynomial that interpolates f 0; : : : ; f k ,
and f k+1 at x0; : : : ; xk , and xk+1 .

Step 2. By the assumption of induction, the polynomial

qk(x) = f [x1] + f [x1; x2](x ¡ x1) + ¢ ¢ ¢+ f [x1; : : : ; xk+1 ](x ¡ x1) : : : (x ¡ xk)

is the Lagrange interpolation polynomial that interpolatesf 1; : : : ; f k+1 at x1; : : : ; xk+1 . There-
fore, it follows from Lemma 2.9 that the polynomialr k+1 2 Pk+1 de¯ned in (2.17), where
pk is given in (2.18), is the Lagrange interpolation polynomial that interpolates f 0; : : : ; f k ,
and f k+1 at x0; : : : ; xk , and xk+1 . Hence, by the uniqueness of Lagrange interpolation,
r k+1 = pk+1 .

Step 3. Comparing the leading coe±cients ofpk+1 and r k+1 , we obtain

dk+1 =
f [x1; : : : ; xk+1 ] ¡ f [x0; : : : ; xk ]

xk+1 ¡ x0
= f [x0; : : : ; xk+1 ]:

Therefore, (2.16) holds true withk replaced byk + 1.

Theorem 2.10. Let pn 2 Pn be the Lagrange interpolation polynomial of a given function
f : [a; b] ! R at x0; : : : ; xn 2 [a; b]. Then for any x 2 [a; b] with x 6= x i (i = 0; : : : ; n)

f (x) ¡ pn (x) = f [x0; : : : ; xn ; x](x ¡ x0) ¢ ¢ ¢(x ¡ xn ):

Proof. Let pn+1 2 Pn+1 be the Lagrange interpolation polynomial off at the n + 2 points
x0; : : : ; xn ; x. Then by Newton's formula

pn+1 (t) = pn (t) + f [x0; : : : ; xn ; x](t ¡ x0) : : : (t ¡ xn )

Setting t = x, we obtain

f (x) = pn+1 (x) = pn (x) + f [x0; : : : ; xn ; x](x ¡ x0) ¢ ¢ ¢(x ¡ xn );

completing the proof.

Proposition 2.11 (Properties of divided di®erences). Let x0; : : : ; xn ben + 1 distinct
points in [a; b].

(1) Linearity. For any functions f; g : f x0; : : : ; xng ! R and any ®; ¯ 2 R,

(®f + ¯g )[x0; : : : ; xn ] = ®f [x0; : : : ; xn ] + ¯g [x0; : : : ; xn ]:

(2) Symmetry. For any function f : f x0; : : : ; xng ! R and any permutation(i 0 : : : in ) of
(0 : : : n),

f [x0; : : : ; xn ] = f [x i 0 ; : : : ; xi n ]: (2.19)
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(3) For any function f : f x0; : : : ; xng ! R,

f [x0; : : : ; xn ] =
nX

i =0

f i

(x i ¡ x0) ¢ ¢ ¢(x i ¡ x i ¡ 1)(x i ¡ x i +1 ) ¢ ¢ ¢(x i ¡ xn )
: (2.20)

(4) If f 2 Cn [a; b], then there exists» 2 [a; b] such that

f [x0; : : : ; xn ] =
f (n)(»)

n!
: (2.21)

(5) If f (x) = xm for some integerm ¸ 0, then

f [x0; : : : ; xn ] =

8
>><

>>:

0 if m < n;

1 if m = n;

linear combinations ofxk0
0 ¢ ¢ ¢xkn

n with
nP

i =0
ki = m ¡ n if m > n:

Proof. (1) This follows from the de¯nition of divided di®erences and an argument by induc-
tion.

(2) By the uniqueness of the Lagrange interpolation, the Lagrange interpolation polyno-
mial that interpolates f at x i 0 ; : : : ; xi n is the same as that interpolatesf at x0; : : : ; xn . By
Newton's formula (2.16), the leading coe±cients in these two polynomials are exactly the
right-hand side and left-hand side of (2.19), respectively. Thus, they must be the same.

(3) The left-hand side and right-hand side of (2.20) are the leading coe±cients in New-
ton's formula (2.16) and Lagrange's formuma (2.5), respectively, of the unique Lagrange
interpolation polynomial that interpolates f at x0; : : : ; xn .

(4) This is obviously true for n = 0. Assume n ¸ 1. Let pn¡ 1 2 Pn¡ 1 and pn 2 Pn

be the Lagrange interpolation polynomials that interpolate f 0; : : : ; f n¡ 1 at x0; : : : ; xn¡ 1 and
f 0; : : : ; f n at x0; : : : ; xn , respectively. It follows from Newton's formula (2.16) that

pn (x) = pn¡ 1(x) + f [x0; : : : ; xn ](x ¡ x0) ¢ ¢ ¢(x ¡ xn¡ 1):

Hence, replacingx by xn , we obtain

f (xn ) = pn (xn ) = pn¡ 1(xn ) + f [x0; : : : ; xn ](xn ¡ x0) ¢ ¢ ¢(xn ¡ xn¡ 1):

On the other hand, by Theorem 2.6 on the remainder of Lagrangeinterpolation, we have

f (xn ) ¡ pn¡ 1(xn ) =
f (n)(»)

n!
(xn ¡ x0) ¢ ¢ ¢(xn ¡ xn¡ 1)

for some» 2 [a; b]. The above two equations imply (2.21).
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(5) By (2.21), we need only to consider the case thatm > n . We use the argument
by induction. For n = 0, the statement is clearly true. Assume that for anyn ¸ 0 the
statement is true, i.e.,

f [x0; : : : ; xn ] =
X

k0+ ¢¢¢+ kn = m¡ n

®k0 :::kn xk0
0 ¢ ¢ ¢xkn

n ; (2.22)

where®k0 ;:::;k n are constants independent ofx0; : : : ; xn . Assumem > n + 1. We have by the
de¯nition of divided di®erences, the symmetry property (2.19),and the assumption (2.22)
that

f [x0; : : : ; xn+1 ]

=
f [x1; : : : ; xn+1 ] ¡ f [x0; : : : ; xn ]

xn+1 ¡ x0

=
f [xn+1 ; x1; : : : ; xn ] ¡ f [x0; x1; : : : ; xn ]

xn+1 ¡ x0

=

P
k0+ ¢¢¢+ kn = m¡ n ®k0 :::kn xk0

n+1 xk1
1 ¢ ¢ ¢xkn

n ¡
P

k0+ ¢¢¢+ kn = m¡ n ®k0 :::kn xk0
0 xk1

1 ¢ ¢ ¢xkn
n

xn+1 ¡ x0

=
X

k0+ ¢¢¢+ kn = m¡ n
k0 ¸ 1

®k0 :::kn xk1
1 ¢ ¢ ¢xkn

n

Ã
xk0

n+1 ¡ xk0
0

xn+1 ¡ x0

!

=
X

k0+ ¢¢¢+ kn = m¡ n
k0 ¸ 1

®k0 :::kn xk1
1 ¢ ¢ ¢xkn

n

k0 ¡ 1X

kn +1 =0

xk0 ¡ 1¡ kn +1
0 xkn +1

n+1

=
X

k0
0+ k1+ ¢¢¢+ kn +1 = m¡ (n+1)

®k0
0+ kn +1 +1 ;k2 ;:::;k n xk0

0
0 xk1

1 ¢ ¢ ¢xkn
n xkn +1

n+1 ;

where in the last stepk0
0 = k0¡ 1¡ kn+1 . This proves that the statement is true forn+1.

For eachn ¸ 1, we denote by¿n the unit simplex in Rn :

¿n =

(

(t1; : : : ; tn ) 2 Rn : t i ¸ 0 (1 · i · n) and
nX

i =1

t i · 1

)

:

Theorem 2.12 (The Hermite{Gennochi formula). Let n ¸ 1 be an integer and
x0; : : : ; xn 2 [0; 1] be distinct. We have for anyf 2 Cn [0; 1] that

f [x0; : : : ; xn ] =
Z

¿n

f (n)

Ã

x0 +
nX

j =1

t j (x j ¡ x0)

!

dt: (2.23)
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Proof. We use the argument of induction. The statement is true forn = 1, since
Z 1

0
f 0(x0 + t1(x1 ¡ x0))dt1 =

f (x1) ¡ f (x0)
x1 ¡ x0

= f [x0; x1]:

Suppose (2.23) holds true forn ¸ 1. Consider the case ofn + 1. We have

Z

¿n +1

f (n+1)

Ã

x0 +
n+1X

j =1

t j (x j ¡ x0)

!

dt1 ¢ ¢ ¢dn+1

=
Z

¿n

" Z 1¡
P n

j =1

0
f (n+1)

Ã

x0 +
n+1X

j =1

t j (x j ¡ x0)

!

dtn+1

#

dt1 ¢ ¢ ¢dtn

=
1

xn+1 ¡ x0

Z

¿n

f (n)

Ã

xn+1 +
nX

j =1

t j (x j ¡ xn+1 )

!

dt1 ¢ ¢ ¢dtn

¡
1

xn+1 ¡ x0

Z

¿n

f (n)

Ã

x0 +
nX

j =1

t j (x j ¡ x0)

!

dt1 ¢ ¢ ¢dtn

=
f [xn+1 ; x1; : : : ; xn ] ¡ f [x0; : : : ; xn ]

xn+1 ¡ x0

=
f [x1; : : : ; xn+1 ] ¡ f [x0; : : : ; xn ]

xn+1 ¡ x0
:

Thus, the statement is true forn + 1. This completes the proof.

2.3 Peano Kernal and the Remainder Theorem

Let x0; : : : ; xn be n + 1 distinct points in [ a; b]. Let Ln : C[a; b] ! Pn be the Lagrange
interpolator associated withx0; : : : ; xn . We study the error of the Lagrange interpolation
f ¡ Ln f for f 2 C[a; b] that is not necessary smooth enough, e.g.,f 62Cn+1 [a; b]:

To this end, let us introduce for any integerk ¸ 1 the function spaceW k;1(a; b) that
consists of all functionsf 2 Ck¡ 1[a; b] such that f (k¡ 1) are absolutely continuous on [a; b].
If f 2 W k;1(a; b), then f (k) exists as an integrable function on [a; b]. Clearly, Ck [a; b] ½
W k;1(a; b).

Let f 2 W m+1 ;1(a; b) with 0 · m · n. By the Taylor expansion,

f (x) = f (a) + f 0(a)(x ¡ a) + ¢ ¢ ¢+
f (m)(a)

m!
(x ¡ a)m +

1
m!

Z x

a
(x ¡ t)m f (m+1) (t)dt

= Qm (x) + Rm (x);

where

Qm (x) = f (a) + f 0(a)(x ¡ a) + ¢ ¢ ¢+
f (m)(a)

m!
(x ¡ a)m
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is a polynomial in Pm and

Rm (x) =
1

m!

Z x

a
(x ¡ t)m f (m+1) (t)dt

is the remainder. SinceQm 2 Pm µ Pn , LnQm = Qm . Therefore,

f ¡ (Ln f ) = Qm + Rm ¡ [LnQm + LnRm ] = Rm ¡ LnRm : (2.24)

Let l0; : : : ; ln 2 Pn be the Lagrange basis polynomials associated withx0; : : : ; xn : By (2.24)
and the Lagrange formula (2.5), we have

f (x) ¡ (Ln f )(x) = Rm (x) ¡ (LnRm )(x)

=
1

m!

Z x

a
(x ¡ t)m f (m+1) (t)dt ¡

nX

k=0

·
1

m!

Z xk

a
(xk ¡ t)m f (m+1) (t)dt

¸
lk(x)

=
1

m!

· Z b

a
(x ¡ t)m

+ f (m+1) (t)dt ¡
nX

k=0

µ Z b

a
(xk ¡ t)m

+ f (m+1) (t)dt
¶

lk(x)
¸

=
Z b

a

1
m!

·
(x ¡ t)m

+ ¡
nX

k=0

(xk ¡ t)m
+ lk(x)

¸
f (m+1) (t)dt; (2.25)

where

c+ =

(
c if c ¸ 0;

0 if c < 0:

We de¯ne

K m (x; t ) =
1

m!

·
(x ¡ t)m

+ ¡
nX

k=0

(xk ¡ t)m
+ lk(x)

¸
=

1
m!

En ((¢ ¡ t)m
+ )(x); (2.26)

where En (g) = g ¡ Lng is the error of the Lagrange interpolation forg 2 C[a; b]. We
shall call K m : R £ R ! R the mth Peano kernelassociated with the interpolation points
x0; : : : ; xn .

We have in fact proved the following:

Theorem 2.13 (The Peano Remainder Theorem for the Lagrange i nterpolation).
Let m be an integer with0 · m · n. Then for any f 2 W m+1 ;1(a; b)

f (x) ¡ (Ln f )(x) =
Z b

a
K m (x; t )f (m+1) (t)dt 8x 2 [a; b]: (2.27)

To estimate the interpolation error using the Peano kernel representation (2.27), we
introduce the function spaceW k;1 (a; b) that consists of all the functions f 2 Ck¡ 1[a; b]
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such that f (k¡ 1) are Lipschitz continuous on [a; b]. If f 2 W k;1 (a; b), then f (k) exists as an
integrable and bounded function on [a; b]. It can be proved that for any integerk ¸ 1

Ck [a; b] ( W k;1 (a; b) ( W k;1(a; b) ( C[a; b]:

We denote for a measurable and bounded functiong : [a; b] ! R

kgkL 1 (a;b) = sup
a· x· b

jg(x)j:

Theorem 2.14 (Error estimates for the Lagrange interpolati on error). Let m be
an integer with 0 · m · n. Then for any f 2 W m+1 ;1 (a; b),

jf (x) ¡ (Ln f )(x)j ·
· Z b

a
jK m (x; t )jdt

¸ °
° f (m+1)

°
°

L 1 (a;b)
8x 2 [a; b]: (2.28)

Moreover, for any x 2 [a; b], there existsf 0 2 W m+1 ;1 (a; b) such that

jf 0(x) ¡ (Ln f 0)(x)j =
· Z b

a
jK m (x; t )jdt

¸ °
°
° f (m+1)

0

°
°
°

L 1 (a;b)
: (2.29)

Proof. Let f 2 W m+1 ;1 (a; b). By (2.25) and (2.26), we have

jf (x) ¡ (Ln f )(x)j ·
Z b

a
jK m (x; t )j

¯
¯f (m+1) (t)

¯
¯ dt ·

· Z b

a
jK m (x; t )jdt

¸ °
° f (m+1)

°
°

L 1 (a;b)
;

implying (2.28). Fix x 2 [a; b]. De¯ne gm (t) = sign K m (x; t ) and

f 0(x) =
Z t

a
: : :

Z t

a| {z }
m+1 times

gm (t) dt ¢ ¢ ¢dt| {z }
m+1 times

:

Then, f 0 2 W m+1 ;1 (a; b) and kf (m+1
0 kL 1 (a;b) = kgmkL 1 (a;b) = 1. By (2.25) and (2.26), we

obtain

jf 0(x) ¡ (Ln f 0)(x)j =

¯
¯
¯
¯

Z b

a
K m (x; t )f (m+1)

0 (t) dt

¯
¯
¯
¯ =

¯
¯
¯
¯

Z b

a
K m (x; t )gm (t) dt

¯
¯
¯
¯

=
Z b

a
jK m (x; t )j dt =

· Z b

a
jK m (x; t )j dt

¸
kf (m+1)

0 kL 1 (a;b) ;

leading to (2.29).

Theorem 2.15. (1) We have
Z b

a
K n (x; t )dt =

1
(n + 1)!

nY

k=0

(x ¡ xk) 8x 2 [a; b]: (2.30)
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(2) If a = min 0· k· n xk and b= max0· k· n xk , then

Z b

a
jK n (x; t )jdt =

1
(n + 1)!

nY

k=0

jx ¡ xk j 8x 2 [a; b]: (2.31)

Proof. (1) Let Qn+1 (t) = tn+1 =(n + 1)!. By Theorem 2.6, we have for anyx 2 [a; b] that

Qn+1 (x) ¡ (LnQn+1 )(x) =
1

(n + 1)!

nY

k=0

(x ¡ xk):

On the other hand, we have by Theorem 2.13 that

Qn+1 (x) ¡ (LnQn+1 )(x) =
Z b

a
K n(x; t )Q(n+1)

n+1 (t)dt =
Z b

a
K n (x; t )dt:

Thus, (2.30) holds true.
(2) Let x 2 [a; b]. By the lemma below,K n (x; ¢) does not change its sign in (a; b). Thus,

¯
¯
¯
¯

Z b

a
K n (x; t )dt

¯
¯
¯
¯ =

Z b

a
jK n(x; t )jdt:

This and (2.30) imply (2.31).

Lemma 2.16. Assumea = min 0· k· n xk and b = max 0· k· n xk . Assume0 · m · n and
x 2 [a; b]. Then, K m (x; ¢) changes its sign in(a; b) exactly n ¡ m times. In particular,
K n (x; ¢) does not change its sign in(a; b).

Proof. The statement is trivially true for the case n = 0, since K 0(x; ¢) = 0 by (2.26).
Assumen ¸ 1. We divide our proof into three steps.

Step 1. If 0 · m · n ¡ 1, then the function K m (x; ¢) 2 C[a; b] changes its sign in (a; b)
at least once. This follows from an application of (2.27) tof = Qm+1 2 Pm+1 µ Pn with
Qm+1 (t) = tm+1 =(m + 1)! for which LnQm+1 = Qm+1 :

0 = Qm+1 (x) ¡ (LnQm+1 )(x) =
Z b

a
K m (x; t )Q(m+1)

m+1 (t) dt =
Z b

a
K m (x; t )dt:

Step 2. Let 0 · m · n ¡ 1. If K m (x; ¢) changes sign in (a; b) exactly k times, then
K m+1 (x; ¢) changes its sign in (a; b) at most k ¡ 1 times. This follows from the fact that
(d=dt)K m+1 (x; t ) = ¡ K m (x; t ) and K m+1 (x; a) = K m+1 (x; b) = 0 ; and an application of
Rolle's Theorem.

Step 3. For 0 · m · n, K m (x; ¢) changes its sign in (a; b) exactly n ¡ m times. In
particular, K n (x; ¢) does not change its sign in (a; b).

The function K 0(x; ¢) is a piecewise constant. It has jumps atx0; : : : ; xn ; x. By the
assumption of the lemma, two of these points area and b. Therefore,K 0(x; ¢) can change
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its sign in (a; b) at most n times. By Step 2 and an argument of induction,K m (x; ¢) can
change its sign in (a; b) at most n ¡ m times. If for somem with 0 · m · n ¡ 1, K m (x; ¢)
changes its sign in (a; b) less than n ¡ m times, then by Step 2 and induction,K n¡ 1(x; ¢)
changes its sign in (a; b) less thann ¡ (n ¡ 1) = 1 times. By step 1, this is impossible. Thus,
for eachm with 0 · m · n ¡ 1, K m (x; ¢) changes its sign in (a; b) exactly n ¡ m times. By
Step 2,K n (x; ¢) does not change its sign in (a; b).

2.4 Hermite Interpolation and Divided Di®erences with
Repeated Points

Theorem 2.17. Let x1; : : : ; xn ben distinct points in [a; b]. Let y1; : : : ; yn and y0
1; : : : ; y0

n be
2n real numbers. Then there exists a uniquep 2 P2n¡ 1 such that

p(xk) = yk ; p0(xk) = y0
k ; k = 1; : : : ; n: (2.32)

Moreover, p is given by

p(x) =
nX

k=1

yk [1 ¡ 2l0
k(xk)(x ¡ xk)][lk(x)]2 +

nX

k=1

y0
k(x ¡ xk)[lk(x)]2; (2.33)

wherelk 2 Pn¡ 1 (k = 1; : : : ; n) are the Lagrange basis polynomials associated withx1; : : : ; xn .

Proof. De¯ne for each integerk with 1 · k · n

Ák(x) = [1 ¡ 2l0
k(xk)(x ¡ xk)][lk(x)]2; (2.34)

Ãk(x) = ( x ¡ xk)[lk(x)]2: (2.35)

Clearly, all Ák ; Ãk are polynomials of degree 2n ¡ 1. Moreover,

Á0
k(x) = ¡ 2l0

k(xk)[lk(x)]2 + [1 ¡ 2l0
k(xk)(x ¡ xk)]2lk(x)l0

k(x);

Ã0
k(x) = [ lk(x)]2 + 2( x ¡ xk)lk(x)l0

k(x):

Therefore,

Ák(x j ) = ±kj ; Á0
k(x j ) = 0 ; Ãk(x j ) = 0 ; Ã0

k(x j ) = ±kj ; j; k = 1; : : : ; n: (2.36)

By the de¯nition of Ák and Ãk (cf. (2.34) and (2.35)), the polynomialp de¯ned in (2.33)
is

p =
nX

k=1

ykÁk +
nX

k=1

y0
kÃk :

Clearly, p 2 P2n¡ 1. Moreover, (2.32) and (2.36) imply (2.32).
To prove the uniqueness, we assumeq 2 P2n¡ 1 also satis¯es thatq(xk) = yk and q0(xk) =

y0
k for k = 1; : : : ; n: Then r := p ¡ q 2 P2n¡ 1 and r (xk) = r 0(xk) = 0 for all k = 1; : : : ; n:

Therefore,r has 2n roots, counting the multiplicity of each root. Hencer = 0 and q = p.
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We call p the Hermite interpolation polynomial, or Hermite interpolant, of yk ; y0
k at

x1; : : : ; xn . If yk = f (xk) and y0
k = f 0(xk) (k = 1; : : : ; n) for somef 2 C1[a; b], then p is

called the Hermite interpolation polynomial (or Hermite interpolant) of f at x1; : : : ; xn .

Example . Considern = 2, x1 = a, and x2 = b. We have

l1(x) =
x ¡ b
a ¡ b

and l2(x) =
x ¡ a
b¡ a

:

Therefore,

Á1(x) =
·
1 +

2(x ¡ a)
b¡ a

¸ µ
x ¡ b
b¡ a

¶ 2

;

Á2(x) =
·
1 ¡

2(x ¡ b)
b¡ a

¸ µ
x ¡ a
b¡ a

¶ 2

;

Ã1(x) =
(x ¡ a)(x ¡ b)2

(b¡ a)2
;

Ã2(x) =
(x ¡ a)2(x ¡ b)

(b¡ a)2
:

The Hermite interpolation polynomial p3 2 P3 that interpolates y1; y2 and y0
1; y0

2 at x1 =
a; x2 = b is

p3(x) = y1Á1(x) + y2Á2(x) + y0
1Ã1(x) + y0

2Ã2(x)

= y1

·
1 +

2(x ¡ a)
b¡ a

¸ µ
x ¡ b
b¡ a

¶ 2

+ y2

·
1 ¡

2(x ¡ b)
b¡ a

¸ µ
x ¡ a
b¡ a

¶ 2

+ y0
1
(x ¡ a)(x ¡ b)2

(b¡ a)2
+ y0

2
(x ¡ a)2(x ¡ b)

(b¡ a)2
:

Theorem 2.18 (The remainder of Hermite interpolation). Let f 2 C2n [a; b]. Let
H2n¡ 1f 2 P2n¡ 1 be the Hermite interpolation polynomial off at x1; : : : ; xn . Then for any
x 2 [a; b] there exists» = »(x) 2 [a; b] such that

f (x) ¡ (H2n¡ 1f )(x) =
f (2n)(»(x))

(2n)!
(x ¡ x1)2 ¢ ¢ ¢(x ¡ xn )2: (2.37)

Proof. Let x 2 [a; b]. If x = xk for somei then »(x) 2 [a; b] can be any number. So, let us
assumex 6= xk (k = 1; : : : ; n). Let

g(t) = f (t) ¡ (H2n¡ 1f )( t) ¡ ¸ (t ¡ x1)2 : : : (t ¡ xn )2;

where¸ 2 R is so chosen thatg(x) = 0, i.e.,

¸ =
f (x) ¡ (H2n¡ 1f )(x)

(x ¡ x1)2 ¢ ¢ ¢(x ¡ xn )2
:
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Notice that g = 0 at n + 1 distinct points x; x1; : : : ; xn . Thus it follows from Rolle's
Theorem theat there exist»1; : : : ; »n 2 [a; b] with »j 6= x and »j 6= xk (k = 1; : : : ; n) for
eachj (1 · j · n). Notice also that g0 = 0 at x1; : : : ; xn . Therefore, g0 = 0 at 2n points
x; x1; : : : ; xn ; »1; : : : ; »n . Applying Rolle's Theorem repeatedly, we conclude thatg(2n) = 0
at some point» = »(x) 2 [a; b]. This, together with the fact that

g(2n)(t) = f (2n)(t) ¡ ¸ (2n)!

and the de¯nition of ¸ , leads to (2.37).

2.5 Convergence of Interpolation Polynomials

Let n ¸ 0 be an integer,x(n)
0 ; : : : ; x(n)

n be n +1 distinct points in [ a; b], and Ln : C[a; b] ! Pn

the associated Lagrange interpolator. Doesf Ln f (x)g1
n=0 converge tof (x) for any f 2 C[a; b]

and any x 2 [a; b]? It turns out there are many negatives results.

Runge's example. Consider [a; b] = [ ¡ 5; 5] and x(n)
k evenly spaced in [¡ 5; 5], i.e., x(n)

k =
¡ 5 + 10k=n (k = 0; : : : ; n; n = 1; : : : ). For f (x) = 1 =(1 + x2), Runge proved that there
exists · ¼ 3:63338 such that

lim
n!1

(Ln f )(x) = f (x) if and ony if jxj < k:

See more details in [5] (Section 3.4 of Chapter 6).

Bernstein (1918). For [a; b] = [ ¡ 1; 1], evenly spaced interpolation pointsx(n)
k 2 [¡ 1; 1]

(k = 0; : : : ; n; n = 1; : : : ), and the function f (x) = jxj, Berstein (19??) proved that

lim
n!1

Ln f (x) = f (x) if and ony if x 2 f 0; 1; ¡ 1g:

Faber (1914). In 1914, Faber proved the following: For any given sequence ofinterpo-
lation points x(n)

k 2 [a; b] (k = 0; : : : ; n; n = 0; : : : ), there exists f 2 C[a; b] such that
kLn f ¡ f kC[a;b] 6! 0:

Bernstein (1931). In 1931, Berstein proved the following result: For any given sequence
of interpolation points x(n)

k 2 [a; b] (k = 0; : : : ; n; n = 0; : : : ), there exist f 2 C[a; b] and
x 2 [a; b] such that (Ln f )(x) 6! f (x).

ErdÄos and V¶ertesi (1980). In 1980, ErdÄos and V¶ertesi proved the following striking neg-
ative result: For any given sequence of interpolation pointsx(n)

k 2 [a; b] (k = 0; : : : ; n; n =
0; : : : ), there exist f 2 C[a; b] such that (Ln f )(x) 6! f (x) for almost all x 2 [a; b].

There are also some positive results.

58



Theorem 2.19. For any sequence of Lagrange interpolatorsLn : C[a; b] ! Pn (n = 0; : : : ),
kLn f ¡ f kC[a;b] ! 0 for any f 2 C[a; b] that is the restriction onto [a; b] of an entire function.

Theorem 2.20. For any f 2 C[a; b], there existn + 1 distinct points x(n)
0 ; : : : ; x(n)

n 2 [a; b]
for eachn ¸ 0 such that

lim
n!1

kf ¡ Ln f kC[a;b] = 0;

where Ln : C[a; b] ! Pn is the Lagrange interpolator associated withx(n)
0 ; : : : ; x(n)

n (n =
0; : : : ).

Proof. Fix f 2 C[a; b]. If f 2 P, then we can choosex(n)
0 ; : : : ; x(n)

n 2 [a; b] to be any n + 1
distinct points for eachn ¸ 0. Clearly, Ln f = f for n su±ciently large.

Assumef 62P. Let n ¸ 0 be an integer. Letpn 2 Pn be the best uniform approximation
of f in Pn . Then it follows from the Chebyshev Alternation Theorem that there existn + 1
distinct points x(n)

k (k = 0; : : : ; n) such that

f (x(n)
k ) ¡ pn (x(n)

k ) = 0 ; k = 0; : : : ; n:

Therefore,pn = Ln f is the Lagrange interpolation polynomial off at x(n)
0 ; : : : ; x(n)

n . Conse-
quently, we have by Proposition 1.5 that

kf ¡ Ln f kC[a;b] = kf ¡ pnkC[a;b] = min
q2 Pn

kf ¡ qkC[a;b] ! 0 asn ! 1 ;

proving the theorem.

Theorem 2.21. Let Ln¡ 1 : C[¡ 1; 1] ! Pn¡ 1 be the Lagrange interpolator associated with
the n roots of the Chebyshev polynomialTn (n = 1; : : : ). Then for any f 2 C2[¡ 1; 1]

kLn f ¡ f kC[¡ 1;1] = O
µ

1
p

n

¶
as n ! 1 :

Theorem 2.22 (ErdÄos{Tur¶an (1937)). Let x(n)
1 ; : : : ; x(n)

n be then distinct roots of or-
thogonal polynomialsQn (n = 1; : : : ) in L2

½(a; b). For each n ¸ 1, let Ln¡ 1 : C[a; b] ! Pn¡ 1

be the Lagrange interpolator associated withx(n)
1 ; : : : ; x(n)

n . Then

lim
n!1

Z b

a
½(x)[f (x) ¡ (Ln¡ 1f )(x)]2dx = 0 8f 2 C[a; b]: (2.38)

To prove this theorem, we need the following lemma.

Lemma 2.23. Let x(n)
1 ; : : : ; x(n)

n be then distinct roots of orthogonal polynomialsQn (n =
1; : : : ) in L2

½(a; b). For each n ¸ 1, let l (n)
1 ; : : : ; l(n)

n be the Lagrange basis polynomials asso-

ciated with x(n)
1 ; : : : ; x(n)

n . Then
Z b

a
½(x)l (n)

j (x)l (n)
k (x) dx = 0 if 1 · j; k · n; and j 6= k; (2.39)
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nX

k=1

Z b

a
½(x)

h
l (n)
k (x)

i 2
dx =

Z b

a
½(x) dx: (2.40)

Proof. Without loss of generality, we assume thatn ¸ 2. Fix j; k with 1 · j; k · n and
j 6= k. The polynomial

³
x ¡ x(n)

k

´
l (n)
k (x) in Pn has n simple roots x(n)

1 ; : : : ; x(n)
n . Thus,

there exists a constant®(n)
k such that

³
x ¡ x(n)

k

´
l (n)
k (x) = Qn (x) for all x. The polynomial

l (n)
j (x)=

³
x ¡ x(n)

k

´
has degreen ¡ 2. Therefore, we have by the orthogonality that

Z b

a
½(x)l (n)

j (x)l (n)
k (x) dx =

Z b

a
½(x)

"
l (n)
j (x)

x ¡ x(n)
k

#
³

x ¡ x(n)
k

´
l (n)
k (x) dx

= ®(n)
k

Z b

a
½(x)

"
l (n)
j (x)

x ¡ x(n)
k

#

Qn (x) dx

= 0;

proving (2.39).
By (2.6) with pn (x) = 1, we have

P n
k=1 l (n)

k (x) = 1 identically. Thus, it follows from
(2.39) that

Z b

a
½(x) dx =

Z b

a
½(x)

"
nX

k=1

l (n)
k (x)

#2

dx

=
nX

j;k =1

Z b

a
½(x)l (n)

j (x)l (n)
k (x) dx

=
nX

k=1

Z b

a
½(x)

h
l (n)
k (x)

i 2
dx:

This is (2.40).

Proof of Theorem 2.22.Let n ¸ 2 and let pn¡ 1 2 Pn¡ 1 be the best uniform approximation
of f in Pn¡ 1. We have

Z b

a
½(x)[f (x) ¡ Ln¡ 1f (x)]2dx

· 2
Z b

a
½(x)[f (x) ¡ pn¡ 1(x)]2dx + 2

Z b

a
½(x)[pn¡ 1(x) ¡ Ln¡ 1f (x)]2dx: (2.41)

By Proposition 1.5,
Z b

a
½(x)[f (x) ¡ pn¡ 1(x)]2dx · k f ¡ pn¡ 1k2

C[a;b]

Z b

a
½(x) dx ! 0 asn ! 1 : (2.42)
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It follows from Proposition 2.5, Lemma 2.23, and Proposition 1.5 that

Z b

a
½(x)[Ln¡ 1f (x) ¡ pn¡ 1(x)]2dx

=
Z b

a
½(x) f [Ln¡ 1(f ¡ pn¡ 1)](x)g2 dx

=
Z b

a
½(x)

nX

j;k =1

h
f

³
x(n)

j

´
¡ pn¡ 1

³
x(n)

j

´i h
f

³
x(n)

k

´
¡ pn¡ 1

³
x(n)

k

´i
l (n)
j (x)l (n)

k (x)dx

=
nX

j;k =1

h
f

³
x(n)

j

´
¡ pn

³
x(n)

j

´i h
f

³
x(n)

k

´
¡ pn¡ 1

³
x(n)

k

´i Z b

a
½(x)l (n)

j (x)l (n)
k (x)dx

=
nX

k=1

h
f

³
x(n)

k

´
¡ pn¡ 1

³
x(n)

k

´i 2
Z b

a
½(x)

h
l (n)
k (x)

i 2
dx

· k f ¡ pn¡ 1k2
C[a;b]

nX

k=1

Z b

a
½(x)

h
l (n)
k (x)

i 2
dx

= kf ¡ pn¡ 1k2
C[a;b]

Z b

a
½(x) dx

! 0 asn ! 1 :

This, together with (2.41) and (2.42), implies (2.38).

For any integer n ¸ 1 and anyn distinct points x1; : : : ; xn 2 [a; b], we de¯ne theFaj¶er{
Hermite operator Fn : C[a; b] ! P2n¡ 1 by

Fn f =
nX

k=1

f (xk)Ák(x) 8f 2 C[a; b];

whereÁk is de¯ned in (2.34).

Theorem 2.24. Let Fn : C[¡ 1; 1] ! P2n¡ 1 be the Faj¶er{Hermite operator associated with
the zeros of Chebyshev polynomialTn . Then

lim
n!1

kf ¡ Fn f k = 0 8f 2 C[¡ 1; 1]:

Proof. By Bohman{Korovkin Theorem, we need only to show ...
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2.6 Piecewise Polynomial Interpolation

2.7 Cubic Splines

2.8 Trigonometric Interpolation and Fast Fourier Trans-
forms

Exercises

1. Find the polynomial p 2 P3 of the form p(x) = c0 + c1x + c3x3 that interpolates a
given function f 2 C[0; 3] at x = 0; 2; 3.

2. Let x0 = 2, x1 = 3, x2 = 5; x3 = 6 and y0 = 5; y1 = 2; y2 = 3; y3 = 4. Let p 2 P3 be
the unique polynomial that interpolatesyj at x j (j = 0; 1; 2; 3). Calculate p by using:
(a) Lagrange's formula; and (b) Newton's formula.

3. Let f (x) = x4 ¡ x2 + 17x + 1. Let p 2 P20 interpolates f at x j = 2 j (j = 0; : : : ; 20).
Compute p(0).

4. Find an approximation of
p

3 with the values of the functionf (x) = 3 x at x0 = 0; x1 =
1, and x2 = 2 using
(a) Aitken's iterative linear interpolation method;
(b) Neville's iterative linear interpolation method.

5. Let x0; : : : ; xn be n + 1 distinct real numbers. Let l j (x) be the associated Lagrange
basis polynomials. Show that

nX

j =0

(x ¡ x j )
k l j (x) = 0 8k = 1; : : : ; n:

6. Let x0; : : : ; xn be n + 1 distinct real numbers. Let l j (x) be the associated Lagrange
basis polynomials. Show for anyj with 1 · j · n that

nX

i =0

jl i (x)j =

¯
¯
¯
¯
¯

j ¡ 1X

i =0

(¡ 1)i l i (x) ¡
nX

i = j

(¡ 1)i l i (x)

¯
¯
¯
¯
¯

8x 2 (x j ¡ 1; x j ):

7. Recall forn ¸ 1 that the Chebyshev polynomialTn (x) has n distinct roots x j = cosµj

with µj = (2 j ¡ 1)¼=2n (j = 1; : : : ; n). Denote by Ln¡ 1 : C[¡ 1; 1] ! Pn¡ 1 the
associated Lagrange interpolation operator. Show that

(Ln¡ 1f )(x) =
1
n

nX

j =1

f (x j )
(¡ 1)j ¡ 1 sinµj Tn (x)

x ¡ x j
8f 2 C[¡ 1; 1]:

8. Let Qn 2 Pn (n = 0; 1; : : : ) be orthonormal polynomials inL2
½[a; b]. Fix n ¸ 2. Let

x1; : : : ; xn be the n distinct roots of Qn (x) in (a; b), and l1; : : : ; ln be the associated
Lagrange basis polynomials.

62



(a) Prove that l1; : : : ; ln are orthogonal inL2
½[a; b].

(b) Prove the identity

nX

j =1

Z b

a
½(x) [l j (x)]2 dx =

Z b

a
½(x) dx:

9. Let x0; : : : ; xn ben+1 distinct points in [ a; b] and Ln : C[a; b] ! Pn the corresponding
Lagrange interpolation operator. Show that

kLn f kC[a;b] · ¸ nkf kC[a;b] 8f 2 C[a; b];

where

¸ n = max
a· x· b

nX

j =0

jl j (x)j

and l0; : : : ; ln are the Lagrange basis polynomials associated withx0; : : : ; xn . Show
also that there exists a nonzero~f 2 C[a; b] depending onx0; : : : ; xn such that

kLn
~f kC[a;b] = ¸ nk ~f kC[a;b]:

10. Let f x j g1
j =0 be a sequence of equidistant pointsx j = x0 + jh with h > 0. De¯ne for

eachj ¸ 0

¢ 0f (x j ) = f (x j ) and ¢ k f (x j ) = ¢ k¡ 1f (x j +1 ) ¡ ¢ k¡ 1f (x j ); k = 1; : : : :

(a) Let f 2 Cn [x0; xn ]. Prove that

f [x0; : : : ; xn ] =
1

n!hn
¢ n f (x0)

and that
¢ n f (x0) = hn f (n)(»)

for some» 2 [x0; xn ].
(b) Let f 2 Cn+1 [x0; xn ]. Let pn 2 Pn be the unique Lagrange polynomial that

interpolates f at x0; : : : ; xn . Let t be a real number. Show that

pn (x0 + th) =
¼n (t)

n!

nX

j =0

(¡ 1)n¡ j

µ
n
j

¶
f (x j )
t ¡ j

and that

pn (x0 + th) = f (x0) +
¼0(t)

1!
¢ f (x0) +

¼1(t)
2!

¢ 2f (x0) + ¢ ¢ ¢+
¼n¡ 1(t)

n!
¢ n f (x0);
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where

¼0(t) = t; and ¼j (t) = t(t ¡ 1) ¢ ¢ ¢(t ¡ j ); j = 1; ¢ ¢ ¢; n:

Show also that

f (x0 + th) ¡ pn (x0 + th) = ¼n (t)hn+1 f (n+1) (´ )
(n + 1)!

for some´ in an interval containing all x0; : : : ; xn and x0 + th.
11. Let N ¸ 1 be an integer,h = ( b ¡ a)=N, and x j = a + jh , j = 0; : : : ; N . For any

f 2 C[a; b], let I hf 2 C[a; b] be such that I hf 2 P1 on each [x j ¡ 1; x j ] (j = 1; : : : ; N )
and I hf (x j ) = f (x j ) ( j = 0; : : : ; N ).
(a) Let f 2 C2[a; b]. DenoteM 2 = max a· x· b jf 00(x)j. Show that

max
a· x· b

jf (x) ¡ (I hf )(x)j ·
1
8

M 2h2:

(b) Let f 2 C3[a; b]. DenoteM k = max a· x· b jf (k)(x)j for k = 2 and 3. Show that

max
1· j · N

jf 0(mj ) ¡ (I hf )0(mj )j ·
M 3

24
h2;

wheremj = ( x j ¡ 1 + x j )=2 is the midpoint of the interval [x j ¡ 1; x j ] (j = 1; : : : ; N ),
and that

max
1· j · N

sup
x j ¡ 1<x<x j

jf 0(x) ¡ (I hf )0(x)j ·
M 2

2
h +

M 3

24
h2:

12. For each integern ¸ 0, let x(n)
0 ; : : : ; x(n)

n be n + 1 distinct points in [ a; b]. Let Ln :
C[a; b] ! Pn be the associated Lagrange interpolation operator. Letf 2 C1 [a; b]
satisfy for some constantM > 0 that

kf (k)kC[a;b] · M 8k ¸ 1:

Show that
kf ¡ Ln f kC[a;b] ! 0 asn ! 1 :

13. Let f 2 C[a; b]. Show that, for each integern ¸ 1, there exist n distinct points
x(n)

1 ; : : : ; x(n)
n such that

kf ¡ Ln¡ 1f kC[a;b] ! 0 asn ! 1 ;

whereLn¡ 1f 2 Pn¡ 1 is the Lagrange interpolation polynomial off at x(n)
1 ; : : : ; x(n)

n .
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14. Let n ¸ 1 be an integer. De¯ne

¼(t) =
nY

j =0

(t ¡ j ) and l j (t) =
¼(t)

(t ¡ j )¼0
n(j )

j = 0; : : : ; n:

Show that
j¼(t)j · n! 8t 2 [0; n];

that

jl j (t)j ·
µ

n
j

¶
8t 2 [0; n]; j = 0; : : : ; n;

and that
nX

j =0

jl j (t)j · 2n :

15. Let f 2 C[a; b]. Let n ¸ 1 be a ¯xed integer. For each integerN ¸ 1, let HN =
(b¡ a)=N and x(N )

j = a+ jH N , j = 0; : : : ; N . Let p(N )
n 2 C[a; b] satisfy for eachj with

1 · j · N that the restriction of p(N )
n on the subinterval

h
x(N )

j ¡ 1; x(N )
j

i
is the Lagrange

interpolation polynomial in Pn that interpolates f at the n + 1 points x(N )
j ¡ 1 + kHN =n,

k = 0; : : : ; n.
(a) Show that

kf ¡ p(N )
n kC[a;b] · 2n ! f (HN );

where! f is the modulus of continuity of f , and that

kf ¡ p(N )
n kC[a;b] ! 0 asN ! 1 :

(b) If f 2 Cn+1 [a; b], show that

kf ¡ p(N )
n kC[a;b] ·

°
° f (n+1)

°
°

C[a;b]

n + 1

µ
HN

n

¶ n+1

:

16. Let f (x) = sin x, [a; b] = [0; 1], andn = 1. Find an integer N ¸ 1, as small as possible,
such that

kf ¡ p(N )
n kC[a;b] · 1:25£ 10¡ 9;

wherep(N )
n 2 C[0; 1] is the piecewise Lagrange interpolation polynomial off de¯ned

as in the previous problem.
17. Let x1; : : : ; xn be n distinct points and l1; : : : ; ln the associated Lagrange basis poly-

nomials. Prove the identity

nX

j =1

(x ¡ x j )2l0
j (x j )l2

j (x) = 0 :
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18. Let N ¸ 1 be an integer andx j = j 2¼=N, j = 0; : : : ; N ¡ 1. Show for any integersk
and l that

N ¡ 1X

j =0

eikx j e¡ ilx j =
½

N if k ´ l (modN );
0 if k 6´ l (modN ):

19. Let n ¸ 0 be an integer,

x0 =
¼

2(n + 1)
; and x j = x0 +

j¼
2(n + 1)

; j = 1; : : : ; n:

Let g 2 C[0; ¼]. Prove that there exists a uniqueTn 2 spanf 1; cosx; : : : ; cosnxg such
that

Tn (x j ) = g(x j ) j = 0; : : : ; n:

Moreover,

Tn (x) =
°0

2
+

nX

k=1

° k coskx;

where

° k =
2

n + 1

nX

j =0

g(x j ) coskx j ; k = 0; : : : ; n:

20. Let N ¸ 1 be an integer. Let

¦ N =
©

(ak)1
k= ¡1 : ak 2 C; ak+ N = ak ; 8k = 0; § 1; : : :

ª

denote the space of all bi-in¯nite, N -periodic complex sequences. For anya =
(ak)1

k= ¡1 2 ¦ N and b = ( bk)1
k= ¡1 2 ¦ N , de¯ne the convolution c = a ¤ b 2 ¦ N

by c = ( ck)1
k= ¡1 with

ck =
1
N

N ¡ 1X

j =0

aj bk¡ j 8k = 0; § 1; : : : :

Prove that the discrete Fourier transform converts convolution into multiplication:

(FN c)k = ( FN a)k(FN b)k 8k = 0; § 1; : : : :

21. Let n ¸ 1 be an integer and ¢ = f a = x0 < ¢ ¢ ¢< x n = bg. Suppose thats 2 S3(¢)
and f 2 H 4(a; b) satisfy

s(x j ) = f (x j ) j = 0; : : : ; n:

Suppose also that one of the following conditions is satis¯ed:
(a) s0(a) = f 0(a) and s0(b) = f 0(b);
(b) s00(a) = f 00(a) and s00(b) = f 00(b);
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(c) f 2 H 4
p (a; b) and s 2 H 3

p (a; b).
Show that Z b

a
[f 00(x) ¡ s00(x)]2 dx =

Z b

a
[f (x) ¡ s(x)] f (4) (x) dx:

22. Let ¢ = f a = x0 < ¢ ¢ ¢< x n = bg be a partition of [a; b]. Consider the boundary
condition

s(k)(x0) = s(k)(xn ) = 0 ; k = 0; 1; 2:

(a) Show that any cubic spline on ¢ satisfying the given boundarycondition vanishes
identically if 1 · n · 3.

(b) Show that any cubic spline on ¢ satisfying the given boundarycondition is
uniquely determined by its value atx2 if n = 4.

(c) Let n = 4 and x j = ¡ 2; ¡ 1; 0; 1; 2. Find explicitly the cubic spline s 2 S3(¢)
that satis¯es that given boundary condition and that s(0) = 1.

23. Let n ¸ 1 be an integer and ¢ = f a = x0 < ¢ ¢ ¢< x n = bg be a partition of [a; b].
Denote by S the set of all cubic spliness on ¢ that satisfy s00(x0) = s00(xn ) = 0.
(a) Show that for eachj with 0 · j · n, there exists a uniqueSj 2 S that satis¯es

Sj (xk) = ±jk k = 0; : : : ; n:

(b) Let f 2 C[a; b]. Show that

S(x) =
nX

j =0

f (x j )Sj (x)

is the unique spline inS that interpolates f at x0; : : : ; xn .
(c) What is the dimension ofS?

24. Let x j = a + jh (j = 0; : : : ; n) with h > 0. Denote by S3(¢) the set of splines
determined by these knotsx j (j = 0; : : : ; n). De¯ne Sj 2 S3(¢) ( j = 0; : : : ; n) by

Sj (xk) = ±jk j; k = 0; : : : ; n and S00
j (x0) = S00

j (xn ) = 0 :

Fix j with 0 · j · n. Show that the momentsM 1; : : : ; Mn¡ 1 of Sj are given by

M i =

8
>>><

>>>:

¡
1
½i

M i +1 i = 1; : : : ; j ¡ 2;

¡
1

½n¡ i
M i ¡ 1 i = j + 2; : : : ; n ¡ 1;

67



8
>>>>>>>>>><

>>>>>>>>>>:

M j = ¡
6(2 + 1=½j ¡ 1 + 1=½n¡ j ¡ 1)
h2(4 ¡ 1=½j ¡ 1 ¡ 1=½n¡ j ¡ 1)

M j ¡ 1 =
6h¡ 2 ¡ M j

½j ¡ 1

M j +1 =
6h¡ 2 ¡ M j

½n¡ j ¡ 1

j 6= 0; 1; n ¡ 1; n;

where
½1 = 4 and ½i = 4 ¡ 1=½i ¡ 1 i = 2; : : : :
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Chapter 3

Numerical Integration

3.1 The Basics

De¯nition 3.1 (Numerical quadrature). Let x1; : : : ; xn ben distinct points in [a; b] and
A1; : : : ; An 2 R. We call Z b

a
f (x)dx ¼

nX

k=1

Ak f (xk) (3.1)

a numerical quadraturewith x1; : : : ; xn quadrature points and A1; : : : ; An coe±cients.

We say that the quadrature (3.1) is exact for an integrable function f : [a; b] ! R, if

Z b

a
f (x)dx =

nX

k=1

Ak f (xk):

De¯nition 3.2 (Degree of precision). The degree of precision of a numerical quadrature
(3.1) is the smallest integerm ¸ 0 such that the quadrature(3.1) is exact for f j (x) = x j ,
j = 0; 1; : : : ; m but is not exact forf m+1 (x) = xm+1 .

Equivalently, the degree of precision of (3.1) ism if and only if (3.1) is exact for all
f 2 Pm but is not exact for somef 2 Pm+1 .

Since the quadrature (3.1) is determined by 2n parametersx1; : : : ; xn and A1; : : : ; An ,
we expect that the degree of precision of (3.1) can not exceed 2n ¡ 1. This is indeed true.

Proposition 3.3. The degree of precision of any numerical quadrature(3.1) is · 2n ¡ 1.

Proof. Let p2n (x) =
Q n

k=1 (x ¡ xk)2. Then p2n 2 P2n . Moreover,
Rb

a p2n (x) dx > 0 andP n
k=1 Akp2n (xk) = 0 : Thus, the degree of precision· 2n ¡ 1.

If the quadrature points of the numerical quadrature (3.1) are known, then one can use
the method of determined coe±cientsto ¯nd the coe±cients A1; : : : ; An so that the degree
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of precision of the quadrature can be as high as possible.

An example of the method of undetermined coe±cients . Find A1 and A2 such that
the numerical quadrature Z 1

0
f (x)dx ¼ A1f (0) + A2f (1)

has the degree of precision as high as possible.
We chooseA1 and A2 so that this quadrature is exact forf (x) = 1 and f (x) = x:

Z 1

0
dx = 1 = A1 + A2;

Z 1

0
x dx =

1
2

= A2:

Solving these two equations, we obtain thatA1 = A2 = 1=2. The quadrature thus becomes

Z 1

0
f (x)dx ¼

1
2

[f (0) + f (1)]:

To ¯nd out the degree of precision of this quadrature, we check its exactness forf (x) = x2.
We have

Z 1

0
x2dx =

1
3

;

1
2

¡
02 + 12

¢
=

1
2

:

Thus, this quadrature is not exact forf (x) = x2. Consequently, the degree of precision of
this quadrature is 1.

In the rest of this section, we give a few examples of simple numerical quadrature. For
each of these examples, we determine the degree of precision, give the relaed composite
formula, and derive its error formula.

The left-endpoint rectangle rule.

Z b

a
f (x)dx ¼ f (a)(b¡ a): (3.2)

To ¯nd out the degree of precision of this quadrature, we check

Z b

a
1dx = 1( b¡ a)
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Z b

a
xdx =

1
2

(b2 ¡ a2) 6= a(b¡ a)

So, the degree of precision ism = 0. Let f 2 C1[a; b]: We have
Z b

a
f (x)dx ¡ f (a)(b¡ a) =

Z b

a
[f (x) ¡ f (a)]dx

=
Z b

a
f 0(»(x))( x ¡ a)dx

= f 0(»)
Z b

a
(x ¡ a)dx;

where we have used the Generalized Mean-Value Theorem1 for integrals.
Composite left-endpoint rectangle rule. Let f 2 C[a; b]. Let N ¸ 1 be an integer.
De¯ne h = ( b¡ a)=N and x j = a+ jh , j = 0; : : : ; N . If we apply the left-endpoint rectangle
rule to each interval [x j ¡ 1; x j ] (1 · j · N ), we obtain

Z b

a
f (x)dx =

NX

j =1

Z x j

x j ¡ 1

f (x)dx ¼
NX

j =1

f (x j ¡ 1)(x j ¡ x j ¡ 1) = h
NX

j =1

f (x j ¡ 1) = h
N ¡ 1X

j =0

f (x j ):

Error:

f 2 C1[a; b]
Z b

a
f (x)dx ¡ h

N ¡ 1X

j =0

f (x j )

=
NX

j =1

· Z x j

x j ¡ 1

f (x)dx ¡ f (x j ¡ 1)h
¸

=
NX

j =1

1
2

h2f 0(»j )

=
NX

j =1

1
2

h ¢
b¡ a

N
¢f 0(»j )

=
1
2

(b¡ a)hf 0(»):

1Generalized Mean-Value Theorem for Integrals. Let u 2 C[a; b]. Let v : [a; b] ! R be integrable
with v(x) ¸ 0 for all x 2 [a; b] or v(x) · 0 for all x 2 [a; b]. Then there exists » 2 [a; b] such that

Z b

a
u(x)v(x)dx = u(»)

Z b

a
v(x)dx:
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Since

min
x2 [a;b]

f 0(x) ·
1
N

NX

j =1

f 0(»j ) · max
x2 [a;b]

f 0(x);

it follows from the Intermediate-Value Theorem2 that

The midpoint rectangular rule.

Z b

a
f (x)dx ¼ f

µ
a + b

2

¶
(b¡ a)

Z b

a
1dx = 1( b¡ a)

Z b

a
xdx =

1
2

(b2 ¡ a2) = (
a + b

2
)(b¡ a) =

1
2

(b2 ¡ a2)
Z b

a
x2dx =

1
3

(b3 ¡ a3) 6= (
a + b

2
)2(b¡ a)

1
3

(b¡ a)(b2 ¡ ba+ a2) 6=
1
4

(a + b)2(b¡ a)

,
1
3

(b2 ¡ ba+ a2) 6=
1
4

(a2 + 2ab+ b2)

, 4b2 ¡ 4ba+ 4a2 6= 3a2 + 6ab+ 3b2

, b2 + a2 ¡ 2ab6= 0 , a 6= b

So the degree of precision ism = 1.
Let f 2 C2[a; b]

Z b

a
f (x)dx ¡ f (

a + b
2

)(b¡ a)

=
Z b

a
[f (x) ¡ f (

a + b
2

)]dx

=
Z b

a
[f 0(

a + b
2

)(x ¡
a + b

2
) +

1
2

f 00(»(x))( x ¡
a + b

2
)2]dx

=
1
2

Z b

a
f 00(»(x))( x ¡

a + b
2

)2dx

2The Intermediate-Value Theorem. If f 2 C[a; b] and ¹ 2 R satisfy min
x 2 [a;b]

f (x) · ¹ · max
x 2 [a;b]

f (x),

then there exist » 2 [a; b] such that f (») = ¹:
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=
1
2

f 00(»)
Z b

a
(x ¡

a + b
2

)2dx

=
1
24

(b¡ a)3f 00(»):

The composite mid{point rule

Z b

a
f (x)dx =

NX

j =1

Z x j

x j ¡ 1

f (x)dx

¼
NX

j =1

f (
x j ¡ 1 + x j

2
)(x j ¡ x j ¡ 1)

= h
NX

j =1

f (x j ¡ 1
2
) x j ¡ 1

2
=

1
2

(x j ¡ 1 + x j )

Error: f 2 C2[a; b]

Z b

a
f (x)dx ¡ h

NX

j =1

f (x j ¡ 1
2
)

=
NX

j =1

· Z x j

x j ¡ 1

f (x)dx ¡ f (
x j ¡ 1 + x j

2
)h

¸

=
NX

j =1

1
24

h3f 00(»j )

=
(b¡ a)

24
h2f 00(») » 2 [a; b]:

The trapezoidal rule.

Z b

a
f (x)dx ¼

1
2

[f (a) + f (b)](b¡ a)
Z b

a
1dx =

1
2

(1 + 1)( b¡ a)
Z b

a
xdx =

1
2

(b2 ¡ a2) =
1
2

[a + b](b¡ a)
Z b

a
x2dx =

1
3

(b3 ¡ a3) 6=
1
2

(a2 + b2)(b¡ a)

m = 1
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Let f 2 C2[a; b].
Z b

a
f (x)dx ¡

1
2

[f (a) + f (b)](b¡ a)

=
Z b

a
f f (x) ¡

1
2

[f (a) + f (b)]gdx

= ¡
1
12

(b¡ a)3f 00(»); for some» 2 [a; b]:

Composite Rule

Z b

a
f (x)dx ¼

h
2

[f (x0) + f (xN )] + h
N ¡ 1X

j =1

f (x j )

Z b

a
f (x)dx ¡

(
h
2

[f (x0) + f (xN )] + h
N ¡ 1X

j =1

f (x j )

)

= ¡
(b¡ a)h2

12
f 00(»)

3.2 Interpolatory Quadrature

Let x0; : : : ; xn be n + 1 distinct points in [ a; b]. Let f 2 C[a; b]. The Lagrange interpolation
polynomial Ln f 2 Pn of f at x0; : : : ; xn is given by

(Ln f )(x) =
nX

k=0

f (xk)lk(x);

wherelk(x)(k = 0; : : : ; n) are the Lagrange basis polynomials associated withx0; : : : ; xn .

lk(x) =
nY

i =0
i 6= k

x ¡ x i

xk ¡ x i
; k = 0; : : : ; n:

The approximation
Z b

a
f (x)dx ¼

Z b

a
(Ln f )(x)dx =

nX

k=0

· Z b

a
lk(x)dx

¸
f (xk)

leads to the following:

De¯nition 3.4 (Interpolatory quadrature). The interpolatory quadrature associated
with n + 1 distinct points x0; : : : ; xn in [a; b] is the numerical quadrature

Z b

a
f (x)dx ¼

nX

k=0

Ak f (xk)
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with

Ak =
Z b

a
lk(x)dx; k = 0; : : : ; n; (3.3)

wherel0; : : : ; ln are the Lagrange basis polynomials associated withx0; : : : ; xn .

Theorem 3.5 (Characterization of interpolatory quadratur e). Let x0; : : : ; xn ben+1
distinct points in [a; b]. A numerical quadrature

Z b

a
f (x)dx ¼

nX

k=0

Bk f (xk) (3.4)

is an interpolatory quadrature if and only if its degree of precision is ¸ n.

Proof. The \if " part. Suppose the degree of precision of (3.4) is¸ n. Let l0; : : : ; ln 2 Pn be
the Lagrange basis polynomials associated withx0; : : : ; xn . Since eachl j 2 Pn , we have

Z b

a
l j (x)dx =

nX

k=0

Bk l j (xk) =
nX

k=0

Bk±jk = B j :

Thus, the quadrature (3.4) is interpolatory.
The \only if " part. Suppose (3.4) is interpolatory. Then the coe±cients are givenby

Bk =
Z b

a
lk(x)dx; k = 1; : : : ; n:

Let f 2 Pn . Then Ln f = f by Proposition 2.5. Consequently,

Z b

a
f (x)dx =

Z b

a
(Ln f )(x)dx =

nX

k=0

Z b

a
lk(x) dxf (xk) =

nX

k=0

Bk f (xk):

This implies that the degree of precision of (3.4) iş n.

De¯nition 3.6 (Newton-Cotes formula). Let n ¸ 1 be an integer. A(closed) Newton-
Cotes formula is an interpolatory quadrature

Z b

a
f (x)dx ¼

nX

k=0

Ak f (xk) (3.5)

with the quadrature pointsxk = a + k(b¡ a)=n (k = 0; : : : ; n).

By the de¯nition of interpolatory quadrature, the coe±cients Ak (k = 0; : : : ; n) in the
Newton-Cotes formula (3.5) are given by (3.3) withlk 2 Pn (k = 0; : : : ; n) the Lagrange
basis polynomials associated with the evenly distributed quadrature pointsxk (k = 0; : : : ; n).
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Examples. (1) Consider the Newton-Cotes formula withn = 1. We have x0 = a, x1 = b,
and

A0 =
Z b

a
l0(x)dx =

Z b

a

x ¡ b
a ¡ b

dx =
1
2

(b¡ a);

A1 =
Z b

a
l1(x)dx =

Z b

a

x ¡ a
b¡ a

dx =
1
2

(b¡ a):

Thus, the formula is

Z b

a
f (x)dx ¼

1
2

(b¡ a)f (x0) +
1
2

(b¡ a)f (x1) =
1
2

(b¡ a)[f (x0) + f (x1)]:

This is exactly the trapezoidal rule.
(2) Consider the Newton-Cotes formula withn = 2. We havex0 = a, x1 = ( a+ b)=2 =: c,

x2 = b, and

A0 =
Z b

a
l0(x)dx =

Z b

a

(x ¡ c)(x ¡ b)
(a ¡ c)(a ¡ b)

dx =
b¡ a

6
;

A1 =
Z b

a
l1(x)dx =

Z b

a

(x ¡ a)(x ¡ b)
(c ¡ a)(c ¡ b)

dx =
2(b¡ a)

3
;

A2 =
Z b

a
l2(x)dx =

Z b

a

(x ¡ a)(x ¡ c)
(b¡ a)(b¡ c)

dx =
b¡ a

6
:

The formula is Z b

a
f (x)dx ¼

b¡ a
6

·
f (a) + 4 f

µ
a + b

2

¶
+ f (b)

¸
:

This is calledSimpson's rule.
In the case [a; b] = [ ¡ 1; 1]; this becomes

Z 1

¡ 1
f (x)dx ¼

1
3

[f (¡ 1) + 4f (0) + f (1)]:

We can verify directly that this is exact for f (x) = 1, x, x2. In fact, it is also exact for
f (x) = x3 but not for f (x) = x4. Therefore, the degree of precision of Simpson's rule is 3.

Theorem 3.7 (Error formula for Newton-Cotes formula). Consider a Newton-Cotes
formula

Z b

a
f (x)dx ¼

nX

k=0

Ak f (xk): (3.6)
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(1) If n is even andf 2 Cn+2 [a; b], then exists» 2 (a; b) such that

Z b

a
f (x)dx ¡

nX

k=0

Ak f (xk) =
f (n+2) (»)
(n + 2)!

¹ n ; (3.7)

where

¹ n =
Z b

a
x(x ¡ x0) ¢ ¢ ¢(x ¡ xn ) dx < 0:

(2) If n is odd andf 2 Cn+1 [a; b], then there existś 2 (a; b) such that

Z b

a
f (x)dx ¡

nX

k=0

Ak f (xk) =
f (n+1) (´ )
(n + 1)!

º n ; (3.8)

where

º n =
Z b

a
(x ¡ x0) ¢ ¢ ¢(x ¡ xn ) dx < 0:

Colloary 3.8. The degree of precision of the Newton-Cotes formula(3.6) with quadrature
points xk = a + k(b¡ a)=n (k = 0; : : : ; n) is n if n is odd andn + 1 if n is even.

Proof. Supposen ¸ 1 is even. By (3.7), the quadrature (3.6) is exact for allf 2 Pn+1 .
Setting f (x) = xn+2 in (3.7), we see that the right-hand side of (3.7) is¹ n 6= 0. Thus, the
degree of precision in this case isn +1. The same argument applies to the casen is odd.

To prove Theorem 3.7, we ¯rst prove the following:

Lemma 3.9. Let n ¸ 1 be an even number,h = ( b¡ a)=n, and xk = a+ kh (k = 0; : : : ; n).
Let

! n (x) = ( x ¡ x0) ¢ ¢ ¢(x ¡ xn ) and ­ n (x) =
Z x

a
! n (t)dt: (3.9)

Then ­ n (a) = ­ n (b) = 0 and ­ n (x) > 0 for all x 2 (a; b):

Proof. It is obvious that ­ n (a) =
Ra

a ! n (t)dt = 0. Since n is even, we have by the change of
variable x = a + h(t + n=2) that

­ n (b) =
Z b

a
! (x)dx = hn+2

Z n
2

¡ n
2

t

n
2Y

k=1

(t2 ¡ k2)dt = 0:

Let an index j be such that 1· j · n=2. We claim:

j! n (x)j > j! n (x + h)j 8x 2 (x2j ¡ 2; x2j ¡ 1): (3.10)
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To see this, let us ¯x an x 2 (x2j ¡ 2; x2j ¡ 1). Let x = a + ht for somet 2 R. Clearly,
2j ¡ 2 < t < 2j ¡ 1. Thus, t is not an integer. Moreover, since 1· j · n=2, we have
0 < t + 1 < n=2. From x = a + ht and xk = a + kh (k = 0; : : : ; n), we then obtain that

¯
¯
¯
¯
! n (x + h)

! n (x)

¯
¯
¯
¯ =

¯
¯
¯
¯
(t + 1) t ¢(t ¡ 1) : : : (t ¡ n + 1)

t(t ¡ 1) : : : (t ¡ n)

¯
¯
¯
¯ =

¯
¯
¯
¯
t + 1
t ¡ n

¯
¯
¯
¯ =

t + 1
n ¡ t

< 1;

where the last inequality is equivalent to the true fact thatt + 1=2 < n=2. This proves
(3.10).

Consider now [x0; x2] = [ x0; x1] [ [x1; x2]. Sincen is even,! n (x) < 0 on (¡1 ; x0) and
! n (x) > 0 on (x0; x1). Thus, by the fact that ­ n (x0) = 0, we have ­ n (x) > 0 on (x0; x1].
Let x 2 (x1; x2]. Then x ¡ h 2 (x0; x1]. Hence,! n (t) > 0 for any t 2 (x0; x ¡ h). This and
(3.10) with j = 1 imply that ! n (t) + ! n (t + h) > 0 for any t 2 (x0; x ¡ h). Therefore, by
the change of variables = t ¡ h and (3.10) for j = 1,

­ n (x) =
Z x

a
! n (t)dt =

Z x1

x0

! (t)dt +
Z x

x1

! n (t)dt

¸
Z x¡ h

x0

! n (t)dt +
Z x¡ h

x0

! n (s + h)ds =
Z x¡ h

x0

[! n (t) + ! n (t + h)]dt > 0:

Hence, ­n (x) > 0 on [x0; x2]. Since ­0
n (x) = ! n (x) > 0 in (x2; x3) and ­ n (x2) > 0, we have

­ n (x) > 0 on [x2; x3]. A similar argument then leads to ­n (x) > 0 on [x2; x4]. Continuing
this process, we have ­n (x) > 0 for x 2 (x0; x2j ¡ 1] with 2j ¡ 1 = n=2 or 2j ¡ 1 = ( n=2)¡ 1: In
the latter case, we have ­n (x) > 0 in (x2j ¡ 1; xn=2), since ­ 0

n (x) = ! n (x) > 0 in (x2j ¡ 1; xn=2)
and ­ n (x) > 0 on (x0; x2j ¡ 1]. Therefore, ­ n (x) > 0 on (x0; xn=2].

If x 2 (xn=2; xn ) then xn=2 ¡ (x ¡ xn=2) 2 (x0; xn=2) and hence ­n (xn=2 ¡ (x ¡ xn=2)) > 0.
Moreover, by the change of variables = t ¡ xn=2, we have

Z xn= 2+( x¡ xn= 2 )

xn= 2 ¡ (x¡ xn= 2 )
! n (t)dt =

Z x¡ xn= 2

¡ (x¡ xn= 2 )
! n (s + xn=2)ds =

Z x¡ xn= 2

¡ (x¡ xn= 2 )
s

n=2Y

k=1

£
s2 ¡ (kh)2

¤
ds = 0:

Therefore,

­ n (x) =
Z x

x0

! n (t)dt

=
Z xn= 2 ¡ (x¡ xn= 2 )

x0

! n (t)dt +
Z xn= 2+( x¡ xn= 2 )

xn= 2 ¡ (x¡ xn= 2 )
! n (t)dt

= ­ n ((xn=2 ¡ (x ¡ xn=2)) > 0:

The proof is complete.
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Proof of Theorem 3.7. Let ! n and ­ n be given as in (3.9). Since (3.6) is an interpolatory
formula, we have by Theorem 2.10 and Proposition ? (on the proerties of divided di®erences
with repeated points) that

en (f ) :=
Z b

a
f (x)dx ¡

nX

k=0

Ak f (xk)

=
Z b

a
f (x)dx ¡

Z b

a
(Ln f )(x)dx

=
Z b

a
f [x0; : : : ; xn ; x]! n (x)dx 8f 2 C1[a; b]: (3.11)

Case 1: n is even andf 2 Cn+2 [a; b]. By integration by parts, we obtain from (3.11),
Lemma 3.9, Proposition (?) (on properties on divided di®erences with repeated points),
and the Generalized Mean-Value Theorem for integrals that

en (f ) =
Z b

a
f [x0; : : : ; xn ; x]­ 0

n (x)dx

= f [x0; : : : ; xn ; x]­ n (x) jx= b
x= a ¡

Z b

a
­( x)

d
dx

f [x0; : : : ; xnx]dx

= ¡
Z b

a
­ n (x)

d
dx

f [x0; : : : ; xn ; x]dx

= ¡
Z b

a
­ n (x)

f (n+2) (»(x))dx
(n + 2)!

dx

= ¡
f (n+2) (»)
(n + 2)!

Z b

a
­ n (x)dx

for some» 2 (a; b). By integration by parts and Lemma 3.9, we then have
Z b

a
­ n (x)dx = x­ n (x) jba ¡

Z b

a
x­ 0

n (x)dx = ¡
Z b

a
x! n (x)dx = ¡ ¹ n :

Since
Rb

a ­ n (x)dx > 0 by Lemma 3.9,¹ n < 0.
Case 2:n is odd andf 2 Cn+1 [a; b]. It follows from (3.11) that

en (f ) =
Z b¡ h

a
! n (x)f [x0; : : : ; xn ; x]dx +

Z b

b¡ h
! n (x)f [x0; : : : ; xn ; x]dx =: I 1 + I 2: (3.12)

Since ! n (x) does not change sign in (b ¡ h; b), we have by the Generalized Mean-Value
Theorem for integrals that

I 2 :=
Z b

b¡ h
! n (x)f [x0; : : : ; xn ; x]dx =

f (n+1) (´ 0)
(n + 1)!

Z b

b¡ h
! n (x)dx (3.13)
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for some´ 0 2 (a; b).
By the de¯nition of divided di®erences, we have

I 1 :=
Z b¡ h

a
! n (x)f [x0; : : : ; xn ; x]dx

=
Z b¡ h

a
! n¡ 1(x)(x ¡ xn )

µ
f [x0; : : : ; xn¡ 1; x] ¡ f [x0; : : : ; xn¡ 1; xn ]

x ¡ xn

¶
dx

=
Z b¡ h

a
­ 0

n¡ 1(x)f [x0; : : : ; xn¡ 1; x]dx ¡
Z b¡ h

a
­ 0

n¡ 1(x)f [x0; : : : ; xn¡ 1; xn ]dx

=: J1 ¡ J2:

Sincen ¡ 1 is even, by Lemma 3.9 we have ­n¡ 1(a) = ­ n¡ 1(b¡ h) = 0. Consequently,

J2 = f [x0; : : : ; xn¡ 1; xn ]
Z b¡ h

a
­ 0

n¡ 1(x)dx = f [x0; : : : ; xn¡ 1; xn ] [­ n¡ 1(b¡ h) ¡ ­ n¡ 1(a)] = 0 :

(3.14)
Again by Lemm 3.9, ­n¡ 1(x) > 0 on (a; b¡ h). By integration by parts, Propertion? (on
properties of divided di®erences with repeated points), and the Generalized Mean-Value
Theorem for integrals, we get

J1 :=
Z b¡ h

a
­ 0

n¡ 1(x)f [x0; : : : ; xn¡ 1; x]dx

= ¡
Z b¡ h

a
­ n¡ 1(x)

d
dx

f [x0; : : : ; xn¡ 1; x]dx

= ¡
f (n+1) (´ 00)
(n + 1)!

Z b¡ h

a
­ n¡ 1(x)dx (3.15)

for some´ 002 (a; b).
From (3.12){(3.15), we obtain

en (f ) = ¡ [Af (n+1) (´ 0) + Bf (n+1) (´ 00)];

where

A = ¡
1

(n + 1)!

Z b

b¡ h
! n (x)dx;

B =
1

(n + 1)!

Z b¡ h

a
­ n¡ 1(x)dx:

Clearly, ! n (x) > 0 for any x > b. Thus, ! n (x) < 0 in (b¡ h; b). This implies that A > 0.
Sincen ¡ 1 is even, we haveB > 0 by Lemma 3.9. The fact that

min
a· x· b

f (n+1) (x) ·
Af (n+1) (´ 0) + Bf (n+1) (´ 00)

A + B
· max

a· x· b
f (n+1) (x)
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and the Intermediate-Value Theorem now imply that

en (f ) = ¡ (A + B)f (n+1) (´ ) (3.16)

for some´ 2 (a; b). Again sincen ¡ 1 is even, we obtain by Lemma 3.9 that
Z b¡ h

a
! n (x)dx =

Z b¡ h

a
­ 0

n¡ 1(x)(x ¡ b)dx

= ­ n¡ 1(x)(x ¡ b) jb¡ h
a ¡

Z b¡ h

a
­ n¡ 1(x)dx

= ¡
Z b¡ h

a
­ n¡ 1(x)dx:

Consequently,

A + B =
1

(n + 1)!

Z b

b¡ h
! n (x)dx +

1
(n + 1)!

Z b¡ h

a
­ n¡ 1(x)dx

=
1

(n + 1)!

Z b

b¡ h
! n (x)dx ¡

1
(n + 1)!

Z b¡ h

a
! n (x)dx

= ¡
1

(n + 1)!

Z b

a
! n (x)dx: (3.17)

This, together (3.16), leads to (3.8). SinceA and B are positive, then we have by (3.17)
that

º n =
Z b

a
! n (x)dx = ¡ (n + 1)!( A + B) < 0;

completing the proof.

3.3 Peano Kernel and Error Representation

Theorem 3.10 (Peano kernal and error representation for num erical quadrature).
Assume the degree of precision of a given numerical quadrature

Z b

a
f (x)dx ¼

nX

k=0

Ak f (xk)

is m. Then
Z b

a
f (x) ¡

nX

k=0

Ak f (xk) =
Z b

a

eK m (t)f (m+1) (t)dt 8f 2 C(m+1) [a; b]; (3.18)

where

eK m (t) =
1

m!

" Z b

a
(x ¡ t)m

+ dx ¡
nX

k=0

Ak(xk ¡ t)m
+

#

: (3.19)
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Proof. Let f 2 C(m+1) [a; b]. By the Taylor expansion,

f (x) = f (a) + f 0(a)(x ¡ a) + ¢ ¢ ¢+
f (m)(a)

m!
(x ¡ a)m +

1
m!

Z b

a
(x ¡ t)m

+ f (m+1) (t)dt

= Qm (x) + Rm (x):

Since the degree of precision of (3.18) ism and

Qm (x) = f (a) + f 0(a)(x ¡ a) + ¢ ¢ ¢+
f (m)(a)

m!
(x ¡ a)m

is a polynomial of degree· m, the quadrature (3.18) is exact forQm . Thus,
Z b

a
f (x)dx ¡

nX

k=0

Ak f (xk)

=
Z b

a
Qm (x)dx ¡

nX

k=0

AkQm (xk) +
Z b

a
Rm (x)dx ¡

nX

k=0

AkRm (xk)

=
Z b

a
Rm (x)dx ¡

nX

k=0

AkRm (xk)

=
1

m!

Z b

a

" Z b

a
(x ¡ t)m

+ dx ¡
nX

k=0

Ak(xk ¡ t)m
+

#

f (m+1) (t)dt

=
Z b

a

eK m (t)f (m+1) (t)dt:

The proof is complete.

We call eK m de¯ned in (3.19) the Peano kernal for the numerical quadrature (3.18).

3.4 Euler{Maclaurin Formula, Richardson Extrapola-
tion, and Romberg Algorithm

3.5 Weighted Gaussian Quadrature

Let ½be a weight function on [a; b]. We consider a numerical quadrature
Z b

a
½(x)f (x) dx ¼

nX

k=1

Ak f (xk); (3.20)

wheren ¸ 1 is an integer,x1; : : : ; xn 2 [a; b] are n distinct points, and A1; : : : ; An 2 R. It
follows from Proposition 3.3 that the degree of precision of any numerical quadrature (3.20)
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is less than or equal to 2n ¡ 1. On the other hand, by ?, the degree of precision of (3.20) is
greater than or equal ton ¡ 1, if it is interpolatory, i.e., the coe±cients are given by

Ak =
Z b

a
½(x)lk(x) dx; k = 1; : : : ; n; (3.21)

where

lk(x) =
nY

j =1
j 6= k

x ¡ x j

xk ¡ x j
; k = 1; : : : ; n;

are the Lagrange basis polynomials associaed withx1; : : : ; xn :
We want to choose the quadrature pointsx1; : : : ; xn so that the formula (3.20) has the

degree of precision as high as possible. Letf 2 C[a; b]. Let Ln¡ 1 : C[a; b] ! Pn¡ 1 be the
Lagrange interpolator associated withx1; : : : ; xn . By Theorem 2.10, we have the error

en (f ) :=
Z b

a
½(x)f (x) dx ¡

nX

k=1

Ak f (xk)

=
Z b

a
½(x)[f (x) ¡ (Ln¡ 1f )(x)]dx

=
Z b

a
½(x)f [x1; : : : ; xn ; x]

nY

k=1

(x ¡ xk) dx:

If f 2 Pm for some integerm ¸ n, then by Proposition 2.11 the divided di®erence
f [x1; : : : ; xn ; x] is a polynomial in Pm¡ n : We thus want to choosex1 : : : ; xn so that

Z b

a
½(x)p(x)

nY

k=1

(x ¡ xk)dx = 0 8p 2 Pm¡ n (3.22)

with possibly m = n; : : : ; 2n ¡ 1. This will not hold true for m = 2n by Proposition 3.3.
It is then clear that if ! n (x) :=

Q n
k=1 (x ¡ xk) is the nth orthogonal polynomial in ePn ,

i.e., x1; : : : ; xn are roots of annth orthogonal polynomial, then (3.22) will hold true for all
m = n; : : : ; 2n ¡ 1. This means thaten (f ) = 0 for any f 2 Pm with m = n; : : : ; 2n ¡ 1.
Clearly, en (f ) = 0 for any f 2 Pm with m = 0; : : : ; n¡ 1, if (3.20) is interpolatory. Therefore,
the highest possible degree of precision is achieved by an interpolatory quadrature with
quadrature points roots of orthogonal polynomials.

De¯nition 3.11 (Weighted Gaussian quadrature). A numerical quadrature(3.20) is
called aweighted Gaussian quadrature, if

(1) the quadrature pointsx1; : : : ; xn are then simple roots of an orthogonal polynomial of
degreen in L2

½(a; b),
(2) the qudrature is interpolatory, i.e., the coe±cientsA1; : : : ; An are given by(3.21).

83



Theorem 3.12 (Characterization of weighted Gaussian quadr ature). A numerical
quadrature (3.20) is a weighted Gaussian quadrature if and only if it has the degree of
precision 2n ¡ 1.

Proof. The \if " part. Assume the degree of precision of the numerical quadrature (3.20) is
2n ¡ 1. Let Qn (x) =

Q n
k=1 (x ¡ xk) and q 2 Pn¡ 1. Then qQn 2 P2n¡ 1. Since the degree of

precision of (3.20) is 2n ¡ 1,
Z b

a
½(x)q(x)Qn(x)dx =

nX

k=1

Akq(xk)Qn (xk) = 0 :

Therefore, Qn 2 Pn is an nth orthogonal polynomial in L2
½(a; b), and hencex1; : : : ; xn are

roots of this polynomial. Moreover, since the quadrature is exact for all polynomials inPn¡ 1,
it is interpolatory by ?. Thus, it is a weighted Gaussian quadrature by De¯nition 3.11.

The \only if " part. Assume (3.20) is a weighted Gaussian quadrature. Forp 2 P2n¡ 1,
there exist q 2 Pn¡ 1 and r 2 Pn¡ 1 with degr < degp such that

p(x) = q(x) eQn (x) + r (x);

where eQn (x) =
Q n

k=1 (x ¡ xk) in ePn is the nth orthogonal polynomial in L2
½(a; b). Clearly,

p(xk) = r (xk) for k = 1; : : : ; n. Thus, by the orthogonality and the fact that the weighted
Gaussian quadrature (3.20) is exact for any polynomial inPn¡ 1, we have

Z b

a
½(x)p(x) dx =

Z b

a
½(x)q(x) eQn(x) dx +

Z b

a
½(x)r (x) dx =

nX

k=1

Akr (xk) =
nX

k=1

Akp(xk):

Therefore, the degree of precision of (3.20) is greater than or equal to 2n ¡ 1; and is in fact
exactly 2n ¡ 1 by Proposition 3.3.

Theorem 3.13 (Error of weighted Gaussian quadrature). Let (3.20) be a weighted
Gaussian quadrature. For anyf 2 C2n [a; b], there exists» 2 [a; b] such that

Z b

a
½(x)f (x)dx ¡

nX

k=1

Ak f (xk) =
f (2n)(»)
(2n)!

Z b

a
½(x)

nY

k=1

(x ¡ xk)2dx:

Proof. Let p 2 P2n¡ 1 be the Hermite interpolation polynomial off at x1; : : : ; xn . Then it
follows from Theorem 2.18 that for eachx 2 [a; b] there exists»(x) 2 [a; b] such that

f (x) ¡ p(x) =
f (2n)(»(x))

(2n)!

nY

k=1

(x ¡ xk)2:

Since the weighted Gaussian quadrature (3.20) has the degree of precision 2n ¡ 1 and since
p(xk) = f (xk) (k = 1; : : : ; n), we have by the Generalized Mean-value Theorem for integrals
? that

Z b

a
½(x)f (x)dx =

Z b

a
½(x)p(x)dx +

Z b

a
½(x)

f (2n)(»(x))
(2n)!

nY

k=1

(x ¡ xk)2dx
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=
nX

k=1

Akp(xk) +
f (2n)(»)
(2n)!

Z b

a
½(x)

nY

k=1

(x ¡ xk)2dx

=
nX

k=1

Ak f (xk) +
f (2n)(»)
(2n)!

Z b

a
½(x)

nY

k=1

(x ¡ xk)2dx;

completing the proof.

The following is a useful property of a weighted Gaussian quadrature:

Proposition 3.14. The coe±cients of a weighted Gaussian quadrature are all positive.

Proof. Let (3.20) be a weighted Gaussian quadrature. Letl j 2 Pn¡ 1 (j = 1; : : : ; n) be the
Lagrange basis polynomials associated with the quadrature points x1; : : : ; xn 2 (a; b). Since
each l2

j 2 P2n¡ 2 and the weighted Gaussian quadrature (3.20) has the degree of precision
2n ¡ 1, we have

0 <
Z b

a
½(x)[l j (x)]2dx =

nX

k=1

Ak [l j (xk)]2 = A j ;

completing the proof.

Gaussian quadrature Z 1

¡ 1
f (x)dx ¼

nX

k=1

Ak f (xk): (3.23)

The Legendre polynomialsPn (n = 0; : : : ) are orthogonal polynomials inL2[¡ 1; 1]. Recall:

Pn (x) =
1

2nn!
dn

dxn
[(x2 ¡ 1)n ]

Z 1

¡ 1
Pm (x)Pn (x)dx =

(
0 m 6= n

2
2n+1 m = n:

Each Pn (n ¸ 1) hasn roots in (¡ 1; 1).

P0(x) = 1

P1(x) = x

P2(x) =
1
2

(3x2 ¡ 1)

P3(x) =
1
2

(5x3 ¡ 3x)
Z 1

¡ 1
f (x)dx ¼ 2f (0)

Z 1

¡ 1
f (x)dx ¼ f (¡

1
p

3
) + f (

1
p

3
)
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Z 1

¡ 1
f (x)dx ¼

5
9

f (¡

r
3
5

) +
8
9

f (0) +
5
9

f (

r
3
5

)

Theorem 3.15. The coe±cients of the Gaussian quadrature(3.23) are given by

Ak =
2

(1 ¡ x2
k)[P0

n (xk)]2
; k = 1; : : : ; n:

Proof. The Lagrange basis polynomialslk 2 Pn¡ 1 (k = 1; : : : ; n) associated with the roots
x1; : : : ; xn of the nth Legendre polynomialPn are given by

lk(x) =
Pn (x)

(x ¡ xk)P0
n (xk)

=
nY

j =1
j 6= k

x ¡ x j

xk ¡ x j
; k = 1; : : : ; n: (3.24)

Fix an integer k with 1 · k · n. By integration by parts and the orthogonality, we obtain
that

Sk :=
Z 1

¡ 1
lk(x)P0

n (x)dx = lk(x)Pn (x) j1¡ 1 ¡
Z 1

¡ 1
l0
k(x)Pn (x)dx = lk(x)Pn (x)j1¡ 1 :

SincelkP0
n 2 P2n¡ 2 and the Gaussian quadrature (3.23) has the degree of precision 2n ¡ 1,

we also have

Sk =
Z 1

¡ 1
lk(x)P0

n (x)dx =
nX

j =1

A j lk(x j )P0
n (x j ) = AkP0

n (xk):

Consequently, by these two equations forSk , (3.24), and Part (5) of Theorem 1.26, we
obtain

Ak =
lk(x)Pn (x)

P0
n (xk)

¯
¯
¯
¯

x=1

x= ¡ 1

=
[Pn (x)]2

(x ¡ xk)[P0
n (xk)]2

¯
¯
¯
¯

x=1

x= ¡ 1

=
µ

[Pn (1)]2

1 ¡ xk
¡

[Pn (¡ 1)]2

¡ 1 ¡ xk

¶
1

[P0
n (xk)]2

=
2

(1 ¡ x2
k)[P0

n (xk)]2
;

completing the proof.

Remainder

f (2n)(»)
(2n)!

Z 1

¡ 1

nY

k=1

(x ¡ xk)2dx =
f (2n)(»)
(2n)!

Z 1

¡ 1

µ
2nn!
(2n)!

¶ 2

P2
n (x)dx = f (2n)(»)

22n+1 (n!)4

(2n + 1)[(2n)!]3

The Gauss-Chebyshev quadrature
Z 1

¡ 1

f (x)
p

1 ¡ x2
dx ¼

nX

k=1

Ak f (xk)
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x1; : : : ; xn 2 (¡ 1; 1) are roots ofTn (x) = cos(n arccosx)

xk = cosµk = cos
(2k ¡ 1)¼

2n
; k = 1; : : : ; n;

Ak =
Z 1

¡ 1

lk(x)
p

1 ¡ x2
dx =

¼
n

; k = 1; : : : ; n:

Proof. We show that the formula is exact for allT0; : : : ; T2n¡ 1. Then, the degree of precision
is ¸ 2n ¡ 1. But any numerical quadrature withn quadrature points has degree of precision
· 2n¡ 1 Thus, this has the degree of precision exactly 2n¡ 1. Therefore, this is the weighted
Gaussian quadrature.

Notice that By the change of variablex = cosµ,

Z 1

¡ 1

Tm (x)
p

1 ¡ x2
dx =

Z ¼

0
cosmµdµ=

(
¼ if m = 0;

0 if m 6= 0:

For m = 0, we have
¼
n

nX

k=1

T0(xk) = ¼:

Thus the formula is exact form = 0.
Consider now 1· m · 2n ¡ 1. Denote byi the complex unit, i.e., i 2 = ¡ 1. We have

eim¼ 6= 1. Denote by R(z) the real part of a complex numberz. We have

nX

k=1

Tm (xk) =
nX

k=1

cos
µ

m(2k ¡ 1)¼
2n

¶

=
nX

k=1

R
¡
eim (2k¡ 1)¼=(2n)

¢

= R

Ã

e¡ im¼=(2n)
nX

k=1

eimk¼=n)

!

= R
µ

e¡ im¼=(2n)eim¼=n eim¼ ¡ 1
eim¼=n ¡ 1

¶

= [( ¡ 1)m ¡ 1]R
µ

eim¼=(2n)

eim¼=n ¡ 1

¶

= [( ¡ 1)m ¡ 1]R

Ã
eim¼=(2n)

¡
e¡ im¼=n ¡ 1

¢

jeim¼=n ¡ 1j2

!

= [( ¡ 1)m ¡ 1]R

Ã
e¡ im¼=(2n) ¡ eim¼=(2n)

jeim¼=n ¡ 1j2

!
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= 0:

Z 1

¡ 1

Tm (x)
p

1 ¡ x2
dx =

¼
n

nX

k=1

Tm (xk); m = 0; : : : ; 2n ¡ 1:

Error: ¼
(2n)!22n ¡ 1 f (2n)(»).

3.6 Convergence of Sequences of Numerical Quadra-
ture

Theorem 3.16 (Convergence of sequences of numerical quadra ture). Given a se-
quence of numerical quadrature

Z b

a
½(x)f (x) dx ¼

nX

k=1

A (n)
k f

³
x(n)

k

´
; n = 1; : : : ;

where½is a weight function on[a; b]. Suppose

(1) lim
n!1

nX

k=1

A (n)
k p

³
x(n)

k

´
=

Z b

a
½(x)p(x) dx 8p 2 P; (3.25)

(2) sup
n¸ 1

nX

k=1

¯
¯
¯A (n)

k

¯
¯
¯ < 1 : (3.26)

Then

lim
n!1

nX

k=1

A (n)
k f

³
x(n)

k

´
=

Z b

a
½(x)f (x) dx 8f 2 C[a; b]:

Proof. Let f 2 C[a; b]. Denote

I (f ) =
Z b

a
½(x)f (x) dx:

Denote also for each integern ¸ 1

I n (f ) =
nX

k=1

A (n)
k f

³
x(n)

k

´
:

Clearly, eachI n : C[a; b] ! R is linear. Setting

M = sup
n¸ 1

nX

k=1

¯
¯
¯A (n)

k

¯
¯
¯ ;
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we have

jI n (f )j ·
nX

k=1

¯
¯
¯A (n)

k

¯
¯
¯ ¢

¯
¯
¯f

³
x(n)

k

´ ¯
¯
¯ · M kf kC[a;b] 8f 2 C[a; b] 8n ¸ 1:

Now, let f 2 C[a; b] and let " > 0. By the First Weierstrass Approximation Theorem,
there existsp 2 P such that

kf ¡ pkC[a;b] <
"

2
³

M +
Rb

a ½(x) dx
´ :

By the ¯rst assumption (3.25), there exstis an integerN ¸ 1 such that

jI n (p) ¡ I (p)j <
"
2

8n ¸ N:

Therefore, for anyn ¸ N ,

jI n (f ) ¡ I (f )j

· j I n (f ¡ p)j + jI n (p) ¡ I (p)j + jI (p) ¡ I (f )j

< M kf ¡ pkC[a;b] +
"
2

+ kp ¡ f kC[a;b]

Z b

a
½(x) dx

< ":

This completes the proof.

Colloary 3.17. Given a sequence of interpolatory numerical quadrature

Z b

a
½(x)f (x) dx ¼

nX

k=1

A (n)
k f

³
x(n)

k

´
; n = 1; : : : :

Suppose all the coe±cientsA (n)
k (k = 1; ¢ ¢ ¢; n; n = 1; ¢ ¢ ¢) are positive. Then

lim
n!1

nX

k=1

A (n)
k f

³
x(n)

k

´
=

Z b

a
½(x)f (x) dx 8f 2 C[a; b]: (3.27)

Proof. Let p 2 P. Then there exists an integerN ¸ 1 such that p 2 PN . Since an
interpolatory quadrature with n quadrature points has the degree of precisioņ n ¡ 1.
Therefore,

nX

k=1

A (n)
k p

³
x(n)

k

´
=

Z b

a
½(x)p(x) dx 8n ¸ N:
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This shows that the assumption (3.25) in the above theomre holdstrue. We have also for
all n ¸ 1 that Z b

a
½(x) dx =

nX

k=1

A (n)
k =

nX

k=1

¯
¯
¯A (n)

k

¯
¯
¯ ;

where we used the fact that allA (n)
k (k = 1; : : : ; n; n = 1; : : : ) are positive. Thus, the second

assumption (3.26) in the above theorem holds true. The desired convergence (3.27) then
follows from Theorem 3.16.

A direct consequence of this corollary and Proposition 3.14 isthe following:

Colloary 3.18 (Convergence of weighted Gaussian quadratur e). For any sequence
of weighted Gaussian quadrature

Z b

a
½(x)f (x) dx ¼

nX

k=1

A (n)
k f

³
x(n)

k

´
; n = 1; : : : ;

we have

lim
n!1

nX

k=1

A (n)
k f

³
x(n)

k

´
=

Z b

a
½(x)f (x) dx 8f 2 C[a; b]:

Exercises

1. Use (1) the left endpoint rectangle rule, (2) the midpoint rectangle rule, (3) the trape-
zoid rule, (4) Simpson's rule, and (5) the two-point Gaussian quadrature to compute
the integral Z 1

0
sinx dx

with the number of subintervals of equal lengthn = 1; :::; 10, respectively. Compute
also all the corresponding absolute errors.
(a) Make a table of six columns with one for n and the other ¯ve forthe the computed

values by the ¯ve rules, respectively. Keep eight digits after decimal points.
(b) In a single plot, display ¯ve curves showing the absolute errors in the log-log

scale (i.e. log(error) vs. log(n)) for the ¯ve corresponding rules.
(c) Discuss convergence rates for these quadrature rules based on the computational

result.
2. Use the trapezoid rule and Simpson's rule to compute the integral

Z 1

0
sinx dx

with the number of subintervals of equal lengthn = 2 k , k = 0; :::; 8. Then, apply the
Richardson extrapolation procedure to the computed values with the trapezoid rule
for the pairs (2k ¡ 1; 2k), k = 1; :::; 8. Compute all the corresponding absolute errors.
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(a) Make a table of four columns with one forn, one for the computed values by the
trapezoid rule, one for that by the Richardson extrapolation, and one for that by
Simpson's rule. Keep eight digits after decimal points.

(b) In a single plot, display three curves showing in the log-logscale the absolute
errors (i.e. log(error) vs. log(n)) for the two corresponding rules and the Richard-
son extrapolation.

(c) Discuss the computational result in terms of convergence rates.
3. Given a numerical integration formula on [¡ 1; 1]

Z 1

¡ 1
g(t) dt ¼

nX

j =1

aj g(t j ): (3.28)

De¯ne, for an interval [a; b], A j = ( b ¡ a)aj =2 and x j = [( b¡ a)t j + a + b] =2, j =
1; : : : ; n. Show that the numerical integration formula on [a; b]

Z b

a
f (x) dx ¼

nX

j =1

A j f (x j )

has the same degree of precision as that of the formula (3.28).
4. Find A; B; C such that the weighted numerical quadrature

Z 2

¡ 2
jxjf (x) dx ¼ Af (¡ 1) + Bf (0) + Cf (1)

is exact for polynomials of degree as high as possible. What is the degree of precision
of the quadrature?

5. Let h > 0. Find A; B; C; D so that the numerical quadrature
Z h

¡ h
f (x) dx ¼ Af (¡ h) + Bf (0) + Cf (h) + Dhf 0(h)

is exact for polynomials of degree as high as possible. What is the degree of precision
of the quadrature?

6. Find A; B; C; D such that the numerical quadrature
Z 1

0
f (x) dx ¼ Af (0) + Bf (1) + Cf 00(0) + Df 00(1)

is exact for polynomials of degree as high as possible. What is the degree of precision
of the quadrature?

7. Consider an interpolatrory quadrature
Z b

a
f (x) dx ¼

nX

k=0

Ak f (xk):
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De¯ne for each integerj ¸ 0

Fj (t) =
Z b

a
(x ¡ t) j

+ dx ¡
nX

k=1

Ak(x j ¡ t) j
+ :

Show that Z b

a
Fj (t)dt = 0 j = 0; : : : ; n ¡ 1:

8. Consider the trapezoidal formula
Z b

a
f (x) dx ¼

1
2

(b¡ a) [f (a) + f (b)] :

(a) Show that the degree of precision of the formula ism = 1.
(b) Calculate explicitly the Peano kernelK 1 of the formula and show that the kernel

does not change sign in [a; b].
(c) Let f 2 C2[a; b]. Show that there exists» 2 (a; b) such that

Z b

a
f (x) dx ¡

1
2

(b¡ a) [f (a) + f (b)] = ¡
1
12

(b¡ a)3f 00(»):

(d) Let N ¸ 1 be an integer,h = ( b¡ a)=N, and x j = a + jh , j = 0; : : : ; N . Prove
for f 2 C2[a; b] the error formula for the composite trapezoidal formula

Z b

a
f (x) dx ¡

(
h
2

[f (a) + f (b)] + h
N ¡ 1X

j =1

f (x j )

)

= ¡
(b¡ a)f 00(´ )

12
h2;

where´ 2 (a; b) depends onf .
9. Find an integerN ¸ 1, as small as possible, so that

¯
¯
¯
¯

Z 1

0
exdx ¡ TN

¯
¯
¯
¯ · 10¡ 12;

whereTN is the numerical integration value (without round-o® error) of the function
ex over [0; 1] using the composite trapezoidal rule withN subintervals of equal length.

10. Let p3 2 P3 be the Hermite interpolation polynomial off 2 C1[a; b] determined by

p3(a) = f (a); p0
3(a) = f 0(a); p3(b) = f (b); p0

3(b) = f 0(b):

(a) Show that

Z b

a
p3(x) dx =

1
2

(b¡ a)[f (a) + f (b)] ¡
1
12

(b¡ a)2[f 0(b) ¡ f 0(a)]:
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(b) Determine the degree of precision of the numerical quadrature

Z b

a
f (x) dx ¼

1
2

(b¡ a)[f (a) + f (b)] ¡
1
12

(b¡ a)2[f 0(b) ¡ f 0(a)]: (3.29)

(c) Calculate explicitly the Peano kernel of the numerical quadrature (3.29).
(d) Derive the error formula for the numerical quadrature (3.29).
(e) Let N ¸ 1 be an integer,h = ( b¡ a)=N, and x j = a + jh , j = 0; : : : ; N . Derive

the composite integration formula based on the formula (3.29). Show that the
composite formula is the same as the composite trapezoidal formula for functions
f 2 C1[a; b] such that f 0(a) = f 0(b).

11. Let p 2 P5 be the Hermite interpolation polynomial off 2 C1[¡ 1; 1] determined by

p(x j ) = f (x j ) and p0(x j ) = f 0(x j ); j = 0; 1; 2;

wherex0 = ¡ 1; x1 = 0; x2 = 1.
(a) Show that

Z 1

¡ 1
p(x) dx =

1
15

[7f (¡ 1) + 16f (0) + 7 f (1) + f 0(¡ 1) ¡ f 0(1)] :

(b) Show that the degree of precision of the numerical integration formula
Z 1

¡ 1
f (x) dx ¼

1
15

[7f (¡ 1) + 16f (0) + 7 f (1) + f 0(¡ 1) ¡ f 0(1)] : (3.30)

is m = 5.
(c) Derive the error formula for the numerical integration formula (3.30).
(d) Derive the composite numerical integration formula corresponding to the formula

(3.30).
12. Let a · x0 < ¢ ¢ ¢< x n · b. Show that there existn + 1 real numbers°0; : : : ; °n such

that Z b

a
p(x) dx =

nX

j =0

° j p(x j ) 8p 2 Pn :

13. Consider the Newton-Cotes formula
Z b

a
f (x) dx ¼

nX

j =0

A j f (x j )

with n + 1 points x j = a + j (b¡ a)=n, j = 0; : : : ; n.
(a) Show that A j = An¡ j for j = 0; : : : ; [n=2].
(b) Show by direct calculation that the degree of precision ofthe formula is n if n is

odd and isn + 1 if n is even.
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14. Let n ¸ 2 be an even number,! n (x) =
Q n

j =0 (x ¡ j ), and

­ n (x) =
Z x

0
! n (t)dt:

Show that ­ n (0) = ­ n (n) = 0 and that ­ n (x) > 0 for all x 2 (0; n).
15. Let x1; : : : ; xn be n distinct points in [a, b] and A1; : : : ; An be n real numbers. If the

degree of precision of the weighted numerical integration formula

Z b

a
½(x)f (x) ¼

nX

j =1

A j f (x j )

with ½a weight function on [a; b] is 2n ¡ 1, then it must be the weighted Gaussian
formula on [a; b] with the weight function ½.

16. Let n ¸ 2 be an integer andx1; : : : ; xn the n distinct roots in (¡ 1; 1) of the nth
Legendre polynomialPn . Set

l j (x) =
Pn (x)

(x ¡ x j )P0
n (x j )

and A j =
Z 1

¡ 1
l j (x) dx; j = 1; : : : ; n:

(a) Show that

Z 1

¡ 1
p(x)q(x) dx =

nX

j =1

A j p(x j )q(x j ) 8p; q2 Pn¡ 1:

(b) Show that

A j =
Z 1

¡ 1
[l j (x)]2dx > 0; j = 1; : : : ; n:

17. Let f Qng1
n=0 be a system of orthogonal polynomials with each degQn = n with respect

to the inner product in L2
½[a; b], where½is a weight function on [a; b]. Fix n ¸ 1. Let

x1; : : : ; xn be the n distinct roots of Qn in (a; b). Let

Z b

a
½(x)f (x) dx ¼

nX

j =1

A j f (x j )

be the corresponding weighted Gaussian quadrature. Show that

nX

j =1

AkQk(x j ) = 0 ; k = 1; : : : ; 2n ¡ 1:
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18. (Gautschi) Consider a weighted Gaussian formula

Z b

a
½(x)f (x) dx ¼

nX

j =1

A j f (x j )

with ½a weight function on [a; b]. Show that for any f 2 C[a; b] the error

en (f ) =
Z b

a
½(x)f (x) dx ¡

nX

j =1

A j f (x j )

satis¯es

jen (f )j · 2
µ Z b

a
½(x) dx

¶
E2n¡ 1(f );

where
E2n¡ 1(f ) = min

q2 P2n ¡ 1

kf ¡ qkC[a;b]:

19. Let Qn 2 Pn be the nth orthogonal polynomial with respect to the weight½on [a; b],
n = 0; : : : . Fix n ¸ 1. Let x1; : : : ; xn be the n distinct roots of Qn in (a; b). Let

Z b

a
½(x)f (x) dx ¼

nX

j =1

A j f (x j )

be the corresponding weighted Gaussian quadrature. Show that

A j =
an

an¡ 1Q0
n (x j ) Qn¡ 1 (x j )

; j = 1; : : : ; n;

whereak is the leading coe±cient ofQk (k = 0; : : : ).
20. Let n ¸ 1 be an integer. The Gauss-Chebyshev quadrature is the weightedGaussian

quadrature on [¡ 1; 1] with the weight 1=
p

1 ¡ x2 using x j = cos(2j ¡ 1)¼=2n (j =
1; : : : ; n), the n roots of thenth Chebyshev polynomialTn (x) = cos(n arccosx). Show
that the Gauss-Chebyshev formula is given by

Z 1

¡ 1

f (x)
p

1 ¡ x2
dx ¼

¼
n

nX

j =1

f (x j ):

21. (a) Show for anyf 2 C[0; 1] that

Z 1

0
Bn f (x) dx =

1
n + 1

nX

k=0

f
µ

k
n

¶
; n = 0; : : : ;

whereBn f (n = 0; : : : ) are the Bernstein polynomials off .
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(b) Show that the degree of precision of the numerical integration formula
Z 1

0
f (x) dx ¼

1
n + 1

nX

k=0

f
µ

k
n

¶

is m = 1 for all n = 0; : : : :
(c) Show that

lim
n!1

1
n + 1

nX

k=0

f
µ

k
n

¶
=

Z 1

0
f (x) dx 8f 2 C[0; 1]:

22. (Bernoulli polynomials) De¯ne

B0(x) = 1 ; B1(x) = x ¡
1
2

;

B 0
n+1 (x) = ( n + 1) Bn (x) and

Z 1

0
Bn+1 (x) dx = 0; n = 2; : : : :

(a) Prove that, for eachn ¸ 0, Bn is a polynomial of degreen with leading coe±cient
1.

(b) Prove the identities

B (x + 1) ¡ Bn (x) = nxn¡ 1; n = 0; : : : ;

Bn (1 ¡ x) = ( ¡ 1)nBn (x); n = 0; : : : :

(c) Prove the identities

Bn (0) = Bn (1); n = 2; : : : ;

B2n+1 (0) = 0 ; n = 1; : : : :

23. Prove
nX

k=1

k3 =
µ

n(n + 1)
2

¶ 2

by the Euler{Maclaurin summation formula.
24. Let f 2 C[a; b] and denote byI (f ) the integral of f over [a; b]. Let N ¸ 1 be an

integer, h = ( b ¡ a)=2N , and x j = a + jh , j = 0; : : : ; 2N . Let TN , T2N , and SN

denote, respectively, the approximate value ofI (f ) by the composite trapezoidal rule
with N subintervals [x2j ¡ 1; x2j ], j = 1; : : : ; N , by the composite trapezoidal rule with
2N subintervals [x j ¡ 1; x j ], j = 0; : : : ; 2N , and by the composite Simpson rule withN
subintervals [x2j ¡ 1; x2j ], j = 1; : : : ; N . Prove that the Richardson extrapolation using
TN and T2N leads to exactlySN , i.e.,

SN =
4T2N ¡ TN

3
:
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