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Chapter 1

Polynomial Approximation

1.1 The Weierstrass Theorem

Let a;b2 R with a <b. Let C[a;J denote the set of all continuous, real-valued functions
on the closed interval §:J. Let P denote the set of all real polynomials. For each integer
n, O, let P, denote the set of all real polynomials of degree less than or efjto n.

Theorem 1.1 (The First Weierstrass Approximation Theorem) . Let f 2 Cla;Hb.
For any " > 0, there existsp 2 P such that

)i px)j<"  8x2J[ah: (1.1)
To prove Theorem 1.1, we de ne for any giveh 2 C[0; 1]

(Bof )(x)=1(0)  8x2 %0; 1J;

Xn I-lkﬂun
Bnf)x)= f — x¥(1j x)"k  8x2[0;1] 8n, 1,
k=0 n
where
Hnﬂ _ n! _
k ~ ki(nj k)

For eachn , 0, we callB,f the nth Bernstein polynomialoff 2 C[0; 1]. Clearly,B,f 2 P,
for eachn.

Lemma 1.2 (Properties of Bernstein polynomials).
(1) For eachn, O, B, :C[0;1]! Py is linear, i.e.,

Ba(f + 9)= Baf + Bhg  8f;g 2 C[0; 1];
B,(®f)= ®B,f 8®2 R 8f 2 C[0;1]:



(2) Foreachn, O, B, :C[0;1]! P, isnon-negative, i.e.,(B,f)(x), Oforanyx 2 [0; 1]

provided thatf (x) , O for any x 2 [0; 1].
(3) Let pi(x) = x' (i =1;2;3). Then,

(BnPo)(X) = po(x)  8x2[0;1] 8n, O
(Bnp)(x) = p(x) 8 2[0;1] 8n, 1

(Bap2)(X) = pa(x) + %x(li X) 8x2[0;1] 8n, 2

(1.2)
(1.3)

(1.4)

Proof. Part (1) and Part (2) are obvious. To prove Part (3), we use the lmomial formula:

1
—n_xr]Lln —nj k . .
(®+ )" = k®< i 8®; 2 R:

k=0
Let x 2 [0;1]. We have by (1.5) that forn, 1

Xn Hnﬂ
(Bnpo)(X) = K XKL )" K= (x+ (1 x)"=1= po(x):
k=0

By de nition, ( Bopo)(X) = po(x) =1 for all x 2 [0;1]. Thus, (1.2) is true.
Let n, 1. Using (1.5), we obtain for anyx 2 [0; 1] that

oo B TS
(Bnp1)(x) = pr — K Xk(li X)nik
k=0 n
Xk onl ) |
Kb kg xni
o MK k)!x( i X)
X (ni 1) - -
i i1 x)(ni Di ki 1)
xk:1 (ki DI((ni 1)i (ki 1))!x @i x)
M T
X nl_ 1 x i 1(11 X)ni 1 |
j=0
x(x+ (1 x)"M?t

P1(X):

i=ki1

This is (1.3). The proof of (1.4) is left as an exercise.

Lemma 1.3 (Convergence of Bernstein polynomilas). We have

lim max j(Baf)(x)i f(xX)j=0 8f 2 C[0; 1]
nl1 0 x-1

(1.5)



Proof. Let f 2 C[O; 1]: Let "> 0: We show in three steps that
max j(Baf J(x) i f (0j <" (L6)
if n is suxciently large.
Step 1.Let M = maxXy. x. 1jf (X)j. Then,
i2M - f(x)j f(y)- 2M 8x;y 2 [0; 1]: (1.7)
Sincef 2 C[0;1]; f is uniformly continuous on [Q1]. Thus, there existst > 0 such that
i %<f )i f(y) < z 8x;y 2 [0: 1] with jx | yj < +: (1.8)

We claim that

" 2M " 2M
51 YT TY) - 5+ iyt 8y 201} (L19)
In fact, if jx | yj < %, then (1.8) implies (1.9). Ifjx i yj, # then ((xj y)=9?, 1, and
hence, (1.7) implies (1.9).

Step 2. Fix y in (1.9). Apply B,(n, 1) to each side of (1.9) as a continuous function
of x. Using the properties ofB,, (cf. Lemma 1.2), we obtain

i B YA BT T() - 5+ e (Balxi ¥ (L10)
Since
(Xi ¥)2=x%i 2y +y* = pa(x) i 2ypu(x) + Y2po(X);
we have again by Lemma 1.2 that
(Ba(Xi Y)A(X)=(Bap2)(X) i 2y(Bnpr)(X) + Y*(BnPo)(X)

= X2+ %X(li X)i 2yx+y?

1
(xi Y+ x(Li x):
This and (1.10) lead to

i _éi % (Xi y)?+ w (Bnf)(X)i f(y) - §+% (Xi Y)ZJ’Llri1 X

8x;y 2 [0; 1]: (1.12)
Step 3. Settingy = x in (1.11), we obtain

. _ " 2M (LX) 2M .
B i FO) - 5+ = 5+ 5 82[01]
Therefore, (1.6) holds true for alln > 4M=(£"). O
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Proof of the First Weierstrass Approximation Theorem.De ne g(t) = f ((bj a)t+ a) (O -
t- 1). Then, g2 C[0; 1]. Hence, by Lemma 1.3, there exisig2 P such that

jgt)i aj<"  8t2[01]

Let p(x) = g((x | @=(bj a)). Then, p2 P, and
IFO) i px)i=jat)i alt)j<"  8x 2 [ah:
This is (1.1). 0
We dene for anyf 2 Cla; b,

Kf Kepap = {T?_ijf (i

When no confusion arises, we also writd k instead ofkf kcpa.. One easily veri es thatk¢k
is a norm of the vector spac&€|a; 1, i.e., the following hold:
Q) kfk, 0 8f 2 Cla;:
kfk=0 ifandonly if f(x)=0 8x 2 [a;H;
(2) k®fk = j®kfk 8®2 R 8f 2 C[a;H;
(3) kf + gk -k fk+ kgk 8f;g 2 C[a;h:
The last inequality is called thetriangle inequality. It implies that

jkfkik gkj-k f i gk 8f;g 2 Cla;: (1.12)

This norm is called themaximum normor Cl[a; b-norm.

With the notion of maximum norm, the Weierstrass Theorem stategxactly that, for
any f 2 C[a;j and any" > 0, there existsp 2 P such that kf j pk <" . Equivalently,
for any f 2 C[a;H, there exists a sequence of polynomialg®¥gl_, such that p® ! f in
Cla;d, i.e., kf i p®k! Oask!1

The proof of Lemma 1.3 can be extended to the proof of the falong Bohman{Korovkin
Theorem for more general sequences of linear, non-negatiygem@ators; and clearly the
Bohman{Korovkin Theorem and the properties of Bernstein pghomials imply the First
Weierstrass Approximation Theorem:

Theorem 1.4 (Bohman{Korovkin). For each integern, 1,letL,:C[a;g! P, be an
operator. Assume:

(1) EachL, :C[a;g! P, is linear,

(2) EachL, :C[a;Q! P, is non-negative;

(3) Lapc! pxin Cla;d for k =0;1; 2, wherepc(x) = xX.
ThenkL,f j fk! Oforanyf 2 Cl[a;Q: O



1.2 Best Uniform Approximation
We denote for anyf 2 C[a;

En(f)=inf kfipk 8n, O (1.13)

Here, the normk ¢ kis the C[a; -norm. Clearly, 0- E,(f) -k fk for all n, 0. Moreover,
sincePy %2 ¢C ¢ B, Y2 ¢ ¢ gwe haveEy(f) ,¢¢¢  En(f), ¢CC:

Proposition 1.5. The First Weierstrass Approximation Theorem is equivalento

l.'lm En(f)=0 8f 2 Cla;1: O

De nition 1.6 (Best uniform approximation). A best uniform approximation of a
given functionf 2 Cl[a;H in P, is a polynomialp, 2 P, that satis es

kKf i pnk= min kf | gk: (1.14)
Gn 2Pn
Since (1.14) can be written as
max jf (X) i pa(X)j = min max jf (x) i h(X)i;
a- x-b gh2Pnh a x- b
a best uniform approximation is also called aninimax approximation

Theorem 1.7 (Existence of best uniform approximation). For any f 2 C[a;j and
any integern , 0, there exists a best uniform approximation of in P,.

Proof. Let f 2 C[a;d and x an integern , 0. For gny ¢ = (Coiii:i;G) 2 R™ | we
associate with a unique polynomiap; 2 P, by p(x) = ., &x*. Dene F :R™ I R
by . _
— X —
F(O) = Kf i pck=maxf(x)i G
k=0

Clearly, the assertion of the theorem is equivalent to the exishce ofc 2 R"*! such that

F(c)= min F(d): (1.15)

d2 Rn +1

Step 1. We show that the functionF : R"* | R satis es the following properties:
(1) F:R" | Ris continuous;
(2) F(c)! +1 asc!1



By (1.12), we have
jF(9)i F(d)j

jKE i pck ik fi paki-Kk pgi pck
X o ox o
max — (di G)xX'—  jdci ajmaxfja;jh‘g
k=0 k=0
I 0 asd! cin R":

This proves Part (1).
To prove Part (2), we de neG : R"™ | R by G(c) = kpck for any c2 R"*1. As proved
in Part (1), G:R"! I R is continuous. Let

S"=fc2 R"™ :kek=1g;

where

v
ﬁ X
kck = o 8c=(cy 11602 RM™:

k=0
Clearly, S" is a closed and bounded subset, and hence a compact subseR"6t . Moreover,
G(c) > 0 for anyc2 S". The continuity of G : R"™* | R then implies that

1 — H .
: ngn G(c) > O (1.16)

Now, let c2 R"*! with ¢6 0. Set ¢:= (1=kck)c2 S". We have

X X G
P(X)=  axX = kek @xk = kekpe(x)  8x 2 [a;B;
k=0 k=0
i.e., pc = kckpe. Therefore, by (1.12) and (1.16), we have

F(c), k pkik fk=kkckpekik fk
= kckG(pe) ik fk, kckt jk fk! +1 askck!1 ;
proving Part (2).
Step 2. Clearly F(c) , 0 for anyc 2 R™: Let m = inf ,gi2 F(C) , 0: Since
limg; F(c) = + 1, there existsR > 0 such that F(c) , m+ 1 if kck > R. There-

fore, m = inf \o r F(C): SinceF is continuous on the bounded and closed subsBi =
fc2 R"! :kck - Rg, it attains its minimum over Bg, and hence over the entire®R"**. [

Theorem 1.8 (The Chebyshev Alternation Theorem). Letf 2 Cla;j andf 62P,.
Then, p 2 P, is a best uniform approximation if and only iff | p achieves its maximum
magnitude atn + 2 points with alternating signs, i.e., there exish + 2 points xx (1 - k -
n+2) witha- x;< ¢¢C&x,, - bsuch that

)i p(x)j = kf i opk; k=1;0n+2;

[f (xk) i PN (Xer) i P(Xis)] < 05 k=150 n+1:
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Example. Considerf (x) = x? with x 2 [0;1] andn = 1. Let p; 2 P, be the best uniform
approximation of f over the interval [G 1]. Assumep;(x) = ®x+ with ®; two constants.
Let g(x) = f(x)j pu(x) for any x 2 [0; 1]: By the Chebeyshev Alternation Theorem, there
exist X1; Xz; Xz 2 [0;1] with 0 - X3 <X» < X3 - 1 such thatjg(xi)j = Kgkcpay, 1 =1:;2;3;
and the sign ofg(x1); g(x»); g(x3) alternates.

Notice that gqx) = 2x | ® which has only one root inside (0l). Sincex, is an interior
extrem point of g(x), we must haveg{x,) = 0, leading to x, = ®=2. Moreover, the other
maximal or minimal points x; and x3 must be the boundary points:x; = 0 and x3 = 1.

Now by the fact that g(x;) = g(xas), i.e., g(0) = g(1), we obtainthatj =1 ®j
Hence® = 1 and x, = 1=2: By the fact that g(x1) = j 9(xz), i.e., g(0) = j g(1=2), we obtain
i = i1+ (1=2+ ). Hence = j 1=8. Thereforep;(x) = xj 1=8. We also have that

kgkcpo.y = 9(0) = 1=8
To summarize, we have
M 1

minkf | pkepy = Min maxjx?i (°x + Hj = max x*i X j
p2P1 | p C[0;1]; °:+2R0- X- 11 I ( )J 0 x-1 : :

ool
I
ool i ol

Proof of the Chebyshev Alternation TheoremNotice that p, 2 P, is the best uniform ap-
proximation of f 2 Cla; in P, if and only 0 2 P, is the best uniform approximation of
fi pn2 Cla;Q in P,: Therefore, the Chebyshev Alternation Theorem is equivalenbtthe
following statement:

Let f 2 Cla; butf 62P,. Then, the zero polynomial0 2 P, is a best uniform
approximation off in P, if and only if f achieves its maximum magnitude at + 2
points in [a; d with alternating signs.

Therefore, we need only to prove this statement. We divide oyroof into two parts.
Part 1. The \if" part. If 0 were not the best uniform approximation inP, of f, then
there would exitp 2 P, such that

O< kf j pk< kf j Ok= kfk: (2.17)
Leta- x;< ¢C&Xx,» - bbe such that

Jf (Xk)j = Kkfk; k=1;:::;n+2;
f (X )f (Xk+1) < O; k=1;:::;n+1:

It follows from (1.17) that
ip(Xk) i T(Xk)j-k pi fk<kfk=jf(Xk)j; k=1;:::;n+2:
Consequently,
signp(xx) = sign(p(xx) i f(xx)+ f(xx)) = signf (Xx); k=1;:::;n+2;

11



where sigre = z5zj for any nonzeroz 2 R and sign 0 = 0. Thus,p changes its sign at +2
points. Hence,p has at leastn + 1 roots. But p2 P,. So,p=0. By (1.17), kO fk < kf k.
This is a contradiction.

Part 2. The \only if* part. Assume the assertion were not true. Then, there would
exist m + 1 points with O - m - n such thatf achieves its maximum magnitude at these
points with alternating signs. If m = 0, then f would have the same sign at all its points
of maximum magnitude. In this case, there would exist a honzemonstant ¢ such that
kf j ck < kf k. This contradicts the fact that O is the best uniform approxination of f in
Pn. Thus, 1- m - n. We shall construct a polynomial inP, that would be closer tof
than O with respect to the normk ¢ k

Step 1.Let Z = fx 2 [a; : jf (X)] = kf kg. Without loss of generality, we may assume
that f > 0 at the smallest number ofZ. Such smallest number exists, sincg is closed
in [a;B, a consequence of the continuity of . Since sigh alternates at m + 1 points in
Z, there exist» (1 - k- m)with a- » < ¢C& »,, - bsuch that sigrf alternates in

pPX) =(»i X)¢CGw i X):

Clearly, p2 P,, and
signp(x) = sign f (x) 8x 2 Z: (1.18)

Let x 2 Z. Sincejf (x)j = kf k> 0, (1.18) implies thatp(x) 6 0. SinceZ is closed in §; 4,

minjp(x)j > O: (1.129)
x2Z
In particular, this implies that kpk > 0.
Step 2. We show that o o
of i o < .
fi kpkp kf k (2.20)

for small " > 0.
Let

_ o POOf(x) L jpOiif (x)j _ kfk
EEM0 ok D T kok . kpk nIpCO):
By (1.19), £ > 0. De ne
Y
A= x2J[al:

Yo

&7
M>§ and B= x2[aQ:

Y,
pOOf (x) £
kpk 2

kpk

Clearly, [a; = A[ B, A and B are disjoint, andB is closed in §; . If x 2 A, then

T
S POOF (), 1z )2
kpk kpk

2
()= = jf (X)j? |

kpk

dnl 1]

(X) i

12



. 2. " p(X)f (X) n2
k fkoj 2 7kpk +

+2

k FK2j "+ "2 = kfk?j for0<"< (1.21)

NI+

If x 2 B, then by the de nition of +and B,

) 2 B0 g

This implies that x 62Z, and hencejf (x)j < kf k. Consequently, sincd is continuous and
B is closed in &; b, we obtain that

M = max jf (x)j < kf k:
X2B

Therefore, for 0<" < kfkij M,

+(x) i k—pkp(x):-j f 0]+ 5P

M+ "< kfk 8x 2 B: (1.22)

It therefore follows from (1.21) and (1.22) that
o w o H T

[} o . n . i .

of j kpkp°<kfk if 0<"< min 2,kfk. M
This contradicts the fact that 0 is the best uniform approximaion in P, of f . O
Theorem 1.9 (Uniqueness of best uniform approximation). Foranyf 2 Cla; and

integern , 0, the best approximation of in P, is unique.

Proof. Without loss of generality, we may assumé 62P,. Assume thatp;q2 P, are best
uniform approximations off in Py, i.e.,

kf i pk=kf j gk=E,(f);
whereE,(f) is de ned in (1.13). Letr =(p+ q)=22 P,. Then,

o

o1 1 o 1 1
En(f) -k firk=o5(fip)+ 5(Fi do- Skfi pk+ Skfi dk=En(f):

Hence,r 2 P, is also a best uniform approximation of in P,.
with a- X1 < ¢¢ €& X+ - bsuch that
Fx)i r(xk)j=krj fk=En(f); k=1;:::;n+2:

13



Fix k (1- k- n+2). Assume rst f (xx)i r(xk) = En(f): Then, we have

f(Xk) i %[lﬁ)(xk)+ axk)] = f(xk) i r(xk) = En(f) = kf j pk, f(xk)i p(Xk);

leading to q(Xx) - p(xk): Similarly, we havep(xx) - q(Xk): Thus, q(xx) = p(Xk): Assume
nowf (xx) i r(xx) =i En(f): We have

1
f(Xk) i é[p(xk) + o)) = fF(xk)i r(x) =i En(f) =ik fi pk- f(X)i p(x«);
leading to q(xx) ., p(xx). Similarly, p(xx) , p(Xx). Hence, q(xx) = p(xx): Therefore,
p(xk) = q(xk) for all the n + 2 distinct points Xi;:::;Xn+2. Hence,p= qin P,. O
1.3 Chebyshev Polynomials

Considern , 1 andf(x) = x" for x 2 [j 1;1]. By Theorem 1.7, There exists a unique

KE i PnaKep 1y - K F i Ohy akep 1y 80h; 1 2 Pp; 1
Denote for any integerk , 0
Py = fp2 Py : the leading coezxcient ofp is 1g:
Then®, :=f i pn; 12 P, is the unique polynomial inP,, that satis'es
K® ke 11 = rpr;igln ke 11 (1.23)
By the Chebyshev Alternation Theorem,®, is characterized by achieving its maximum

magnitude atn + 1 points in [j 1; 1] with alternating signs.
To nd ®,, we consider for eacm , 0!

Th(X) = cos(n arccosx) 8x 2 [ L,1] (1.24)
Introducing x = cosp for all u2 [0;%}, we can write
Th(X) = cosnu = cos(n arccosx) 8x 2 [i 1,1]

Since
cosf+1)pu+cos(nj 1)u=2cospcosny,; (1.25)

1See [8] for more on the derivation off, .

14



we obtain
The1 (X) = 2XTr(X) i Tn; 1(X) x 2 [i 1, 1] (1.26)

Clearly, To(x) = 1 and T1(x) = x. Therefore, by induction, we conclude thatT, is a
polynomial of degreen, and forn , 1 the leading coexcient ofT, is 2" 1.
Tn(Xk) = cosnp = cosk¥a= (i 1)* = (i 1)*kTnke 1.15; k=0;:::;n:

This means thatT, 2 P, achieves its maximum magnitude ah + 1 points in [j 1;1] with
alternating signs. Therefore, fom , 1,

B.(x) =24 "T,(x) =21 " cosf arccosx); x 2 [i 1;1] (1.27)

We call T, (n, 0) the Chebyshev polynomials of the rst kindThe rst few of these
polynomials are

To(x) =1;
Ti(x) = x;
To(x) = 2x% 1,

Ta(x) =4x3; 3x;
Ta(x) =8x*j 8x?+1:

The following theorem summarizes the properties of such polymials:

Theorem 1.10 (Properties of Chebyshev polynomials of the rs t kind).
(1) Orthogonality.
8
Z, 1 20 if mé n;
pP——Tn(X)Th(x)dx= _% ifm=n=0; (1.28)
i1 1i x? >

Y2 ifm=n>0:
(2) Recurrence.

To(x) =1,
Ti(x) = X;
The1r (X) =2XTa(X) i Ta; 2(X); n=1;:::

In particular, each T, is a polynomial of degreen. Moreover, if n is an even(odd)
number, thenT, is an even(odd) function.

15



(3) Extreme points and zeros.

KTy Key; 1;1]1=11; n=0;:::;

KY.
T, 00574 =(i D*=(i D k=0:::::n;n=1;:::;
M N |
Th cos%nl)/4 =0; k=1:;::::n;n=1;:::

(4) Best uniform approximation and least-squares approximatn. For eachn | 1; F,

21 nT, 2 B, is the unique polynomial inP,, such that

k-ﬁnkC[i 1) = min kpkep; 117 = 2lin.
p2 Pn
Z, 1 z,
p=—=[F(x)]?dx = min
1 x2 on2

Pn il

Pt (B ()]2dx = 21 2
1 x2

il
(5) Di®erential equation.
1i x)TRAX) | xTAx) + n?T,(x) =0; n=0;:::
(6) The generating function.

i X e ato i L1)8x2 [ L]
m_ n() (l ’ | y L )-

n=0

(7) Rodrigues' formula.

T = D gy oy

il 1 Zni%' =0
@ni 1! S(Li xH)Mz 0 n=0;n

dx

Proof. We only prove Parts (1){(6). The proof of Part (7) can be foundin [9].
(1) By the change of variablex = cos, we obtain
Z 1 1 Z Ya
P——Tn(X)Th(x)dx = cosmpcosnp du
1j x2 o7,

il
= > [cos(m + n)p+cos(mj n)p] du:
0
Since z,,

coskpdp=0 for any integerk , 1;
0

simple calculations then lead to (1.28).
(2) This is proved above, cf. (1.24){(1.26).

16



(3) This follows from the de nition (1.24) and direct calculdions.

(4) The rst minimization property is proved above, cf. (1.23)and (1.27). The second
minimization property follows from Theorem 1.21 in Sectiord..8 on properties of orthogonal
polynomials and (1.28).

(5) By the de nition (1.24), we have

nsin(n arccosx)
"1 i X2
i n?cosf arccos) L X sin(n arccosx) .
1 | X2 (1 | X2)3=2

Ta(x) =

Tntx) =

These, together with (1.24), imply the desired di®erential egtion.
(6) Let i be the complex unit, i.e.,i? = | 1. DenoteR(z) the real part of a complex
number z. We have usingx = cos that
[
X X L B A i G
T (X)t" = cospt" = R t"é™ =R te™
n=0 n=0 n=0 n=0

Since

X itei“ no_ 1 1 _1j tcosp+itsinp _ 1j tx+itsiny

©1j te  1j tcospj itsing (1 tcosp)?+ t2siPp 1 2tx + t2

n=0
we have A I
hs X,
T.(X)t" =R te't
n=0 n=0
completing the proof. ]

B 1; tx
T 1§ 2tx + t2

1.4 Uniform Approximation by Trigonometric Poly-
nomials

1.5 Modulus of Continuity and Jackson's Theorems

1.6 Least-Squares Approximation

De nition 1.11 (Weight functions). A weight function on a nite intervale [a;H is a
non-negative, integrable functiortz: (a;b) ! R that satis es
z d
“%x)dx > 0 for any sub-interval(c;d) p (a;b: (2.29)

c
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For a measurable functiortz: (a;b) ! R, the above condition (1.29) is equivalent to the
condition that % >0 almost everywhere in &; b).
Examples.

(1) For any [a;H, 4x) ~ 1 de nes a weight function.

(2) For[a;0=[j 1;1], 4Ax)=1= 1 x2 de nes a weight function.

(3) Let %2 [a;g ! R satisfy the following: (a)¥zis integrable on f; B; (b) %2is continuous
in (a;b); (c) %Ax) , Oforanyx 2 (a;b and ¥zhas at most nitely many zeros in @;b).
Then, Y2is a weight function on f; b.

We assume in the rest of this section tha¥zis a weight function on p; . We denote by
LZ(a; b the set of all measurable function$ : [a;l! R such that

Z b
vx)[f (x)]%dx < 1 :
a
If x) =1 for all x 2 (a;b), then we simply write L2(a; b instead of LZ(a;b). Under the
usual addition and scalar multiplication, LZ(a; b is a vector space. ClearlyP ¥ C[a; u
LZ(a;b). If f;g 2 LZ(a;b), then
YA b Z b

2 2
YOIt (g dx - vy 1) ;[g(x)]

dx< 1: (1.30)

Thus, Y2fgis integrable. In particular, setting g(x) = 1, we see that%f is integrable.

Proposition 1.12 (The Cauchy{Schwarz inequality). We have
EZ b E S Z b S z b
- Y)f (x)g(x) dx— X[ (x)]>dX x)g(x))2dx  8f;g 2 Lia;h:
a a a
(1.32)
Proof. Consider the non-negative quadratic functiodA: R! R de ned by
z b
A= )00+ ,9 (0] dx
aZ b YA b YA b
=.2  Wlg)Pdx+2,  Of ()gx)dx+  %xX[f ()]’dx 8, 2 R:
a a a

If the leading coexcient of A is 0, then the inequality (1.31) holds true trivially. If it is
nonzero, then the discriminant ofA is non-positive, i.e.,

Ly > 2 Zy Zy
4 MOf (g dx i 4 #x)ge)Pdx  #x)If ()FPdx - O

a a a

This leads to the inequality in (1.31). O
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A di®erent proof of the Cauchy{Schwarz inequality (1.31) issfollows: Applying Fubini's
Theorem, we have for any; g 2 L(a; b that

Z lz 1
0- Yx)Yy) [f (x)a(y) i f (y)g(x)]* dxdy
Zol Zol Z 1Z 1
= V) Y)IF (x)1°[g(y)]?dxdy + Y8x)AY)[f (¥)][0(x)]°dxdy
0 OZ 1Z ) 0 0
i 2 YEx)AY)f (x)9()f (y)a(y) dxdy
HZ , ° 0 Tnz, 1 Mz 12

=2 YEX)[F (x)]%dx lg)%dx i 2 f(x)g(x) dx
0 0 0

leading to (1.31).

De nition 1.13 (Least-squares approximation). A least-squares approximatiorof a
given functionf 2 L2(a;b) in P, is a polynomialp, 2 P, that satis'es
YA b yA b
YIf ()i paOOPdx - YX)If (X) i G(x)]°dx  8ch 2 Pa: (1.32)
a a

Theorem 1.14 (Existence, uniqueness, and characterizatio n of least-squares ap-
proximations). Letf 2 LZ(a;b. Let n, 0 be an integer.
(1) There exists a unique least-squares approximation fofin P,.
(2) Let p, 2 P,. Then p, is the least-squares approximation df in P, if and only if
Zy
X (X) i pa(X)]ch(x)dx =0 8¢, 2 Pp: (1.33)

a

(3) If pn 2 P, is the least-squares approximation df in P,, then
YA b YA b Z b
YIf (x) i pa(1%dx = YROIf ()%dx i Yx)[pa (x)]%dX: (1.34)

a a a

To prove this theorem, we introduce theif + 1) £ (n + 1) matrix
-z, n
G+t = x)x'"* 1 dx ; (1.35)
a i;j =0

In the special case thatd;d =[0;1] and“%x) = 1, this is a Hilbert matrix.

Lemma 1.15. The matrix G,+; is symmetric positive de nite.
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Proof. De ne
%X) »x'dx 8»= (> ::;m) 2 R™:
i=0

1

Q(») = 2 X

Clearly, Q : R"™! | Rgs a non-negative quadratic form. 1fQ(») = 0 for some » 2 RN,
then, by Lemma 1.16, [, »x' = 0 for all x 2 [a;H: Hence,» = 0 in R"**. Therefore,
Q:R"™ I Ris a positive quadratic form.
It is clear that
1 HZ , T
Q(») = 5 X)X T dx m 8»=(;:::;m) 2 R™:
i;j =0 a

Therefore, G+ is the matrix associated with the positive quadratic formQ : R"! | R,
Hence,G,.;1 is symmetric positive de nite. O
Proof of Theorem 1.14.(1) De ne

F()=  Yx) f(X)i Gx' dx  8c=(cpiiiG) 2 R (1.36)

E i=0

Clearly, F : R"™! | R is a non-negative quadratic function. Direct calculationdead to

x "L S Ly o Z
F(c) = Y%x)x'"dx cg i 2 %x)f (x)x'dx ¢ j x)[f (x)]%dx:
ij=0 @ i=o @ a
Thus, the Hessian matrix ofF is
: . Z "
@F s N b o 5
=2 x)x'" ) dx =2Gp41;
@@ ;; - a ) iij =0 "

where G,;; is the matrix de ned in (1.35). By Lemma 1.15, the Hessian matrix foF is
therefore symmetric positive de nite. ConsequentlyF : R"*! | R is a convex quadratic

X .
p(x)=  &x'  8x2R: (1.37)
i=0

Then, p, 2 P, is the unigue polynomial inP, that satis es (1.32).
(2) From Part (1), the unique least-squares approximatiorp, 2 P, is given by (1.37),

F :R™ 1 R. Clearly, ¢is the unique critical point of F determined by
@F (¢) =0; j =055 (1.38)



By the denition of F : R™! | R (cf. (1.36)) and the Chain Rule, we obtain for any

Zy X -#i ¢
@F(0=2  %x) f(x)i cx' i x odx; j=0;::0;n: (1.39)
a i=0
Therefore, by the de nition of p, in (1.37), the system of equations (1.38) is equivalent to
Zy
WO O) 1 p(IXdx;  j =0
a
which in turn is equivalent to (1.33), sinceP, = Spanf 1;x;:::;x"g.
(3) Supposep, 2 P, is the least-squares approximation of . By (1.33) with ¢, = py,
we have Z,

A (X) i Pa(X)]pn(x)dx = 0:

a

Therefore,
z b Z b
YIf 1dx = Y0If (X) i pa(X) + pa(X)]%dX
a a
VA b yA b
= W ()i pa()Pdx+  Yx)[pa(x)]dx
a Z b a
+2 A (X) i pa(X)]padx
z, ° Z,
= W ()i pa(Pdx+  Yx)[pn(X)]%dx:
a a
This implies (1.34). O
FromPthe proof, cf. (1.38) and (1.39), we see that this least-sgres approximation
p(X)= ., &X' can be obtained by solving the system of linear equations
x Zo s L |
x)x'"dx ¢ = x)f (x)x! dx j=0;:n:
i=0 @ a

The coezcient matrix of this system of linear equations is exalt G,.1, de ned in (1.35).

1.7 Orthogonal Polynomials

Fix a weight function “20n [a; d. For convenience, we denote
Z b
H;gi = x)f (x)g(x) dx 8f;g 2 Lia;b:

a
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By (1.30), if; gi is "nite for any f;g 2 LZ(a;b). The mappingh¢¢i: LZ(a;h £ LYa;h! R
clearly satis es the following properties:
(1) Symmetry.
h;gi = hg;fi  8f;g 2 L¥a;D);

(2) Bilinearity.
h®f + g;hi = @f;hi + hg;hi 8f;g;h 2 LYa;bh 8®; 2 R;

(3) Non-negativity.
h;fi, 0 8f 2La;b:

Lemma 1.16. Letf 2 C[a;Q. If
YA b
Yx)[f ()]%dx = 0;

a

thenf (x) =0 for all x 2 [a; .

Proof. Suppose there existed a pointy 2 [a; g such that f (xo) 6 0. By the continuity of

f, there would have existed a sub-intervalcf d pu [a; g with ¢ < d such that jf ()], "o
rall x 2 [c;d] for some constant’y > 0. Now, by the de nition of a weight function,
Cd ¥%x)dx > 0: Therefore,
z b Z d YA d
YOI (01%dx,  WX)If ()]%dx, "5 ¥x)dx > O:

a C C

This contradicts the assumption. O

Consider the subspac€[a; j of L%(a;b. The mapping h¢¢i: C[a; £ C[a;! R is
in fact an inner product of C[a; H, i.e., it is symmetric, bilinear, and positive. Here, the
positivity means

H;fi, O 8f 2 Cla;[:
H;fi=0 if and only if f =0 in Cl[a;h:

The \only if* part in the last equation follows from Lemma 1.16 The norm of C[a;
induced by this inner product is

S -
Ly

Kf KL (o) = P HeF = VEX)[f (x)]2dx (1.40)

a

for any f 2 C[a;d. This is called the L%(a;b-norm. We will also use (1.40) for any
f 2 LZ(a;b). It is often written as k ¢ kinstead ofk ¢ K 7(ar), When no confusion arises.
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De nition 1.17 (Orthogonal polynomials). A sequence of polynomial®, (n =0;::)
are calledorthogonal polynomialsin LZ(a;b), if the following hold true:
(1) For each integern , 0, Q, is a polynomial of degree exactly;
(2) Qm;Qni =0 wheneverm 6 n.
A sequence of orthogonal polynomial®, (n = 0;:::) in LZ(a;b are calledorthonormal
polynomialsin L2(a;b), if they satisfy
(3) MQn; Qni =1 foralln, O.
A set of polynomials are calledrthogonal (or orthonormal) in L2(a; b if it is a subset
of a sequence of orthogondbr orthonormal) polynomials.

If Qn (n=0;:::) are %rthogonal polynomials, thenQ,; Q,i & 0 for eachn , 0. More-
over, the polynomialsQ,= hQn;Qni (n =0;:::) are orthonormal. In general, orthonormal
polynomialsQ, (n =0;:::) are characterized by

hQi; Qji = % 8i;j ., O (1.41)
whered; isdenedtobe 1ifi=j and0ifi 6 j.
The Chebyghev polynomialsT,, (n = 0;:::) are orthogonal polynomials inLZ(j 1;1)

with 4x) = 1= 1 x2. Another important class of orthogonal polynomials are Legeine
polynomialsP, (n=0;:::) in L?(j 1;1) that will be discussed in Section 1.9.

(1) The n+1 polynomialsQy;:::;Q, are linearly independent inL2(a; b);
(2) P, = SpanfQq;:::;Qng: Moreover,
X “OLi
o= B Qo gpy 2Py (1.42)
o MRk Qi

P
Proof. (1) Suppose there exis®y;:::;®, 2 R such that _, ®&Qx = 0. Multiplying both
sides of this equation by2Q for an arbitrary but xed j with 0 - j - n and then integrate
over [a; b, we obtain by (1.41) that® hQ;; Q;i =0, implying ®& = 0, since Q;; Q;i & 0 by

P = - GQi. Multiplying both sides of this equation by%2Q for an arbitrary but xed j
with O - j - nand then integrate over &; b, we obtain by (1.41) thathp,; Q;i = ¢ hQ;; Q;i.

This implies (1.42). O
Theorem 1.19 (Characterization of least-squares approxim ations using orthonor-
mal polynomials). Let Qo;:::;Q, be orthonormal polynomials irL2(a; . Then the least-
squares approximation of a giveh 2 LZ(a;b) in P, is given by
X“ .
Ph= M QkiQk: (1.43)
k=0
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Moreover,

X
kf i gk?=kfk?*i  H;Qui%: (1.44)
k=0

Proof. Clearly, the polynomial p, de ned in (1.43) is inP,. Fix an arbitrary integer j with
O:- j - n. SinceQq;:::;Qn are orthonormal, we have

pd
i pn Qi = M Qi H; QihQy; Qji = I;Q;ijh f;,Q;i =0:
k=0

Hence, by Lemma 1.18,
i pnichi=0 80y 2 Pyt

This is exactly (1.33). Therefore, by Theorem 1.14p, 2 P, is the unique least-squares
approximation of f in P,.
are orthonormal that

X X X X

hon; i = h HQiiQ;; M, Q;iQi = hf; Qiihf;Q;ihQi; Qi = H;Qii%:
i=0 i=0 ij =0 i=0

This, together with Part (3) of Theorem 1.14, implies (1.44). O

Theorem 1.20 (The Gram{Schmidt orthogonalization). ConsiderLZ(a;b). Let fo(x) =
1 and f(x) = x* for any integerk , 1. Dene

00 = P———To(x); (1.45)
3 0, Tol
i 1
% O (x) = f(x) i H ;g ig(x);
§ . =0 k=1;2::: (1.46)
X) = X):
> 0k(x) pwgk( )

Then gc (k =0;1;:::) are orthonormal polynomials.

Proof. Clearly, go and g, are polynomial of degrees 0 and 1, respectively. Moreoverredit
calculations using (1.45) and (1.46) lead tdgy; @i = hg;ohi = 1 and hgo; i = 0. Let
k ., 1 be an integer. Assume thaty is a polynomial of degree for eachi with 0 - i - Kk
and that

hg;gi=4; 0-ij- k (1.47)
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Sincefy.1 is a polynomial of degreé + 1, we see from (1.46) withk replaced byk + 1
that g+ is a polynomial of degreek + 1. Clearly, hg+1; Gk+11 = 1. Moreover, for eachi
with 0 - i - Kk, we have by (1.46) and (1.47) that

X«
MO+1;G1 = e Gl Wi, gihg ;g1 = My giih frea;gi =0:
j=0
Sinceg+; and &1 di®er by a nonzero constant multiplier, we have

hok+1;Gii =0; i=0:::::k

Therefore, (1.47) is true withk replaced byk + 1. Consequently, g« (k = 0;1;:::) are
orthonormal polynomials. O

Example. ConsiderL?[j 1;1]:

1 1 1
Go(X) = pP=—=fo(X) = e g——== P=!
o:Tol tleldx 2
Cowzy
01(X) = fa(X) i hf1;0ig(X) = X p—édx PS5 =%
A
1 X 3
Au(X) = P=—=n(X)= e g=——== X
h0y; Ol _11 x2dx
G2(x) = fa(x) i hfa;00igo(X)ihfzaig(x)
Z 1 o wz, "3 r3
o X 1 > 3 3, 1
= X p=dXx p—i X°  =xdx X=X =
il 2 2 i1 2 2 3
00 = P Go(X) = & PR
2(X) = =0(X) = &R i3 T 5 i3 -
Me; Gl T (x2q 1=3)%dx 3 4 3

i1

Therefore, go; 01; & are orthonormal polynomials inL?[j 1;1].

1.8 More Properties of Orthogonal Polynomials

Theorem 1.21 (Minimization). Let Q, (n = 0;:::) be orthogonal polynomials if.2(a; b).
Supposen , 1andQ, 2 P,, then Q, is the unique polynomial inP, that satis es

kQnk = min kq,k:
o 2P,
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Proof. SinceQ, 2 P, we haveQn(x) = X" i Gn; 1(x) for somecp, 1 2 Pa; 1. Thus, by the
orthogonality,
0="HQn;di = X" | oh; ;0 892 Py, 1:

Theorem 1.14 then implies thatq,; ; is the unique least-squares approximation of” in
Pn, 1. This is equivalent to the assertion of the theorem. O

Colloary 1.22 (Uniqueness of orthogonal polynomials). If fP,gl, andfQ,gdi_, are
two systems of orthogonal polynomials ibZ(a; b, then, for eachn , 0, there existsc, 2 R
with ¢, 6 0 such thatP,, = ¢,Qy:

Proof. Let ®, and , be the leading coetcients ofP, and Q,, respectively. Then, by
Theorem 1.21, (¥® )P, = (1= ,)Q, for eachn , 1. This is clearly true also forn = 0.

Thus, P, = ¢,Q, with ¢, = ®,= ,, for eachn , 0. O
Theorem 1.23 (The three-term recurrence). Consider LZ(a; b).
(1) De ne
Qo(x) =1,
®u(x) = xi a;

Gn(X)=(xi an)8ni1(X)i ;@ 2(x); n=2:3::,

_ Ifb(@ni 1;©ni 1i .

o I‘@ni l;gni 1l ’

m:—r@”‘l;@””i; n=2;3::::
r@ni Z;Qni 2i

Then ®, (n=0;1;:::) are the orthogonal polynomials with eac®, 2 P,.
(2) Let Q, (n =0;1;:::) be orthogonal polynomials. Le®, be the leading coexcient of
Qn (n, 0). Then

n=1;2:::;

Qn(X) = (AnXx + Bn)Qn; 1(X) i CnQn; 2(x) n=2;3:::: (1.48)
where
A = ®, | B, = | ®, thnil;Qnili. C :®1®1i2rQnil;Qni1i_
" ®ni 1’ " ®ni 1 ani 1;Qni 1i ’ " ®ﬁi 1 rQni Z;Qni 2i .

Proof. (1) Clearly, @, 2 P, and ®; 2 P;. Since

_ X8y Qo _ hx; i
) hQo; i B ht; 1’
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we have
hQo;®.i = hl;xj ai = hL;xijh 1;1lia; =0:

Letn, 2. Assume®, 2 P, forallk2f0;:::;nj 1gand
h®;; & =0; ifO- j;k - ni 1andj 6 k: (1.49)

Clearly, @, 2 P,,. We have by the de nition of 8, and (1.49) that

I"Qn;gni 1i = f'(X i an)@ni 1i bn@ni Z;Qni 1i
= hx@ni 1;©n1 1i i anr@ni 1;©n1 1i i bn@n; Z;an 1i
= hx@ni 1;©n1 1i i rgr:.:y;r:.lll i'Qni 1;©ni 1i
:O’

I‘Gn;@ni 2i = |'(X i an)@ni 1i bn@ni Z;Qni 2i
= hx@n; 1;©n1 2l an"@m 'Qni 2l b‘l@ﬂj Z;Qn; 2l
— . . P8y 15 @yl .
- hx@m 1,©n1 2l j I"@nl 2©nl 2| I”@n. @ni 2l

k@ni l;XQni 2i i h @ni l,Gni 1|

= r-Qni 1;X©n1 21 @ni 1i
:O’

where the last equation follows from that fact thatx®,; ,ij ©,,12 P, 2:Let0- k- nj 3
with n ., 3. We have again by the de nition of®,, and (1.49) that

r'Qn;gki = k(Xi an)@ni 1i bn@ni 2;©ki
= hx@ni ﬂ@ki i anr@ni l;gki i bnr@ni Z;Qki
= h®p; 1; X Qi
= O’

sincex® 2 Py.1 W Py, 2. Therefore, (1.49) holds true withn j 1 replaced byn. Part (1)
is thus proved.

(2) Note that 8, = (1=®&)Q, 2 P,. Thus, it follows from Part (1) and the de nition
of all a,;h; and A,;B,; C, that

Qn(x) = & 8,(x)
= ®h[(X i an)Qni 1(X) i bn@ni 2(X)]
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=® (Xj an)®niQn1 1(X) i bh®niQni 2(X)
" I By,
_ & ®ay . Ghln
- ®ﬂi 1X | ®ﬂi 1 Qni l(X) | ®ﬂi 2Qn; 2(X)
= (AnX+ Bp)Qn; 1(X) i CnQn; 2(X) 8n, 2
This is (1.48). O
Example. ConsiderL?[j 1;1]:
Qo(x) = 1:
al = m = O’
h8y; Qoi
Q:(x)= xj &= X
Rl
_ W@l;@ll - O 1XSdX _
a2 - \7 - ’

My @i n 11X
_ MO8 _ ,i,llxzdx 1
hQo; Qoi ill 1dx 3

1

@a(x) = (X i a)@1(x) i B@o(x)= x*] 3

Thus, ©y; ®1;®, are the orthogonal polynomials inL?[j 1;1] that have leading coexcient

1. Each of them di®ers by a constant multiplier from the correspding one obtained in the
previous example using the Gram{Schmidt orthogonalizatian

b

Theorem 1.24 (Zeros of orthogonal polynomials). Let Q, (n=0;:::) be orthogonal
polynomials inL2%(a; b). Then, for eachn , 1, Q, has exactlyn simple roots in(a;b).

Proof. Fix an integern , 1. By the orthogonality,
Z,
X)Qn(X)dx = hQy; 1i = 0:
a

Hence, Q, changes its sign in &;b at least once. Ifn = 1, this implies that Q; has
exactly one root. Considem , 2. SupposeQ, changes its sign in &; b only k times with

1- k- nj latxq:::;X witha<x;< ¢¢é&x,<b: De ne
P(X) = (Xi X1) CC@ | Xy):
Clearly, p 2 Py nu Py, 1: Moreover, both Q, and p change their signs only atxs;:::;Xk
Thus, 7
b
Qn;pi =  %X)Qn(X)p(x)dx 6 O:

a

28



This contradicts the fact that hQ,,;qi = 0 for any q 2 P,; ;. Hence,k , n. But Q, 2 P,
can have at mostn roots. Thus, k = n, and Q, has exactlyn simple roots in @; b. O

Let Q, (n =0;:::) be orthonormal polynomials inLZ(a; b and de ne for eachn ; 0

xXo
Kn(X;t) = Qk (x)Qxk(t): (1.50)

k=0

We call K, : R£ R ! R the Dirichlet kernel associated with rst n + 1 orthonormal

N X £
hf; Q i Qk(x) = V) f (1) Qx(t) dt Qi (x)
k=0 k=0 _@&
X Zb
= YT (1) Qu(t) Qu(x) dt
so °
b
= YK, (x; t)f (t) dt
= MK (x; 9;f (9i:

It then follows from (1.43) in Theorem 1.19 that the least-squas approximation off 2
L%(a;b in P, is given by
Pn(X) = FKn(x; O;f (9i:

Theorem 1.25 (The Christo®el{Darboux identity). Let Q, (n = 0;1;:::) be or-
thonormal polynomials inLZ[a;lj and K, : R£ R! R the Dirichlet kernel associated with

®n Qn+1 (X)Qn(t) i Qn+1 (t)Qn (X)
®h+1 Xijt

where® is the leading coexcient ofQy (k=0;1;:::).

Kn(x;t) = 8x;t 2 R with x 6 t; (1.51)

The formula (1.51) is called theChristo®el{Darboux identity.

Proof of Theorem 1.25.By Theorem 1.23, the orthonormal polynomial€Q, (n =0;1;:::)
satisfy (1.48) with A, = ®,=®,, 1 and C,, = A,=Ay; 1, where®), is the leading coezxcient of
Qn. Therefore, fora xedn , 1,

Al Qi () Qi(t) i Qus (1) Qu(X)]
= ALJ}l [(Ak+1 X + B )Qr(X) i Ci1 Qk; 1(X)] Qu(t)
i ALJrll [(Agirt+ Bra1)Qu(t) i Crr1 Qk; 2(t)] Qu(X)
= (i DQM)Qu(t) + Al [Q(¥) Qi 1(t) | Qu() Qi 1(X)];  k=1;:::m:
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Summing over these, we obtain that

Ali‘H:!-l [Qn+1 (X)Qn(t) i Qn+l (t)Qn(X)]

X
=(xi 1) Qu(x)Qu(t) + AL [Qu(x)Qo(t) i Qa()Qo(X)]
k=1
X
=(xi t)  Qu(x)Qk(t) + (X i t)Qo(x)Qo(t);
k=1
sinceQo(Xx) = Qo(t) = ®y. This leads to (1.51) forn , 2. For the casen =0 or 1, one can
directly verify that (1.51) is true. O

1.9 Legendre Polynomials

The Legendre polynomials?, 2 P, (n = 0;1;:::) are the unique orthogonal polynomials
in L2(j 1;1) that are normalized by

P,(1)=1 8n, O
A convenient way to de ne these polynomials is to usBodrigues' formula
1 dn £|2 ¢nD. —N-1----
onnl dxn x“i 1 ; n=0;1;:::
Clearly, for each integern , 0, P, is a polynomial of degree exactly. Moreover, if n is

even (odd), thenP, is an even (odd) polynomial, i.e., it only consists of even (oj)ighowers
of x. The rst few of these polynomials are

Pn(x) =

Po(x) = 1;

Pi(x) = X;

Pa(x) = :—;,Xzi %;

P3(x) = gx3 i gx;

Ps(X) = %5x4 i 125x2 + g:

We summarize in the following theorem some of the important pperties of Legendre
polynomials:

Theorem 1.26 (Properties of Legendre polynomials).
(1) Orthogonality.
Z, Yo

PP, (x)dx= O if m6 n:

1 2=(2n +1) if m=n: (1.52)
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(2) Recurrence.

Po(x) =1;
Pi(x) = X;
(N+1D)Praa(X)i (2n+21)xXPr(X) + NPy, 1(x) =0; n=1;2::: (1.53)

(3) Zeros. For eachn , 1, P, hasn simple roots in(j 1;1).
(4) The least-squares approximationFor eachn | 1; B, :=[2"(n!)?=(2n)!]P, 2 P, is the
unique polynomial inP, such that

r
2n n! 2 .
(n!) = min Kpnkiz( 1)

k|ﬂnk|_2(i 1) = (2n)! n+1 Bn 2P

n

(5) Normalization. For eachn , O,
Pn(1) = (i 1)"Pn(i 1) =1:
(6) Di®erential equation.For all n, 0O,
(1i x))PRx)i 2xP2(x)+ n(n+1)P,(x) =0: (1.54)

(7) The generating function. For any x 2 [;j 1; 1], the valuesP,(x) (n =0;1;:::) are the
coezcients of the Maclaurin series

b X P.OOt"  8t2 (i 11)
1i 2x+t2 " !

Proof. We only prove Parts (1){(6). The proof of Part (7) can be foundin [9].
(1) Let m;n be non-negative integers. If one of them is O, then it is cleahat (1.52)
holds true. Assume 1- m - n. Let A(x) = (x?i 1) for any integerk ., 0. Then,

P« =[1 :(2"k!)]A£k). By integration by parts, we thus have
z Z,

1 :_ . .
| 1A(qnm)(x),éﬁ(qn)(x) dx = A(nr;)(x)Agni D(x) :;1. L | lA("erl) (X)Ag”‘ D(x) dx
S AT (AR () dx
il B 7 .
= i AT OOAM 200 1T+ (12 A (AN D(x) dx
il
=¢cc¢
Z 1

=i D" ATMEOANT ™ (x) dx

il
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z 1

=(i Y"@m)  AMT™(x) dx:
il

ThisisOifm<n. Form=n, 1, we have by the change of variable = cos that
Zig o Z, 2
AV “dx = (i 1)M@n) (x*i 1)"dx
il il
Z 1
=2(2n)!  (1j x»)"dx

0
z Va2

=2(2n)! (siny)®* dp
0

_2(2n)1@2n)1t

T @n+1n

This leads to
Z 1 Z 1
1 £ B
il[Pn(X)]ZdX Zn)e A (x) “dx
_ 2(2n)i2n)!!
©220(nh2(2n + !

2

2n+1°

(2) Let B, 2 P, (n=0;1;:::) be the unique orthogonal polynomials each with leading
coexcient 1 inL?(j 1;1). By Theorem 1.23, we have

Ba(X) = (Xi a)By1(X)i By 20x);  n=2;3:::; (1.55)

where

Xy 00T
B 100)2x |
dll[pn i l(X)] 2 dx

Ry n=2;3;::::
i l[ﬁni 2(X)]2dx

[}l:

By Corollary 1.22,B, and P, di®er only by a constant. Comparing their leading coezcients,
we have ()2
n!
B, = me n=0;1::: (1.56)
In particular, B, 2 P, is even (odd) asP, if n is even (odd). Hence, the functiox[®,; 1]
is an odd function, and its integral over ( 1;1) vanishes. Therefore, alh, = 0. By (1.56)
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and (1.52),

R
_ (i 12 NP a(0Pdx _ (ng 1)

T i 32 Py 0oPdx | @11 DEn g

Consequently, we have by (1.55) witm replaced byn + 1 that

n2
B..1(X) = xXB,(X) i m'ﬂni 1(X); n=2;3,:::
This, together with (1.56), leads to (1.53).

(3) This follows from Theorem 1.24.

(4) This follows from Theorem 1.21 and (1.52).

(5) The fact that P,(1) = 1 follows from the three-term recurrence (1.53) with agument
of induction. SinceP,, is an even (odd) function ifn is even (odd),P,(i 1) =(j 1)"P,(1) =
(i "

(6) For n = 1, (1.54) is clearly true. We thus assume than , 2. Letq2 P, 1. By
integration by parts and the fact that P, is orthogonal to all polynomials inPy; 1, we have

Z 1 VA 1
(17 x*)PR0)d{(x) dx

i 3P0 Yo dx = |
il 7 1i£1

@i x2)x) °Pa(x) dx
1

=0:

Therefore, ((1j x?)P2(x))°is orthogonal to all polynomials inP,; 1. It thus follows from
Corollary 1.22 that

@Pr(x) = ((1 i x*)Px)°=(1 i x)PAx) i 2xP(x):

Let ¢, be the leading coezxcient ofP,. We have

£ o}
& Li xRt i 2xP(x)
£ . . a
G (1i x?) n(nji Dx"2+¢eep 2x(nx"i T+ ¢cex
con(n+1)(x" + ¢ep

(L7 x*)P(x))°

These two equations imply (1.54) fon | 2. O

Exercises

1. LetB,f 2 P, (n=0;1;:::) be the Bernstein polynomials of 2 CJ0; 1].
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No o

10.

11.

(@) Let fo(x) =1, f1(x) =1, and f,(x) = x2. Show that

nj 1
anO(X) = 1; anl(x) =X anZ(X) = :

x? + %x; 8x 2 [0;1]:

(b) In general, isB,f 2 P, the best uniform approximation off 2 C[0;1] in P, on
[0; 1]?
. LetB,f 2 P, (n=0;1;:::) be the Bernstein polynomials of 2 CJ[0;1]. Prove the
following:
(1) k(Bnf)® f%cpn! Oasn!l foranyf 2 CYO;1];
(2) Let k, 1 be any integer. Thenk(Bnf)®) i fU)kcpy ! Oasn!l for any

LetO<a<b< 1andf 2 Cla;. Show that there exist a sequence of polynomials
with integer coezxcients that converge tof in the C[a; j-norm.
Denotekf k = kf kcja. Show that for anyf;g 2 Cla; g

kf + gk -k fk+ kgk and kfkik gk -k f i gk:

Prove Theorem 1.4.
Prove Proposition 1.5.
Letn, O be an integer andg; btwo real numbers witha <b. De ne
=
F(c) = max - axZ  8c=(cy:ii:G) 2 R™L:
a X-
k=0

Show that F : R" | R is a continuous function.
Letk , 1 be aninteger and 2 CX[a;ld. Show that, for any2 > 0, there existsp 2 P
such that

Kf i pKcrag <3 kf % pKepan <2 il kf i pMkepay <2
Letf 2 C[a;d but f 62P. Show that there exits no polynomialp 2 P such that
kf i ka[a;b] -k f i qu[a;b] 8q 2 P:

unique p 2 Py, such that
max jf(xj) i pixj)i- maxjf(xj)i alx)j 892 Pn?

Discuss the casesO m<n,m=n,andm>n.

Kf i pkclan - K f i OKcpay 892 Spanffq;:::;fhg:

Discuss the uniqueness of such an approximation.
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12.

13.
14.
15.

16.
17.

18.

19.

20.

21.

22.

Letf 2 Cla;g and ¢, 2 P, for some integern , 0. Supposep, 2 P, is the best

uniform approximation off in P,. Prove that p,+ g, is the best uniform approximation

off + ¢, in Py.

Letc > 0. Letf 2 CJj c;d be an even (odd) function. Show that the best uniform
approximation of f in P, for an integern, 0 is also an even (odd) function.

Show thatp;(x) = x | 1=8 is the best uniform approximation off (x) = x2? in P, on

[0; 1].

Letf(x)= x*(0- x - 1). Find the best uniform approximation off in P, on [0; 1].

Find the best uniform approximation ofx"*2 in P,, with respect to the C[j 1; 1]-norm.

Letf 2 C[a;d but f 62P, for some integem , 0. Letp 2 P, be the best uniform
approximation of f in P, on [a;[d. Can there exist a sequence of strictly increasing
points f xxgi-; in [a; 1 such that

iF(xk) i p(xk)j = Kf i pKerap 8k, 1?

or such that
f(x)i p(Xk) = (i 1)kkf i PKclan 8k, 172

Letn , 1 be an integer. Denote byf, the set of all functions

X ¢
T(x)= ag+ a, cosx + h, sinx
k=1

(1) Show that T, 1 T,.

(2) Snow that T, 6 15

Show that any nonzero trigonometric polynomial of degedess than or equal ton can
have at most 21 zeros in [02Y).

Prove the Second Weierstrass Approximation Theorem by tharkt Weierstrass Ap-
proximation Theorem.

Show that the best uniform approximation of an even (odduhction f 2 Cyy,in T, is
also an even (odd) function.

Given any functiong on [a; 4, de ne

Ty T
=g O a)0052”+(a+ S YGRS

Letf 2 Cla;gandn, O be aninteger. Letp2 P, and T 2 T, satisfy, respectively,
Kf i pKcpapm = En(f) = Tzip Kf i OKcram

and
kf % Tkec,, = Ef(f7) = min kf ®j Skc,,:
S2Th

Show thatE,(f) = E;(f") and that T = p°.
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23. Letf 2 C[a;Q. Let !+ be the modulus of continuity off over [a;d. Show for any
integerk , 1 that
Pi(kd) - ki ()
and for any, > O that
e(Gx) -+ D) (D):
24. Letf 2 C(j1 ;1 ). Deneforany+>0
Z

+

£ (1) dt:

X+

Ri (1) =

+ =

Xi

NI+

Show that
V|
8x2 (i1l ;1); £>0;

NI+

)i Re(®X)j- !y

where! ¢ (¥) is the modulus of continuity of f .
25. Show that there exists a constanK = K (a;b > 0 independent off such that

Ea(f) - S Enaf)  8f 2Chat; 8n, 1

where for any integerk , O
Ex(f) = TZIQK kf i OKcpap:

Let f 2 CP[a;j for some integerp , 1. Show that there exists a constanK =
K (a;b;p > 0 independent off such that

K kf (P) kC[a;b]
En(f) - == 8n, p

26. Show that > sint 3 1/'
4

< "« s
7, n 1 8t2 O >

27. Letf 2 Cy, Let
a = — f (x) coskx dx and b= — f (x) sinkx dx
1/4 i Va 1/4 i Va
be the Fourier coezcients off . Let
a X .
Shf () = > + (ax coskx + by sinkx)

k=1

be the partial sum of the Fourier series of for any integern , 1.
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28.

29.

30.
31.

32.

(&) Show that

and that

where

(b) Show that

where

Show also that

(c) Show that

Prove that

Prove that

Z i ¢
1- " sinn+ 1t
Saf (X) = = ft+ x)———2—dt
" ( ) ]/4 | Va ( ) 28|n%
KSnf Kc,y, -, nkf Key,
— . ¢ —
_ 121/4:5in'n+% t= e
" Y, 2sink T

kf [ Snf kCzl/A' (1+ ,H)Er?(f);

E (f)= rTnzlgn kf i Tkc,,:

4logn
v

<,n,<2+logn:

kf i Shfkc,, - (3+logn)E;(f):

T (Th(X)) = Tmn(X) 8m; n

4
1

1
T 2:1 .
MOP=1i g

CalculateT2(§ 1) for any integern , O.

(Chebyshev) Letn , 0 be an integer andT,, the nth Chebyshev polynomial of rst
kind. Let P 2 P, satisfy that jP (x)j -

Prove the following properties of the Chebyshev Polynoais of second kind

wherex = cosp (12

8n

0:

0}

5

1 for all x 2 [j 1;1]. Show that

IPWI-] Ta(y)i 8y 64 L1J

sin(n+ 1)

[0; ¥)):

(a) Recursion formula.

Uo(x) =1; Ui(x)=2x;
Un+1 (X) =2xUn(X) i Un; 1(X);
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(b) Orthogonality.
Z, Y

P 1i x2Un(x)U,(x)dx = 0 it m & n;

1 Va2 if m=n;
(c) Di®erential equations.

[ 2¢ 0 0

1i x2 UXx)i 3xU2(X)+ n(n+2)U,(x) =0 n=0;1:::,
(d) Relations with the Chebyshev polynomials of rst kind.

nUp; 1(x) = T2(x); n=1:2::::
Un(X) = XUp; 1(X) + Th(X); n=1;2;:::;
(e) For eachn , 0, U, is a polynomial of degreen with leading coezcient 2.
Moreover, ifn is even (odd), thenU, is an even (odd) polynomial.
33. DeneA(x)=j1ifj1- x<OandA(x)=1if0 - x- 1.
(a) Show that
fzcl?ifl;lli fuxpllf (x)i AX)=1;

and that there exist in nitely many f 2 CJ[j 1;1] such that
sup jf (x)i A(x)j=1:
il x-1

(b) Show that .
1

; ; CAvY)i2dy = 0 -
f2(li?ifl;1] i 1Jf ()1 AbOrdx =0;
and that there exists nof 2 CJ[j 1; 1] such that
z 1
if(x)i AX)j%dx =0:

il

34. Let S be an inner product space and de né&f k = P H;f i foranyf 2 S. Prove the
following.
(a) Triangle inequality.

kf + gk - k fk+ kgk 8f;g 2 S
(b) The Pythagoras Law.For any f;g 2 S,
kf + gk? = kfk?+ kgk? if and only if H;gi =0:
(c) Parallelogram Law.

kf + gk®+ kf | gk®=2kfk?®+2kgk? 8f;g 2 S:
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35. Show that z S )
Jf(x)jdx - Jf (x)j2dx 8f 2 C[0; 1]
0 0

36. Letfq;:::;f, ben elements in an inner product spac&. Prove that f,;:::;f, are
linearly independent if and only if the Gram matrix
G(fy;::05f,) == (Hy; i) 2 RN
is symmetric positive de nite.
37. Let Sbe an inner product space. Lefq;:::;f, ben linearly independent vectors in

(&) There exists a uniquep 2 S, such that
Kf i pk:rqnzign kf i ok:

This p is called theleast-squares approximatioof f in S,;
(b) The least-squares approximatiorp 2 S, of f is characterized by
i p;d=0 8925,
(c) The error of the least-squares approximation is given by

kf i pk®= kfk®jk pk®:

(b) Any g2 S, has the unique expression

X1 .
q= hg; fiif:
k=1
Moreover,
X
kok? = mg;fi?
k=1
(c) The least squares approximation of a giveh 2 Sin S, is given by
X
p= H; f kifk:
k=1
Moreover,

x
kf i pk?= kfKk? | H:f 2

k=1
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39. Letff,gi_; be an orthonormal system of an inner product spacg Prove the Bessel
inequality
X
i fi2-k fk? 8f 2 S

n=1
40. Find the least-squares approximation df (x) = x2 in P, over [} 1;1].
41. Find the Ieg,st-squares approximation df (x) = x* in P, over [Q 1].
42. Letp(x) = -, aXX 2 P, be the least squares approximation of a giveih 2 C[0; 1]

43. Letf 2 C[a; and de ne
yA b
1.(f) = x"f (x) dx; n=0;1;:::
a

Show thatf (x) =0 forall x 2 [a;ifandonly*,(f)=0forall n=0;1;:::

e 1o g, GE

2" n!dxn ! ’ s

be the Legendre polynomials.

(@) Let n , 1. Prove directly by Rolle's Theorem thatP, has n simple roots in
i 1,1).

(b) I(_et r ) 1 be an integer. Show that the sequence of corresponding detivas
fP{"gl_. is orthogonal with respect to the weight function (3 x2)', i.e.,

Z 1

POXPOX)Li x)'dx=0 if m6 n:
il

Pn(x) =

45. Letn , 0 be an integer andP, be de ned as in the previous problem.

b) Show that "
& Xn+l i tn+1 Pk(t) dt Pk(X)
k=0 i1
vanishes at these pointsy;:::;»

46. LetfQ,gl-, be an orthonormal system of polynomials i Z(a; b). Prove for anyn, 0
the identity

® £

= QR 00Qu(0 T QE(X)Qun ) ;

X
[Qn(x)]* =

k=0

where® is the leading coexcient ofQy (k =0;:::).
47. LetfQ,0t., be an orthogonal system of polynomials i2(a;b). Let n , 1. Prove
that the zeros ofQ, and that of Q,.; alternate.
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Chapter 2

Polynomial Interpolation

2.1 Lagrange Interpolation

Theorem 2.2 (Existence and uniqgueness of Lagrange interpol ation). There exists

Proof. If n = 0O, then the unique pg 2 Pg is given by po(X) = Yyo. Let n , 1. Consider a
general polynomial inP,,
Pn(X) = ag+ ayx + ¢ ¢ ¢ a,x";

apt+ ayx; + ¢C€ ax = vi; i=0;::;n: (2.2)

The determinant of the coexcient matrix of this linear system isthe Vandermonde deter-
minant — —

-1 Xo X3 i1 X§—
-1 x; x2 0 oxi- Y
V(Xo; X135 %) = = = (X i xi):
= oo
1 Xn Xn if Xp )
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implies the desired existence and uniqueness. O

Forn, 1, we de ne

(Xi Xo) CC@ i Xi; 1)(Xi Xis1) CCK i Xn)

()= (Xii X0) CC@i i Xi; )(Xii Xi+1) CCEi i Xn)
Y vy
- M =00 (2.3)
i=0 Xii Xj
isi

Clearly, eachl; 2 P, has the degree exactly. Moreover,

(X)) = %, ;) =0;::5;n: (2.4)
If n =0, we de ne lp(x) = 1.
Theorem 2.3 (Lagrange's formula of Lagrange interpolation ). The unique Lagrange
interpolation polynomial p, 2 P, that interpolatesyo;:::;y, at Xo;:::; X, IS given by
X
Pn(X) = Yolo(X) + y1li(x) + ¢ ¢ € ynln(x) = yili(x): (2.5)
i=0

Proof. Let p, be given by (2.5). Clearly,p, 2 P,. Moreover, by (2.4),

X X _
(X)) = Yik(x) = viE =y, j=0;0n
i=0 i=0
Thus, p, is the Lagrange interpolation polynomial inP,. OJ

The formula (2.1) is calledLagrange's formulaof the Lagrange interpolation.

Example. Find the Lagrange interpolation polynomialp, 2 P, that interpolates y, =
i Lyi=3;y2=2at xo=0;X;=1;x2=2:
We rst calculate the polynomialslg, 11, and |, associated with the pointsxg; X1, and
Xo.
(Xi x)(xi x2) _ (xi )i 2)_1, 3
lo(X) = = = _X°j =x+1;
)= ot x)xo1 x) T ©1 DO 2 2° 1 2
(i Xo)(xi X2) _ (Xi O)NXi 2)_ . o,
(X1i Xo)(X1i X2) (1i 0)(1i 2)
(Xi Xo)(Xj x1) _ (xj O)(xj1)_ 1, 1

0= i Xl x) . @1 0@ D) 2 2

l1(x) =
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We have now by Lagrange's formula (2.1) that

P2(X) = YOIO(XJ + yili(x) + Yﬁ{z(x) u q

1 1
=(i1) ox3i ox+1 +3'ix2+2x +2 Ix%j -

2 2 2 2
5 13
= §x2+ Sxi L
We can check that

5 13

P(0)=j =¢0°+ —¢0j 1= 1;
2 2
5 13

1N=; = 12+ ¢l 1=3:

P2(1) = i 2¢ > ¢l 3;
5 13

Pa(2) = i 562+ - 02j 1=2:

The polynomials lg;:::;l, de ned in (2.3) are called theLagrange basis polynomials

part of the following proposition:

Proposition 2.4. (1) The polynomialsly;:::;l, de ned in (2.3) form a basis ofP,.
(2) For any p, 2 Py,
X
Pa(Xi)li(X) = pn(X)  8X2R; (2.6)
i=0
pn(xi xi)li(x)=pa(0) 8Xx2R: (2.7)

i=0

lo;:::; 1, are linearly independent inP,, and form a basis ofP,,, since dimP,, = n + 1.
(2) Let g,(x) denote the left-hand side of the identity in (2.6). Clearly,g, 2 P,. More-
over, it follows from (2.4) that ,(x;) = pa(X;) for all j = 0;:::;n. Thus, the polynomial

Pni G 2 P, vanishes atn + 1 distinct points. Since any nonzero polynomial irP,, can have
at most n zeros,t,(X) i pn(x) must be identically zero. This proves (2.6).
To prove (2.7), we X an arbitrary x 2 R. Notice that p,(x j¢) 2 P,. Thus, by (2.6),

Pn(Xi x)hi(t)=pa(xi t) 8t2R:
i=0

Setting t = X, we obtain (2.7). O
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Foranyf 2 CJ[a; l, we denote byL,f 2 P, the Lagrange interpolation polynomial that
interpolatesf at Xo;:::;X,. We callL,, : C[a;g! P, the Lagrange interpolation operatoy

Proposition 2.5. (1) EachL, :C[a;g! P, is a linear operator.
(2) L,f =f foranyf 2 P,.

Proof. (1) This follows from Lagrange's formula (2.5).
(2) This follows from (2.5) and (2.6). O

For eachk . 1, we denote byCk[a; J the set of functionsf : [a;lj ! R that have all
the continuous derivativesf () on [a;id for 1 - j - k. The derivatives at the end-points
a and b are the one-sided derivatives, and the continuity ad and b is also one-sided. For
convenience, we denot€%a; d = Cla; 4.

Theorem 2.6 (The remainder of Lagrange interpolation). Let Xo;:::;X, ben+1
distinct points in [a;H. Let f 2 C"*'[a;ld and L,f 2 P, be the Lagrange interpolant of

f 9 ((x))

f(xX)i (Laf)(x)= (Xi Xp)¢CE | Xpn) 8x 2 [a; b (2.8)

(n+21)!
Proof. Let x 2 [a;Q. If x = x; for somei with O - i - (ﬂ then (2.8) holds true for any
»(x) 2 [a;H. Assume thatx 6 x; (0 i- n). Let! (t)= ~,(ti x;)and de ne

A= ()i (Laf)(®) i ! (1)
where, 2 R is so chosen thatA(x) = 0, i.e.,

)i (Laf)(X),
o (1) '

(2.9)

Thus, by Rolle's Theorem,

A= 0 at n+ 1 distinct points in [a;4;
A%=0 at n distinct points in [a; d;

A™ =0 at 2 distinct points in [a; 4:
Finally, there exists »(x) 2 [a; such that A™*D (»(x)) = 0: By the de nition of A, we have
A () = £V (1), (n+1)!

Hence,
AT (5(x)) = 0D (5(x) |, (n+ 1)1 =0

This, together with (2.9), implies (2.8). O

44



Consider now the special casej = [ 1;1]. Letf 2 C"1[j 1;1]. By the above
theorem, we have
H 1

JF) i (Laf)(X)j - maxf MV PP 8x2 [ L1 (2.10)

1
(n+1)!

wherelL, : C[j 1;1]! P, is the Lagrange inter@olator associated with a given set of+ 1
distinct points Xo;:::; %, in[i 1] and! (x) = ~ o (X i Xk).

In order to minimize the errorf | L,f for all f 2 C"*[j 1;1] with respect to the
Cli 1, 1]-norm, we choose&o;:::;Xn 2 [i 1;1] to minimize the C[j 1;1]-norm of! . Since
I 2 B,, it follows from Theorem 1.10 on properties of Chebyshev paigmials that the
optimal choice of! is the rescaled Chebyshev polynomial:

P(X)= Br (X) =27 "Thar (X) 8x 2 [i L;1] (2.12)

In particular, the unique set of optimal interpolation points are the roots of Chebyshev
polynomials Tp41 :

_ o (2k+1)Ya P .
XK_COSZ(n+1)’ k=0;:::;n:
Moreover,
K! Kep 1y = KBva ke 1) = K2 "Thaa ke 1y =27 ™ (2.12)

Therefore, with such a choice of interpolation points, we havie error estimate

1

Kf i Lnfkep 11 2(n+1)!

kf "Dk 8f 2 C" 11 (2.13)

If we setf = F,.1, then the unique Lagrange interpolation polynomial irP, of f at all the
roots of T, is the zero polynomial. By (2.12), the equality in (2.13) hals true. Hence,
the error estimate (2.13) is optimal.

Now consider the interpolation error in theL 2(a; b-norm for some weight functionzon
[a;d. Let f 2 C"*1[a; 1. By (2.10), we have

1

Kf i LnfKigap - (n+ 1)

kf (n+1) kC[a;b]k! kL%z(a;b); (214)

where againL,, : C[a;g ! P, is the Lagrange interpelator associated with a given set
of n + 1 distinct points Xo;:::;X, 2 [a;H and ! (X) = (X i Xk). By Theorem 1.21,

(n + 1)st orthogonal polynomial Qn+1 2 Pnsy in L (a;b) i.e., ! = Qus1. Thus, it follows
from (2.14) that

1
(n+1)!

kf i Lnf kLg/z(a;b) . kf (n+1) kC[a;b]an+1 kLéz(a;b) 8f 2 Cn+l [a, q:
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Taking f = Qn+1, we haveL,f =0. Hence, this estin&ate is optimal.

In the special cased;d = [ 1;1] and 4x) = 1= 1 x? we see from Theorem 1.10
that the unique set of optimal interpolation points in [j 1;1] are the zeros of Chebyshev
polynomial T,+; and that! =2i"T,,;: By (1.28), we have

Py,

Kl kg am = k2" T kigg 1) = 5rps

Therefore, we have the optimal estimate
7,

Kf i Lafkigg 1 - 2200 + 1)1

kf "Dkep gy 8F 2 C™H L1

In the special cased;j =[i 1;1] and%x) = 1, the unique set of optimal interpolation
pointsin [j 1;1] are the zeros of Legendre polynomiBl,.; andthat! =[2"(n!)?=(2n)!]Pp.1:
By (1.52), we have r
2"(n!)? 2
(2n)!  2n+1°

kU k2 10y =

Therefore, we have the optimal estimate

2"n!

(n + 1)(2 n)' on+ 1 kf (n+1) kC[i 1.1] 8f 2 Cn+1 [I 1: 1]:

Kf i Lnfkigg 1) -

2.2 Newton's Formula and Divided Di®erences

Petr (X) i P(X) = disr (X Xo) CC@ i Xk)
for somedy+; 2 R. The condition that px+1 (Xk+1) = fr+1 determines uniquely that

_ frer i Px(Xks1)
(X1 0 Xo) 1o (Xkw1 i Xi)

Aot (2.15)

Therefore, starting from the constant polynomialpg(x) = dp 2 R that interpolates f 4 at X,
we have

Po(X) = do;
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P1(X) = Po(Xx) + di(X i Xo);
P2(X) = pu(X) + da(X i Xo)(X i Xi);

Pe(X) = P 1(X) + de(X | Xo) CEEX | Xy 1);

P(X) = do+ di(Xi Xo)+ CC€ de(Xi Xo) CCEX i Xk 1):

De nition 2.7 (Divided di®erences). The divided di®erence®f a given set of numbers
fo;:::;fh at n+1 distinct points Xp;:::;X, 2 R are

f [xo] = fo;

f . . . f .....
f[XO,,Xk]: [X11 lxk]| [X01 !Xk|1]’ k:2,,n
Xk i Xo

If f; = f(x;) (i =0;:::;n) for some functionf that is de ned on a set of real numbers
containing all Xo;:::;Xn, then f[Xxo];:::;f[Xo;:::;Xn] are called the divided di®erences of
the function f at these pointsxo;:::; X,
Theorem 2.8 (Newton's formula of Lagrange interpolation). Let Xo;:::;Xn 2 R be

The formula (2.16) is called theNewton's formulaof the Lagrange interpolation.

Example. Use Newton's formula to nd the Lagrange interpolation polynonal p, 2 P,
that interpolates fo=j 1;f; =3;f,=2at Xg=0;x; =1;X, =2:
We rst calculate all the needed divided di®erences.

flxo]=fo=1i 1
f[xi=f1=3;
flx2]=f,=2;

oo fIxali flxel _ 30 G 1) _ .
f[XO!Xl]_ X1i Xo - 1| 0 _41

oo FDxali fIxa] _ 27 3_ .
f[X1;X2] = Yol Xi 2, 1—11,

vy = TXuXali flXoixa] _ i 1i 4_ .5
Flxasxaixo] = X2i Xo T 270 2
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By Newton's formula (2.16), we have

P2(X) f[XO]"'f[XO;Xl](ﬁi xﬂ)+ f [Xo; X1, X2](X i Xo)(X i Xi)

i L+4(xj 0)+ ig (xi O)(xi 1)

5 13
i §x2+ SXi 1;

This is the same polynomial as obtained in the example in Seaoti 2.1.

To prove Theorem 2.8, we rst prove the following useful lemma:

Lemma 2.9. Supposeax; & 2 Pk are the Lagrange interpolation polynomials that interpolat

(X Xo)G(X) i (Xi Xis1)Px(X)
Xk+1 i Xo

reer (X) =

nomial that interpolates fo;:::;fx+1 at Xoj @i Xysa - O

Proof of Theorem 2.8. We prove this theorem by the induction onk, the number of inter-
polation points. Fork =0, clearly po(x) = dy = fq is the Lagrange interpolation polynomial
that interpolates f, at xo. Fix an integerk , 1 and assume that

holds true with k replaced byk + 1.
Step 1. By the assumption of induction, the polynomial

d+1 be given as in (2.15) and

P+1 (X) = Pe(X) + disa (X i Xo) CEEK i Xi):

Pre1 (Xk+1) = Pu(Xke1) + Oker (X1 0 Xo) CC@Ker | Xk) = Fren:
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Mk+1 = Pr+1-
Step 3. Comparing the leading coexcients ofy+; and ry.;, we obtain

Xk+1 i Xo
Therefore, (2.16) holds true withk replaced byk + 1. O

Theorem 2.10. Let p, 2 P, be the Lagrange interpolation polynomial of a given function
f:[a;f! Ratxe:::;xn 2 [a;h. Then for any x 2 [a;d with x 6 x; (i =0;:::;n)

completing the proof. O

Proposition 2.11 (Properties of divided di®erences). Let Xo;:::; Xy ben+1 distinct
points in [a; .

O0:::n),
fXo;:iiiiXn] = f[Xigyii X, I (2.19)



x f.
f[Xo;::1;Xn] = : ; 2.20
R N T I I D TR N
(4) If f 2 C"[a; b, then there exists» 2 [a; g such that
(n)
Floi: o] = | nl(”); (2.21)

(5) If f(x) = x™ for some integerm , 0, then

8 .
50 if m<n;
1 ifm=n;

: I . P :
~ linear combinations ofx ¢ ¢¢% with ki=mij n ifm>n:
i=0

Proof. (1) This follows from the de nition of divided di®erences andraargument by induc-
tion.

(2) By the uniqueness of the Lagrange interpolation, the Lagnge interpolation polyno-

Newton's formula (2.16), the leading coezcients in these two fpynomials are exactly the

right-hand side and left-hand side of (2.19), respectively. s, they must be the same.
(3) The left-hand side and right-hand side of (2.20) are the leling coexcients in New-

ton's formula (2.16) and Lagrange's formuma (2.5), respewtly, of the unique Lagrange

interpolation polynomial that interpolates f at Xo;:::;Xn
(4) This is obviously true forn = 0. Assumen 1. Letpny1 2 Pyy1aandp, 2 Py
be the Lagrange interpolation polynomials that interpolag fo;:::;fn; 1 at Xo;:::; Xn; 1 @and

On the other hand, by Theorem 2.6 on the remainder of Lagrangeterpolation, we have

f (n)(»)
n!

f(Xn) i Pn; 1(Xn) = (Xni Xo) CCWX, | Xnj 1)
for some» 2 [a; . The above two equations imply (2.21).
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(5) By (2.21), we need only to consider the case thah > n. We use the argument
by induction. For n = 0, the statement is clearly true. Assume that for anyn , O the
statement is true, i.e.,

X
f[Xo; i1 Xn] = gk, X0 ¢ CHER (2.22)
ko+ ¢¢€kn=mj n
where®, ..., are constants independent ofo; :::;Xn,. Assumem >n +1. We have by the
de nition of divided di®erences, the symmetry property (2.19)and the assumption (2.22)
that

f[Xos it Xnea]
_ DXl i f [Xorii )
Xn+1 i Xo
_ fFXnensXa i Xalio F[Xor Xa;iio Xa]
= Xn+1 i Xo =
k1 ko K1
_ _ ko*Ge8ko=mj n ®koiikn X n+lX1 o0 Ko+ 6ok = mi n Bkotikn X0 X1 ¢ Cxyn
A Xn+l i Xo,
X Xko
_ k n+1 | XO
- ®(0221an11 ¢ ¢ﬂknn ﬁ
ko+ ¢G€ky=mi N n+l 1 20
ko, 1
X ki 1
Koi 1i Kns1 o Kns
= IS > s Xo ' T Xnhy
ko+ ¢tEkn=mj n Kn+1 =0

ko, 1
—_ X k8 k1 ¢ ¢ﬂkn Kn+1 .
= ®U0+ kg +1 ko i1k X' X1 n Xn+l o
kJ+ k1 + ¢¢8kn+1 =mj (n+1)

where in the last stepkd = koj 1j kn+1. This proves that the statement is true fom+1. [

For eachn , 1, we denote by¢, the unit simplex in R":

( o )
in= (yinty)2R":t;, 0O@- i- n)and ti- 1
i=1
Theorem 2.12 (The Hermite{Gennochi formula). Let n , 1 be an integer and
Xoiiii; :Xn 2 [0; 1] be distinct. We have for anyf 2 C"[0; 1] that
A !
z X0
flXo;::i%al= ™ xo+ (X i Xo) dt (2.23)
én j=1
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Proof. We use the argument of induction. The statement is true fon = 1, since

YA 1
f f
FUo + talxa § xo)dty = O T gy
0 X1i Xo
Suppose (2.23) holds true fon , 1. Consider the case ofi + 1. We have
7 A !
Xi-l
fO Xy + ti(X; i Xo) dt;¢Cdyi
R =R "
Z Z 1i P n Xl—l ’
| j=1
= f (n+1) Xo t+ tj (Xj i Xo) dtn+1 dtl ¢ ¢@tn
a0 = j=1 I
2 A !
1
= — f (n) Xn+1 T tj (Xj i Xn+1) dtl ¢ ¢@tn

Xn+1 i Xo 4, 5 i=1
7 A
1

i ——— ™ xo+ (X i Xo) dt;¢edt,
Xn+1 i Xo o,

Xn+1 i Xo

Thus, the statement is true forn + 1. This completes the proof. O

2.3 Peano Kernal and the Remainder Theorem

Let Xo;:::;X, ben + 1 distinct pomts in[a;h. LetL, : Cla;g ! P, be the Lagrange
interpolator associated withxg;:::;x,. We study the error of the Lagrange interpolation
f i Lof forf 2 Cla;H that is not necessary smooth enough, e.d.,62C"* [a; 1

To this end, let us introduce for any integerk . 1 the function spaceW*(a;b that
consists of all functionsf 2 C*i [a;J such that f ki 1) are absolutely continuous ond; .
If f 2 WKi(a;b), then f ) exists as an integrable function ond; . Clearly, CK[a; [ ¥
Wk(a;b).

Let f 2 WM*Lil(a; b with 0 - m - n. By the Taylor expansion,

f m>(a) “

f(x)=f(a)+ fYa)(xj a)+ ¢C¢ (xi am+ % (x i t)™f M (t)dt

= Qm(X) + Rm(X);

where m)( )
a

Qm(x) = f(@)+ fYa)(xi a)+ ¢cce (xi &
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is a polynomial inP,, and
1 Z
Rn(X)= —  (xi t)™f M (t)dt
m! 4
is the remainder. Since&Qy, 2 P, U Pn, LnQm = Qm. Therefore,

fi(Lf)=0Qm+Rnmi [LhQm+ LaRm]l=Rmi LaRm: (2.24)

and the Lagrange formula (2.5), we have

)i (Laf)(X) = Rm(X) i (LaRm)(X)

1 “x . $ymyg (m+1) . X 1 : a . f)mf (m+1) ’
= (xi t)"f (H)dt ; ] (xci t)™f (H)dt 1 (x)
l oy o Mo
1 " Z b X"I I-'l Z b ﬂ 5
== (i pIfM ()t (i DT (D)dt 1 (x)
B k=0 a
= i T (i HT ) £ ()t (2.25)
2 m! o
where
c = c ifc, O
0 ifc<O:
We de ne
1 . m >Q1 m ’ 1 m
KmOGt)= — (i 0 (i D700) = —Eal(€i 97)(x); (2.26)
! o !

where E,(g) = gi Lng is the error of the Lagrange interpolation forg 2 Cla;j. We
shall callK, : RE R! R the mth Peano kernelassociated with the interpolation points

We have in fact proved the following:

Theorem 2.13 (The Peano Remainder Theorem for the Lagrange i nterpolation).
Let m be an integer withO- m - n. Then for any f 2 W™*1:1(a; b
Zy
fX)i (Laf)(X)=  KnpOct)f ™D ()dt  8x 2 [a;b: (2.27)

a

To estimate the interpolation error using the Peano kernel rgpsentation (2.27), we
introduce the function spaceW®?! (a; b that consists of all the functionsf 2 CXi [a;lj
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such that f ki D are Lipschitz continuous on§; . If f 2 WK (a;b), then f K) exists as an
integrable and bounded function ond; H. It can be proved that for any integerk , 1

CHfa;t ( W™ (&b ( WH(ash) ( Cla;b:
We denote for a measurable and bounded functian: [a;! R

koki1 (ap) = SUpbjg(X)J':
a- x-

Theorem 2.14 (Error estimates for the Lagrange interpolati on error). Let m be
an integer withO- m - n. Then for any f 2 W11 (a; D),
) Z b s O o
iFOi (Laf)OQi- JKmOGDdE “FMT L 8x 2 [ag b (2.28)

a

Moreover, for anyx 2 [a; ), there existsfo, 2 WML (a; b such that

Ly .0 :
o) i (Laf)(X)i=  JKm(GDjdt of§™Pe (2.29)
a L1 (ab)
Proof. Let f 2 W™l (a;b. By (2.25) and (2.26), we have
Zy - - Ly s o °
FOOT (Laf)j-  JKmOGt)j £ (1) dt - Km(x;tjdt " ™D°
a a

implying (2.28). Fix x 2 [a; . De ne gn(t) = sigh K (x;t) and

Z t Z t

fo)= it an(t) pLepd
—{z=} m+1 times
m+1 times

Then, fo 2 W™ (a;b) and kf ™™ ki1 (ap) = KGmkit @p = 1. By (2.25) and (2.26), we
obtain

2y - Zy =
ifoX) i (Lafo)(X¥)i=— KmOGO)f§"™ (t)dt== = K (x;t)gn(t) dt-
zZ3 - Z 2
b b 5
= jKm(xt)jdt= IKmOct)jdt k™D kit
a a
leading to (2.29). O
Theorem 2.15. (1) We have
z b
. Knh(x;t)dt = mkzo(xi Xk) 8x 2 [a; b (2.30)
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(2) If a=ming. . h Xk and b= maxg. k. n Xk, then
Z, ¥

: v 1 o .
. JKn(x;t)jdt = mk:oJXI Xk] 8x 2 [a;1: (2.31)

Proof. (1) Let Qn41 (1) = t"*1=(n + 1)!. By Theorem 2.6, we have for any 2 [a;  that

Y
Qn+1 (X) i (LnQn+1)(X) = +1)! k:O(X i Xk):
On the other hand, we have by Theorem 2.13 that
Z b YA b

Qnet ()i (LaQue)(¥) =  Ka( QU (Dt = Ko(xt)dt:
a a
Thus, (2.30) holds true.
(2) Let x 2 [a; . By the lemma below,K ,(x; § does not change its sign ind; . Thus,
Z - Z,y
- Kn(x;t)dt—= jKn(x;t)jdt:
a a

This and (2.30) imply (2.31). O

Lemma 2.16. Assumea = ming. . n Xk and b = maxg. . n Xk. AssumeO - m - n and
X 2 [a;8. Then, K, (x; § changes its sign in(a;b exactlyn j m times. In particular,
Kn(Xx; § does not change its sign ifa;b.

Proof. The statement is trivially true for the casen = 0, since Kq(x; § = 0 by (2.26).
Assumen ;| 1. We divide our proof into three steps.

Step 1.If0- m - nj 1, then the function K, (x; § 2 C[a;J changes its sign in &; b
at least once. This follows from an application of (2.27) td = Qm+1 2 Pm+1 B Pn with
Qm+1 (t) = t™1=(m + 1)! for which L,,Qm+1 = Qm+1:

Zy Zy
0= Qmaa ()i (LaQms)(X) = Km(t)QM (M dt=  Kn(xt)dt
a a

Step 2. Let0- m - nj 1. If Kn(x; 9 changes sign in ;b exactly k times, then
Km+1 (X; § changes its sign in § b at most ki 1 times. This follows from the fact that
(d=d)Kn+1 (X;t) = | Kn(x;t) and K (@) = Ky (X;b) = 0; and an application of
Rolle's Theorem.

Step 3. For 0 - m - n, Kn(x; § changes its sign in §;b exactly nj m times. In
particular, K,(x; § does not change its sign ing; b.

assumption of the lemma, two of these points are and b. Therefore,Kq(x; § can change
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its sign in (a; b at most n times. By Step 2 and an argument of inductionK ,(x; § can
change its sign in &; b at most nj m times. If for somem withO - m- nj 1, Kn(x;9
changes its sign in &; b less thann j m times, then by Step 2 and induction,K; 1(x; §
changes its sign ing; b) less thannj (nj 1) =1 times. By step 1, this is impossible. Thus,
foreachmwithO - m- nj 1, K,(x; ® changes its sign in &; b exactly nj m times. By
Step 2,K,(x; § does not change its sign ing; b). O

2.4 Hermite Interpolation and Divided Di®erences with
Repeated Points

Theorem 2.17. Let X1;:::;X, ben distinct points in [a; 4. Let yi;:::;y, andy?;:::;y0 be
2n real numbers. Then there exists a unique2 P,,; 1 such that

p(xk) = ki PAxk) =y k=1;:n (2.32)
Moreover, p is given by
X 0 2 X 0 2
p(x) = w[li 2 i x )l G)I"+  yie(X i i)k (X)]; (2.33)
k=1 k=1
wherel, 2 Py, 1 (k =1;:::;n) are the Lagrange basis polynomials associated witfy : ::; X,

Proof. De ne for each integerk with 1 - k- n

A) =10 2R i xI)T% (2.34)
Ac(x) = (x i xll(X)]*: (2.35)

Clearly, all A; A, are polynomials of degreer2j 1. Moreover,

AR = i 2RO+ L0 2R04)(X i X2l (})IR(X);
ALX) = [+ 2(x i xi)lk ()IR(X):
Therefore,
AX) = 55 ANX)=0; Adx)=0; AXX)= %; bk =1;::5;n0 (2.36)
By the de nition of A, and A, (cf. (2.34) and (2.35)), the polynomialp de ned in (2.33)
is
X X o
p= YA + YA«
k=1 k=1
Clearly, p2 P2, 1. Moreover, (2.32) and (2.36) imply (2.32).
To prove the uniqueness, we assungg2 P,y; 1 also satis es thatq(x) = yx and q{(xx) =
y fork =1;:::;n: Thenr := pi q2 Py andr(xe) = rex) =0 forall k=1;:::;n:
Therefore,r has 2 roots, counting the multiplicity of each root. Hencee =0and q= p. O
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We call p the Hermite interpolation polynomial or Hermite interpolant, of y,;y? at

Example . Considern =2, x; = a, and x, = b. We have

lL(x) = );: E and  Iy(x) = )t(nl Z:
Therefore,
Ao(x) = .li Z(l;(iiab),H )t(>ii :ﬂz;
A0 = (x i(t;'vli)o;)i2 b)z;

The Hermite interpolation polynomial p; 2 P that interpolates y;;y, and y?;y2 at x; =
a; X, = bis

Pa(X) = YiAL(X) + Y2Ao(X) + YAL(X) + Y5Ax(X) 0
_ 1_|_2(xi a)’“xi b2+ 1. 2(X j b)’“xi a ?
N bi a bi a Y2 21 o a bj a
Lo axi B2 o(xi @iXi b,
1 . 2 2 . 2 )
(bj a) (bi a)
Theorem 2.18 (The remainder of Hermite interpolation). Let f 2 C?'[a;H. Let

X 2 [a; 4 there exists» = »(x) 2 [a; such that

f @M (»(x))
(2n)!

Proof. Let x 2 [a;H. If x = xx for somei then »(x) 2 [a;d can be any number. So, let us

f(x)i (Hanj2f )(X) = (xi x1)?¢C@i xn)? (2.37)

gt) = ()i (Han oF)(0) 0, (ti xa)?:ii(ti xn)%
where, 2 R is so chosen thag(x) =0, i.e.,

_ 000 (Han af)(X)
(X X)2CeEK | Xn)?
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at some point» = »(x) 2 [a; . This, together with the fact that
g®M(®) = FeV(1) i | (2n)

and the de nition of , , leads to (2.37). O]

2.5 Convergence of Interpolation Polynomials

Letn, Obean integer,xg”); 11x™ ben+1 distinct pointsin[a; b, andL, : Cla;g! P,
the associated Lagrange interpolator. Dods.,f (x)gl., converge tof (x) foranyf 2 C[a;
and anyx 2 [a;? It turns out there are many negatives results.

Runge's example. Consider ;4 =[j 5;5] and x(k”) evenly spaced inj[ 5; 5], i.e.,xf(”) =
i 5+10k=n(k = 0;:::;n;n = 1;:::). For f(x) = 1=(1+ x?), Runge proved that there

exists - ¥ 3:63338 such that
Iilm (Laf)(X) = T (X) if and ony if iXj < k:
n!

See more details in [5] (Section 3.4 of Chapter 6).

Bernstein (1918). For [a; = [ 1;1], evenly spaced interpolation points<(k”) 2 [i 1,1]

(k=0;:::;n;n=1;:::), and the function f (x) = jx|, Berstein (19??) proved that
nIlilm L.f(x) = f(x) if and ony if x2f0;1;i 1g:
Faber (1914). In 1914, Faber proved the following: For any given sequence ioferpo-

lation points x(k”) 2 [a;0 (k = 0;:::;n;n = 0;:::), there existsf 2 CJ[a; such that
kL, f i ka[a;b] 6! O:

Bernstein (1931). In 1931, Berstein proved the following result: For any given sagnce
of interpolation points xf(”) 2 [a;f (k=0;:::;n;n =0;:::), there existf 2 C[a; and
x 2 [a; g such that (L,f)(x) 6! f(x).

ErdAs and V@rtesi (1980). In 1980, ErdAs and V&rtesi proved the following striking neg
ative result: For any given sequence of interpolation pointx(k”) 2[a;g(k=0;:::;n;n =
0;:::), there existf 2 C[a;d such that (L,f)(x) 6! f (x) for almost all x 2 [a; .

There are also some positive results.
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Theorem 2.19. For any sequence of Lagrange interpolatots, : C[a;Q! P, (n=0;:::),
KLnf i fKcap! Oforanyf 2 Cla;H that is the restriction onto [a; b of an entire function.

Theorem 2.20. For any f 2 C[a;H, there existn + 1 distinct points x{;:::;x{" 2 [a; b
for eachn , 0 such that
|||m kf i Lnf kC[a;b] =0;

whereL, : C[a;h ! P, is the Lagrange interpolator associated W|tb((”)'::" (" (n =
0;:::).
Proof. Fix f 2 C[a;. If f 2 P, then we can choosex(”)' M2 [a; to be anyn+1

distinct points for eachn , 0. Clearly,L,f = f forn su+C|entIy large.

Assumef 62P. Letn, O be an integer. Letp, 2 P, be the best uniform approximation
of f in P,. Then |t follows from the Chebyshev Alternation Theorem that here existn + 1
distinct points xk (k 0;:::;n) such that

f(X(k"))i pa(x)=0; k=05

Therefore,p, = L,f is the Lagrange interpolation polynomial of at x(”)' 11 xY". Conse-
guently, we have by Proposition 1.5 that

kf i L ka[ab] = kf i pnkC[ab] mln kf i qu[ab] 0 asn!l ;

proving the theorem. O

Theorem 2.21. LetL, ;:C[j 1;1]! Py, 1 be the Lagrange interpolator associated with
the n roots of the Chebyshev polynomidl, (n =1;:::). Then for any f 2 C?[; 1;1]

H 1 1
KLAf j ka[.ll] O p— asn!l
Theorem 2.22 (ErdAs{Tur§in (1937)).  Let x!™;::::x{" be then distinct roots of or-
thogonal polynomialsQ, (n=1;:::) in LZ(a;b. For eachn , LiletLy 1:Cla;Q! Pni1
be the Lagrange interpolator associated Wlbhln) """ :x™. Then
Zy
nIlilrn UX)[f (X) i (Ln; 2f )(X)]?dx =0 8f 2 Cla; 1: (2.38)
) a
To prove this theorem, we need the following lemma.
Lemma 2.23. Let x(”); ::1:x{™ be then distinct roots of orthogonal polynomialQ, (n =
:1) in LZ(a;b). For eachn 1, let Ii”); 1115 be the Lagrange basis polynomials asso-
C|ated with x{™; 10 x(M Then
Zy
)M eIV (x)dx =0 if 1+ j;k - n; andj 6 k; (2.39)
a
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x Zb h iy Zy
x) 1M(x) dx=  Yx)dx: (2.40)

k=1 @ a
Proof. Without loss of generality, \we assume that , 2. Fix j;k with1 - j;k - n and
| 6 k. The polynomial X j x(k”) If(’;)(x) in P, hasn simple rootsx(ln);:::;xﬁ”). Thus,

there e>§ists a constan " such that x i xﬁ”) Il((”)(x) = Qn(x) for all x. The polynomial

Ij(”)(x): X j x(k”) has degreen i 2. Therefore, we have by the orthogonality that

Z Z " # -
(M) oy (1) _ 0 0w o
AX) ()7 () dx = AX) o Xi X L7 (x)dx
a a |" Kk
Zo 100
=" %) —— Qu(x)dx
a Xk

proving (2.39). p
By (2.6) with p,(x) = 1, we have [_, Ii(x) = 1 identically. Thus, it follows from
(2.39) that

Z, Z, " Xn #2
ux)dx = %Xx) 1M(x)  dx
a a k=1
Z
- X bl (n) (n)
X ()17 (x) dx
jik =1Z a
X &b h i
= x) 1M (x)  dx:
k=1 @
This is (2.40). O

Proof of Theorem 2.22.Let n, 2 and letp,; 1 2 Pn; 1 be the best uniform approximation
of f in Py; 1. We have

Zy
X)If (X) i Ly of (X)]%dx
: Z b Z b
-2 YOIF (%) i poy 1001Pdx+2 Y8 [pn; 1(X) i Ly af (X))%dx: (2.41)
By Proposition 1.5,
Zy Zy
VRO (X) i oy 1001°dX -k f i pnj1kZpy  “X)dx! 0 asnll @ (2.42)
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It follows from Proposition 2.5, Lemma 2.23, and Proposition.% that

Zy,
YL 2f () i Pny 1()]%dX
a Z b

YEX) f[Lny 2(F i Poj 1)](X)g7 dx
Z, o h3 ~ 3 ‘ih 3 3

“i
14X) f xj(”) i Pni1 xj(”) f x(k”) i Pni1 x(k”) Ij(”)(x)ll((”)(x)dx

x hz3 s iho3 3 i Ly
=t x™ g X" X i Y M )M (x)dx
a

x hs3 3 i,Zp h iy
fox® i pn X vx) 1V(x)  dx

k=1 a

x Zbv  h i,
ki pny 1k ey YEX) h((n)(x) dx

A

b

= kf i pni lk(zj[a;b] :L/éx) dx

a

10 asn!l

This, together with (2.41) and (2.42), implies (2.38). O

Hermite operatorF, : Cla; ! Pan; 1 by

x
F.f = f (XK)Ad(X) 8f 2 Cl[a;1;
k=1

where A, is de ned in (2.34).

Theorem 2.24. Let F, : C[j 1;1]! Py, 1 be the Fajgr{Hermite operator associated with
the zeros of Chebyshev polynomid),. Then

Iilm kf i Fafk=0 8f 2 C[i 1,1]
n!

Proof. By Bohman{Korovkin Theorem, we need only to show ... O
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2.6

Piecewise Polynomial Interpolation

2.7 Cubic Splines

2.8 Trigonometric Interpolation and Fast Fourier Trans-
forms

Exercises

1. Find the polynomial p 2 P3; of the form p(x) = ¢, + ¢x + cx3 that interpolates a
given functionf 2 C[0;3] atx =0;2; 3.

2. Letxpg=2,X1=3, X,=5;x3=6andyg=5;y:=2;y,=3;y3=4. Let p2 P3 be
the unique polynomial that interpolatesy; at x; (j = 0;1;2;3). Calculate p by using:
(a) Lagrange's formula; and (b) Newton's formula.

3. Letf(x) = x*i x>+ 17x+ 1. Let p2 Py interpolatesf at x; =2! (j =0;:::;20).
Compute p(0). B

4. Find an approximation of 3 with the values of the functionf (x) = 3* at xo = 0;X; =
1, andx; = 2 using

(a) Aitken's iterative linear interpolation method;
(b) Neville's iterative linear interpolation method.
5. Let Xo;:::;X, ben+ 1 distinct real numbers. Let|;(x) be the associated Lagrange
basis polynomials. Show that
X k
xi %) lj(x)=0 8k=1;:::;n:
i=0

6. Let Xo;:::;X, ben+ 1 distinct real numbers. Letl;(x) be the associated Lagrange

basis polynomials. Show for any with 1 - j - n that
- S x o=
== G DX G D)= 8x2(Xj; 1;%):
i=0 i=0 i=]

7. Recall forn | 1 that the Chebyshev polynomialT,(x) hasn distinct roots x; = cosy
with g = (2] i 1)¥%=2n (j = 1;:::;n). Denote by Ly; 1 : C[j 1;1] ! Py, 1 the
associated Lagrange interpolation operator. Show that

X . ji1leaij
(Lo )00 = 27 () U SIBT0) g5 o1y
n i=1 Xi Xj
8. Let Q, 2 P, (n =0;1;:::) be orthonormal polynomials inL2[a;. Fix n, 2. Let

Lagrange basis polynomials.
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(@) Prove that l;;:::;l, are orthogonal inLZ[a; .
(b) Prove the identity
Z b
Yx) [l ()1Pdx = %x) dx:

j=1 a a

x o

9. LetXoq;:::;Xn ben+1distinct pointsin[a;gandL, : C[a;! P, the corresponding
Lagrange interpolation operator. Show that

KLnf Kepa © . nkf ke~ 8f 2 Cla; 1

where
X] -
.n=max ol (x)]
X- b,
j=0
and lg;:::;1, are the Lagrange basis polynomials associated wiiy;:::;X,. Show
also that there exists a nonzerd~2 C[a; b depending onxg;:::;Xn such that

KLnfKcam = . nkfKcpam:

10. Letfx; gjlz0 be a sequence of equidistant points; = Xo + jh with h > 0. De ne for
eachj , O

¢Of(x)=f(x;) and  ¢XF(x)=¢ K (xu1)i ¢RI (x); k=1;::
(@) Let f 2 C"[Xq;Xn]. Prove that

¢ "f (Xo)

" nthn

and that
¢ "f (Xo) = h"f (M (»)

for some» 2 [Xo; Xn].
(b) Let f 2 C"[xq;x,]. Let p, 2 P, be the unique Lagrange polynomial that

interpolatesf at Xo;:::;X,. Lett be a real number. Show that
no
Ya(t) X gon )
it )= T GO

j=
and that
Ya, 1(t)

0(t)q:f(o).|_£ 2f( )+ cce nf(XO);

Pn(Xo *+ th) = f(Xo

63



where
Yo(t) = t; and ()= t(tj 1)cc@; j);, j=1,¢¢¢n:
Show also that

e
f (Xo+ th) i pn(Xo+ th) = Ya(t)h"** (n+71()')

(@) Let f 2 C?[a;lj. Denote M, = maxa. 4. pjf °{x)j. Show that
. R
max jf (x) i (Inf)(X)j - ZM2h“
a- x- b 8

(b) Let f 2 C3[a;d. Denote M = maxa. x. vjf ®(x)j for k =2 and 3. Show that

max jfAmy) i (nf)my)j - Z7h%
wherem; = (X;; 1+ X;)=2 is the midpoint of the interval [x;; 1;X;]1 (j =1;:::;N),
and that " "
max sup jfAX)i (Inf)AX)j: —2h+ ——h%
m inl<XBXjJO()|(h)O( N = o4

0 x(™ be n + 1 distinct points in [a;. Let L, :
Cla;hg ! P, be the associated Lagrange interpolation operator. Ldt 2 C! [a;4
satisfy for some constant > 0 that

kf (k)kc[a;b] - M 8k s 1
Show that
kf i LnfKcag! O asn!1l
13. Letf 2 C[a;. Show that, for each integern , 1, there existn distinct points
x{M: 1 x( such that
Kf i Ln;afkcag! O asn!1l ;

whereL,, :f 2 P,, 1 is the Lagrange interpolation polynomial off at x!";:::;x{".
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14. Letn, 1 be an integer. De ne

15.

16.

17.

¥ 4t)
Lt) = ti|j and ()= —— j =0;::::n;
Show that
j“t)j - n! 8t 2 [O;n];
that M ﬂ
jlj ()] - ? 8t2[0;n]; j =0;:::;m
and that
Xﬁ - -
- 2"
j=0

Letf 2 Cla;. Let n, 1 be a xed integer. For each integeN 1, letHy =

5 5

1- j - N that the restriction of p{"’ on the subinterval x{'};x{"? is the Lagrange

interpolation polynomial in P, that interpolates f at the n + 1 points xj('l“)1 + kHy =n,
k=0;::::n.
(&) Show that

Kf i P Kepap - 2" ¢ (Hn);

where! ¢ is the modulus of continuity off , and that
kf i pMkcrayy! O asN 1
(b) If f 2 C"1[a;H, show that

°f (n+1) OC[ ’ H Hy Tha
. (N ] a; AN .
kf i Py Kepam — W+l n
Letf (x) =sin x, [a;d =[0;1], andn = 1. Find an integer N , 1, as small as possible,
such that
kf i pS\N)kC[a;b] - 1:25£ 10 9;

where pﬁN) 2 C[0; 1] is the piecewise Lagrange interpolation polynomial &f de ned

as in the previous problem.

nomials. Prove the identity
X - ,
(Xi X)X (x) =0:
j=1
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19.

20.

21.

and | that 1
Xi 1 2 PP )
N if K” I (modN);

KX | A X —
jzoé e 0  ifk6 I (modN):

Letn, O be an integer,

x—i' and Xi = Xo+ 7
°T 2(n+1)’ PR 2(n+1)”

that

Ta(x)) = 9(x;) j=0;::5n
Moreover,
oy X
Ta(X) = 0 + °k coskx;
k=1
where
2 X
°k = a(x; ) coskx; ; k=0;:::;n:

+
n 11_:0

LetN , 1 be an integer. Let
©
In= (A= & 2C;awn = a; 8k=0;81:::

denote the space of all bi-in nite, N -periodic complex sequences. For ang =
(&)i-1 2 i~ andb = (h)g.,; 2 | n, dene the convolutionc = amb 2 | y
by ¢ = (G)i=n  With

1 Xt
Ck = — a b 8k=0:81;::::
j=0
Prove that the discrete Fourier transform converts convolutn into multiplication:
(FnO)k = (Fna)k(Fnb)k 8k=0;81::::

Letn, 1 beanintegerand ¢ =fa= xo< ¢C& x, = by. Suppose thats 2 $;(¢)
andf 2 H%(a; b satisfy

s(x;) = f(x)) j=0;:0n:

Suppose also that one of the following conditions is satis ed:

(a) sYa) = fqa) and sYb) = f {b);
(b) s%a) = f%a) and s%b) = f %¢h);
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(c) f 2HJ(a;h ands2 H3(a;b.
Show that

Z b Z b
)i D0l dx = [f (x) i s(If @ (x) dx:
a a
22. Let ¢ = fa= xo < ¢¢& x, = by be a partition of [a;d. Consider the boundary

condition
sW(xe) = s (x,) =0; k=0;1;2:

(&) Show that any cubic spline on ¢ satisfying the given boundargondition vanishes
identically if 1 - n- 3.
(b) Show that any cubic spline on ¢ satisfying the given boundarycondition is
uniquely determined by its value atx, if n = 4.
(c) Letn=4and x; = i 2i 1,0;1,2. Find explicitly the cubic splines 2 S3(¢)
that satis es that given boundary condition and that s(0) = 1.
23. Letn , 1 be aninteger and ¢ =fa= xg < ¢C& x,, = bg be a partition of [a; 4.
Denote by S the set of all cubic spliness on ¢ that satisfy s%{x,) = s%{x,) = 0.
(a) Show that for eachj with 0 - j - n, there exists a uniqueS; 2 S that satis es

S(Xk)=H k=0;::;n
(b) Let f 2 C[a; . Show that
X

S(x) = f(X)S (x)

j=0

8
1
% i%MHl |:1,,J| 2
Mi:
2 1 o
I%Mlll I_J+21 |n| 1|

67



8
M = i 6(2+1=% 1+1=% ;1)
% o h2(4i 1=% 1i 1=%j; 1)

6hi 2| M,
Y1

_ 6h12i Mj
Yaiii

where
=4 and Ye=4i 17% ,
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Chapter 3

Numerical Integration

3.1 The Basics

De nition 3.1 (Numerical quadrature). Let x1;:::; X, ben distinct points in [a; d and
f(x)dx¥a  Axf (Xk) (3.2)

a k=1

We say that the quadrature (3.1) is exact for an integrable fuction f : [a;Q! R, if

Z, X0
f(x)dx = Axf (Xk):
a k=1
De nition 3.2 (Degree of precision). The degree of precision of a numerical quadrature
(3.1) is the smallest integem , 0 such that the quadraturg3.1) is exact for f;(x) = xI,
j =0;1;:::;m but is not exact forf .1 (x) = x™*1,

Equivalently, the degree of precision of (3.1) isn if and only if (3.1) is exact for all
f 2 P, butis not exact for somef 2 P41 .

we expect that the degree of precision of (3.1) can not exceenlj2 1. This is indeed true.

Proposition 3.3. The degree of precision of any numerical quadratuf@.1) is - 2nj 1.

R
Broof. Let pon(X) = QE=1 (X i Xk)2. Then py, 2 P,,. Moreover, aprn(x) dx > 0 and
k=1 AxPzan(xk) = 0: Thus, the degree of precision 2nj 1. O

If the quadrature points of the numerical quadrature (3.1) ee known, then one can use
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of precision of the quadrature can be as high as possible.

An example of the method of undetermined coezcients . Find A; and A, such that
the numerical quadrature 7
1

f (x)dx Ya Aqf (0) + Af (1)
0

has the degree of precision as high as possible.
We chooseA; and A, so that this quadrature is exact forf (x) =1 and f (x) = x:
YA 1
dx=1= A;+ A,;
z°,
xdx =
0

= A,:

NI =

Solving these two equations, we obtain thaf; = A, = 1=2. The quadrature thus becomes
Z, 1
f (x)dx Ya Q[f 0)+ f(1)]:

0

To nd out the degree of precision of this quadrature, we checksiexactness foif (x) = x2.
We have

Thus, this quadrature is not exact forf (x) = x2. Consequently, the degree of precision of
this quadrature is 1.

In the rest of this section, we give a few examples of simple nuriead quadrature. For
each of these examples, we determine the degree of precisione ghe relaed composite
formula, and derive its error formula.

The left-endpoint rectangle rule.
Z b
f (x)dx Yaf (a)(bj a): (3.2)
a
To nd out the degree of precision of this quadrature, we check
Z b
ldx = 1(bj a)

a
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Z, 1
xdx = é(bzi a’) 6 a(bj a)
So, the degree of precision i® = 0. Let f 2 Cl[a;: We have
Z b Z b
fdxi f@(bi ay= [f(x)i f(a)dx
a Zab
FO0O)(x i @)dx
a Z b
F)  (xi adx

where we have used the Generalized Mean-Value Theotfefor integrals.
Composite left-endpoint rectangle rule. Letf 2 C[a;. Let N , 1 be an integer.

rule to each interval k;; 1;x;]1 (1 j - N), we obtain

Zy w2, X X Xi 1
f(x)dx = f(x)dx¥%  f(X;; (X i Xj;1)=h f(xj;1)=h f(xj):
a j=1 Xii1 j=1 j=1 j=0
Error:
f 2 Cla;
Zy Xi 1
f(x)dxi h f(Xj)
a J:0
PN :
= f(x)dxi f(x;;1)h
j=1 Xji1
= 1-hzf O()ﬁ )
2
j=1
1 bj a
j=1
1
= é(bi a)hf {»):
1Generalized Mean-Value Theorem for Integrals. Letu2 Cl[a;h. Let v:[a;b! R be integrable
with v(x) , O forall x 2 [a;l or v(x) - 0O for all x 2 [a;l]. Then there exists» 2 [a; b such that
Zy Zy
u(x)v(x)dx = u(»)  v(x)dx:
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Since
X

min f Yx) - Ni f9) - maxfqx);
1

x2 [a;b] = x2[a;b]

it follows from the Intermediate-Value Theoren? that

The midpoint rectangular rule.
Z, M ll

£ (x)dx Yaf %b (bi a)

a

Zb

ldx =1(bj a)
bedx— 1b2' a’) = at+b bj a)= 1b2' a’
s _E( i )—(T)(I )—é( i a)
b
x2dx=%(b3i a%@(izb)z(b; a)

a

2(bi a(Fi bat @) 6 ;(a+ bbi a

1 . 2 1 2
: é(bzl ba+ a’) 6 7 (a +2ab+ )

4 | 4ba+4a’6 3a’+6ab+ 3K
¥+ a?; 2ab60, a6 b

So the degree of precision im = 1.
Let f 2 C?[a; 4
Z b
a+ b
Fdxi T(——)(bi a)

°z
b a+b
= [F)i f=—)dx
a
b ,a+h a+b 1 a+b
= IS )+ 5 e ——)ldx
z
17" a+b
=5 000 =5)%x
2The Intermediate-Value Theorem. If f 2 Cla; and* 2 R satisfy ggir_:)]f x) - -

then there exist » 2 [a; b such that f (») = &
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z
1 b a+b
= Ef ) . (X i — )2dx

= (b7 @) %)

The composite mid{point rule

f(x)dx = f (x)dx
a j=1 Xt
Xji 1+ X;
Va o f( Jll =) (X i Xj;1)
i=1
X 1
=h TG0 X = 5t x)
j=1

Error: f 2 C?[a;H

fO)dxi h o f(x, %)
a i=1
w2y
- Cf(odx f(UEEA Miyh
j=1 Xji1
X
— 3¢ 0
= ﬂhf ?»j)
j=1
(bI24a) W %»)  »2 [ah:
The trapezoidal rule.
yA b
f (X)dX Ya —[f (@ + f(Dl(bj a)
ldx = 5(1 +1)(bj a)
a
ol 1 1
xdx = E(bzi a’) = E[a‘" bj(bi a)
Z}

x2dx = %(b3i a’) 6 %(a2+ *)(bi a)
m=1
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Let f 2 C?[a: .

Z, .
f (x)dx é[f @+ f(b](bi a)
aZ b
= ff(X)] %[f (a) + f (b)]gdx

= 1iz(bi a)*f %{»); for some» 2 [a; :

Composite Rule

Z b h D(i 1
FOQAX Y S [F (ko) + F O]+ (X))
a j=1
Zy ( h X 1
Fegdxi  SIF(xo)+ FO)I+ () =

a J:l

. 2
OO op,

3.2 Interpolatory Quadrature

polynomial L,f 2 P, of f at Xo;:::;Xn iS given by
X
(L)) = F (Xl (X);
k=0
wherel(x)(k = 0;:::;n) are the Lagrange basis polynomials associated wity;: ::; Xn
Y NS
I (X) = X1 X k=0;:::;n:
izg Xk i X
6 k

The approximation
Zy Zy X Zy s
f(x)dx ¥a  (Laf)(x)dx = l(x)dx f (Xk)

a a k=0 a

leads to the following:

De nition 3.4 (Interpolatory quadrature). The interpolatory quadrature associated
with n + 1 distinct points Xg;:::; X, in [a; 1 is the numerical quadrature
f(x)dx ¥a  Axf (Xk)
a k=0
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with Z,

Ag = I (x)dXx; k=0;:::;n; (3.3)
a
wherelg;:::; 1, are the Lagrange basis polynomials associated Wk :::; Xn
Theorem 3.5 (Characterization of interpolatory quadratur e). LetXq;:::;X, ben+1
distinct points in [a; . A numerical quadrature
f(x)dx¥a  Byf (xk) (3.4)
a k=0

is an interpolatory quadrature if and only if its degree of gcision is, n.

Zp X X
|j (x)dx = Bk|j (xk) = Brtk = Bj:
a k=0 k=0
Thus, the quadrature (3.4) is interpolatory.
The \only if" part. Suppose (3.4) is interpolatory. Then the coezxcients are giveloy
YA b
By = [ (x)dXx; k=1;:::;n:
a

Letf 2 P,. ThenL,f = f by Proposition 2.5. Consequently,

Z, Z, o £y X0
f (x)dx = (Laf)(x)dx = [ (X) dxf (Xg) = Bf (Xk):
a a k=0 @ k=0
This implies that the degree of precision of (3.4) is n. O
De nition 3.6 (Newton-Cotes formula). Let n, 1 be an integer. A(closed Newton-
Cotesformula is an interpolatory quadrature
f(x)dx¥a  Axf (Xk) (3.5)
a k=0
with the quadrature pointsxy = a+ k(bj a)=n(k=0;:::;n)
By the de nition of interpolatory quadrature, the coezcients Ay (k = 0;:::;n) in the
Newton-Cotes formula (3.5) are given by (3.3) witHy 2 P, (k = 0;:::;n) the Lagrange
basis polynomials associated with the evenly distributed quaalture pointsxy (k = 0;:::;n).
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Examples. (1) Consider the Newton-Cotes formula withn = 1. We have xo = a, X; = b,
and
Z b YA b

Po=  lodx= S Pax= L a):
Za Za aj b 2
b bxi a 1

A= l,(x)dx = —dx = Z(bj a):
a a | 2

Thus, the formula is
f (x)dx 1/4§(b| a)f (xo) + Q(bn a)f (x1) = é(bu A)[f (Xo) + f (xa)]:

a

This is exactly the trapezoidal rule.
(2) Consider the Newton-Cotes formula witm = 2. We havex, = a, x; = (a+ b)=2 =: c,
X, = b, and

Ao = ;:Io(x)dx = ;:de _ biia;
A= Zabll(x)dxz . ((i: Z;E)c(,l b))dX= 2( i a).
The formulais 5 L

a

bi ' a+ ?
f (x)dx Y4 5 f(a)+4f —5 +f(b :

a
This is called Simpson's rule.

In the case &;0 =[ 1;1]; this becomes
Z, 1
f (x)dx ¥a §[f (i 1)+4f(0)+ f(Q)]:
il

We can verify directly that this is exact for f (x) = 1, x, x2. In fact, it is also exact for
f (x) = x3 but not for f (x) = x*. Therefore, the degree of precision of Simpson's rule is 3.

Theorem 3.7 (Error formula for Newton-Cotes formula). Consider a Newton-Cotes
formula
Z, X0
f(x)dxva  Axf (Xk): (3.6)
a k=0
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(1) If nis even andf 2 C"*2[a;, then exists» 2 (a; b such that

VA b xn f (n+2) (»)
. f (X)dX | Akf (Xk) = Wl n; (37)
k=0
where Z,
1,= X(Xj Xg)¢C@ i X,)dx< O
a
(2) If nis odd andf 2 C"*'[a;l, then there exists 2 (a;b such that
o A= L0 (3:8)
X)dX j Xg) = ——%; .
] i - kT (Xk n+1)! "
where Z,

(0]

n=  (Xi Xo)¢Ci Xn)dx< O

a

Colloary 3.8. The degree of precision of the Newton-Cotes formu(&.6) with quadrature

Proof. Supposen , 1 is even. By (3.7), the quadrature (3.6) is exact for all 2 P.;.
Setting f (x) = x"*2 in (3.7), we see that the right-hand side of (3.7) i%,, 6 0. Thus, the
degree of precision in this case is+ 1. The same argument applies to the caseis odd. [J

To prove Theorem 3.7, we rst prove the following:

Let VAN
Pa(X) = (X0 X) ¢ xp) and  -,(x)=  !a()dt (3.9)

a

Then- ,(a)=- (D=0 and- ,(x) > Oforall x2 (a;b:

R
Proof. It is obvious that - ,(a) = ;! n(t)dt = 0. Sincen is even, we have by the change of
variable x = a+ h(t + n=2) that

Z, Z.
“aB= 1 ()dx=h"2 t (2] k)dt=0:

a i k=1

N[>

N[>

Let an indexj be such that 1- j - n=2. We claim:
I'a0Qi > U a(x+ h)] 8X 2 (Xgj; 2 Xz 1): (3.10)
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To see this, let us x anx 2 (Xg; 2;X2;1). Let x = a+ ht for somet 2 R. Clearly,
2 i 2<t< 2jj 1. Thus,t is not an integer. Moreover, since 1 j - n=2, we have
O0<t+1<n=2. Fomx = a+ ht andxx = a+ kh (k =0;:::;n), we then obtain that

T a(x+h)—_ Ht+Dteti 1):i(ti n+1l)— t+1— t+1 .

n(X) tti 1):::(tj n) T tin njt L

where the last inequality is equivalent to the true fact thatt + 1=2 < n=2. This proves
(3.10).

Consider now Xo; X2] = [Xo; X1] [ [X1;X2]. Sincen is even,! ,(x) < 0 on (j1 ;Xp) and
I'h(x) > 0 on (Xo;X1). Thus, by the fact that - ,(xo) = 0, we have -,(x) > 0 on (Xo; X1].
Let X 2 (X1;X2]. Thenxj h 2 (Xo;Xx1]. Hence,! ,(t) > O for anyt 2 (Xo;x i h). This and
(3.10) with j = 1 imply that ! ,(t)+ ! ,(t + h) > O for anyt 2 (Xxo;x j h). Therefore, by
the change of variables=tj h and (3.10) forj =1,

Z Z z

A= T (bdt= L(tdt+ 1, (t)dt
Zaxi h XZ Xi h “ Z Xi h
() dt+ I o(s+ h)ds= [ a(t)+ ! o(t+ h)dt> O
X0 X0 X0

Hence, -n(X) > 0 on [Xo; X2]. Since -2(x) = ! 1(x) > 0in (X2;X3) and - ,(X2) > 0, we have
- n(X) > 0 on [;x3]. A similar argument then leads to -,(x) > 0 on [X; X4]. Continuing
this process, we have 5(x) > 0forx 2 (Xo;Xg; 1]Jwith2jj 1=n=2orJ i 1=(n=2)j 1:In
the latter case, we have »(x) > 0in (Xy; 1;Xn=2), Since -2(X) = ! n(X) > 0in (Xgj; 1; Xn=2)
and - ,(x) > 0 on (Xo; X2j; 1]. Therefore, -,(x) > 0 on (Xo; Xn=2].

If X 2 (Xn=2;Xn) then Xp=2i (X i Xn=2) 2 (Xo; Xn=2) @nd hence -,(Xp=2i (Xi Xp=2)) > O.
Moreover, by the change of variabls = t | Xp=», we have

Z Xp=2+( Xj Xp=2) Z Xi Xp=2 Z Xi Xp=2 V:Z{-‘, o]
L, (t)dt = I h(S+ Xp=p)ds = s s*j (kh)? ds=0:
Xn=2i (Xi Xp=2) i (Xi Xp=2) i (Xi Xp=2) k=1
Therefore,
Z X
-n(X) = I n(t)dt
X0
Xp=2i (Xi Xp=2) Z Xp=2H( Xj Xp=2)
= Fa(t)dt + I (t)dt

X0 Xn=2i (Xi Xp=2)

=- n((Xn=2i (Xi Xp=2)) > O

The proof is complete. O
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Proof of Theorem 3.7.Let ! , and -, be given as in (3.9). Since (3.6) is an interpolatory
formula, we have by Theorem 2.10 and Proposition ? (on the pndies of divided di®erences
with repeated points) that

Z, X0
en(f):=  fO)dxi  Axf(xi)
Z, AN
= f (x)dx | (Lnf)(x)dx
Zab a
= f [Xo;::05Xn; X]! n(X)dx 8f 2 Cl[a; 1: (3.11)

Case 1:n is even andf 2 C"*?[a; . By integration by parts, we obtain from (3.11),
Lemma 3.9, Proposition (?) (on properties on divided di®erees with repeated points),
and the Generalized Mean-Value Theorem for integrals that

Z b
en(f)= f[Xo;::i;Xn;X]- 2(x)dx
a
Z, q
= flornxXeixln() BZa i () g F X0 xnx]dx
Z, 2
=i . = n(X) g F X0 1220 Xn X
P F(2) (»(x)) dx
| . - n(X) (n +2)! dx
_ fR )T
= W ) - n(x)dx
for some» 2 (a;b). By integration by parts and Lemma 3.9, we then have
Z, Z, Z,
-a(dX = X-n () jai X-a(dx =i X a()dx = Ly
a a a

R
Since - n(x)dx > 0 by Lemma 3.9, < 0.

Casae 2:n is odd andf 2 C"*'[a;H. It follows from (3.11) that
Z bi h Z b
e (f)= FaOOF [Xop i Xny X]dx + FaOOf [Xor iy Xy X]dx =2 10+ 1,0 (3.12)
a bj h
Since! ,(x) does not change sign inkj h;b), we have by the Generalized Mean-Value
Theorem for integrals that
Z b (n+1) (- Z b
I, := FaOOf [Xor:i0; Xn; X]dx = u

b (n+1) bih!n(X)dx (3.13)
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for some” %2 (a; b.
By the de nition of divided di®erences, we have

Z bi h
I, := Fa(X)f [Xo; 105 Xn; X]dX
Z%n H
' f[Xor it Xnp 10 X]i F[XosiiiiXn 1;X
— !ni 1(X)(X| Xn) [ 0 nji 1 ]l [ 0 nj 1 n] dX
a Xi Xn
Z bi h Z bi h
= - 0 100F [Xor 155 Xy 15 X]AX | 0 100)f [Xo; 1155 Xnj 15 Xn]dX
a a
= J1i Jo:
Sincenj 1is even, by Lemma 3.9 we havey; 1(a) =- ,, 1(bj h) =0. Consequently,
YA bj h
J2 = f[Xo; 1105 Xnj 15 Xn] - 0 10)dx = f[Xo; 111 %n; 1 Xn] [ ny 2(bi D) i -y 1(8)] =0

a

(3.14)
Again by Lemm 3.9, -,, 1(x) > 0 on (a;bj h). By integration by parts, Propertion? (on
properties of divided di®erences with repeated points), andié Generalized Mean-Value
Theorem for integrals, we get
Z bj h
Ji = - 0100 [Xo; 1575 Xny 15 X]dX

EZ bi h
o 1(X) g F DXoi 2220 Xn; 1 X]dX

f (n+1) (’ 09 Z bi h
GRS

- nj 1(X)dx (3.15)

for some” 992 (a; b).
From (3.12){(3.15), we obtain

en(f) = i [AF " (9 + BE D (O,

where
1 “o
AT \ h! n(x)dX;
1 bi h
B = GE - ni 1(X)dx:
" a

Clearly, ! n(x) > 0 for anyx > b. Thus, ! ,(x) < 0in (bj h;b). This implies that A > 0.

Sincenj 1 is even, we havd8 > 0 by Lemma 3.9. The fact that

Af (n+1) (' () + Bf (n+1) (' 09
A+B '

min f ("D (x) . max f ("D (x)
a- x-b a- x-b
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and the Intermediate-Value Theorem now imply that

en(f) =i (A+B)f "V (") (3.16)
for some” 2 (a;b). Again sincenj 1 is even, we obtain by Lemma 3.9 that
YA bj h YA bi h
La()dx = -9 (x)(xi bdx
a a Z
' bi h
=- 1000 B g " - ni 1(x)dXx
Z bi h :
=i - 1(x)dx:
a
Consequently,
1 Z b Z bj h
= | - .
A+ B CER n(X)dx + e ni 1(x)dx
1 b YA bj h
= | H |
n+1) bZh. n(X)dX m+Dl , n(X)dx
1 b
= I .
NCFEE P (x)dx: (3.17)
This, together (3.16), leads to (3.8). Sincé& and B are positive, then we have by (3.17)
that 7
b
0, = Fhn(xX)dx=j (n+1!(A+B)<O0;
a
completing the proof. O

3.3 Peano Kernel and Error Representation

Theorem 3.10 (Peano kernal and error representation for num erical quadrature).
Assume the degree of precision of a given numerical quadratu
f(x)dx¥a  Axf (xk)
a k=0
is m. Then
f(X) i Af(x)=  EBLaf ™D ()ydt  8f 2 cMVa;b; (3.18)
a k=0 a
where " #
1 b X
Km(t) = = (DX A T (3.19)
oo a k=0
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Proof. Let f 2 C(M*D [a; . By the Taylor expansion,

f (m)(a)
m!

z b
f(x)=f(a)+ fYqa)(xj a+ ¢¢e¢ (x i O)TF ™D (t)dt
= Qm(X) + Rm(x):

Since the degree of precision of (3.18) ii8 and

(X i a)m+ﬁ

f(m)(a)
m!

m

Qm(x) = f(@)+ fYa)(xi a)+ ¢cce (xi a)

is a polynomial of degree m, the quadrature (3.18) is exact forQ.,. Thus,

Z, X0
f(x)dx j Axf (Xk)
a k=0
Zy X Zy NG
= Qm(x)dx AQm(xk) + Rm(x)dx i AxRm (Xk)
a k=0 a k=0
Z, X0
= Rn(X)dx ARm(Xk)
a n k=0 #
1 VA b Z b xn
= (xi DFdxi  Acxii OF ™D (t)dt
" a a —
. k=0

I (1)f (MU (t)dt:

a

The proof is complete. O

We call €, de ned in (3.19) the Peano kernal for the numerical quadrater (3.18).

3.4 Euler{Maclaurin Formula, Richardson Extrapola-
tion, and Romberg Algorithm
3.5 Weighted Gaussian Quadrature

Let ¥%2be a weight function on &; . We consider a numerical quadrature
Ux)F (x)dx¥a  Agf (Xk); (3.20)

a k=1

follows from Proposition 3.3 that the degree of precision of gmumerical quadrature (3.20)
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is less than or equal to @ 1. On the other hand, by ?, the degree of precision of (3.20) is
greater than or equal ton j 1, if it is interpolatory, i.e., the coexcients are given by

Zy
Ax = X)) () dx; k=1;:::;n; (3.21)
a
where v
I (x) = 7)('_ X k=1
i=1 Xki X
i6k

Lagrange interpolator associated withxy;:::;X,. By Theorem 2.10, we have the error
en(f) = Y (x)dx; At (X)
a k=1
Zy
= I (X) i (L 2f )(X)]dx
a
= ) [Xg;:i0 % X] (X Xg)dx:
a k=1

If f 2 P, for some integerm n, then by Proposition 2.11 the divided di®erence

5

Z b 4
A)p(x)  (Xi x)dx=0  8p2 Pm;nq (3.22)

a k=1

with possibly m = n;:::;2nj 1. 6his will not hold true for m = 2n by Proposition 3.3.

It is then clear that if ! ,(x) := E:1 (x i Xxg) is the nth orthogonal polynomial in B,
i.e., X1;::1; Xy are roots of annth orthogonal polynomial, then (3.22) will hold true for all
m = n;:::;2nj 1. This means thate,(f) = 0 forany f 2 P, with m = n;:::;2nj 1.

the highest possible degree of precision is achieved by an intggiory quadrature with
guadrature points roots of orthogonal polynomials.

De nition 3.11 (Weighted Gaussian quadrature). A numerical quadrature(3.20) is
called aweighted Gaussian quadraturgif
(1) the quadrature pointsxy;:::; X, are then simple roots of an orthogonal polynomial of
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Theorem 3.12 (Characterization of weighted Gaussian quadr ature). A numerical
guadrature (3.20) is a weighted Gaussian quadrature if and only if it has the deg of
precision2nj 1.

Proof. The \if" part. @ssume the degree of precision of the numerical quadrature (3)26
2nj 1. Let Qn(x) = Ezl (Xi Xx)and q2 Pp; 1. Then qQ, 2 Py, 1. Since the degree of
precision of (3.20)is @ 1,

Z, X0
Ax)a(x)Qn(x)dx = Akq(Xk)Qn(xk) = 0:
a k=1
Therefore, Q, 2 P, is an nth orthogonal polynomial in L2(a; ), and hencex;:::;x, are

roots of this polynomial. Moreover, since the quadrature isxact for all polynomials inPy; 1,
it is interpolatory by ?. Thus, it is a weighted Gaussian quadraire by De nition 3.11.

The \only if" part. Assume (3.20) is a weighted Gaussian quadrature. Fpr2 Py, 1,
there existq2 P,; 1 andr 2 P,; ; with degr < degp such that

p(x) = d(X)@n(x) + r(x);
Qn

where®,(x) = ~ ., (Xi Xx)in B, is the nth orthogonal polynomial in LZ(a;b). Clearly,

Gaussian quadrature (3.20) is exact for any polynomial iRy; 1, we have
Ap(x)dx = AX)qX)@n(x) dx+  HX)r(x)dx = Ar(x) = Acp(Xk):
a a a k=1 k=1

Therefore, the degree of precision of (3.20) is greater thanequal to 2nj 1; and is in fact

exactly 2nj 1 by Proposition 3.3. O
Theorem 3.13 (Error of weighted Gaussian quadrature). Let (3.20) be a weighted
Gaussian quadrature. For anyf 2 C?"[a; , there exists» 2 [a;lj such that
Z b xn f(2n)(») Z b Y
Yx)f (x)dx Aif (xk) = Yx) (i x)’dx:
a B} @)t ., }
k=1 k=1
Proof. Let p 2 P2, 1 be the Hermite interpolation polynomial off at x;;:::;X,. Then it

follows from Theorem 2.18 that for eaclx 2 [a;  there exists»(x) 2 [a;j such that
f eV (x(x)) ¥

. — . 2.
f(x)i p(x)= el (X i X))
Since the weighted Gaussian quadrature (3.20) has the degrderecision 2 1 and since
p(xy) = f(xk) (k=1;:::;n), we have by the Generalized Mean-value Theorem for intedsa
? that
z b z b z b f(2n)(»(x)) Y
H)f ()dx = Hx)p(x)dx+  Hx)—=— (X xk)“dXx
a . a @),
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X f (2n)(») Z b Y ,
= A o ) (X X)X
k=1 ) a k=1
X f @n) () Zy Y
= Adf(xe)+ 5 wUx)  (Xi Xk)dx;
k=1 ( n) a k=1
completing the proof. O

The following is a useful property of a weighted Gaussian quaduae:

Proposition 3.14. The coezcients of a weighted Gaussian quadrature are all poge.

eachlj2 2 P2, 2 and the weighted Gaussian quadrature (3.20) has the degree wégision
2ni 1, we have

0< WO Pdx = Al (x))? = Aj;
a k=1
completing the proof. O
Gaussian quadrature 7
1 X
f(x)dx¥a  Axf (Xk): (3.23)
il k=1
The Legendre polynomial,(n =0;:::) are orthogonal polynomials inL?[; 1;1]. Recall:
— 1 d 2. n
] o) = g g1 1)
! 0 m6 n
Pn(X)Pn(x)dx =, _
i 1 on+1 m - n

EachP,(n, 1) hasnrootsin (j 1;1).

Po(X) =1
P1(x) = X

P2(x) = 53§ 1)

P5(X) = }(5x3i 3x)
7 2
1
f (x)dx Y4 2f (0)
il
21 1 1
f (x)dx Yaf (j p§)+ f(p—é)

il
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Z, r_ r_
5 3. 8 5 3

1/, — H _ _ _ _
ilf(x)dx icf (i D+ 5O+ TC D)

Theorem 3.15. The coexcients of the Gaussian quadraturé3.23) are given by

2
Ay = X k=1:::::n;
T @i PP
Proof. The Lagrange basis polynomial§ 2 P,; 1 (k = 1;:::;n) associated with the roots
X1;::1; X, of the nth Legendre polynomialP, are given by
Pn(X) X
l(x) = = ; k=1;:::;n: 3.24
<(x) (Xi xi)PAxk) . Xki X ( )

=1
i6k
Fix an integer k with 1 - k - n. By integration by parts and the orthogonality, we obtain
that
YA 1 Z 1
Sci=  k()PR)AX = (X)Pa(X) i 1 i IR()Pr(X)dX = 1 (X)Pa(X)j; 4 :
il il
SincelP? 2 P, » and the Gaussian quadrature (3.23) has the degree of precisiani2 1,
we also have
Z, X0
Sc= KIPX)dx = Ajl(X)PR(X)) = AP(x):
il j=1

Consequently, by these two equations fo8y, (3.24), and Part (5) of Theorem 1.26, we
obtain

A= KOOP)ZT Pa 2T
< L PR e O XPRIP
_ [Pa@P? . [Pa(i P 1 _ 2 :
Tl i Lioxe PR T (@i AP
completing the proof. O
Remainder

f (2n)(») Z 1\ f (2n)(») Z 1 H onnl ﬂ 2 22n+1 (n!)4

, 2y = 2 — f(2n)
2 I I o TR 7 L R I TSV (PTIE
The Gauss-Chebyshev quadrature
Z, 30
¥ G A (%)
i1 li x? =1
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X1;000; :Xn 2 (j 1;1) are roots of T, (x) = cos(n arccosx)

2k 1)
Xk=cospk=cos%“- k=1:::n:
(x)
A = k k=1 ..... n
k 9711 v 0’ I

Proof. We show that the formula is exact for allTy; :::; Ton; 1. Then, the degree of precision
is, 2nj 1. Butany numerical quadrature withn quadrature points has degree of precision
2nj 1 Thus, this has the degree of precision exactiyn2 1. Therefore, this is the weighted

Gaussian quadrature.

Notice that By the change of variablex = cos,

21 Tm(X) dx—Z%cosm du= 7 if m=0;
i1|l|X 0 HAK= ifm60:

For m =0, we have

X
— To(Xk) =Yy
k=1
Thus the formula is exact form = 0.
Consider now 1- m - 2nj 1. Denote byi the complex unit, i.e.,i? = j 1. We have
€™ 6 1. Denote by R(z) the real part of a complex numberz. We have

M 1
X T (6) = X o5 M@Ki L¥e
o = i el Wi’
k=1 k=1 2n
= R ieim (2kj 1)1/4=(2n)¢
A !
=R ei im1/4=(2n)Xn eimk1/4:n)
k=1
! i imYa=(2n) jmva= em’i 1 !
= R e 'maegmamn _— — —
e|m1/4:n- 1
0 H eim1/4=(2n)
=[(i D"i 1R v
A ' !
im¥s=(2n) @i im1/4:ni 1
—_ . m .
=[(i D™ 1]RA jemen ;1) |
@i im=(2n) . eim1/4=(2n)'
—_ . m .
=i D"i 1R P
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YA 1
T 7
pilm(x) dx = ﬁ4 T (Xk); m=0;:::;2nj 1
' k=1
O
Error: gy 47 ().

3.6 Convergence of Sequences of Numerical Quadra-
ture

Theorem 3.16 (Convergence of sequences of numerical quadra  ture). Given a se-
guence of numerical quadrature
Z, X0 3 .
x)f () dx s AVE x(™W n=1;:::;
a k=1
wherezis a weight function on[a; . Suppose
3 . Z,

X0
(1) im AYp x” = ¥op(x)dx  8p2 P; (3.25)
' k=1 a
X’] — —
2) sup AMT<1: (3.26)
" 1=
Then " 3 -z,
lim AME xM = uf(x)dx 8f 2 Cla;h:
n!
k=1 a
Proof. Let f 2 C[a; . Denote
Z b

I(f) = x)f (x) dx:

a

Denote also for each integen , 1
3

o .
In(f)= AMf x{M
k=1

Clearly, eachl,, : C[a;g! R s linear. Setting

X0
M=sup AT

N1y
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we have
so = “Zs T
iln(f)j - AMTCT x™M T Mkfkcay ~— 8f 2 Cla;h8n, 1.
k=1

Now, letf 2 C[a;Q and let" > 0. By the First Weierstrass Approximation Theorem,
there existsp 2 P such that

kf i Pkeam < *—R; =
2 M+ ¥x)dx

By the rst assumption (3.25), there exstis an integeN , 1 such that

ihMi 1Pi<5 8, N:
Therefore, for anyn , N,

jIn(f) i 1(F)]
3 (i PI () i |(D)J+J|(D)Zi L ()]

" b
<M kf i ka[a;b] + é + kp| f kC[a;b] %X) dx
a
< ||:

This completes the proof. O

Colloary 3.17. Given a sequence of interpolatory numerical quadrature
Z b Xn 3 4
x)f () dx s AVE x(™ n=1;::::

a k=1

Suppose all the coexcientd™ (k =1;¢¢¢n; n = 1;¢ ¢)tare positive. Then
X 3 ’ Z b
im  AMf x™W = uf(x)dx  8f 2 Cla;h: (3.27)

nll
k=1 a

Proof. Let p 2 P. Then there exists an integerN ., 1 such thatp 2 Py. Since an
interpolatory quadrature with n quadrature points has the degree of precision nj 1.

Therefore, sz,

AMp x(M = x)p(x)dx  8n, N:

k=1 a
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This shows that the assumption (3.25) in the above theomre holdsue. We have also for
alln, 1that 7 -
b

X1 n X1 — n —
yx)dx= AN =" A
a k=1 k=1
where we used the fact that aIA(k”) (k=1;:::;n;n=1;:::) are positive. Thus, the second

assumption (3.26) in the above theorem holds true. The desiredrorergence (3.27) then
follows from Theorem 3.16. O

A direct consequence of this corollary and Proposition 3.14 iilse following:

Colloary 3.18 (Convergence of weighted Gaussian quadratur e). For any sequence
of weighted Gaussian quadrature
Z b )@ 3 4
x)f () dxva A XM n=1;:::;
a k=1

we have >0 s - Z,

im — AE X" = wOf ()dx  8f 2 Clald; O

nt k=1 a
Exercises

1. Use (1) the left endpoint rectangle rule, (2) the midpoint retangle rule, (3) the trape-
zoid rule, (4) Simpson's rule, and (5) the two-point Gaussian @drature to compute
the integral 7

1

sinx dx
0

with the number of subintervals of equal lengtm = 1;:::;10, respectively. Compute
also all the corresponding absolute errors.
(a) Make a table of six columns with one for n and the other "ve fothe the computed
values by the ve rules, respectively. Keep eight digits afteretimal points.
(b) In a single plot, display ve curves showing the absolute errerin the log-log
scale (i.e. log(error) vs. logt)) for the ve corresponding rules.
(c) Discuss convergence rates for these quadrature rules basedhe computational
result.
2. Use the trapezoid rule and Simpson's rule to compute the inted
Z 1
sinx dx
0
with the number of subintervals of equal lengtm = 2¥, k = 0;:::;8. Then, apply the
Richardson extrapolation procedure to the computed valuesith the trapezoid rule
for the pairs (ki 1;2k), k =1;:::;8. Compute all the corresponding absolute errors.
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(a) Make a table of four columns with one fon, one for the computed values by the
trapezoid rule, one for that by the Richardson extrapolationand one for that by
Simpson's rule. Keep eight digits after decimal points.

(b) In a single plot, display three curves showing in the log-logcale the absolute
errors (i.e. log(error) vs. logf)) for the two corresponding rules and the Richard-
son extrapolation.

(c) Discuss the computational result in terms of convergencetes.

3. Given a numerical integration formula onj[ 1; 1]

Z,

X
g(t) dt ¥4 a9(tj): (3.28)
il i=1
De ne, for an interval [a;0, A; = (bj a)g=2 andx; = [(bj a)tj+a+ =2, =
1;:::;n. Show that the numerical integration formula on &;
Z, X0
f(x)dx¥%  Af(x)
a j=1

has the same degree of precision as that of the formula (3.28).
4. Find A;B; C such that the weighted numerical quadrature
z 2
ixjf (x) dx Y2 Af (j 1) + Bf (0) + Cf (1)
i2
is exact for polynomials of degree as high as possible. What eetdegree of precision
of the quadrature?
5. Leth> 0. Find A;B;C; D so that the numerical quadrature
Z h
f (x) dx ¥4 Af (j h) + Bf (0)+ Cf (h) + Dhf qh)
ih
is exact for polynomials of degree as high as possible. What etdegree of precision
of the quadrature?
6. Find A;B; C; D such that the numerical quadrature
Z 1
f (x) dx ¥ Af (0) + Bf (1) + Cf%0) + Df 1)
0
is exact for polynomials of degree as high as possible. What eetdegree of precision
of the quadrature?
7. Consider an interpolatrory quadrature
f(x)dx ¥ Axf (Xk):
a k=0
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De ne for each integerj , 0

Zy _ X0 .
F)=  (xi t)hdx; Ac(xj i t)h:
a k=1

Show that Z,

Fij(t)dt=0 j=0;::5nf L
a

8. Consider the trapezoidal formula

10.

Z b
f(x) dx Y4 %(bi a)[f (a) + f (D] :

a

(a) Show that the degree of precision of the formula s = 1.
(b) Calculate explicitly the Peano kernelK ; of the formula and show that the kernel

does not change sign inaf 4.
(c) Let f 2 C?[a; . Show that there exists» 2 (a; b such that

Zy
1 1
FO)dxi S(bi a)[f @)+ f(B]=i 5(bi a)%%»):
a 2 12
(d) Let N, 1 be aninteger,h =(bj a)=N, andx; = a+jh,j =0;:::;N. Prove
for f 2 C?[a; the error formula for the composite trapezoidal formula

Z ( i 1 ) . .
Tood M@+ fo1eh fog) = QLA e

a i=1

where” 2 (a;b) depends onf .
Find an integerN , 1, as small as possible, so that

1 -
gdxi Ty— 10 *%;
0

1

where Ty is the numerical integration value (without round-o® erroy of the function
€ over [Q 1] using the composite trapezoidal rule wittN subintervals of equal length.
Let ps 2 P3 be the Hermite interpolation polynomial off 2 C![a;lj determined by

() = f(a); pa(@)=fYa); pa(0) = f(b); p3(b) = fAb):

(a) Show that
Zb 1 1
Ps(x)dx = S(bi a)f (@) + T (O] i 5(bi a)’f YD) i fYa):

a
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(b) Determine the degree of precision of the numerical quadtae
o 1 1
F(x)dx¥a5(bi a)f (@) + T (] i T5(bi a’lf b i fY@)l: (3.29)
a

(c) Calculate explicitly the Peano kernel of the numerical gadrature (3.29).

(d) Derive the error formula for the numerical quadrature (329).

(e) Let N , 1 be anintegerh=(bj a=N, andx; = a+jh,j =0;:::;N. Derive
the composite integration formula based on the formula (3.29)Show that the
composite formula is the same as the composite trapezoidal faria for functions
f 2 Cl[a; such thatf Qa) = f D).

11. Letp 2 Ps be the Hermite interpolation polynomial off 2 Cl[j 1;1] determined by

p(xj) = f(x;) and  pYx;) = fAx); j =012

wherexo = j 1;x;=0;x, = 1.
(&) Show that
Z 1

p(x) dx = !
1

E[7f(i 1)+16f (0)+7f (L) + f4 1) fY):
(b) Show that the degree of precision of the numerical integtian formula
z 1

f(x)dx Ya 1
1

1—5[7f (i D+16f0)+7f () + Y 1) FYDI: (3.30)
ism =5.

(c) Derive the error formula for the numerical integration érmula (3.30).

(d) Derive the composite numerical integration formula coesponding to the formula
(3.30).

12. Leta: Xo< ¢¢& x, - b Show that there existn + 1 real numbers®y;:::;°, such

that 7 b o

p(x) dx = i p(X;) 8p2 Py:
a j:O
13. Consider the Newton-Cotes formula
f(x)dx¥%  Af(x;)
a i=0

(b) Show by direct calculation that the degree of precision dhe formula isn if n is
odd and isn+ 1 if nis even.
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14. Letn , 2 be an even number! ,(x) = anzo (xi j), and
Z X
-n(x) = Ia(bdt
0

Show that - ,(0) =- ,(n) =0 and that - ,(x) > 0 for all x 2 (O; n).

degree of precision of the weighted numerical integrationrfaula

Z b Xn
ux)f () Yo A (x))

a j=1

with %2a weight function on g;H is 2nj 1, then it must be the weighted Gaussian

formula on [a; j with the weight function %2
16. Letn , 2 be an integer andxq;:::;X, the n distinct roots in (j 1;1) of the nth

Legendre polynomialP,. Set

Z
Pn(x) ! .
li (x) = and A = l; () dx; =1;:::;n:
J() (Xl Xj)PnO(Xj) J ilj() J
(a) Show that
Z, e
p(x)ax)dx =" Ajp(x;)alx;)  8p;q2 Pn; 1
il j=1
(b) Show that
Z 1
A= [j(¥)PPdx>0;, j=1;:::;n

il

17. LetfQ,0t-, be a system of orthogonal polynomials with each d€, = n with respect
to the inner product in L2[a; b, where%zis a weight function on B;H. Fix n, 1. Let

Bx)f (x)dx ¥ Ajf (%)

a j=1
be the corresponding weighted Gaussian quadrature. Show that
X

AkQk(x;) =0; k=1:::::2nj 1
j=1
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18. (Gautschi) Consider a weighted Gaussian formula
Zy X0
Bx)f (x)dx ¥ Ajf (%)

a i=1

with “2a weight function on f; . Show that for anyf 2 C[a; j the error
en(f)= “AX)f (x)dx At (x)
a j=l
satis es WZ . q
Jen(f )J - 2 %X) dx E2ni 1(f );

a

where
E2ni l(f): qg'lin . kf i qu[a;b]:

2nj

19. LetQ, 2 P, be thenth orthogonal polynomial with respect to the weightzon [a; 4,

n=0;:::. Fix n, 1. LetXq;:::;X, be then distinct roots of Q, in (a;b). Let
Ux)f (x)dx ¥ Af (x5)
a j=1

be the corresponding weighted Gaussian quadrature. Show that

Ao an .
) an; 1Q% (Xj) Qn; 1 (%)’

where ay is the leading coexcient ofQx (k =0;:::).
20. Letn , 1 be an integer. The Gauss-Chebyshev quadrature is the weight&dussian
quadrature on | 1;1] with the weight 1= 1 x2 usingx; = cos(2 i 1)¥a2n (j =

that the Gauss-Chebyshev formula is given by

Z,
f (x) X _

j=1

il

21. (a) Show for anyf 2 CJ[0;1] that

Z4 o BT

Bnf (x)dx = 1 E

. 1 ; n=0;:::;

k=0

whereB,f (n=0;:::) are the Bernstein polynomials of .
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(b) Show that the degree of precision of the numerical integtian formula
Z, yn H kﬂ
f(x)dx ¥

. =
0 n 1k:0 n

(c) Show that

nI!llrn 1 o = ) f (x) dx 8f 2 C[0; 1]

22. (Bernoulli polynomials) De ne

1
Bo(x) =1; Bi(x) = X >
Z
1
B2, (x)=(n+1)B,(x) and Bn+1 (X)dx =0; n=2;::::
0
(a) Prove that, for eachn ; 0, B, is a polynomial of degree with leading coexcient
1.
(b) Prove the identities

BXx+1)i Bnp(x)= nx" % n=0;:::;
Br(1i X)=(i 1)"Bn(x); n=0;::::
(c) Prove the identities
B,(0) = Bn(2); n=2;:::;
Bon+1(0) =0; n=1;::::
23. Prove
X 3= “n(n+1)‘"2
k=1 2
by the Euler{Maclaurin summation formula.
24. Letf 2 Cla;d and denote byl (f) the integral of f over [a;. Let N , 1 be an

integer, h = (bj @&=2N, and x; = a+ jh,j =0;:::;2N. Let Ty, Ton, and Sy
denote, respectively, the approximate value df(f ) by the composite trapezoidal rule

Ty and T,y leads to exactlySy, i.e.,

- ATon i T,

Sk 3
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