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Chapter 1

Polynomial Approximation

1.1 The Weierstrass Theorem

Let a,b € R with a < b. Let Cla, b] denote the set of all continuous, real-valued functions
on the closed interval [a.b]. Let P denote the set of all real polynomials. For each integer
n > 0, let P,, denote the set of all real polynomials of degree less than or equal to n.

Theorem 1.1 (The First Weierstrass Approximation Theorem). Let f € Cla,b.
For any € > 0, there exists p € P such that

|f(z) —p(x)] <e Vo € [a,b]. (1.1)
To prove Theorem 1.1, we define for any given f € C[0, 1]
(Bof)(zx) = f(0)  Vze[0,1],

(B, f)(x) 0 f(ﬁ) (Z) 1 —2)"F Ve el0,1] Vn>1,

(1)

For each n > 0, we call B, f the nth Bernstein polynomial of f € C|0,1]. Clearly, B, f € P,
for each n.

k=

where

Lemma 1.2 (Properties of Bernstein polynomials).
(1) For eachn >0, B, : C[0,1] — P, is linear, i.e.,

Bn(f"‘Q) - an+ Bng Vf,g S 0[07 1]7
B.(af) =aB,f YVaeR VfeC|o,1].



(2) Foreachn >0, B, : C[0,1] — P, is non-negative, i.e., (B, f)(x) > 0 for any z € [0, 1]
provided that f(x) > 0 for any x € [0, 1].
(3) Let pi(x) =" (i =1,2,3). Then,

(Bnp0)<x) = pO(x) Vo e [07 1] Vn > 0,
(Bupr)(2) = pi(x) Ve el0,1] V=1,

(Bupa)(z) = palz) + %x(l _2)  Vae0,1] Vn>2. (1.4)

v

Proof. Part (1) and Part (2) are obvious. To prove Part (3), we use the binomial formula:

n

(a+8)m=>" (Z) gk va,BeR. (1.5)

k=0

Let x € [0, 1]. We have by (1.5) that for n > 1

(Bap)(a) = Y- () #H(0 =0 = (a4 (1= )" =1 = o).

k=0

By definition, (Bypo)(x) = po(x) = 1 for all x € [0,1]. Thus, (1.2) is true.
Let n > 1. Using (1.5), we obtain for any x € [0, 1] that

(Bup1)(w) = épl (%) (Z) 2*(1 = )

~k & K
NPT k()
;nk!(n—k)!x (1-2)

k=1
e (-1
J=k= - n—1 n—1—
= . x 1 J
(")
7=0
=z(z+ (1—x))"!
= p1(x)
This is (1.3). The proof of (1.4) is left as an exercise. O

Lemma 1.3 (Convergence of Bernstein polynomilas). We have

lim max [(B,f)(z) — f(x)] =0 VfeClo,1].

n—oo 0<x<1



Proof. Let f € C[0,1]. Let € > 0. We show in three steps that
max |(B,f)(z) — f(z)] <e, (1.6)

0<z<1

if n is sufficiently large.
Step 1. Let M = maxo<,<1|f(z)]. Then,

COM < f(a)— fly) <2M ey e 0.1] (1.7)
Since f € C[0,1], f is uniformly continuous on [0, 1]. Thus, there exists 6 > 0 such that
—g < fl@) - fy) < % Va,y € [0,1] with |z — y| < 6. (1.8)
We claim that
e st < B eyt veyep ()

In fact, if | — y| < 4, then (1.8) implies (1.9). If |z — y| > 4, then ((z —y)/§)* > 1, and
hence, (1.7) implies (1.9).

Step 2. Fix y in (1.9). Apply B,(n > 1) to each side of (1.9) as a continuous function
of z. Using the properties of B,, (cf. Lemma 1.2), we obtain

2 Bulr —))() < (BuD)o) — f0) < &+ o (Bale —9))(@). (110)

Since

(x —y)? = 2% = 22y + y* = pa(x) — 2yp1 (%) + ¥ po(2),

we have again by Lemma 1.2 that
(Ba(z = y)*)(2) = (Bup2)(2) = 2y(Bap1) (@) + y*(Bapo) (z)

1
=2+ —2(1 — 2) — 2yx + ¢
n

e 2M r(l—= e  2M r(l—=
A D <) - ) < S gty )
v,y € [0, 1]. (1.11)
Step 3. Setting y = x in (1.11), we obtain
e 2Mz(l—z) e 2M
— <42 <42 .
(B.1) )~ @) < 5+ =T 2 2 e o)
Therefore, (1.6) holds true for all n > 4M/(§%¢). O
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Proof of the First Weierstrass Approximation Theorem. Define g(t) = f((b—a)t+a) (0 <
t <1). Then, g € C[0,1]. Hence, by Lemma 1.3, there exists ¢ € P such that

lg(t) —at)l <e  Vte[0,1].
Let p(z) = q((z — a)/(b — a)). Then, p € P, and
[f(2) = p(@)] = lg(t) —q(®)] < Va € [a,b].
This is (1.1). 0
We define for any f € Cla, ],

| fllcfay = max |f(z)].

a<z<b

When no confusion arises, we also write || f|| instead of || f||c[a,5- One easily verifies that ||-||
is a norm of the vector space Cla,b], i.e., the following hold:
(D) [Ifl =0 ¥V fe€Cla,b].
Il =0 if and only if f(z) =0 Vz € [a,b];
(2) llefll = lelllf]l VaeRVf e Cla,b];
B) If+gll <l +lgll ¥ f,9 € Cla,b].
The last inequality is called the triangle inequality. It implies that

LA =llgll T < lf =gl Vf.g € Cla,b]. (1.12)

This norm is called the mazimum norm or Cla, b]-norm.

With the notion of maximum norm, the Weierstrass Theorem states exactly that, for
any f € Cla,b] and any € > 0, there exists p € P such that ||f — p|| < e. Equivalently,
for any f € Cla,b], there exists a sequence of polynomials {p®*)}° such that p®) — f in
Cla,b), i.e., || f —p®| — 0 as k — oc.

The proof of Lemma 1.3 can be extended to the proof of the following Bohman—Korovkin
Theorem for more general sequences of linear, non-negative operators; and clearly the
Bohman—Korovkin Theorem and the properties of Bernstein polynomials imply the First
Weierstrass Approximation Theorem:

Theorem 1.4 (Bohman—Korovkin). For each integer n > 1, let L, : Cla,b] — P, be an
operator. Assume:

(1) Each L, : Cla,b] — P, is linear;

(2) Each L, : Cla,b] — P, is non-negative;

(3) Lnpr — pr in Cla,b] for k= 0,1,2, where py(x) = z*.
Then ||L,f — f|| — 0 for any f € Cla,b. O



1.2 Best Uniform Approximation
We denote for any f € C|a, b]

E(f) = if |f=pl Va0 (1.13)

Here, the norm | - || is the C[a, b]-norm. Clearly, 0 < E,(f) < ||f]| for all n > 0. Moreover,
since Po C -+ C P, C -+, we have Eo(f) > ---> E,(f)>---.

Proposition 1.5. The First Weierstrass Approximation Theorem is equivalent to

lim E,(f)=0  Vf e Cla,b]. O

n—oo

Definition 1.6 (Best uniform approximation). A best uniform approximation of a
giwen function f € Cla,b] in P, is a polynomial p, € P, that satisfies

an€Pn
Since (1.14) can be written as

max |f(z) — pp(z)] = min max |f(z) — ga.(7)],

a<z<b qn€Pn a<x<b
a best uniform approximation is also called a minimaz approximation.

Theorem 1.7 (Existence of best uniform approximation). For any f € Cla,b] and
any integer n > 0, there exists a best uniform approximation of f in P,.

Proof. Let f € Cla,b] and fix an integer n > 0. For any ¢ = (cg,...,c,) € R™™ we
associate with a unique polynomial p. € P, by p.(x) = >_j_,cxa”. Define F: R™"' — R
by

n

f) -3t

k=0

F(c) = If = pell = max

a<z<b

Clearly, the assertion of the theorem is equivalent to the existence of ¢ € R™*! such that

F(c) = min F(d). 1.15
(¢) = min F(d) (1.15)
Step 1. We show that the function F': R""! — R satisfies the following properties:

(1) F:R"™ — R is continuous;
(2) F(c) = 400 as ¢ — 0.



By (1.12), we have
|F(¢) = F(d)] = [If = pell = [If = pall | < llpa = pc

> (di — )z < ldy, — e max{|al*, ||}
k=0

k=0
— 0 as d — ¢ in R™L,

= max
a<x<b

This proves Part (1).
To prove Part (2), we define G : R"™ — R by G(c) = ||p.|| for any ¢ € R*". As proved
in Part (1), G : R"" — R is continuous. Let

S"={c e R"™ : ||| = 1},

where

n
lell = | Y- Ve=(co,....ca} €R™
k=0

Clearly, S" is a closed and bounded subset, and hence a compact subset, of R"*1. Moreover,
G(c) > 0 for any ¢ € S”. The continuity of G : R"™! — R then implies that

p = inf G(c) > 0. (1.16)

cesn

Now, let ¢ € R™™! with ¢ # 0. Set ¢ := (1/||c||)c € S*. We have

n n C
pe(a) =Y exa® =|le| > —at = lelpa(x)  Va € [a,b],
k=0

]
i.e., p. = ||c|[|pe. Therefore, by (1.12) and (1.16), we have

Fe) 2 lpell = Il = 1 llellpe | = 11 £1]
= llellG(pe) = 1Al = llell = 1f]l = 400 as [l — oo,
proving Part (2).
Step 2. Clearly F(c) > 0 for any ¢ € R"™. Let m = inf.cgnr1 F(c) > 0. Since
lim. . F(¢) = +o0, there exists R > 0 such that F(c) > m + 1 if |¢|| > R. There-

fore, m = inf<p I (c). Since F' is continuous on the bounded and closed subset Bp :=
{c € R""1: ||¢| < R}, it attains its minimum over Bg, and hence over the entire R"™'. [J

Theorem 1.8 (The Chebyshev Alternation Theorem). Let f € Cla,b] and [ & P,.
Then, p € P, is a best uniform approximation if and only if f — p achieves its mazimum
magnitude at n + 2 points with alternating signs, i.e., there exist n + 2 points xp (1 < k <
n+2) witha < xy < -+ < xpro < b such that

|f(ee) —plzi) = If —pll, k=1,...,n+2,
[f(zx) — p(zi)][f (hg1) — P(xs1)] <O, k=1,...,n+1.
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Example. Consider f(z) = 2? with z € [0,1] and n = 1. Let p; € P; be the best uniform
approximation of f over the interval [0, 1]. Assume p;(z) = ax + 3 with a, § two constants.
Let g(z) = f(z) — p1(x) for any x € [0, 1]. By the Chebeyshev Alternation Theorem, there
exist 1,22, 23 € [0,1] with 0 < 2y < x5 < x5 < 1 such that |g(x;)| = ||gllcp,, ¢ = 1,2,3,
and the sign of g(z1), g(z2), g(z3) alternates.

Notice that ¢'(x) = 22 — « which has only one root inside (0, 1). Since z5 is an interior
extrem point of g(x), we must have ¢’(z2) = 0, leading to x5 = /2. Moreover, the other
maximal or minimal points x; and x3 must be the boundary points: x; = 0 and x3 = 1.

Now by the fact that g(z1) = g(z3), i.e., g(0) = g(1), we obtain that -3 =1 — o — .
Hence v = 1 and &9 = 1/2. By the fact that g(z1) = —g(x2), i.e., g(0) = —g(1/2), we obtain
—0=—-1/4+(1/2+ (). Hence g = —1/8. Therefore p;(z) = x — 1/8. We also have that

lgllco,y = g(0) = 1/8.
Y

To summarize, we have
Proof of the Chebyshev Alternation Theorem. Notice that p, € P, is the best uniform ap-
proximation of f € C|a,b] in P, if and only 0 € P, is the best uniform approximation of
f — pn € Cla,b] in P,. Therefore, the Chebyshev Alternation Theorem is equivalent to the
following statement:

i I = Plleony = min saxle” = (v + 8)| = o,

Let f € Cla,b] but f & P,. Then, the zero polynomial 0 € P, is a best uniform
approximation of f in P, if and only if f achieves its maximum magnitude at n + 2
points in [a,b] with alternating signs.

Therefore, we need only to prove this statement. We divide our proof into two parts.
Part 1. The “if” part. If 0 were not the best uniform approximation in P,, of f, then
there would exit p € P,, such that

0<|lf =pll <If =0 =[] (1.17)
Let a <z <+ < xp40 < b be such that

[l =/l k=1....n+2,
f(:ck)f(:ckﬂ) <0, k= 1,...,n+ 1.

It follows from (1.17) that

p(zx) = ()l < llp = FI <l flI= 1)l k=1 ,n+2

Consequently,
signp(ee) = sign (p(er) — Floe) + F@) = sign fla),  k=1...,n+2,

11



where sign z = z/|z| for any nonzero z € R and sign 0 = 0. Thus, p changes its sign at n+ 2
points. Hence, p has at least n+ 1 roots. But p € P,,. So, p = 0. By (1.17), [|0— f]| < || f]].
This is a contradiction.

Part 2. The “only if” part. Assume the assertion were not true. Then, there would
exist m 4 1 points with 0 < m < n such that f achieves its maximum magnitude at these
points with alternating signs. If m = 0, then f would have the same sign at all its points
of maximum magnitude. In this case, there would exist a nonzero constant ¢ such that
|f —¢|]l < |If]l- This contradicts the fact that 0 is the best uniform approximation of f in
P,. Thus, 1 < m < n. We shall construct a polynomial in P, that would be closer to f
than 0 with respect to the norm || - ||.

Step 1. Let Z = {z € [a,b] : |f(z)| = ||f||}. Without loss of generality, we may assume
that f > 0 at the smallest number of Z. Such smallest number exists, since Z is closed
in [a,b], a consequence of the continuity of f. Since signf alternates at m + 1 points in
Z, there exist & (1 < k < m) witha < & < --- < &, < b such that signf alternates in
ZNa, &), 20,8, Z0 [Em-1,&m], Z N [€m, b]. Define

p(x) = (& =) (§n — ).

Clearly, p € P,,, and
sign p(x) = sign f(z) Vo € Z. (1.18)

Let x € Z. Since |f(z)| = || f]| > 0, (1.18) implies that p(x) # 0. Since Z is closed in [a, b],

anelg\p(x)\ > 0. (1.19)

In particular, this implies that ||p|| > 0.
Step 2. We show that

Hf - mpH <1 (1.20)

for small € > 0.
Let

_ e f(x) @)l f @) A
I A Ry R
By (1.19), § > 0. Define

pa)f(x) o _ p)f(x) _ 9
A:{xe[a,b].w>§} and B—{xe[a,b].wg§}.

Clearly, [a,b] = AU B, A and B are disjoint, and B is closed in [a,b]. If z € A, then

: p)f(@) | (p<x>)2

5 _ 2 o p(x)
F@)l =22 v

- mp(m)

]f(as)

12



< Hsz _ 28p(17)f<17) 2

AT >
il
2 2 s 07 4
<|flIF —ed 4+ =|f] -7 for0<5<§. (1.21)
If x € B, then by the definition of § and B,
)
p@)flz) 0 _ s pW)I©) wez

2 ]

This implies that x ¢ Z, and hence |f(x)| < || f||. Consequently, since f is continuous and
B is closed in [a, b], we obtain that

Il

M = ma | (@) < 1.
Therefore, for 0 < e < ||f|| — M,

3

£
‘f(x)—mp(a:)‘ §|f($)\+‘mp($) <M+e<|fll Vr € B. (1.22)

It therefore follows from (1.21) and (1.22) that

lr-Zo < o <e<mm (G- ).

This contradicts the fact that 0 is the best uniform approximation in P,, of f. |

Theorem 1.9 (Uniqueness of best uniform approximation). For any f € C|a,b] and
integer n > 0, the best approximation of f in P, is unique.

Proof. Without loss of generality, we may assume f ¢ P,,. Assume that p,q € P, are best
uniform approximations of f in P,, i.e.,

If =2l = 1If = all = E(F),
where E,(f) is defined in (1.13). Let r = (p+ ¢)/2 € P,,. Then,

BAD < I =1l =[50 =9+ 50 = 0 < 51 = o1+ 307 = ol = B

Hence, r € P, is also a best uniform approximation of f in P,,.
By the Chebyshev Alternation Theorem, there exist n + 2 points zy (k= 1,...,n+ 2)
with a <2y <.+ < x,,9 < b such that

[f(e) = r(ze)| = llr = fll = Eu(f),  k=1....n+2

13



Fix k (1 <k <n+2). Assume first f(zy) — r(zx) = E,(f). Then, we have

1

flan) — 5[2?(9%) +q(zr)] = f(zr) —r(we) = Eo(f) = |f —pll = f(or) — plaw),

leading to ¢(zx) < p(z). Similarly, we have p(xy) < q(xy). Thus, q(zx) = p(zg). Assume
now f(xy) —r(xx) = —E,(f). We have

flag) — %[p(il?k) +q(xx)] = f(r) — r(ze) = —Eu(f) = —[If —pll < f(2x) — p(aw),

leading to q(zg) > p(xy). Similarly, p(xgx) > p(xr). Hence, q(zr) = p(xy). Therefore,
p(zx) = q(xy) for all the n + 2 distinct points x1, ..., 2,2. Hence, p = ¢ in P,,. O
1.3 Chebyshev Polynomials

Consider n > 1 and f(z) = a™ for € [—1,1]. By Theorem 1.7, There exists a unique
Pn_1 € P,_1 such that

If = Pu-1lle1y < f = @n-1llo-1.1 V-1 € Pry.
Denote for any integer k£ > 0
Py = {p € Py : the leading coefficient of p is 1}.
Then fn =f—pn1 € iT)n is the unique polynomial in ‘J~’n that satisfies

1 Tllc-1,1 = min||ple-1,1- (1.23)

pEPn
By the Chebyshev Alternation Theorem, T, is characterized by achieving its maximum
magnitude at n + 1 points in [—1, 1] with alternating signs.
To find T;,, we consider for each n > 0!
T, (z) = cos(n arccos x) Vo e [—-1,1]. (1.24)
Introducing = = cos @ for all § € [0, 7], we can write

T, (x) = cosnf = cos(n arccos x) Vo e [-1,1].

Since
cos(n + 1)8 + cos(n — 1)0 = 2 cos @ cosnb, (1.25)

1See [8] for more on the derivation of T},.

14



we obtain
Toi(z) = 22T, (x) — Ty 1 () xre[-1,1]. (1.26)

Clearly, To(z) = 1 and Ti(xz) = z. Therefore, by induction, we conclude that 7}, is a
polynomial of degree n, and for n > 1 the leading coefficient of T, is 2"~ 1.
Let 0, = kr/n € [0, 7] and xp = cosby, k =0,...,n. Then,

To(xg) = cosnby = coskm = (—=1)" = (=¥ T, ller11, k=0,....n.

This means that T,, € P,, achieves its maximum magnitude at n + 1 points in [—1, 1] with
alternating signs. Therefore, for n > 1,

T,(z) = 2'""T,(x) = 2" cos(n arccos ), xr e [-1,1]. (1.27)

We call T,, (n > 0) the Chebyshev polynomials of the first kind. The first few of these
polynomials are

To(x) =1,

Ti(z) = =,

Ty(z) = 22% — 1,
Ts(z) = 42® — 3,
Ty(z) = 8x* — 8% +1

The following theorem summarizes the properties of such polynomials:

Theorem 1.10 (Properties of Chebyshev polynomials of the first kind).
(1) Orthogonality.

1 0 if m #n,

/1 T i_xQTm(x)Tn(x) dr =<7 Z:fm =n =0, (1.28)
©/2 ifm=mn>0.

(2) Recurrence.

TQ(ZL’) = ].,
Ty(z) = =,
Thia(z) = 22T, (x) — T—1(x), n=1,...

In particular, each T,, is a polynomial of degree n. Moreover, if n is an even (odd)
number, then T, is an even (odd) function.

15



(3) Extreme points and zeros.
|Tullof=1,1 = 1, n=0,...,

k
T, (cos—ﬂ> = (D= (=%  k=0,....n,n=1,...,

n

2k — 1
Tn(cos(kQJ):O, k=1,....n, n=1,...

n

(4) Best uniform approximation and least-squares approximation. For each n > 1, T, =
21=nT, € P, is the unique polynomial in P, such that

|75\l or-1,1) = min [|p|ler-1,11 = gl-n
pEPn

T, (2)]?dz = min r)]2dr = 27" .

/_1 \/1—x2[ " Pn€Pn \/1—352 [Pn(x
(5) Differential equation.
(1 — 2T () — 2T (x) + n*Tp,(z) = 0, n=0,...

(6) The generating function.

1—tx >
x)t" Vte (—1,1) Ve € |—1,1].
1— 2z + 12 Z_; (=L 1) e e=11]

(7) Rodrigues’ formula.

dn
dx™

(1—x2)"*%, n=0,...

N[=

T (z) = %(1 _ ?)

Proof. We only prove Parts (1)—(6). The proof of Part (7) can be found in [9].
(1) By the change of variable = cosf, we obtain

1 i
/_1 ﬁTm(l‘)Tn(m) dx :/0 cos mb cos nf df

— % /OTr [cos(m + n)f + cos(m — n)b] db.

Since

/ coskfdfd =0 for any integer k > 1,
0

simple calculations then lead to (1.28).
(2) This is proved above, cf. (1.24)-(1.26).

16



(3) This follows from the definition (1.24) and direct calculations.

(4) The first minimization property is proved above, cf. (1.23) and (1.27). The second
minimization property follows from Theorem 1.21 in Section 1.8 on properties of orthogonal
polynomials and (1.28).

(5) By the definition (1.24), we have

nsin(n arccos z)

() = —n? cos(narccosz)  mawsin(n arccos )

1— a2 Ao

These, together with (1.24), imply the desired differential equation.
(6) Let ¢ be the complex unit, i.e., 2 = —1. Denote R(z) the real part of a complex
number z. We have using x = cos f that

iTn(a:)t" = i cos(nf)t" = io:R (t"e™) =R (i (tew)n> .
n=0 n=0 n=0 n=0
Since

[e.9]

(t i@)” 1 1 1—tcos@+itsind 1—tr+itsinf
[ = - = — — ,
1—tei? 1—tcosh —itsing (1 —tcosh)?+t2sin®6 1 — 2tz +t2

n=0
we have
- - o~ 1—tx
T (z)t" =R te’)" | = ————,
S (S ) - afie
completing the proof. O

1.4 Uniform Approximation by Trigonometric Poly-
nomials

1.5 Modulus of Continuity and Jackson’s Theorems

1.6 Least-Squares Approximation

Definition 1.11 (Weight functions). A weight function on a finite intervale [a,b] is a
non-negative, integrable function p: (a,b) — R that satisfies

d
/ p(x)dz >0  for any sub-interval (c,d) C (a,b). (1.29)
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For a measurable function p : (a,b) — R, the above condition (1.29) is equivalent to the
condition that p > 0 almost everywhere in (a,b).
Examples.

(1) For any [a,b], p(x) = 1 defines a weight function.

(2) For [a,b] = [—1,1], p(x) = 1/v/1 — 22 defines a weight function.

(3) Let p: [a,b] — R satisfy the following: (a) p is integrable on [a, b]; (b) p is continuous
in (a,b); (c) p(z) > 0 for any = € (a,b) and p has at most finitely many zeros in (a, b).
Then, p is a weight function on [a, b].

We assume in the rest of this section that p is a weight function on [a, b]. We denote by
Li(a, b) the set of all measurable functions f : [a,b] — R such that

b
/ o) (x)dz < oo.

If p(x) = 1 for all z € (a,b), then we simply write L*(a,b) instead of L2(a,b). Under the
usual addition and scalar multiplication, Lz(a, b) is a vector space. Clearly, P C Cla,b] C
L2(a,b). If f,g € L2(a,b), then

[ s < [ o) LI oo (1.30)

Thus, pfg is integrable. In particular, setting g(x) = 1, we see that pf is integrable.

Proposition 1.12 (The Cauchy—Schwarz inequality). We have

S\/ / p<x>[f<x>J2dx\/ | lgapds Vi€ ab),
(1.31)

/ o) (2)g(x) dz

Proof. Consider the non-negative quadratic function ¢ : R — R defined by
b
o0 = [ pla) F(a) + Ag(a) do

_ / () g ) Pdi + 27 / o) f(2)g(x) da + / p(@)[f(@)Pdr  YAER.

If the leading coefficient of ¢ is 0, then the inequality (1.31) holds true trivially. If it is
nonzero, then the discriminant of ¢ is non-positive, i.e.,

1 [ / o) f@)g() da:r = " @)l / (@) () < 0.

This leads to the inequality in (1.31). O
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A different proof of the Cauchy—Schwarz inequality (1.31) is as follows: Applying Fubini’s
Theorem, we have for any f,g € L?(a,b) that

0< / / p(2)p(y) [F(@)g(y) — f(y)g(x))? dudy
- / / o)) () g )Py + / / o()p() [ () 2lg @) Pddy
2 / / o(@)p(y) [ (2)g(2) f (1) (y) dady

=2 ([ tsera) ([ soisras) -2 ([ st ir)

leading to (1.31).

2
)

Definition 1.13 (Least-squares approximation). A least-squares approximation of a
given function f € Lf,(a, b) in P, is a polynomial p, € P, that satisfies

/ p(@)[f(x) = pu(z))*dz S/ p(@)[f (@) = qu(@)]’dz Vg, € Py (1.32)

Theorem 1.14 (Existence, uniqueness, and characterization of least-squares ap-
proximations). Let f € L2(a,b). Let n >0 be an integer.

(1) There exists a unique least-squares approzimation of f in P,.

(2) Let p, € P,. Then p, is the least-squares approzimation of f in P, if and only if

b
/ () f (@) — pu(@)lgu(z)dz =0 Vg, € P,. (1.33)

(3) If p, € Py, is the least-squares approximation of f in P, then

| @li@) = m@Pds = [ pla)i@lde - [ pwlpalPde. (139

To prove this theorem, we introduce the (n 4+ 1) x (n + 1) matrix

n

Grir = { / b p(m)$i+jdx] . (1.35)

i,j=0
In the special case that [a,b] = [0,1] and p(x) = 1, this is a Hilbert matrix.

Lemma 1.15. The matriz G,1 is symmetric positive definite.
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Proof. Define

b n 2
a i=0

Clearly, Q : R — R is a non-negative quadratic form. If Q(¢) = 0 for some £ € R,
then, by Lemma 1.16, > ;&a' = 0 for all @ € [a,b]. Hence, £ = 0 in R"™'. Therefore,
Q : R*""' — R is a positive quadratic form.

It is clear that

n

1 b o
Q&) =5 Z (/ P(I)xzﬂd%) &G& VE= (&, &) ERML

i,j=0
Therefore, G, is the matrix associated with the positive quadratic form @ : R**! — R.

Hence, G, is symmetric positive definite. O

Proof of Theorem 1.14. (1) Define

" 2
f(z) — cixi] dr  Ve=(cy,...,c,) € R™ (1.36)
i=0

Fo- [ e

Clearly, F' : R""! — R is a non-negative quadratic function. Direct calculations lead to

n

Fo=3|f bp(a:)x"ﬂ‘dx} cics — 22 | b o) f(tda] e~ [ @) ()

1,7=0

Thus, the Hessian matrix of F is

n

o’ 1" ' i+
2], o[ o]

,J=0 4,7=0

where G,; is the matrix defined in (1.35). By Lemma 1.15, the Hessian matrix of F' is
therefore symmetric positive definite. Consequently, F : R**! — R is a convex quadratic

form. Since it is non-negative, it admits a unique minimizer ¢ = (&, ..., ¢,) € R, Define
n

pul(z) = Zéi:v’ Vo € R. (1.37)
i=0

Then, p, € P, is the unique polynomial in P, that satisfies (1.32).

(2) From Part (1), the unique least-squares approximation p, € P, is given by (1.37),
where ¢ = (&,...,¢,) € R™™ is the unique minimizer of the convex quadratic function
F :R"" — R. Clearly, ¢ is the unique critical point of F' determined by

8;F(@E) =0, j=0,...n (1.38)
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By the definition of F' : R"™™ — R (cf. (1.36)) and the Chain Rule, we obtain for any
c=(co,.-.,c,) € R" that

n

b
0;F(c) = 2/ p(x) [f(x) - Z cixi] (—27) dz, j=0,...,n. (1.39)

=0

Therefore, by the definition of p, in (1.37), the system of equations (1.38) is equivalent to

b
/ p(@) [ (@) — pu(a)] Pz, j=0,...n,

which in turn is equivalent to (1.33), since P,, = Span{l,x,...,z"}.
(3) Suppose p, € P, is the least-squares approximation of f. By (1.33) with ¢, = pu,
we have

/ P2 (&) — pul)|pu(z)dz = 0.

Therefore,
[ @i = [ i)~ pate) + pae
= [ ol - paa + [ oo
v f ) (@) — o)
= [ o) - paar + [ e
This implies (1.34). 0

From the proof, cf. (1.38) and (1.39), we see that this least-squares approximation
pn(x) =31, &x' can be obtained by solving the system of linear equations

n

Z [/abp(i’f)xiﬂdff] ¢ = /abp(ﬁ)f(m)xjdm j=0,...,n.

1=0

The coefficient matrix of this system of linear equations is exactly G, .1, defined in (1.35).

1.7 Orthogonal Polynomials

Fix a weight function p on [a, b]. For convenience, we denote

(f.g) = / @) f(@)g(e)de  Vf.g € L2(a,b).
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By (1.30), (f, g) is finite for any f,g € L2(a,b). The mapping (-,-) : L>(a,b) x L>(a,b) — R
clearly satisfies the following properties:
(1) Symmetry.
(f.9)={g.f) V[ geLia,b);

(2) Bilinearity.
(af +Bg,h) = alf,h) + B{g,h)  Vf.g,h € Ly(a,b) Va,B€R;

(3) Non-negativity.
(f,fy=0  VfeLiab)

Lemma 1.16. Let f € Cla,b]. If

then f(z) =0 for all x € [a,b).

Proof. Suppose there existed a point z € [a,b] such that f(zg) # 0. By the continuity of
[, there would have existed a sub-interval [c,d] C [a,b] with ¢ < d such that |f(z)| > &
for all x € [c,d] for some constant g > 0. Now, by the definition of a weight function,

fcd p(z)dx > 0. Therefore,

/a bp(x)[f (z)]dz > / d p(x)[f(2)]2dx > &2 / ' p(z)dz > 0.

This contradicts the assumption. |

Consider the subspace Cla,b] of L2(a,b). The mapping (-,-) : Cla,b] x Cla,b] — R is
in fact an inner product of C[a,b], i.e., it is symmetric, bilinear, and positive. Here, the
positivity means

(f,f) =0 Vf e Cla,bl.
(f,f)y=0 ifandonlyif  f=0 in Cla,b].

The “only if” part in the last equation follows from Lemma 1.16. The norm of Cla, b
induced by this inner product is

b
1flle2@py = VAF f) = \// p(a)[f ()]Pdx (1.40)

for any f € Cf[a,b]. This is called the L2(a,b)-norm. We will also use (1.40) for any
f € Li(a,b). Tt is often written as || - || instead of || - ||£3(a,), When no confusion arises.
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Definition 1.17 (Orthogonal polynomials). A sequence of polynomials @, (n =0, ...)
are called orthogonal polynomials in Lf)(a, b), if the following hold true:
(1) For each integer n > 0, Q,, is a polynomial of degree exactly n;
(2) (Qm,Qn) =0 whenever m # n.
A sequence of orthogonal polynomials Q,, (n =0,...) in Li(a, b) are called orthonormal
polynomials in L2(a,b), if they satisfy
(3) (Qn,Qn) =1 for alln > 0.
A set of polynomials are called orthogonal (or orthonormal) in L2(a,b) if it is a subset
of a sequence of orthogonal (or orthonormal) polynomials.

If @, (n=0,...) are orthogonal polynomials, then (Q,,Q,) # 0 for each n > 0. More-
over, the polynomials @Q,,/1/{Qn, Q) (n =0,...) are orthonormal. In general, orthonormal
polynomials @,, (n =0,...) are characterized by

where 0;; is defined to be 1 if ¢ = j and 0 if 7 # j.
The Chebyshev polynomials T,, (n = 0,...) are orthogonal polynomials in L2(—1,1)

with p(z) = 1/v/1 — 22. Another important class of orthogonal polynomials are Legendre
polynomials B, (n =0,...) in L*(—1,1) that will be discussed in Section 1.9.

Lemma 1.18. If Qo,...,Q, be orthogonal polynomials in Lf,(a, b), then
(1) The n+ 1 polynomials Qo, ..., Q, are linearly independent in Lz(a, b);
(2) P, = Span{Qo,...,Qn}. Moreover,

= ~ 7 =L n € P,,. .
p go <Qk7Qk>Qk Vp, € (1.42)

Proof. (1) Suppose there exist g, ..., a, € R such that >~;_, a.Qr = 0. Multiplying both
sides of this equation by pQ; for an arbitrary but fixed j with 0 < j < n and then integrate
over [a,b], we obtain by (1.41) that o;(Q;, Q;) = 0, implying a; = 0, since (Q;,Q;) # 0 by
Lemma 1.16. Hence, Qy, ..., Q, are linearly independent.

(2) Since the dimension of P, is n + 1, the n + 1 linearly independent polynomials
Qo, . ..,Q, in P, form a basis of P,,. Hence, they span P,,.

Fix p, € P, = Span{Qy, ..., Q,}. There exist constants ¢; € R (i = 0,...,n) such that
Pn = 2 po Q. Multiplying both sides of this equation by p@; for an arbitrary but fixed j
with 0 < j < n and then integrate over [a, b], we obtain by (1.41) that (p,, Q;) = ¢;(Q;, Q).
This implies (1.42). O

Theorem 1.19 (Characterization of least-squares approximations using orthonor-
mal polynomials). Let Qq, ..., Q, be orthonormal polynomials in Li(a, b). Then the least-
squares approximation of a given f € L?)(a, b) in P, is given by

n

Pn = Z(ﬁ Q1) Qk- (1.43)

k=0
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Moreover,
n

L = anll® = 1IFI1* = Y (f. Q™. (1.44)

k=0

Proof. Clearly, the polynomial p,, defined in (1.43) is in P,,. Fix an arbitrary integer j with
0 <j <mn. Since Qy,...,Q, are orthonormal, we have

n

(f=pnn Q) = (£.Q) = Y (£, Qu{Qu. Qs) = (£,Q;) — (£,Q;) = 0.

k=0

Hence, by Lemma 1.18,

This is exactly (1.33). Therefore, by Theorem 1.14, p, € P, is the unique least-squares
approximation of f in P,.

It follows from (1.43), the symmetry and bilinearity of (-, -}, and the fact that Qy, ..., Q,
are orthonormal that

(pnspn) = (O (1, Q0)Qi Y (F,Q)Q5) = D (f,Qi)(f,Q;)(Qi, Qs) = Y {f, Q)"
=0 i=0 i,j=0 i=0
This, together with Part (3) of Theorem 1.14, implies (1.44). O

Theorem 1.20 (The Gram—Schmidt orthogonalization). Consider L2(a,b). Let fo(x) =
1 and fy(x) = 2% for any integer k > 1. Define

go(x) = mfo(ﬂf), (1.45)

9e(x) = fe(x) = > (fr, 95)9;(2),

J

B

I
=)

k=1,2,... (1.46)
1

gr(x) = ——=—==01(),
v Gk Gk
Then gr (k=0,1,...) are orthonormal polynomials.

Proof. Clearly, gy and g, are polynomial of degrees 0 and 1, respectively. Moreover, direct
calculations using (1.45) and (1.46) lead to (go,90) = (91,91) = 1 and (go,g1) = 0. Let
k > 1 be an integer. Assume that g; is a polynomial of degree i for each ¢ with 0 < i < k
and that

(9ir g5) = 0ij, 0<4,5<k. (1.47)
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Since fr41 is a polynomial of degree k + 1, we see from (1.46) with k replaced by k + 1
that gx.1 is a polynomial of degree k + 1. Clearly, (gx+1,9x+1) = 1. Moreover, for each i
with 0 < i < k, we have by (1.46) and (1.47) that

k
(Gre1,0) = (Frrns 95) = D {Fer1s 950095 96) = (Fevrs 00) = (fevrs ) = 0.

j=0
Since g1 and g1 differ by a nonzero constant multiplier, we have
(Gr+1,9:) = 0, i=0,... .k

Therefore, (1.47) is true with k replaced by k + 1. Consequently, g, (kK = 0,1,...) are
orthonormal polynomials. |

Example. Consider L*[—1,1].

1 1 1
go(z) = 7/7<f0,f0)f0(x) = —f_ll i = ﬁ

i) = i)~ (reamte) o — [ Soan) L=

S S 2o L)
go(x) = \/mgz( ) \/f_11($2 1/3)da ( 3)

Therefore, go, g1, g2 are orthonormal polynomials in L?[—1, 1].

1.8 More Properties of Orthogonal Polynomials

Theorem 1.21 (Minimization). Let Q, (n = 0,...) be orthogonal polynomials in L2(a,b).
Suppose n > 1 and Q,, € P,,, then Q,, is the unique polynomial in P, that satisfies

|Qnl| = min [|g,|].
qn€Pn
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Proof. Since Q,, € ﬁV’n, we have Q,(z) = 2" — gn—1(z) for some ¢,_1 € P,_1. Thus, by the
orthogonality,
0= <Qna Q> = <xn — Qdn—1, Q> VQ € iPnfl-

Theorem 1.14 then implies that ¢,_; is the unique least-squares approximation of z" in
P,_1. This is equivalent to the assertion of the theorem. O

Colloary 1.22 (Uniqueness of orthogonal polynomials). If {P,}°, and {Q,}32, are
two systems of orthogonal polynomials in L?)(a, b), then, for each n > 0, there exists ¢, € R

with ¢, # 0 such that P, = ¢,Q,.

Proof. Let o, and (3, be the leading coefficients of P, and @,, respectively. Then, by
Theorem 1.21, (1/a,)P, = (1/5,)Q., for each n > 1. This is clearly true also for n = 0.

Thus, P, = ¢,Q, with ¢, = «,, /3, for each n > 0. O
Theorem 1.23 (The three-term recurrence). Consider L(a,b).
(1) Define
@0 (z) =1,
Qi(z) =z — a,

Qu(z) = (2 — a)Qn_1(2) — byQn_o(x), n=23,...,
_ <I©n—1; @n—l) n — 1 2

y = I 2,
<9n—179n—1>

bnzw, n=23,....
<Qn—2aQn—2>

Then @n (n=0,1,...) are the orthogonal polynomials with each @n € f]NJn
(2) Let Q, (n=0,1,...) be orthogonal polynomials. Let v, be the leading coefficient of
Qn (n>0). Then

Qn(x) = (/4713j + Bn)Qn—l(x) - Cn@n—2(x) n= 2a 37 s (148)
where
o 7% _ Qp <xQn71>Qn71> o QnOip—2 <Qn71a Qn71>
An B O‘n—l’ Bn B Qp—1 <Qn—1> Qn—1> ’ Cn B 04721_1 <Qn—27 Qn—?) ‘

Proof. (1) Clearly, @0 € f]v’o and @1 € f]v’l. Since

a, = <$@07é0> _ <$,1>
(Q0, Qo) (L1’
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we have

(Qo, Q1) = (Liw —a1) = (Lz) = (1, 1)a; = 0.
Let n > 2. Assume @keik for all k € {0,...,n — 1} and

(Q;,Qry =0, if0<jk<n—1andj#Ek (1.49)
Clearly, Q, € P,. We have by the definition of Q, and (1.49) that

<©n7 @n—l) - <(ZL‘ - an)@n—l - bn@n—?y @n—1>
= <$@n—1a én—1> - an(@n 1 @n 1> - b <én—2; Ci?/n—1>

s = (0041 Qu)
<$Qn—1a Qn—1> <Qn N Qn 1> <Qn 17Qn 1>
= ()’
<@n; @n72> = <(«77 - an)@nfl - bn@nf% @n72>
= <$©n_1, én—2> - an(@n 1, @n 2> - bn(@n—% @n—2>
(Qn1,Qn)
<xQn laQn 2> <Qn QQTL 2) <Qn 27Qn 2>

= <~n717 x@/n72> - <Qn717 Qn71>

- <©n—17 x@n—2 - @n—1>
=0,

where the last equation follows from that fact that x@n,g — @n,l €P, o Llet0<k<n-3
with n > 3. We have again by the definition of @), and (1.49) that

<Qn7 Qk) = <(Z‘ - an)@nfl - bn@/nf% ék>
= (Qn-1, Q) = an{Qn-1, Qk) — bu{Qn-2, Q)
< ’n—17x@k>
= 07

since x@k € Pri1 € P,_o. Therefore, (1.49) holds true with n — 1 replaced by n. Part (1)
is thus proved. B

(2) Note that @, := (1/a,,)@Q, € P,. Thus, it follows from Part (1) and the definition
of all a,,b,, and A, B,,C, that

Qn(x) = 0, Qn ()
= ay[(z — an>@n71<x) - bn@nd(x)}
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1 1
=y, [(x —ay) o Qn-1(x) — by - Qn_2(x)
N i LR
= (A, + B,)Qn_1(x) — Cr,Qp_2(x) Vn > 2.
This is (1.48). O
Example. Consider L*[—1,1].
Qolx) = 1.
0.0
(@)
Q1(z) =2 —a = =x.
as = (x§1,§21> = f_} v =0,
(Q1,Q1) [ | 2%dx
b= (QuQ) f‘lf s _ L
(Qo, Qo) [ ldz 3
Gol) = (& — @) () ~ baGo(r) = 4* —

Thus, @0, @1, @2 are the orthogonal polynomials in L?[—1, 1] that have leading coefficient
1. Each of them differs by a constant multiplier from the corresponding one obtained in the
previous example using the Gram—Schmidt orthogonalization.

Theorem 1.24 (Zeros of orthogonal polynomials). Let @, (n =0,...) be orthogonal
polynomials in Li(a, b). Then, for each n > 1, Q, has exactly n simple roots in (a,b).

Proof. Fix an integer n > 1. By the orthogonality,

/ p(2)Qn(x)dr = (Qn, 1) = 0.

Hence, @), changes its sign in (a,b) at least once. If n = 1, this implies that ¢); has
exactly one root. Consider n > 2. Suppose @),, changes its sign in (a, b) only k& times with
1<k<n-—1latx,...,zp witha <z <--- <z <b. Define

p(x) = (z = x1) - (x = zp).

Clearly, p € P C P,_1. Moreover, both @), and p change their signs only at xy,..., xg.
Thus,

(Qn,p) :/ p(x)Qn(z)p(x)dz # 0.
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This contradicts the fact that (Q,,q) = 0 for any ¢ € P,,_;. Hence, k > n. But Q,, € P,
can have at most n roots. Thus, k = n, and @Q,, has exactly n simple roots in (a, b). |

Let @, (n=0,...) be orthonormal polynomials in L?(a,b) and define for each n > 0

= Qul(x)Qu(t). (1.50)

We call K,, : R x R — R the Dirichlet kernel associated with first n + 1 orthonormal
polynomials Qq, ..., Q, in L2(a,b). We have for any f € L2(a,b) that

Z(f Qr)Qr(x Z/ (t) dt Qr()
= Z/ (t)Qx(z) dt

_ / p(t) K, (,) f (L) dt

It then follows from (1.43) in Theorem 1.19 that the least-squares approximation of f €
2 . . .

L(a,b) in P, is given by

Theorem 1.25 (The Christoffel-Darboux identity). Let @, (n = 0,1,...) be or-

thonormal polynomaials in L/% la,b] and K, : R x R — R the Dirichlet kernel associated with
Qo, .., Qn for each n > 0. Then,

K,(x,t) = W Quy1(2)Qn(t) — Qni1()@u(z)

Opt1 r—t

Va,t € R with x # t, (1.51)

where oy, is the leading coefficient of Qr (k=0,1,...).
The formula (1.51) is called the Christoffel-Darbouz identity.

Proof of Theorem 1.25. By Theorem 1.23, the orthonormal polynomials @,, (n = 0,1,...)
satisfy (1.48) with A,, = a,/a,—1 and C,, = A, /A, _1, where «,, is the leading coefficient of
Q... Therefore, for a fixed n > 1,

A1 Qe (2)Qr(t) — Qrra (1) Qu()]
= Al (A + Big1)Qi(2) — Cran Qp—1 ()] Qi(t)
— At (At + Bra)Q(t) — Cropn Qi ()] Qi(2)
= (z = )Qu(z)Qx(t) + AL [Qu(2)Qr1(t) — Qu(H)Qua(2)],  k=1,...,n.
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Summing over these, we obtain that
A;Jlrl [Qn+1<x>Qn(t) - QnJrl(t)Qn(x)]
= (2 =) > Qu(@)Qu(t) + AT [Qu(2)Qo(t) — Qu(t)Qo(x)]
k=1

= (x=1) Y Qu(@)Qu(t) + (x — 1)Qo(2)Qo (1),

since Qo(x) = Qo(t) = . This leads to (1.51) for n > 2. For the case n = 0 or 1, one can
directly verify that (1.51) is true. O

1.9 Legendre Polynomials

The Legendre polynomials P, € P, (n = 0,1,...) are the unique orthogonal polynomials
in L?(—1,1) that are normalized by

P(l)=1 VYn>0.

A convenient way to define these polynomials is to use Rodrigues’ formula:

1 a n

P,(z) = — [(2* = 1)"], =0,1,...

L T

Clearly, for each integer n > 0, P, is a polynomial of degree exactly n. Moreover, if n is
even (odd), then P, is an even (odd) polynomial, i.e., it only consists of even (odd) powers
of x. The first few of these polynomials are

Po(z) =1,

Pi(z) =z,

Py(x) = gxz - %,

Py(z) = gxg — gm,

Py(x) = %x‘l - %xQ g

We summarize in the following theorem some of the important properties of Legendre
polynomials:

Theorem 1.26 (Properties of Legendre polynomials).
(1) Orthogonality.

/1 Fm(@)Polz) do = { (2)/(2n +1) Z: i Zf (1.52)
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(2) Recurrence.

Po(z) =1,
Pi(z) = =x,
(n+1)Py1(x) — 2n+ )xP,(z) + nP,—1(z) = 0, n=12... (1.53)

(3) Zeros. For each n > 1, P, has n simple roots in (—1,1).
(4) The least-squares approximation. For eachn > 1, P, := [2"(n!)?/(2n)!|P, € P, is the
unique polynomial in P, such that

~ 20 (nh)? | 2
Pn — = = I ~n - .
| ”LQ( 1,1) 2n)! o 11 ;il%Hp HL2( 1,1)

(5) Normalization. For each n > 0,

P,(1) = (—-1)"P,(—-1) = 1.
(6) Differential equation. For all n > 0,
(1 —2*) P! (x) — 2zP.(z) + n(n + 1)P,(z) = 0. (1.54)

(7) The generating function. For any x € [—1,1], the values P,(z) (n =0,1,...) are the
coefficients of the Maclaurin series

Py vt e (—1,1).
\/1—2t:1:+t2 Z (=L1)

Proof. We only prove Parts (1)—(6). The proof of Part (7) can be found in [9].
(1) Let m,n be non-negative integers. If one of them is 0, then it is clear that (1.52)
holds true. Assume 1 < m < n. Let ¢p(x) = (22 — 1)* for any integer k& > 0. Then,

= [1/(2*kN]¢™. By integration by parts, we thus have
k
[ d@en@ e = o @el @, - [ s @et e da
1
—— [ @@ do
-1

_ _¢£:ln+1)(x)¢(n 2)( )x—_l / ¢m+2 (n— 2)( )dI

— (1) / O )0l @) da
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= (—1)"(2m)! / ) d

This is 0 if m < n. For m =n > 1, we have by the change of variable x = cos# that

1

/_ 1 (60 (2)]” da: = (—1)"(2n)! / (22 — 1)"dw

-1

= 2(2n)! /1(1 — 2%)"dx

— 2(2n)! /‘71'/2<Sin 9)2n+1d9
~2(2n)!(2n)!
T @2+
This leads to
/_1 [Pn($>]2dx = W/_l [¢£zn)(x)}2dl‘
o 2(2n)!(2n)!!
— 22(nl)2(2n + 1)
2

T o1

(2) Let P, € P, (n=0,1,...) be the unique orthogonal polynomials each with leading
coefficient 1 in L*(—1,1). By Theorem 1.23, we have

P,(z) = (z — an)Po_1(2) — by Pus(z), n=23,..., (1.55)

where

Qp = ) n = 17 27 )
P (2)]2d
|~

y _ Al @Pde

C L Ps(@)de -

By Corollary 1.22, P, and P, differ only by a constant. Comparing their leading coefficients,

we have ( |)2
~ "(n!
P, = P, =0,1,... 1.56
2n)! n=0 (1.56)

In particular, P, € an is even (odd) as P, if n is even (odd). Hence, the function x[ﬁn_l]Q
is an odd function, and its integral over (—1, 1) vanishes. Therefore, all a,, = 0. By (1.56)
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and (1.52),

A D [L[Pa@)Pde (n—1)? n=23
" @n =32 [ [P a(x)Pde  (2n—1)(2n—3) Y

Consequently, we have by (1.55) with n replaced by n + 1 that

Poi(z) = 2P, (z) — (@), n=23..

This, together with (1.56), leads to (1.53).

(3) This follows from Theorem 1.24.

(4) This follows from Theorem 1.21 and (1.52).

(5) The fact that P,(1) = 1 follows from the three-term recurrence (1.53) with argument
of induction. Since P, is an even (odd) function if n is even (odd), P,(—1) = (=1)"P,(1) =
(—1)™.

(6) For n = 1, (1.54) is clearly true. We thus assume that n > 2. Let ¢ € P,_;. By
integration by parts and the fact that P, is orthogonal to all polynomials in P,,_;, we have

[ =] wde = - [ (1= )P ) do

1

= [ [0 -] Puta) da

=0.

Therefore, ((1 — 2?)P!(x))" is orthogonal to all polynomials in P,_;. It thus follows from
Corollary 1.22 that

anPy(z) = (1 —2?)Py(x)) = (1 — 2*)P)(x) — 22, (x).
Let ¢, be the leading coefficient of P,. We have

(1= 2*)Py(2)) = ¢ [(1 - 2*)P(2) — 22, (x)]
=, {(1=2*) [n(n—1)2"%+---] = 2z(na"" 4+ )}
=con(n+1)(@" +---).

These two equations imply (1.54) for n > 2. O

Exercises

1. Let B,f € P, (n=0,1,...) be the Bernstein polynomials of f € C10,1].
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&

10.

11.

(a) Let fo(x) =1, fi(x) =1, and fy(x) = 2. Show that

-1 1
A —x, Vr € [0,1].
n

anO(x) = 17 an1<l’> =z, an2<x) =

(b) In general, is B, f € P,, the best uniform approximation of f € C0,1] in P, on
0,1]?

. Let B,f € P, (n=20,1,...) be the Bernstein polynomials of f € C[0, 1]. Prove the

following:
(1) I(Baf) = Fllcjas — 0 as n — oo for any f € C1[0, 1];
(2) Let k > 1 be any integer. Then ||(B,f)Y) — f9||cp1 — 0 as n — oo for any
feC*0,1) and j € {1,...,k}.
Let 0 <a<b<1and f € Cla,b]. Show that there exist a sequence of polynomials
with integer coefficients that converge to f in the C|a, b]-norm.

. Denote || f|| = || fll¢fa,y)- Show that for any f,g € Cla,b]

1F + gl <A+ llgll and [IAI = lgl] < 1 = gl

Prove Theorem 1.4.
Prove Proposition 1.5.
Let n > 0 be an integer and a, b two real numbers with a < b. Define

Ve = (co,...,c,) € R™

Show that F: R"*! — R is a continuous function.
Let k > 1 be an integer and f € C¥[a,b]. Show that, for any € > 0, there exists p € P
such that

1f = pllows <& I =Pllown <& s 1P =P lopy <e
Let f € Cla,b] but f ¢ P. Show that there exits no polynomial p € P such that

If = pllcey < I1f = dllcay Vg e .

Let xg,...,x, be n + 1 distinct points in [a,b]. Let f € Cla,b]. Does there exist a
unique p € P, such that

max |f(z;) — p(z;)| < max |f(z;) —q(z;)] Vg e Py?

0<j<n 0<j<n

Discuss the cases 0 < m <n, m =n, and m > n.
Let fi,..., fn be n linearly independent functions in Cfa,b]. Let f € Cfa,b]. Show
that there exists p € Span{fi,..., f,} such that

Hf _pHC[a,b] < Hf - QHC[a,b] vq € Span{fla' . 7fn}

Discuss the uniqueness of such an approximation.
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12.

13.
14.
15.

16.
17.

18.

19.

20.

21.

22.

Let f € Cla,b] and g, € P, for some integer n > 0. Suppose p, € P, is the best
uniform approximation of f in P,. Prove that p,+q, is the best uniform approximation
of f+¢q,in P,.

Let ¢ > 0. Let f € C[—c¢,c] be an even (odd) function. Show that the best uniform
approximation of f in P, for an integer n > 0 is also an even (odd) function.

Show that p;(z) = x — 1/8 is the best uniform approximation of f(x) = 2% in P; on
[0, 1].

Let f(z) = 2* (0 <2z < 1). Find the best uniform approximation of f in P; on [0, 1].
Find the best uniform approximation of 2"*2 in P,, with respect to the C[—1, 1]-norm.
Let f € Cla,b] but f & P, for some integer n > 0. Let p € P, be the best uniform
approximation of f in P, on [a,b]. Can there exist a sequence of strictly increasing
points {z}}72, in [a, b] such that

|f(xx) = p(xx)| = If = pllofay Vk > 17
or such that

flax) = plar) = (DNF = plows Yk =17
Let n > 1 be an integer. Denote by T,, the set of all functions

T(m) =ay+ Z (a/y€ coskr + by, sinkx)
k=1

with ag,aq,...,a, and bq,...,b, all real numbers.

(1) Show that T, D T,,.

(2) Snow that Ty # Ts.
Show that any nonzero trigonometric polynomial of degree less than or equal to n can
have at most 2n zeros in [0, 27).
Prove the Second Weierstrass Approximation Theorem by the First Weierstrass Ap-
proximation Theorem.
Show that the best uniform approximation of an even (odd) function f € Cy, in T,, is
also an even (odd) function.
Given any function g on [a, b], define

g*(e):g((b—a)coss+(a+b)> W0 € (—o0,00).

Let f € Cla,b] and n > 0 be an integer. Let p € P,, and T € T,, satisfy, respectively,
1f = pllctay = En(f) == min || f — qllcfap
q€Pn
and

1f* = Tlice, = £,(f7) »= min [|f* = Sllc,..

Show that E,(f) = E*(f*) and that T' = p*.
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23. Let f € Cla,b]. Let wy be the modulus of continuity of f over [a,b]. Show for any
integer £ > 1 that
oy () < kg (9)

and for any A > 0 that
wr(A6) < (A4 1)ws(0).

24. Let f € C(—00,00). Define for any 6 > 0

Show that
|f(z) — Rp(6)(x)] < wy (g) Vr € (—00,00), 0 >0,

where wy(0) is the modulus of continuity of f.
25. Show that there exists a constant K = K(a,b) > 0 independent of f such that

s |=

E.(f) < —E,.1(f) VfeCa,b], ¥n>1,

where for any integer £ > 0
E - i - a,o|-
k(f) min 1f = qllcpa

Let f € CP[a,b] for some integer p > 1. Show that there exists a constant K =
K(a,b,p) > 0 independent of f such that

K| f®| o
E,(f) < —

26. Show that 5 -
—<£<1 ‘v’tE(O,—).
m t 2

27. Let f € Cy,. Let

1 [" 1 ["
ar = —/ f(z)cos kx dx and b = —/ f(z)sinkx dx
TJ x T ) x
be the Fourier coeflicients of f. Let
Snf(z) = % + (ay, cos kx + by sin k)

k=1

be the partial sum of the Fourier series of f for any integer n > 1.

36



28.

29.

30.
31.

32.

(a) Show that

1 [7 sin (n+ 1)t
Suf(x) = ;/_ﬂf(tJr:c)Q(sT;) it
and that
1Sufllcee < Anllfllczn
where

sin (n+ 1) ¢

in b
281n2

dt.

1 i
-
™ —TT

1f = Snflles. < (14 An)EL(f),

(b) Show that

where
E.(f) = min [|f = Tlc,.

Show also that Al
y < Ay < 2+ logn.
T

(c¢) Show that

Prove that
Ton(Th(x)) = Thn(2) Vm, n > 0.
Prove that .
1
To(x))? =1— Vn > 0.
[ ma@P=1- 1w
Calculate T (£1) for any integer n > 0.

(Chebyshev) Let n > 0 be an integer and 7,, the nth Chebyshev polynomial of first
kind. Let P € P, satisfy that |P(z)| < 1 for all z € [~1,1]. Show that

[Pyl <[Tu(y)] vy & [-1,1].

Prove the following properties of the Chebyshev Polynomials of second kind

_ sin(n+1)0
B sin 6

Un(l‘) n:O,l,...,

where x = cosf (6 € [0,7]):
(a) Recursion formula.

Up(xz) =1, U(z) =2z,

Un+1<l‘> :2$Un<x> _Unfl(x)a n= 1727"-'
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(b) Orthogonality.

/_11 V1 = 22Uy, (2) Uy (x)dx = { 0 it m £ n,

/2 if m=n;
(c) Differential equations.
(1—2*)Ul(z) = 32U (z) + n(n+2)U,(z) =0  n=0,1,...;
d) Relations with the Chebyshev polynomials of first kind.
( y y
nU,_1(x) =T (z), n=12...,
Un(z) = 2Up—1(x) + Tph(x), n=12.

(e) For each n > 0, U, is a polynomial of degree n with leading coefficient 2".
Moreover, if n is even (odd), then U, is an even (odd) polynomial.
33. Define x(z) = —1if -1 <z <0and x(z) =1if 0 <x < 1.
(a) Show that

inf su x)—x(z)| =1,
e 71ngl|f( ) — x(2)|

and that there exist infinitely many f € C[—1, 1] such that
sup [f(z) — x(z)] = 1.
1<z<1

(b) Show that

inf dz =0,
it [ 160 -t
and that there exists no f € C[—1,1] such that

/!f 2)[2dz =0,

34. Let 8 be an inner product space and define || f|| = \/(f, f) for any f € 8. Prove the
following.
(a) Triangle inequality.

If+ol <NFl+llgll  Vf,g€s.
(b) The Pythagoras Law. For any f,g € 8§,

If+ 9l = IfII>+lgll> if and only if (f,g) =0.

(¢) Parallelogram Law.

1f+gll>+11f=gll>=2IfI”+2llg]> Vfg€S.
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35. Show that
1 1
/ (@) dz < / f@Pde  ¥f e,
0 0

36. Let fi1,...,f, be n elements in an inner product space 8. Prove that fi,..., f, are
linearly independent if and only if the Gram matrix

G(fir- o fu) = (i f) € BT

is symmetric positive definite.
37. Let 8§ be an inner product space. Let fi,..., f, be n linearly independent vectors in
8 and §,, = Span{fi,..., f.}. Let f € 8. Prove the following:
(a) There exists a unique p € §,, such that

If = pll = min||f —q]|.

This p is called the least-squares approximation of f in §,;
(b) The least-squares approximation p € 8, of f is characterized by

(f=p.q)=0 Vges§,

(¢) The error of the least-squares approximation is given by

Lf = pI* =117 = llpll*.

38. Let {f1,..., fn} be an orthonormal system in an inner product space S. Let 8§, =
Span{fi,..., fu}. Prove the following.
(a) The vectors fi,..., f, are linearly independent.

(b) Any ¢ € §,, has the unique expression

n

q= Z<q7 i) fi-

k=1

Moreover,
n

lgll* = (g, 1)

k=1
(c) The least squares approximation of a given f € § in §,, is given by

p=> (f i) fe
k=1

Moreover,
n

If = 2P = IF1P = D (F ™

k=1
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39.

40.
41.
42.

43.

44.

45.

46.

A7.

Let {f.}>>, be an orthonormal system of an inner product space 8. Prove the Bessel

inequality

S <IfIP vies.

n=1
Find the least-squares approximation of f(z) = x3 in P; over [—1,1].
Find the least-squares approximation of f(x) = z* in P; over [0, 1].
Let p(x) = > p_, axx® € P,, be the least squares approximation of a given f € C|0, 1]
over [0, 1]. Find the coefficient matrix of the linear system that determines ay, . .., a,.
Let f € Cla,b] and define

b
,un(f):/x”f(x)dx, n=0,1,...

Show that f(x) =0 for all x € [a,b] if and only p,(f) =0 for all n = 0,1, ...
Let | g
Pn = - 2_1717 :O,l,...
be the Legendre polynomials.
(a) Let n > 1. Prove directly by Rolle’s Theorem that P, has n simple roots in
(—1,1).
(b) Let r > 1 be an integer. Show that the sequence of corresponding derivatives

{P{"}2 is orthogonal with respect to the weight function (1 — z2)", i.e.,

1
/ P ()P (2)(1 — 2)"dx = 0 if m # n.
-1
Let n > 0 be an integer and P, be defined as in the previous problem.
(a) Show that P, ., has n distinct roots &, ...,§, in (—=1,1).
(b) Show that

n

£ § (o

k=0 1

vanishes at these points &, ...,&,.
Let {Qn}72, be an orthonormal system of polynomials in L?(a, b). Prove for any n > 0
the identity

3 1Qu(@)]? = 2 (@ (2)Qu(@) — QL () Qi ()]

(67
k=0 ntl

where «y, is the leading coefficient of Q; (K =0,...).
Let {Q,}22, be an orthogonal system of polynomials in L%(a, b). Let n > 1. Prove
that the zeros of ), and that of (),,,, alternate.
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Chapter 2

Polynomial Interpolation

2.1 Lagrange Interpolation
Let n > 0 be an integer, z, . . ., x, distinct points in a finite interval [a, b], and yq, . . ., y, € R.

Definition 2.1 (Larange interpolation). A Lagrange interpolation polynomial, or La-

grange interpolant, that interpolates yo,...,Yy, at xg,..., T, 1S a polynomial p, € P, such
that

pn(Ti) = Yis i=0,...,n. (2.1)
The points xy, . . ., x, are called the interpolation points. In the casey; = f(z;) (i =0,...,n)

for some function f : [a,b] — R, p, is also called a Lagrange interpolation polynomial, or
Lagrange interpolant, of f at xq, ..., x,.

Theorem 2.2 (Existence and uniqueness of Lagrange interpolation). There erists
a unique Lagrange interpolation polynomial that interpolates yo, ..., Yn at T, ..., Ty.

Proof. If n = 0, then the unique py € Py is given by po(z) = yo. Let n > 1. Consider a
general polynomial in P,
pn(x) =at+ar+---+ anxnv

where a; € R (i =0,...,n). Eq. (2.1) is equivalent to the system of linear equations of the
unknowns ay, . .., a,

ap + a1x; + - - + a,xl =y, i=0,...,n. (2.2)

The determinant of the coefficient matrix of this linear system is the Vandermonde deter-
minant

1w 22 ... 1
1 x 22 z?
_ TR 1|
V(fﬂo, Xy, 7$n> - - H (x] :Cz>
0<i<j<n
1z, x, ... x
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This is nonzero, since xo, ..., x, are distinct. Therefore, (2.2) has a unique solution. This
implies the desired existence and uniqueness. |

For n > 1, we define

| —— i=0,...n (2.3)

)
x,-—xj

y=
Clearly, each I; € P,, has the degree exactly n. Moreover,
li(x;) = 6y, 1, =0,...,n. (2.4)
If n =0, we define [y(z) = 1.

Theorem 2.3 (Lagrange’s formula of Lagrange interpolation). The unique Lagrange

interpolation polynomial p, € P, that interpolates yo, ..., y, at xo,...,x, is given by
pu() = yolo(x) + y1la (2) + -+ + yaln(z) = Y gili(). (2.5)
i=0

Proof. Let p, be given by (2.5). Clearly, p, € P,,. Moreover, by (2.4),
pn(xj):Zyili(%)zzyi%:yj, 7=0,...,n.
i=0 =0

Thus, p, is the Lagrange interpolation polynomial in P,,. [

The formula (2.1) is called Lagrange’s formula of the Lagrange interpolation.

Example. Find the Lagrange interpolation polynomial ps € P, that interpolates yy =
1Ly =3, p=2atzg=0,27 = 1,29 = 2.

We first calculate the polynomials [y, I;, and [l associated with the points xg, x1, and
ZTo.

(x —x1) (T — 22) (z—1(xz-2) 1, 3
b(®) = G )@=~ 0=Do—2) _2° 2*th
(—z)(x—23) (-0)(z—2)  ,

) = G ) -0 " T
h@)~ Emmlemn) @0 1, 1
2 (xy — o) (22 —21)  (2—-0)(2—1) 2 2



We have now by Lagrange’s formula (2.1) that
p2(x) = yolo(x) + y1la () + y2la(x)

1 3 1 1
Z(—l)<§$2—-§x-%1)—%3(—x2+2x)%—2(§x2—»§)
5 13

:—51’24‘?%—1.
We can check that
5 13
0)=——-0*+—-0-1=-1
p2(0) = =5 - 0"+ 5 :
5 13
)=—-1"+—-1-1=3
pa(1) 5 U+ :
5 13
2)=—-224+—-.2-1=2.
P2(2) 5 2+ 5

The polynomials Iy, ...,[, defined in (2.3) are called the Lagrange basis polynomials
associated with the n+ 1 distinct points xg, ..., x,. The word “basis” is justified in the first
part of the following proposition:

Proposition 2.4. (1) The polynomials ly, . .., 1, defined in (2.3) form a basis of P,,.
(2) For any p, € Py,

S a@) =) VR 2.6)
an(x — x;)l;(x) = pn(0) Vr € R. (2.7)

Proof. (1) Let co, ..., ¢, € Rsatisty Y"1 j¢;l; =01in Py, 1e., D7 ¢;l;(x) = 0 for all z € R.
Setting # = x; for an arbitrary j with 0 < j < n, we obtain by (2.4) that ¢; = 0. Thus,
lo,...,l, are linearly independent in P,,, and form a basis of P,,, since dimP, =n + 1.

(2) Let g, (x) denote the left-hand side of the identity in (2.6). Clearly, ¢, € P,,. More-
over, it follows from (2.4) that g,(x;) = pn(x;) for all j = 0,...,n. Thus, the polynomial
Pn — Gn € P, vanishes at n+ 1 distinct points. Since any nonzero polynomial in P, can have
at most n zeros, g,(x) — p,(z) must be identically zero. This proves (2.6).

To prove (2.7), we fix an arbitrary = € R. Notice that p,(x —-) € P,,. Thus, by (2.6),

> palw—x)li(t) =pa(z —t)  VEER.
i=0
Setting ¢ = =, we obtain (2.7). O
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For any f € C|a,b], we denote by L, f € P, the Lagrange interpolation polynomial that
interpolates f at zg,...,z,. We call L, : Cla,b] — P,, the Lagrange interpolation operator,
or simply Lagrange interpolator, associated with the n+ 1 distinct points zo, ..., z, € [a,b].

Proposition 2.5. (1) Each L, : Cla,b] — P, is a linear operator.
(2) Luf = [ for any f € Py.

Proof. (1) This follows from Lagrange’s formula (2.5).
(2) This follows from (2.5) and (2.6). O

For each k > 1, we denote by C*[a,b] the set of functions f : [a,b] — R that have all
the continuous derivatives f) on [a,b] for 1 < j < k. The derivatives at the end-points
a and b are the one-sided derivatives, and the continuity at a and b is also one-sided. For
convenience, we denote C°[a, b] = Cla, b].

Theorem 2.6 (The remainder of Lagrange interpolation). Let xg,...,z, be n + 1
distinct points in [a,b]. Let f € C""a,b] and L,f € P, be the Lagrange interpolant of f
at o, ..., Tn. Then for any x € [a,b] there exists £(x) € [a, b] such that

(e ()
f(x) = (Lnf)(z) = CE

Proof. Let x € [a,b]. If x = x; for some ¢ with 0 < ¢ < n, then (2.8) holds true for any
£(x) € [a,b]. Assume that  # z; (0 <7 <n). Let w(t) = [[_,(t — ;) and define

o(t) = f(t) — (Luf)(t) — M),
where A € R is so chosen that ¢(z) =0, i.e.,

_ f() = (Lnf)(2)
A= o) .

(x —x) -+ (v — ) vV € [a,b]. (2.8)

(2.9)
Clearly ¢ € C™"[a,b]. Moreover, ¢ = 0 at the n + 2 distinct points x, zq, ..., z, in [a,b].
Thus, by Rolle’s Theorem,

¢ =0 at n + 1 distinct points in [a, b],
¢" = 0 at n distinct points in [a, b],

™ =0 at 2 distinct points in [a, b].
Finally, there exists £(z) € [a, b] such that ¢V (£(2)) = 0. By the definition of ¢, we have
(@) = F(E) = An+ 1)

Hence,
S = I E(w) M+ 1) =0
This, together with (2.9), implies (2.8). O
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Consider now the special case [a,b] = [—1,1]. Let f € C""'[—1,1]. By the above
theorem, we have

|f<as>—<Lnf><x>|sﬁ(g@ﬂ”*”(x)r) W@l Vrel-11, (210)

where L, : C|—1,1] — P, is the Lagrange interpolator associated with a given set of n 4 1
distinet points zo, ..., z, in [—1,1] and w(z) = [[;_,(z — =)

In order to minimize the error f — L,f for all f € C""'[—1,1] with respect to the
C[—1, 1]-norm, we choose zy,...,z, € [—1,1] to minimize the C[—1, 1]-norm of w. Since
w € ﬁn, it follows from Theorem 1.10 on properties of Chebyshev polynomials that the
optimal choice of w is the rescaled Chebyshev polynomial:

w(z) =Thy1(x) =271 () Vo e [-1,1]. (2.11)

In particular, the unique set of optimal interpolation points are the roots of Chebyshev
polynomials 7, 1:

2k +1
xk:cosu, k=0,...,n.
2(n+1)
Moreover, B
[wller=1,0) = [[Tataller-10 = 127" T o1, = 27" (2.12)

Therefore, with such a choice of interpolation points, we have the error estimate

1
. < - (n+1) m+11_ ) .
If = Laflle1n < T 1)!||f | vfeC"™[-11] (2.13)

If we set f = Tn+1, then the unique Lagrange interpolation polynomial in P, of f at all the
roots of 7,41 is the zero polynomial. By (2.12), the equality in (2.13) holds true. Hence,
the error estimate (2.13) is optimal.

Now consider the interpolation error in the L2(a,b)-norm for some weight function p on
la,b]. Let f € C""a,b]. By (2.10), we have

1
(n+1)!

If = Lufllzz@e < 17 ot |l 220, (2.14)

where again L, : Cla,b] — P, is the Lagrange interpolator associated with a given set
of n + 1 distinct points o, ...,z, € [a,b] and w(z) = [[,_,(x — ). By Theorem 1.21,
the unique set of optimal interpolation points zy, ..., z, are the n + 1 distinct roots of the
(n + 1)st orthogonal polynomial @,+; € P, in Lﬁ(a,b) ie., w = Quy1. Thus, it follows
from (2.14) that

If = Lofllr2(ap) < A" ol Quiillzz@y — Vf € C™a,b].

(n+1)
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Taking f = @Q,+1, we have L, f = 0. Hence, this estimate is optimal.

In the special case [a,b] = [—1,1] and p(x) = 1/v/1 — 22, we see from Theorem 1.10
that the unique set of optimal interpolation points in [—1, 1] are the zeros of Chebyshev
polynomial T,,; and that w = 27"7T,,1. By (1.28), we have

_ H2n+1 _ \/7_T

lwllzz(-1.1) = Tarilz10 = g

Therefore, we have the optimal estimate

VT (n+1) nt1
1f = Lafllrz-11) < R 1)1 1" ey Ve C=11].
In the special case [a,b] = [—1, 1] and p(z) = 1, the unique set of optimal interpolation

points in [—1, 1] are the zeros of Legendre polynomial P, and that w = [2"(n!)%/(2n)!| Py 1.

By (1.52), we have
ol 27(n!)? 2
Wil r2(— = .
PED= "o Vot 1

Therefore, we have the optimal estimate

2"n]! 2
(mn+1)2n)!'V 2n+1

IA

1f = Lofllez-1) 1f" oy Vf e O =1,1].

2.2 Newton’s Formula and Divided Differences

Suppose p, € Py is the Lagrange interpolation polynomial that interpolates fy,..., fr at
Xg,...,2r. Consider adding one more interpolation point x;,; € R that is different from
all xg,..., 7, and adding one more value fr,1 € R. Let pri1 € Pri1 be the Lagrange
interpolation polynomial py,1 € Pri 1 that interpolates fy, ..., fx, and fry1 at xo,..., s,
and xpyq. Since pg(x;) = prya(z;) = f; for i = 0,...,k, we see that the polynomial
Pri1 — Pr € Pry1 vanishes at g, ..., z,. Hence, it must have the form

Pr1(7) — pr(x) = dpya (v — 0) - (2 — 71)
for some djy1 € R. The condition that pgii(xks1) = fry1 determines uniquely that

Jir1 — Pr(Trs1)
Tpy1 — To) - - (Tpe1 — Tk)

djs1 = ( (2.15)

Therefore, starting from the constant polynomial py(z) = dy € R that interpolates fy at z,
we have

p[)(l') = d07
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p1(z) = po(w) + di(z — 20),
p2(7) = p1(x) + do(7 — 20) (7 — 71),
Pre(®) = pr—1(x) + dp(z — 20) - - - (7 — 2p—1),
where dy, . ..,d; € R are constants. Finally,
pr(x) =do+dy(x —20) + - + di(x — x0) -+ (x — Tp_1).

Definition 2.7 (Divided differences). The divided differences of a given set of numbers
fo, .oy fn at n+ 1 distinct points xq,...,x, € R are

flzo] = fo,
lios ] = flz, -,z —f[xo,...,xk,_l]7 T
T — X

If fi = f(x;) (i = 0,...,n) for some function f that is defined on a set of real numbers

containing all g, ..., x,, then flxol,..., flzo,...,z,] are called the divided differences of
the function f at these points xg, ..., x,.
Theorem 2.8 (Newton’s formula of Lagrange interpolation). Let zy,...,x, € R be

n + 1 distinct points and fo, ..., fn, € R. Then, for each integer k with 0 < k <mn,

pr(x) = flxo] + flxo, x1](x — x0) + -+ - + flzo, ..., x)(x — x0) -+ - (x — Tp—1) (2.16)
1s the Lagrange interpolation polynomaial that interpolates fo, ..., fr at xq, ..., xk.

The formula (2.16) is called the Newton’s formula of the Lagrange interpolation.

Example. Use Newton’s formula to find the Lagrange interpolation polynomial py € P,
that interpolates fo = —1,f1 =3, fa=2at 2o =0,271 = 1,25 = 2.
We first calculate all the needed divided differences.

flzo] = fo=—1,
f['rl] = fl - 37
flra] = fo =2,

_ flw] = flw]  3—-(=1)
flro.m} = v -z  1-0 =4

. f[x2]—f[l’1] B 2—3 B
flon, 2l = To—x1  2—1 -L

- —1-4 5

flor o) = f[xhxi —ﬁxo,xl] T 2-0 2
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By Newton’s formula (2.16), we have
pa(z) = flzo] + flzo, z1](x — z0) + flzo, 21, 22)(x — 20) (2 — 27)

=—14+4(x—-0)+ (—g) (x —=0)(xz—1)
5) 13

2
= —— —x — 1.
296 + 2x

This is the same polynomial as obtained in the example in Section 2.1.

To prove Theorem 2.8, we first prove the following useful lemma:

Lemma 2.9. Suppose px, qr € P are the Lagrange interpolation polynomials that interpolate

fosoo s fr at xo, ...,z and f1,..., fri1 at xq, ..., Tpeq, respectively. Then,
T —Z0)qk\T) — (T — Tpy1 )Pr(T
Tp41 — Xo
1s the Lagrange interpolation polynomial that interpolates fo, ..., fr, and fri1 at zg, ..., xk,

and Tpyq.

Proof. Since pg(x;) = qx(z;) for i = 1,...,k, we have by a direct calculation by (2.17)
that rp41(x;) = f; for i = 1,... k. Also by (2.17) we have ry1(zo) = pr(zo) = fo and
Tki1(Trr1) = Qe(Trs1) = frr1. Therefore, riy1 € Piyq is the Lagrange interpolation poly-
nomial that interpolates fo, ..., fri1 at xo,..., Tpi1. |

Proof of Theorem 2.8. We prove this theorem by the induction on k, the number of inter-
polation points. For k = 0, clearly po(x) = dy = fo is the Lagrange interpolation polynomial
that interpolates fy at zo. Fix an integer £ > 1 and assume that

pi(x) = flzo] + flxo, x1](x — o) + -+ + flzo, ..., x5](x — o) ... (x — xj_1)

interpolates fo,..., f; at at xg,...,z; for each j = 0,..., k. We need to show that (2.16)
holds true with k replaced by k& + 1.
Step 1. By the assumption of induction, the polynomial

pr(x) = flxo] + flxo, x1)(x — x0) + -+ - + flzo, .-y xp)(x — x0) ... (¥ — Tp_1) (2.18)

is the Lagrange interpolation polynomial that interpolates fy,..., fi at at xg,...,xg. Let
di+1 be given as in (2.15) and

karl(x) = pk(x) —+ dk+1(§lj‘ — 'TO) e (.T _ xk)
Clearly, pry1(x;) = pr(x;) = fi for i = 0,... k, and by (2.15),

pk+1($k+1) = pk(karl) + dk+1(1’k+1 - iUo) T (l'k+1 - fl'k) = fot1-

48



Thus, prr1 € Pry1 is the Lagrange interpolation polynomial that interpolates fo, ..., f&,
and fry1 at xg, ..., T, and Tp.
Step 2. By the assumption of induction, the polynomial

q(x) = floa] + fley, ml(x — 1) + -+ flon, o wpn](@ — 1) .o (T — 2p)

is the Lagrange interpolation polynomial that interpolates f1, ..., fxr1 at z1, ..., k1. There-
fore, it follows from Lemma 2.9 that the polynomial 71 € P41 defined in (2.17), where
Pk is given in (2.18), is the Lagrange interpolation polynomial that interpolates fo, ..., fk,
and fri1 at xo,..., 7z, and xp,y. Hence, by the uniqueness of Lagrange interpolation,
Tk+1 = Pk41-

Step 3. Comparing the leading coefficients of pyi1 and ryy1, we obtain

X1y T — flxo, ..., x
dk—i—l = f[ . k+1] f[ 0 k] = f[x(b s axk-i-l]’
Tp+1 — Xo
Therefore, (2.16) holds true with k replaced by k + 1. O

Theorem 2.10. Let p, € P,, be the Lagrange interpolation polynomial of a given function
f:la,bl = R at xg,...,z, € [a,b]. Then for any x € [a,b] with x # x; (i =0,...,n)

f(@) = pu(2) = flao, ., xn, 2] (x = 30) -+ (€ — ).

Proof. Let p,11 € P,i1 be the Lagrange interpolation polynomial of f at the n + 2 points
Zg, ..., Ty, . Then by Newton’s formula

Prr1(t) = pu(t) + flxo, ..y xn, x|t —20) ... (t — 2)
Setting ¢t = x, we obtain
f(@) = pna(x) = pulx) + flzo, . 2, 2)(@ — 20) - -+ (2 — T0),
completing the proof. O
Proposition 2.11 (Properties of divided differences). Let x,...,z, be n+1 distinct

points in [a,b].
(1) Linearity. For any functions f,qg: {zo,...,x,} — R and any o, f € R,

(af + Bg)|xo, ..., xn] = af|xo, ..., z.] + Bglzo, ..., 2]

(2) Symmetry. For any function [ : {xq,...,z,} — R and any permutation (iqy...i,) of
(0...n),

flzos -y xn] = flrig, -+, mi,]- (2.19)
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(3) For any function f :{xo,...,x,} — R,

n

flzo, -z =) r Ji : (2.20)

— @i~ x0) (g — 2 q) (X — Tigq) - (g — )

(4) If f € C™[a,b], then there exists & € [a,b] such that

_ 1

n!

flzo, - -, xn] : (2.21)

(5) If f(z) = x™ for some integer m > 0, then

0 ifm<n,

flzoy - xn] = L ifm=n,

n
linear combinations of xf - -- xF» with S ki=m —n  if m > n.
i=0

Proof. (1) This follows from the definition of divided differences and an argument by induc-
tion.

(2) By the uniqueness of the Lagrange interpolation, the Lagrange interpolation polyno-
mial that interpolates f at z;,,...,x;, is the same as that interpolates f at xg,...,z,. By
Newton’s formula (2.16), the leading coefficients in these two polynomials are exactly the
right-hand side and left-hand side of (2.19), respectively. Thus, they must be the same.

(3) The left-hand side and right-hand side of (2.20) are the leading coefficients in New-
ton’s formula (2.16) and Lagrange’s formuma (2.5), respectively, of the unique Lagrange
interpolation polynomial that interpolates f at xg, ..., x,.

(4) This is obviously true for n = 0. Assume n > 1. Let p,—1 € P,_; and p, € P,
be the Lagrange interpolation polynomials that interpolate fo, ..., f,_1 at zo,...,x,_1 and
fo, .-+, fn at xg, ..., x,, respectively. It follows from Newton’s formula (2.16) that

pn(x) = pn—l(x> + f[x07 s 71:71](1; - ZE()) T (ZE - xn—l)-
Hence, replacing x by z,,, we obtain
f(xn) = pn(xn) = pn—l(xn> + f[!E(), s ,l’n](l’n - CCO) e (In - wn—l)-

On the other hand, by Theorem 2.6 on the remainder of Lagrange interpolation, we have

(n)
f(xn) - pn71<xn) = f n'<§> (mn - *TO) Tt (-Tn - xn—l)

for some £ € [a, b]. The above two equations imply (2.21).
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(5) By (2.21), we need only to consider the case that m > n. We use the argument
by induction. For n = 0, the statement is clearly true. Assume that for any n > 0 the
statement is true, i.e.,

flzo, .- xn] = Z kg ke TR0 - (2.22)
ko+:-+kn=m—-n

where oy, .. 1, are constants independent of o, ..., x,. Assume m > n+1. We have by the
definition of divided differences, the symmetry property (2.19), and the assumption (2.22)
that

flzo, - Tns1]
flz1, -y xna] — flxo, o o)
Tn4+1 — Lo
flenst, x1, - xn) — flro, z1, ., 2]
Tn4+1 — Zo
ko ki k ko ,.k1 k
_ Zko+~~+kn:m_n Qg hon Tpp1 %1~ Ty — Zko-i-“'-i—kn:m—n k.. kLo L1 " Ty
Tp4+1 — Lo
ko ko

- k1 kn [ Tn+1 — o
- Oy kn Ly~ Ty T T

ko+--+kn=m—n ntl 0

ko>1
ko—1

_ k1 k ko—1—kn+1 _kn+1
— E Q. kp L1 " T E T "t

ko+-+kn=m—n kny11=0

ko>1

_ ko, k1 ko o 1
= § : Okt kns 1+ Lk, kn Lo L1 7 Ty Ty s

k{+ki+-+knpr1=m—(n+1)
where in the last step k{, = ko—1—k,11. This proves that the statement is true for n+1. [
For each n > 1, we denote by 7, the unit simplex in R™:
Tp = {(tl,...,tn) ER":4;,>0(1<i<n)and Ztigl}.
i=1

Theorem 2.12 (The Hermite—Gennochi formula). Let n > 1 be an integer and
xo, ..., xy € [0,1] be distinct. We have for any f € C™[0,1] that

flxo, ... @] = / fm (wo + itj(xj - x0)> dt. (2.23)
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Proof. We use the argument of induction. The statement is true for n = 1, since

(1) = f(o)

1 — Zo

/ f l‘o—i—tl(iﬂl—xo))dt = :f[.fﬁo,.Tl].

Suppose (2.23) holds true for n > 1. Consider the case of n + 1. We have

n+1
Flot1) <x0 + th(xj _ $0)) dti - dpyis
Tn+1 j=1

=37 ntl
/ n+1 To + Zt - 5170 dbpir | dty---dt,
0
1 TL
=7/ I (xn+1+zt a:nH)dtl---dtn

Tpt+1 — To
- FO o+t — ao) | dty - dty
Tp+1 — To / Z
_ flens1, 1, .., xn) — flxo, ... ,xn]
Tn+1 — To
_ flea, - xnaa] — flxo, .o o)
Tn+1 — Lo .
Thus, the statement is true for n + 1. This completes the proof. |

2.3 Peano Kernal and the Remainder Theorem

Let zg,...,x, be n + 1 distinct points in [a,b]. Let L, : Cla,b] — P, be the Lagrange
interpolator associated with xg,...,z,. We study the error of the Lagrange interpolation
f — L,f for f € Cla,b] that is not necessary smooth enough, e.g., f & C"a,b].

To this end, let us introduce for any integer k& > 1 the function space W*!(a,b) that
consists of all functions f € C*'[a, b] such that f*~1 are absolutely continuous on [a, b].
If f € Whi(a,b), then f*) exists as an integrable function on [a,b]. Clearly, C*[a,b] C
Whl(a,b).

Let f € W™tbl(a,b) with 0 < m < n. By the Taylor expansion,

AR

m!

f(z) = f(a)+ f'(a)(x —a) + -
= Qm(z) + Rpy(2),

(x —a)™ + % /:(a: — )™ D (1) dt

where

Qm(z) = fla) + fl(a)(x —a)+ -+
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is a polynomial in P,, and

Role) == [ a =0 ey
is the remainder. Since @Q,, € P,, C P,,, L,Q,, = Q... Therefore,

Let ly,...,l, € P, be the Lagrange basis polynomials associated with xy, ..., x,. By (2.24)
and the Lagrange formula (2.5), we have

f(@) = (Laf)(z) = Rn(x) — (Lo Rm)(x)
/ x(:c — )™ D () dt — {% / h (z, —t)™ f(m“)(t)dt} Le ()

- %{/ﬂb(x—t)’f (m+) () dt — (/ab(a:k —t)Tf(m“)(t)dt)lk(ﬂﬁ)}

k=0
b 1 n
- / ml {(x — 1= (e - t)le(x)] Frm ()t (2.25)
a k=0
where
c ife>0,
C+ :
0 ife<O.
We define

mmw:—k—m—Zm—wmﬂ:imw4mm7 (2.26)

m)!
k=0

where E,(g) = g — L,g is the error of the Lagrange interpolation for g € Cla,b]. We
shall call K,, : R x R — R the mth Peano kernel associated with the interpolation points
Loy ooy Ty

e have in fact proved the following:

Theorem 2.13 (The Peano Remainder Theorem for the Lagrange interpolation).
Let m be an integer with 0 < m < mn. Then for any f € W™ bl(q,b)

b
F(@) = (Lnf)(z) = / Koz, ) f™ @)t Va € [a,b]. (2.27)

To estimate the interpolation error using the Peano kernel representation (2.27), we
introduce the function space W">(a,b) that consists of all the functions f € C*1[a,b]
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such that f*~1 are Lipschitz continuous on [a,b]. If f € W"*(a,b), then f*) exists as an
integrable and bounded function on [a, b]. It can be proved that for any integer k > 1

C*la,b] € Wh(a,b) C W*(a,b) C C[a, b).
We denote for a measurable and bounded function g : [a,b] — R

lgllz@py = sup |g(@)]

ax

Theorem 2.14 (Error estimates for the Lagrange interpolation error). Let m be
an integer with 0 < m < n. Then for any f € W™1°°(q,b),

F(@) — (Lof)(@)] < { / \Km<x,t>\dt] |y Ve €ladl (228)

Moreover, for any x € [a,b], there exists fo € W™T1°(a,b) such that

1) = (a0 = | [ Vot (229

Proof. Let f € W™T1>(aq b). By (2.25) and (2.26), we have

L (apb)

b b
1)~ L@ < [ Vonte 0l 1000 de < | [l lot] 1] ey

implying (2.28). Fix x € [a,b]. Define g,,(t) = sign K,,(z,t) and

/ /gm dto-di .

m+1 tlmes
m+1 tlmes

Then, fo € W™h(q,b) and ||f, (m+1]\Lw(a7b) = ||gmllz@p = 1. By (2.25) and (2.26), we
obtain

fol@) — (Lufo)(a |_/K (2, £) f0mH dt‘

_ / Ko, )] i — [ / |Km<x,t>|dt} LA e

leading to (2.29). O
Theorem 2.15. (1) We have

Ohn(t)

/K (@)t = )H(x—xk) vz € [a, ] (2.30)

k=0
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(2) If a = ming<p<, xr and b = maxo<g<n Tk, then
b 1 n
/a O ] L[O w—z|  Voelab] (2.31)
Proof. (1) Let Q,11(t) = t""/(n + 1)!. By Theorem 2.6, we have for any x € [a, b] that

Quir(®) = (LnQui) (@) = —— (= ).

|
(n+1)! Pl
On the other hand, we have by Theorem 2.13 that
Qn-i—l(x) ( nQn-H / K :B t nti_ll dt / K ZE t

Thus, (2.30) holds true.
(2) Let x € [a,b]. By the lemma below, K,(z,-) does not change its sign in (a, b). Thus,

b b
/Kn(x,t)dt’:/ (K (1) .

This and (2.30) imply (2.31). O

Lemma 2.16. Assume a = ming<g<, T and b = maxo<p<n . Assume 0 < m < n and
€ la,b]. Then, K,,(x,-) changes its sign in (a,b) exactly n —m times. In particular,
K,(x,-) does not change its sign in (a,b).

Proof. The statement is trivially true for the case n = 0, since Ky(z,-) = 0 by (2.26).
Assume n > 1. We divide our proof into three steps.

Step 1. If 0 < m < n — 1, then the function K,,(x,-) € C[a,b] changes its sign in (a,b)
at least once. This follows from an application of (2.27) to f = Qi1 € Py € P, with
Qmy1(t) =t™/(m + 1)! for which L,,Qui1 = Qi1

b
0= Q@) = (LaQuet)(0) = [ Kol Q1) i = / Koz, t)d

Step 2. Let 0 < m < n—1. If K,,(x,-) changes sign in (a,b) exactly k times, then
K,i1(x,-) changes its sign in (a,b) at most k — 1 times. This follows from the fact that
(d/dt) m+1(SC t) = —Kp(z,t) and K,,11(x,a) = Kpyi(z,b) = 0, and an application of
Rolle’s Theorem.

Step 3. For 0 < m < n, K,,(z,-) changes its sign in (a,b) exactly n —m times. In
particular, K, (z,-) does not change its sign in (a, b).

The function Ky(z,-) is a piecewise constant. It has jumps at xg,...,x,,z. By the
assumption of the lemma, two of these points are a and b. Therefore, K¢(z,-) can change
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its sign in (a,b) at most n times. By Step 2 and an argument of induction, K,,(z,-) can
change its sign in (a,b) at most n — m times. If for some m with 0 <m <n —1, K,,(z, ")
changes its sign in (a,b) less than n — m times, then by Step 2 and induction, K, _4(z,-)
changes its sign in (a, b) less than n— (n—1) = 1 times. By step 1, this is impossible. Thus,
for each m with 0 < m <n —1, K,,(z,-) changes its sign in (a,b) exactly n —m times. By
Step 2, K, (x,-) does not change its sign in (a, b). O

2.4 Hermite Interpolation and Divided Differences with
Repeated Points

Theorem 2.17. Let z4,...,x, ben distinct points in |a,b]. Let yi,...,y, and yy,. ..,y be
2n real numbers. Then there exists a unique p € Pq,_1 such that

plxk) =y, pP'(xr) =y, k=1,...,n. (2.32)

Moreover, p is given by

Zyk [1— 20 (zp)(z — 23)) [l ()] + Zyk x — ) [l (2)]%, (2.33)

k=1

where ly € P,y (k= 1,...,n) are the Lagrange basis polynomials associated with x4, . .., x,.
Proof. Define for each integer k with 1 < k£ <n
(@) = [1— 20 (zx) (x — ) [l ()%, (2.34)
V() = (z — ) [lk(2)]. (2.35)
Clearly, all ¢, 1. are polynomials of degree 2n — 1. Moreover,
(@) = =20 (zr) [l ()] + [1 = 203 () (@ — @) |20 (2) i (),
V(@) = [l(@)]* + 2(2 — 2i)lk(2) (@)
Therefore,
Oe(;) =0y, Pi(xy) =0, Uul(zy) =0, Yplay) =0k,  Jk=1...,n.  (2.36)
By the definition of ¢y and vy, (cf. (2.34) and (2.35)), the polynomial p defined in (2.33)

is
P=) ukbk+ Y Ut
k=1 k=1

Clearly, p € Pg,_1. Moreover, (2.32) and (2.36) imply (2.32).

To prove the uniqueness, we assume g € Po,,_; also satisfies that ¢(zx) = yx and ¢ (zx) =
yp for k=1,...,n. Then r :=p—¢q € Py, and r(xy) = r'(zx) =0 forall k =1,...,n.
Therefore, r has 2n roots, counting the multiplicity of each root. Hence r =0 and ¢ = p. [
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We call p the Hermite interpolation polynomial, or Hermite interpolant, of yi, vy, at
Ty, My = f(zg) and vy, = f'(zx) (k = 1,...,n) for some f € C'[a,b], then p is
called the Hermite interpolation polynomial (or Hermite interpolant) of f at xy, ..., z,.

Example. Consider n = 2, 1 = a, and x5 = b. We have

x—b
li(z) = p— and lo(z) = T

Therefore,
2

o) = [14+ 2222 (222
o= [-5=2 (5=0)

_(r—a)(r— b)?
Ui (z) = b—a)? )
(r —a)(xz-b)

¢2(I) = (b _ CL)2
The Hermite interpolation polynomial ps € Pz that interpolates yi,y2 and yj, 95 at x; =

a,ro =0>01s
p3(x) = 11 () + yaga () + vi91(x) + yyiba(w)

2] () e ) ()

b—a
[(—a)(z=b)?* (z—a)(z-b)
T e T e

Theorem 2.18 (The remainder of Hermite interpolation). Let f € C**[a,b]. Let
Hy,_1f € Po,_1 be the Hermite interpolation polynomial of f at x41,...,x,. Then for any
x € [a,b] there exists £ = £(x) € [a,b] such that

fE(E()

f(@) = (Hon-1f)(2) = n)] oy @ w) (2.37)

(x—x,)2
Proof. Let © € [a,b]. If x = x) for some i then {(z) € [a,b] can be any number. So, let us
assume = # x (k=1,...,n). Let

g(t) = f(t) = (Haa /)() = At —21)" .. (t — 70)",

where A € R is so chosen that g(x) =0, i.e.,
f(x) — (Han-1f)(2)

(x —x1)? - (z — )

A= .
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Notice that ¢ = 0 at n + 1 distinct points z,x1,...,2,. Thus it follows from Rolle’s
Theorem theat there exist &,...,&, € [a,b] with & # x and & # z (kK = 1,...,n) for
each j (1 < j < n). Notice also that ¢ = 0 at z1,...,x,. Therefore, ¢ = 0 at 2n points
T, 1, ..., Tn, €1, ..., En. Applying Rolle’s Theorem repeatedly, we conclude that ¢*® = 0
at some point { = £(z) € [a,b]. This, together with the fact that

g#V(t) = fEV(1) — A2n)!
and the definition of A, leads to (2.37). O

2.5 Convergence of Interpolation Polynomials

Let n > 0 be an integer, x(()n), ..., 2™ be n+1 distinct points in la,b], and L,, : Cla,b] — P,
the associated Lagrange interpolator. Does {L,, f(z)}5°, converge to f(x) for any f € C|[a, b]
and any x € [a, b]? It turns out there are many negatives results.

Runge’s example. Consider [a,b] = [-5,5] and a:;") evenly spaced in [—5, 5], i.e., x,(cn) =
—5+10k/n (k = 0,...,n;n = 1,...). For f(z) = 1/(1+ 2?), Runge proved that there
exists kK = 3.63338 such that

lim (L, f)(x) = f(x) if and ony if |z| < k.

n—oo

See more details in [5] (Section 3.4 of Chapter 6).

Bernstein (1918). For [a,b] = [—1, 1], evenly spaced interpolation points x,i") € [-1,1]
(k=0,...,n;n=1,...), and the function f(z) = |z|, Berstein (197?) proved that
lim L,f(z) = f(z) ifandonyif x€{0,1,—1}.

n—oo

Faber (1914). In 1914, Faber proved the following: For any given sequence of interpo-
lation points x,(:) € la,b] (k =0,...,n;n = 0,...), there exists f € C|a,b] such that
HLnf - f”C[a,b] 7L> 0.

Bernstein (1931). In 1931, Berstein proved the following result: For any given sequence
of interpolation points x,in) € la,b] (k=0,...,n;n =0,...), there exist f € C[a,b] and
x € |a,b] such that (L, f)(z) /A f(x).

Erdos and Vértesi (1980). In 1980, Erdos and Vértesi proved the following striking neg-

ative result: For any given sequence of interpolation points x;:") € la,b] (k=0,...,n;n =

0,...), there exist f € Cla,b] such that (L, f)(x) 4 f(x) for almost all = € [a, b].
There are also some positive results.
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Theorem 2.19. For any sequence of Lagrange interpolators L,, : Cla,b] — P, (n=10,...),
| Lo f = fllclas — 0 for any f € Cla,b] that is the restriction onto |a,b] of an entire function.

Theorem 2.20. For any f € Cla,b], there exist n + 1 distinct points x(()n), o ,xﬁln) € la, b
for each n > 0 such that

Tim [[f = Lnfllews = 0,

where L, : Cla,b] — P, is the Lagrange interpolator associated with x(()n), Ty (no=

0,...).

Proof. Fix f € Cla,b]. If f € P, then we can choose x(()n), e ,x%n) € la,b] to be any n + 1
distinct points for each n > 0. Clearly, L, f = f for n sufficiently large.

Assume f ¢ P. Let n > 0 be an integer. Let p, € P, be the best uniform approximation
of fin P,. Then it follows from the Chebyshev Alternation Theorem that there exist n+ 1
distinct points x,(cn)(k’ =0,...,n) such that

f@) = pa@™)y=0,  k=0,... n

Therefore, p,, = L, f is the Lagrange interpolation polynomial of f at 95(()"), 2™, Conse-
quently, we have by Proposition 1.5 that

If = Lufllciy = IIf = Pallciy = ;2%}1 If —dllcfapyy — 0 asn — oo,

proving the theorem. ]

Theorem 2.21. Let L, : C[—1,1] — P,y be the Lagrange interpolator associated with
the n roots of the Chebyshev polynomial T,, (n =1,...). Then for any f € C*[—1,1]

1
[0 = flopan =0 (=) asn—oo,
Theorem 2.22 (Erdés—Turan (1937)). Let z{™., ... 2" be the n distinct roots of or-
thogonal polynomials Q, (n=1,...) in L(a,b). For eachn > 1, let L,y : Cla,b] — P,y

be the Lagrange interpolator associated with :U&n), e ,x,(ln). Then
b
lim [ p@)[f(@) = (Loaf)@)Pdz =0 Vf € Clab] (2.39)

a

To prove this theorem, we need the following lemma.

Lemma 2.23. Let :UYL), e ,x%n) be the n distinct roots of orthogonal polynomials Q,, (n =
1,...) in Lz(a, b). For eachn > 1, let l%n), . 1) be the Lagrange basis polynomials asso-

crated with :c&”), e ,xﬁln). Then

b
/ p(@) (@) (@) de =0  if1<j k<n, andj#Fk, (2.39)



b

i / o) [0@) = [ oty (2.40)

a

Proof. Without loss of generality, we assume that n > 2. Fix j,k with 1 < j,k < n and
j # k. The polynomial (:1: - a:l(c")> l,(gn) (z) in P, has n simple roots z\", ..., z{"”. Thus,

there exists a constant oz,(cn) such that (x - x,ﬁn)> l,(gn) () = Qu(x) for all z. The polynomial
1 (x)/ (Z‘ — x,@) has degree n — 2. Therefore, we have by the orthogonality that

[ @i @ = [ ot [ lﬁn)(ffl)] (2 - a”) (@) da

b 1 (x)

- a]g )/ p(x) [ ] o) Qn(x) dz
a Xr — .lek

=0,

proving (2.39).
By (2.6) with p,(z) = 1, we have Y ,_, l,gn)(x) = 1 identically. Thus, it follows from
(2.39) that

This is (2.40). O

Proof of Theorem 2.22. Let n > 2 and let p,_1 € P,,_1 be the best uniform approximation
of fin P, ;. We have

[ o) = Las P

< 2/ p(@)[f (@) = pus(z)]dz + 2/ p(@)[pn-1(2) = L1 f (2)]*da. (2.41)

By Proposition 1.5,

| @@ = pos(@)Pde <1 = puiligy [ pa)de =0 asn—oo. (@22
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It follows from Proposition 2.5, Lemma 2.23, and Proposition 1.5 that

b
/ () L s f(2) — pus (2 de
- / o) {[Lner(f — pos))(2)} da

Il
| — |
~
VRS
&/—\
=
~
|
=
i
AR
A~
wHA
S
~
| I
[N}
:\»
o
e
—~
8
SN—
| —|
e
S
—~
8
N—
—_ 1
[N}
QU
)

<17 = poilnn Y [ o) [1060)] o
k=177
b

— 1f = PucilBs / p(z) du

— 0 as n — oo.
This, together with (2.41) and (2.42), implies (2.38). O
For any integer n > 1 and any n distinct points 1, ..., x, € [a,b], we define the Fajér—

Hermite operator F,, : Cla,b] — Pa,_1 by

Fuf =) fa)oe(z)  Vf€Cla,b),

k=1

where ¢y, is defined in (2.34).

Theorem 2.24. Let F, : C[—1,1] — Po,_1 be the Fajér—Hermite operator associated with
the zeros of Chebyshev polynomial T,,. Then

lim ||f — E,f|l=0 VfeC[-1,1].

Proof. By Bohman—Korovkin Theorem, we need only to show ... |
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2.6
2.7

Piecewise Polynomial Interpolation

Cubic Splines

2.8 Trigonometric Interpolation and Fast Fourier Trans-
forms
Exercises
1. Find the polynomial p € P3 of the form p(z) = ¢y + c1w + c3z® that interpolates a

given function f € C0,3] at z = 0,2, 3.
Let zp =2, 21 =3, 20 =5, 23 =6 and yo =5, y1 = 2, yo = 3, y3 = 4. Let p € P35 be
the unique polynomial that interpolates y; at z; (j = 0,1, 2,3). Calculate p by using:
(a) Lagrange’s formula; and (b) Newton’s formula.
Let f(z) = 2* — 2% + 172 + 1. Let p € Py interpolates f at z; =27 (j =0,...,20).
Compute p(0).
Find an approximation of /3 with the values of the function f(z) = 3% at 2 = 0,2, =
1, and x5 = 2 using

(a) Aitken’s iterative linear interpolation method;

(b) Neville’s iterative linear interpolation method.
Let xg,...,x, be n+ 1 distinct real numbers. Let [;(x) be the associated Lagrange
basis polynomials. Show that

n

 (w—x)"li(x) =0 Vk=1,...,n

§=0
Let xg,...,x, be n+ 1 distinct real numbers. Let [;(x) be the associated Lagrange
basis polynomials. Show for any 7 with 1 < 5 < n that
Jj—1 n
Z li(z)] = D (=1)L(z) = Y (=1)'li(x) Vo € (2 1,;).
i=0 i=j

Recall for n > 1 that the Chebyshev polynomial 7},(x) has n distinct roots x; = cos 6,
with 6; = (2 — )n/2n (j = 1,...,n). Denote by L,_; : C[—1,1] — P,_; the
associated Lagrange interpolation operator. Show that

(L1 f)(x Zf L TG R IR

T —x

Let @, € P, (n =0,1,.. ) be orthonormal polynomials in L2[a,b]. Fix n > 2. Let
x1,...,%, be the n distinct roots of Q,(z) in (a,b), and ly,...,I, be the associated
Lagrange basis polynomials.
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(a) Prove that Iy, ...,1l, are orthogonal in L2[a, b].
(b) Prove the identity

é;ﬂﬁmwmm%w:lﬁwmm

9. Let xq, ..., 2, be n+1 distinct points in [a, b] and L,, : C|a, b] — P, the corresponding
Lagrange interpolation operator. Show that

| Lnfllcan < Mallfllcey VS € Cla,b],

where
n
A= max 3 ()]
j=0
and lo, ...,l, are the Lagrange basis polynomials associated with zo, ..., z,. Show
also that there exists a nonzero f € C|a, b] depending on x, ..., x, such that

||Ln.f||C[a,b] - /\anHC[a,b]-

10. Let {xj}j-‘;o be a sequence of equidistant points z; = xo + jh with h > 0. Define for
each 7 > 0

A (x;) = f(z;)  and  AFf(x;) = A" f(r0) — A f(y), k=1,....
(a) Let f € C"[xo,x,). Prove that

flzo, - xn] = L A" f(xg)

~ nlhn

and that
A" f(zo) = h" f™(€)

for some £ € [xg, ;).
(b) Let f € C""ag,x,]. Let p, € P, be the unique Lagrange polynomial that

interpolates f at zg,...,x,. Let ¢t be a real number. Show that
_ malt) ¢ nj (1) f(z5)
Po(@o + th) = = jzo( 1) (j) o
and that
ol m (L Tp—1(t)
o 1) = 1(0) + "0 A pag) + T a2 (ag) - PO ),
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where
mo(t) = t, and () =tt—1)---(t—75), j=1,---,n.

Show also that

flxo+th) — pp(xg+th) == (15)h"leM
0 o " (n+1)!
for some 7 in an interval containing all x, ..., z, and zy + th.

11. Let N > 1 be an integer, h = (b — a)/N, and z; = a + jh, j = 0,...,N. For any
f € Cla,b], let I,f € Cla,b] be such that I;,f € Py on each [z;_1,2;] (j =1,...,N)

and I, f(z;) = f(z;) (j=0,...,N).
(a) Let f € C?%[a,b]. Denote My = max,<,<p | f”(x)|. Show that

max /(2) ~ (5f)(2)] < SMoH”

a<x<b

(b) Let f € C3[a,b]. Denote M, = maxy<,<; |f*(x)| for k =2 and 3. Show that

/ / M3 2
12;%\,” (mj) — (Inf) (my)] < ﬂh :

where m; = (z;_1+x;)/2 is the midpoint of the interval [z;_q,z;] (j =1,...,N),

and that
My M;
/ o ! < 72 et 2'
lrgjngjggqjlf(x) Unf) (@)l = 5 h+ 5 0h
12. For each integer n > 0, let m(()"), e ,:L‘,Sn) be n 4+ 1 distinct points in [a,b]. Let L, :

Cla,b] — P, be the associated Lagrange interpolation operator. Let f € C*[a,b]
satisfy for some constant M > 0 that

1 e <M V> 1.

Show that
1f = Lufllclan — 0 as n — oo.

13. Let f € Cla,b]. Show that, for each integer n > 1, there exist n distinct points

xﬁ"), . ,azsln) such that
If = Lo-1fllclay — 0  asn— oo,
where L,_;f € P,_; is the Lagrange interpolation polynomial of f at xgn), .,
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14.

15.

16.

17.

Let n > 1 be an integer. Define

m(t)

rt)=\|lt-5 and L(t)=——">"—~ j=0,...,n
g ! (t — ), (j)
Show that
T <n!  Wte[o,n),
that
L) < (j) vie 0l j=0....n.
and that

POIGIESD
7=0

Let f € Cla,b]. Let n > 1 be a fixed integer. For each integer N > 1, let Hy =
(b—a)/N and xg-N) —a+jHy,j=0,...,N. Let pi") € C'la, b] satisfy for each j with

1 < j < N that the restriction of p%N ) on the subinterval [xyﬁ, xg.N )} is the Lagrange

interpolation polynomial in P, that interpolates f at the n + 1 points $§]2 +kHy /n,
k=0,...,n.
(a) Show that
If = P oy < 27wy (Hy),

where wy is the modulus of continuity of f, and that
| f _pgzN)HC[a,b] — 0 as N — oo.

(b) If f € C"[a,b], show that

If _pgN)HC[a,b} <

Hf(nH)Hc[a,b] Hy i
n+1 n '

Let f(z) =sinz, [a,b] = [0, 1], and n = 1. Find an integer N > 1, as small as possible,
such that
If = 2™ cpan < 1.25 x 1072,

where pglN) € C10,1] is the piecewise Lagrange interpolation polynomial of f defined
as in the previous problem.
Let x4,...,x, be n distinct points and [y,...,[, the associated Lagrange basis poly-
nomials. Prove the identity

n

> (@ =)L)l () = 0.

J=1
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18.

19.

20.

21.

Let N > 1 be an integer and z; = j2n/N, j =0,..., N — 1. Show for any integers k
and [ that .

ika; —itw; _ J N if k=1(mod N),
7 T 00 itk # 1 (mod ),

j
Let n > 0 be an integer,

T g

T2t 1) d  wj=z+5-——, J=1....n
O 3mry A T

Let g € C[0, 7). Prove that there exists a unique 7,, € span{1,cosz,...,cosnz} such
that

Tn(%‘):g(%’) 7=0,...,n.
Moreover,

To(z) = % + nyk cos kz,
k=1

where

2 n

W= o gla)eoskr;,  k=0...n.

j=0
Let N > 1 be an integer. Let

Iy = {(ak)zozfoo ag € (C, Ap4+N = Qf, Vk = O, :|:1, c }
denote the space of all bi-infinite, N-periodic complex sequences. For any a =

(ag)> . € Iy and b = (b)32 . € Iy, define the convolution ¢ = axb € Ily

[e.o]

by ¢ = (k)52 _, With

Prove that the discrete Fourier transform converts convolution into multiplication:
(ITNC>k = (?Na)k(ngb)k Vk‘:O,il,

Let n > 1 be an integer and A = {a = zg < --- < x, = b}. Suppose that s € §3(A)
and f € H*(a,b) satisfy

s(xj) = f(z;) j=0,...,n.

Suppose also that one of the following conditions is satisfied:
(a) s'(a) = f'(a) and s'(b) = f(b);
(b) s"(a) = f"(a) and s"(b) = f"(b);
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(c) f e H)(a,b)and s € H}(a,b).
Show that

[ 1@ =@ e = [ 110) = o)) 9 a)

22. Let A = {a = xy < -+ < x, = b} be a partition of [a,b]. Consider the boundary
condition

s®) (z0) = sW(z,) =0, k=0,1,2.

(a) Show that any cubic spline on A satisfying the given boundary condition vanishes
identically if 1 <n < 3.
(b) Show that any cubic spline on A satisfying the given boundary condition is
uniquely determined by its value at x5 if n = 4.
(c) Let n =4 and z; = —2,—-1,0,1,2. Find explicitly the cubic spline s € 83(A)
that satisfies that given boundary condition and that s(0) = 1.
23. Let n > 1 be an integer and A = {a = 9 < --- < x, = b} be a partition of [a, b].
Denote by 8 the set of all cubic splines s on A that satisfy s”(xo) = s”(z,,) = 0.
(a) Show that for each j with 0 < j < n, there exists a unique S; € 8 that satisfies

SJ(ZL‘k): ik k?ZO,...,TL.

(b) Let f € Cla,b]. Show that

3

S(z) =) f(z;)5;(z)

Jj=0

is the unique spline in 8 that interpolates f at zq,...,z,.
(c) What is the dimension of 87
24. Let z; = a+ jh (j = 0,...,n) with ~ > 0. Denote by 83(A) the set of splines
determined by these knots z; (j =0,...,n). Define S; € 83(A) (j =0,...,n) by

Si(zp) =0 Jk=0,....n and S () = Sj () = 0.

Fix j with 0 < 7 < n. Show that the moments M, ..., M, of S; are given by
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( 62+ 1/pa+1/paj)
M= ——
h?(4—=1/pj—1 —1/pp—j-1)
6h=2 — M,
My, =—— j#0,1,n—1,n,
Pj-1
6h=2 — M;
My =~
\ Pn—j—1
where
p1=4 and pi=4—1/pi1 1=2,....
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Chapter 3

Numerical Integration

3.1 The Basics

Definition 3.1 (Numerical quadrature). Let zy,...,x, ben distinct points in [a,b] and
Ap, ..., A, e R We call

/ Fa)de = 3 Agf(w) (3.1)

a numerical quadrature with x1,...,x, quadrature points and A, ..., A, coefficients.

We say that the quadrature (3.1) is exact for an integrable function f : [a,b] — R, if

/ e =3 Acf ().
a k=1

Definition 3.2 (Degree of precision). The degree of precision of a numerical quadrature
(3.1) is the smallest integer m > 0 such that the quadrature (3.1) is exact for f;(z) = 7,
J=0,1,...,m but is not exact for f1(x) = z™".

Equivalently, the degree of precision of (3.1) is m if and only if (3.1) is exact for all
f € P, but is not exact for some f € P, 1.

Since the quadrature (3.1) is determined by 2n parameters xy,...,x, and A, ..., A,,
we expect that the degree of precision of (3.1) can not exceed 2n — 1. This is indeed true.

Proposition 3.3. The degree of precision of any numerical quadrature (3.1) is < 2n — 1.

Proof. Let po,(x) = [[;_,(x — xx)®. Then py, € Py,. Moreover, fabpgn(x) dxr > 0 and
> pi Agpan(zg) = 0. Thus, the degree of precision < 2n — 1. O

If the quadrature points of the numerical quadrature (3.1) are known, then one can use
the method of determined coefficients to find the coefficients Ay, ..., A, so that the degree
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of precision of the quadrature can be as high as possible.

An example of the method of undetermined coefficients. Find A; and A, such that
the numerical quadrature

/0 F(x)de ~ AL F(0) + Aof(1)

has the degree of precision as high as possible.
We choose A; and A; so that this quadrature is exact for f(x) =1 and f(z) =

1
/dI:1:A1+A2,
0

! 1
dr = — = A,.
/OZ'ZC 2 2

Solving these two equations, we obtain that A; = Ay = 1/2. The quadrature thus becomes

[ ste = 550+ )

To find out the degree of precision of this quadrature, we check its exactness for f(z) = z?.

We have
1
1
/ 22dr = =,
0 3

Lrriy =t
2(0 +1)_2.

Thus, this quadrature is not exact for f(z) = 2?. Consequently, the degree of precision of
this quadrature is 1.

In the rest of this section, we give a few examples of simple numerical quadrature. For
each of these examples, we determine the degree of precision, give the relaed composite

formula, and derive its error formula.

The left-endpoint rectangle rule.

/ f(@)dz ~ f(a)(b - a). (3.2)

To find out the degree of precision of this quadrature, we check

/abldle(b—a)

70



’ Loy o
/a xrdx = §(b —a’) #a(b—a)
So, the degree of precision is m = 0. Let f € C'[a,b]. We have
b b
[ tads - @0 -0 = [ 15w - f(a)is
— [ Fe@) - o
=7 [ @ ad.

where we have used the Generalized Mean-Value Theorem! for integrals.

Composite left-endpoint rectangle rule. Let f € Cla,b]. Let N > 1 be an integer.
Define h = (b—a)/N and z; = a+jh, j =0,..., N. If we apply the left-endpoint rectangle
rule to each interval [z;_q,2;] (1 < j < N), we obtain

b N x5 N N N-1
[ s =3 [ e m Y o)y - npm) =Y fla) =h Y fa)
Error:
f € C'a,b]
b N-1
[ #arda =1 fa)
=S| [ st pton]
= SR
=Y )
1 /
— = ©)

!Generalized Mean-Value Theorem for Integrals. Let u € Cla,b]. Let v : [a,b] — R be integrable
with v(x) > 0 for all = € [a,b] or v(x) <0 for all x € [a,b]. Then there exists £ € [a,b] such that

/abu(ac)v(sc)dx — () /abv(ac)dx.

71



Since

1
. ! < _ ! . < !
min f/(z) < 5 jzl F(&) < max f'(x),

it follows from the Intermediate-Value Theorem 2 that

The midpoint rectangular rule.

[ rwar~r () 0w

%(b—a)(bz ~ba+a®) # i(a+b)2(b—a)
1 2 2 1 2 2

& 4b* — 4ba + 4a® # 3a® + 6ab + 3b*
b 4a*—2ab#£0<a#b

So the degree of precision is m = 1.

Let f € C?|a, b

a+b

| #aria = 10 -0

b a
~ [ - 1

— [ = 50 + 57 € @ — s

1 b " a+b2
—5 | reEe- "2 a

2The Intermediate-Value Theorem. If f € C[a,b] and i € R satisfy m[inb] flz) <p< m[a%]] f(x),
xr€|a, zE|a,

then there exist £ € [a,b] such that f(§) = p.
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1 " ’ a+b2
=500 [ =52y

]' 3 pl
:ﬂ(b—a)f(f)-

The composite mid—point rule

b N Tj
/ f(z)dz = Z/ f(z)dz
a j=1 Y %i-1
Norita
23 AR )
=1
J N
= hZf(xj_%) Tj_1= (j-1 + ;)
j=1

Error: f € C?[a,b]

The trapezoidal rule.

[ e = Jis@ + 1016
/ab ldg = %(1 1) a)
/abxdx =L a) = glatHb—a)
/abedx _ %(b?’ @) # @ )b~ a)
m=1
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Let f € C?[a,b)].
()de = 5[7(a) + SO - a)

= [ @)~ 3l7(@) + FO)}d

= —E(b —a)*f"(€), for some & € [a, b).
Composite Rule
Flayde = 5 () + ] +h Y 7(w)
b N-1 —a)h?
o) {gwo) )] 0 Y f(xj)} = L gy

3.2 Interpolatory Quadrature

Let zo,...,x, be n+ 1 distinct points in [a,b]. Let f € Cla,b]. The Lagrange interpolation
polynomial L, f € P, of f at xg,...,x, is given by

(Lnf)(@) =D fla)li(x),

where [;(x)(k = 0,...,n) are the Lagrange basis polynomials associated with xg, ..., x,.
lp(x) = :1:—:1717 k=0,...,n.
i—o Tk T i
i£k

The approximation
b b n
[ tas~ [(Lasie)de -

[/ab lk(:v)dx]f(xk)

Definition 3.4 (Interpolatory quadrature). The interpolatory quadrature associated
with n + 1 distinct points xg, ..., T, in [a,b] is the numerical quadrature

/ F)de = 3 Agf(w)

k=0

leads to the following:
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with

b
A, = / Iy (x)dz, k=0,...,n, (3.3)
where ly, ..., l, are the Lagrange basis polynomials associated with xg, ..., x,.
Theorem 3.5 (Characterization of interpolatory quadrature). Let xo,. .., x, be n+1

distinct points in [a,b]. A numerical quadrature

b n
[t~y B (3.4

1s an interpolatory quadrature if and only if its degree of precision is > n.

Proof. The “if” part. Suppose the degree of precision of (3.4) is > n. Let ly,...,l, € P, be
the Lagrange basis polynomials associated with o, ..., z,. Since each [; € P,, we have

b n n
/ li(z)dr =Y Bilj(x) = > Bidji = B;.
a k=0 k=0

Thus, the quadrature (3.4) is interpolatory.
The “only if” part. Suppose (3.4) is interpolatory. Then the coefficients are given by

b
Bk:/ lp(x)dx, k=1,...,n.

Let f € P,. Then L, f = f by Proposition 2.5. Consequently,

b b n b n
[ e = [(ap@ae =Y [ @) def) =Y B
a a k=0"?% k=0
This implies that the degree of precision of (3.4) is > n. O

Definition 3.6 (Newton-Cotes formula). Let n > 1 be an integer. A (closed) Newton-
Cotes formula is an interpolatory quadrature

[ rade = Y Autan) (3.5)

with the quadrature points v, = a + k(b—a)/n (k=0,...,n).

By the definition of interpolatory quadrature, the coefficients A, (k = 0,...,n) in the
Newton-Cotes formula (3.5) are given by (3.3) with [y € P, (kK = 0,...,n) the Lagrange
basis polynomials associated with the evenly distributed quadrature points xy (k = 0,...,n).
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Examples. (1) Consider the Newton-Cotes formula with n = 1. We have zy = a, 21 = b,

and
b bx—b 1
AO_/a lo(x)dx—/a a_bdx—§(b—a),

b br—a 1
Alz/a ll(x)dx:/a b_adxzé(b—a).

Thus, the formula is

/a  Hayde ~

This is exactly the trapezoidal rule.
(2) Consider the Newton-Cotes formula with n = 2. We have zq = a, 21 = (a+b)/2 =: ¢,
r9 = b, and

(b~ a)f(x0) + (b~ a)f () = 56— a) F(z) + F(a)]

N | —

The formula is

/abf(w)dw S {f(a) caf ( . b) ¥ f(b)] -

This is called Simpson’s rule.
In the case [a,b] = [—1, 1], this becomes

[ @yt = 351+ 470 + )

We can verify directly that this is exact for f(z) = 1, x, 2?. In fact, it is also exact for
f(x) = 2 but not for f(z) = z*. Therefore, the degree of precision of Simpson’s rule is 3.

Theorem 3.7 (Error formula for Newton-Cotes formula). Consider a Newton-Cotes
formula

/ fla)de =" Apf (). (3.6)
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(1) If n is even and f € C"2[a,b], then exists £ € (a,b) such that

b " s
[ e =3 st = gl 7)

where ,
,un:/ x(r —xg) - (x — x,) dz < 0.

(2) If n is odd and f € C™""a,b], then there exists n € (a,b) such that

b n (n+1)
[ s@de =3 sy = E0,, (33)

(n+1)!
where

Vn:/ab(x—x0)~-(:c—xn)da:<0.

Colloary 3.8. The degree of precision of the Newton-Cotes formula (3.6) with quadrature
points v, = a+ k(b—a)/n (k=0,...,n) isn if n is odd and n + 1 if n is even.

Proof. Suppose n > 1 is even. By (3.7), the quadrature (3.6) is exact for all f € P,.
Setting f(x) = "2 in (3.7), we see that the right-hand side of (3.7) is u, # 0. Thus, the
degree of precision in this case is n+ 1. The same argument applies to the case n is odd. [

To prove Theorem 3.7, we first prove the following:

Lemma 3.9. Let n > 1 be an even number, h = (b—a)/n, and xy = a+kh (k=0,...,n).
Let

wp(z) = (x —xg) -+ - (z — ) and Q,(z) = /fﬂ wp(t)dt. (3.9)
Then Q,(a) = Q,(b) =0 and Q,(x) > 0 for all x € (a,b).

Proof. Tt is obvious that Q,(a) = [ w,(t)dt = 0. Since n is even, we have by the change of
variable = a + h(t + n/2) that

Q,(b) = /abw(x)dx 2 / !

Let an index j be such that 1 < j < n/2. We claim:

(t* — k*)dt = 0.

-

w3

k=1

|wn(a:)| > ]wn(a; + h)‘ Vr € (l'gjfz,ﬂﬁgj,l). (310)
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To see this, let us fix an © € (w9;_2,22j-1). Let x = a + ht for some ¢t € R. Clearly,
2j —2 <t <2j—1. Thus, t is not an integer. Moreover, since 1 < j < n/2, we have
0<t+1<n/2 Fromz =a+ ht and vy =a+ kh (k=0,...,n), we then obtain that

_t+1
Con—t

<1,

wn(x—l—h)‘:‘(t—l—l)t-(t—l)...(t—n—l—l)‘_‘t+1
wn(7) tt—1)...(t—n)

t—n

where the last inequality is equivalent to the true fact that ¢t + 1/2 < n/2. This proves
(3.10).

Consider now [z, 3] = [z, 1] U [21, x2]. Since n is even, w,(z) < 0 on (—oo,xy) and
wn(x) > 0 on (xg,x1). Thus, by the fact that Q,(zq) = 0, we have ,(z) > 0 on (z, x1].
Let x € (21, xs]. Then z — h € (x9,x1]. Hence, w,(t) > 0 for any ¢t € (zg,z — h). This and
(3.10) with j = 1 imply that w,(t) + w,(t + h) > 0 for any t € (z9,z — h). Therefore, by
the change of variable s =t — h and (3.10) for j =1,

Qn(x):/aan(t)dt:/wjlw(t)dtnt/:wn(t)dt

> /$_hwn(t)dt + /x_hwn@ +h)ds = /m_h[wn(t) - won(t + h)|dt > 0.

zo Zo zo

Hence, ©,(z) > 0 on [z, z3]. Since 2 () = wyp(x) > 0 in (22, x3) and Q,(z9) > 0, we have
Q,(z) > 0 on [x9,x3). A similar argument then leads to €2, (z) > 0 on [z, z4]. Continuing
this process, we have Q,,(x) > 0 for x € (zg, 1] with 2j—1=n/20r 2j—1 = (n/2)—1.In
the latter case, we have Q,(x) > 0 in (22j_1, Zn/2), since ) (z) = wy(x) > 0 in (X251, Tp/2)
and Q,,(z) > 0 on (xg, x9;—1]. Therefore, Q,(x) > 0 on (xg, Zy/2].

If x € (T2, Tn) then @, /0 — (¥ — Ty)2) € (20, Ty/2) and hence Oy, (2,2 — (T — 2p/2)) > 0.
Moreover, by the change of variable s =t — z,,/5, we have

zn/2+(m_mn/2) T—Tp /2 T—Tn/2 n/2
/ wp(t)dt = / W (5 + Tpj2)ds = / SH [s* = (kh)*] ds = 0.
xn/Qf(zfxn/Q) 7(337171/2) 7(3773:71/2) k=1
Therefore,

mn/2+(z_mn/2)

wn(t)dt + / wn(t)dt

n/27(x7xn/2)

In/Q_(m_In/Z)

zo

= (22 — (x — 202)) > 0.

The proof is complete. |
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Proof of Theorem 3.7. Let w,, and €, be given as in (3.9). Since (3.6) is an interpolatory
formula, we have by Theorem 2.10 and Proposition ? (on the proerties of divided differences
with repeated points) that

b n
f) = [ fladdo = 3" Auf)
b o
_ / f(x)d — / (L) (2)de
— / flzo, .-\ @, x]w, (z)dz Vf e C'a,b). (3.11)

Case 1: n is even and f € C"2[a,b]. By integration by parts, we obtain from (3.11),
Lemma 3.9, Proposition (?) (on properties on divided differences with repeated points),
and the Generalized Mean-Value Theorem for integrals that

en(f):/ flzo, - xn, 2] (x)dx

b
= flzxo, ..., xn, 2] (2) ﬁ_g—/ Q(a:)if[xg,...,:vn:v]dx

dx
’ d
:—/a Qn(x)%f[:co,...,xn,x]d:c

_ [ frD(E(x))dz
= —/a Q,(x) (n+2) dx

fe2ig) o
= T2 /a Q,(z)dx

for some £ € (a,b). By integration by parts and Lemma 3.9, we then have

/ab ()t = 0,0 [; — [ ot o = - /ab =

Since fab Q,(z)dz > 0 by Lemma 3.9, p,, < 0.
Case 2: n is odd and f € C™a,b]. Tt follows from (3.11) that

b—h b
en(f) = / wn(x) flzo, - -« T, x]da + /b_h wn (@) flzo, .. oy xp, x)de = Iy + 1. (3.12)

Since w,(z) does not change sign in (b — h,b), we have by the Generalized Mean-Value
Theorem for integrals that

B b B f(n+1)<77/) b
I, := /bh wn(2) flxo, - . T, x]dx = ReEsE /bh Wy (z)dx (3.13)
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for some 7' € (a,b).
By the definition of divided differences, we have

b—h
L ::/ wn(x) flzo, - . ., T, x]d
_ /bh wn71<x)(q; B xn) <f[x0, ey T, :L’] — f[l’o, ... 7[L'n_1,.l’n]> dr

T — T,

b—h b—h
:/ Q;_l(x)f[xo,...,xn_l,x]d;ﬂ—/ QL () flxo, ..y Tno1, Tpda
=. Jl — JQ.

Since n — 1 is even, by Lemma 3.9 we have Q,_1(a) = Q,_1(b — h) = 0. Consequently,

b—h
Jo = flzo, .- ,xn—l,xn]/ Q, (@)de = flzo, ..., Zn-1,2n] [Qn1(b— h) — Qn_1(a)] = 0.

(3.14)
Again by Lemm 3.9, Q,,_1(x) > 0 on (a,b — h). By integration by parts, Propertion? (on
properties of divided differences with repeated points), and the Generalized Mean-Value
Theorem for integrals, we get

b—h
Ji = / O (@) flzo, - T, 2lda

b—h d
= _/ Qn_l(:v)%f[mo,...,xn_l,x]d:v
(n+1) (1 b—h
= _f(nT(lg!) / Q1 (x)dx (3.15)

for some 1" € (a,b).
From (3.12)—(3.15), we obtain

en(f) = —[AF"D @) + B ("),

where

1 b
A= ——r——F n(2)dx,
e A
1 b—h
B = m/ Qn_l(l’>dl'.

Clearly, wy,(x) > 0 for any « > b. Thus, w,(z) < 0in (b — h,b). This implies that A > 0.
Since n — 1 is even, we have B > 0 by Lemma 3.9. The fact that

Af(n-s—l)(n/) + Bf(n+1)<T]/’)
: (TL+1) < < (TL+1)
i, f () < A+ B < Jae JU ()
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and the Intermediate-Value Theorem now imply that

en(f) = —(A+B)f" D () (3.16)

for some 1 € (a,b). Again since n — 1 is even, we obtain by Lemma 3.9 that

/a (o) = / o) — by

—mlmm—wmh—/_ﬂnmwx

b—h
=— / Q,_1(x)dx.

Consequently,
1 b 1 b—h
A+B=—— d Q,_1(x)d
* (n+1)!/bh”"(x) v (n+1)!/a n-1(z)dz
1 b 1 b—h
- O /bh wp(x)dx — CE /a wp(x)dx
1 b
- / (@) da (3.17)

This, together (3.16), leads to (3.8). Since A and B are positive, then we have by (3.17)
that

Vp = /bwn(x)dx =—(n+1I(A+ B) <0,

completing the proof. O

3.3 Peano Kernel and Error Representation

Theorem 3.10 (Peano kernal and error representation for numerical quadrature).
Assume the degree of precision of a given numerical quadrature

/JmMmZ@mw

is m. Then

/ ' fa) - EnjAkfcck) = / Ral0f "m0 VS € O ay, (3.18)
a k=0 a
where , .
Ko(t) = % [ / (x—t)Pde — Y Ap(ze — )7 . (3.19)
' @ k=0
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Proof. Let f € C™*V[a, b]. By the Taylor expansion,

[ (a)

m!

fx)=fla)+ f'(a)(x —a)+ -+

Since the degree of precision of (3.18) is m and

b
(= a)™ + % / (= O F ) (1) dt

(m) (g

m)

Qm<l’> - f(a) + f’(a)(x — a) + -4

is a polynomial of degree < m, the quadrature (3.18) is exact for @,,. Thus,
b n
[ #adda = 3" Aup(an)
@ k=0
b n b n
= / Qu(@)dr =Y AQu(zi) + / Ry(x)dz — Y ApRp(a1)
@ k=0 a k=0

_ / Ro(w)dz — 3 A Ron(r)

b b n
= % /a [/a (x —t)de — Z_: Ap(zg — t)T] f(m+1)<t)dt

= / ’ Ko (8) £ D (8)dt.

The proof is complete. L]
We call K,, defined in (3.19) the Peano kernal for the numerical quadrature (3.18).

3.4 Euler—-Maclaurin Formula, Richardson Extrapola-
tion, and Romberg Algorithm

3.5 Weighted Gaussian Quadrature

Let p be a weight function on [a, b]. We consider a numerical quadrature

b n
| o@rf@)de =Y At (320)
a k=1
where n > 1 is an integer, x1,...,2, € [a,b] are n distinct points, and Ay,..., A, € R. It

follows from Proposition 3.3 that the degree of precision of any numerical quadrature (3.20)
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is less than or equal to 2n — 1. On the other hand, by ?, the degree of precision of (3.20) is
greater than or equal to n — 1, if it is interpolatory, i.e., the coefficients are given by

b
Ay = / p()l(z) dz, k=1,...,n, (3.21)
where .
r—x
l = J =1
7=1
itk
are the Lagrange basis polynomials associaed with zq,..., x,.
We want to choose the quadrature points x1, ..., x, so that the formula (3.20) has the
degree of precision as high as possible. Let f € Cla,b]. Let L,y : Cla,b] — P,_1 be the
Lagrange interpolator associated with zq,...,x,. By Theorem 2.10, we have the error

b n
ald) = [ pla)faydo = 3" At
i =1
N / p(x)[f(x) = (Lp-r f)(2))dz
b n
:/p($)fflf1,~ , Ty O Hl'_xk

If f € P, for some integer m > n, then by Proposition 2.11 the divided difference
flz1, ..., xn, 2] is a polynomial in P,,_,,. We thus want to choose ..., z, so that

/ p(x)p(z) H(:z: —zp)dr =0 VpeP,_, (3.22)

with possibly m = n,...,2n — 1. This will not hold true for m = 2n by Proposition 3.3.
It is then clear that if w,(z) := [[;_,(z — x%) is the nth orthogonal polynomial in P,,
i.e., x1,...,x, are roots of an nth orthogonal polynomial, then (3.22) will hold true for all
m = n,...,2n — 1. This means that e,(f) = 0 for any f € P,, with m =n,...,2n — 1.
Clearly, e,(f) = 0 for any f € P, withm = 0,...,n—1, if (3.20) is interpolatory. Therefore,
the highest possible degree of precision is achieved by an interpolatory quadrature with
quadrature points roots of orthogonal polynomials.

Definition 3.11 (Weighted Gaussian quadrature). A numerical quadrature (3.20) is
called a weighted Gaussian quadrature, if
(1) the quadrature points x1,...,x, are the n simple roots of an orthogonal polynomial of
degree n in L2(a,b),
(2) the qudrature is interpolatory, i.e., the coefficients Ay, ..., A, are given by (3.21).
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Theorem 3.12 (Characterization of weighted Gaussian quadrature). A numerical
quadrature (3.20) is a weighted Gaussian quadrature if and only if it has the degree of
precision 2n — 1.

Proof. The “if” part. Assume the degree of precision of the numerical quadrature (3.20) is
2n — 1. Let Qn(z) = [[;_,(x — zx) and ¢ € P,_1. Then ¢@Q,, € Ps,_1. Since the degree of
precision of (3.20) is 2n — 1,

b n
| #@a@Qua)ds = 3 Asal)Qulr) = .

Therefore, Q,, € P,, is an nth orthogonal polynomial in Lf)(a, b), and hence z1,...,z, are
roots of this polynomial. Moreover, since the quadrature is exact for all polynomials in P,,_1,
it is interpolatory by ?. Thus, it is a weighted Gaussian quadrature by Definition 3.11.

The “only if” part. Assume (3.20) is a weighted Gaussian quadrature. For p € Py, 4,
there exist ¢ € P,_1 and r € P,,_; with degr < degp such that

p(z) = q(2)Qu(x) + r(z),

where Q,(z) = [T (z — %) in P, is the nth orthogonal polynomial in L2(a,b). Clearly,
p(zx) = r(zg) for K =1,...,n. Thus, by the orthogonality and the fact that the weighted
Gaussian quadrature (3.20) is exact for any polynomial in P,_;, we have

b b N b n n
| sow@)ds = [ @@ Guta) e+ [ plairie)d =3 (o) = 3 Aupln)

Therefore, the degree of precision of (3.20) is greater than or equal to 2n — 1; and is in fact
exactly 2n — 1 by Proposition 3.3. [

Theorem 3.13 (Error of weighted Gaussian quadrature). Let (3.20) be a weighted
Gaussian quadrature. For any f € C?"[a,b], there exists £ € [a, b] such that

n

b n (2n) b
/ p<x>f<x>dx—k§:;4kf<wk>=f O | CEE

k=1

Proof. Let p € Py, 1 be the Hermite interpolation polynomial of f at zy,...,x,. Then it
follows from Theorem 2.18 that for each x € [a, b] there exists £(z) € [a, b] such that

@) (¢( 7)) "
f(a:) —p(az) _ f (5( )) H(m _ xk>2‘

2n)! -S4

Since the weighted Gaussian quadrature (3.20) has the degree of precision 2n — 1 and since
p(zr) = f(zx) (k=1,...,n), we have by the Generalized Mean-value Theorem for integrals
? that

b b b @) (£()) <"
[ oo = [+ [ oGS @ - aie

k=1
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n (2n) b n
- Z App(ar) + f(2n§,€) / p(z) H@ — x3,)%dx

o
—_

(2n) b n
re R (R

completing the proof. O

= Auf(m) +
h=1

ol
—_

The following is a useful property of a weighted Gaussian quadrature:
Proposition 3.14. The coefficients of a weighted Gaussian quadrature are all positive.

Proof. Let (3.20) be a weighted Gaussian quadrature. Let [; € P,y (j = 1,...,n) be the
Lagrange basis polynomials associated with the quadrature points z1, ..., z, € (a,b). Since
each l? € Py,_o and the weighted Gaussian quadrature (3.20) has the degree of precision
2n — 1, we have

b n
0< [ p@lla)Pde = 3" A = 4,
@ k=1
completing the proof. O

Gaussian quadrature
1 n
/ fla)de =" Apf(x). (3.23)
-1 k=1

The Legendre polynomials P,(n = 0,...) are orthogonal polynomials in L*[—1,1]. Recall:

1 da ., "
Pyfa) = s (a2~ 1y
! 0
/ Po(@)Po(a)dz =10, "7
—1 Intl m =n.
Each P,(n > 1) has n roots in (—1,1).
PO(.T =1
P(z)==x
1
Py(z) = 5(3$2 - 1)
1
Py(z) = 5(5x3 — 3x)



[ st oD+ S0+ 2 f3

Theorem 3.15. The coefficients of the Gaussian quadrature (3.23) are given by
2
(1 = a)[Py (i) >

Proof. The Lagrange basis polynomials [, € P,_1 (k = 1,...,n) associated with the roots

Ak: kzl,...,n.

x1,...,x, of the nth Legendre polynomial P, are given by
P,(x) Lo —x;
l = - = J k=1,...,n. 3.24
k<x> ($—$k)Pfl($k) Hmk _xja ) ) TV ( )
J#k

Fix an integer k£ with 1 < k < n. By integration by parts and the orthogonality, we obtain
that

Sy 1= /_1 Le(2) P (2)dz = 1 (z) Py (x) |1, —/_1 () Po(2)de = Ly(2) Py ()] .

Since [ P!, € P35 and the Gaussian quadrature (3.23) has the degree of precision 2n — 1,
we also have

1

Se= | W@)Pi@)ds = 30 Ajula) Pile) = APy

Consequently, by these two equations for Sk, (3.24), and Part (5) of Theorem 1.26, we
obtain

A, — le(x) Pa() [T [Pa()2 |
Bilee) (om0 =) [B ()] =y
_ ([Pn(l)]Q o [Pn(_l)]z) 1 _ 2
l—ap  —1—a ) [Ph(xe) (1 —af) [P ()]
completing the proof. O
Remainder

PO [ T — vty — L0 [ (200N o oy 2 (D)
@n)! /H< =T /_1(<2n>!) Fuwyde =10 G D P

The Gauss-Chebyshev quadrature
b f(@) -



T1, ..., Ty € (—1,1) are roots of T),(x) = cos(n arccos x)

2k —1)m

T = cosl, = cos ————, k=1,...,n,
2n
1
lp(x) s
Ap = ———dr = —, k=1,....n
g -1 \/1—12 n

Proof. We show that the formula is exact for all Ty, ..., T, 1. Then, the degree of precision
is > 2n — 1. But any numerical quadrature with n quadrature points has degree of precision
< 2n—1 Thus, this has the degree of precision exactly 2n—1. Therefore, this is the weighted
Gaussian quadrature.

Notice that By the change of variable z = cos#,

/1 Tn(®) /“ 0o ™ if m =0,
y——————] = COS =
I T, e 0 it m £ 0.

For m = 0, we have
T n
- Z To(zy) =7
k=1

Thus the formula is exact for m = 0.
Consider now 1 < m < 2n — 1. Denote by ¢ the complex unit, i.e., i2 = —1. We have
e'™™ £ 1. Denote by R(z) the real part of a complex number z. We have

ZTm(xk Zcos ( m(2k — 1) )
k=1
_ Z R (eim(2k—1)7r/(2n))
k=1
=R <e—im7r/(2n) i eimkw/n))
k=1

- R (eimﬂ/(Qn)eimﬂ'/n ?mﬂr —1 )
1

eimm/n _

eimw/(Qn)
— ()" =R ——
(1" - UR ()

[ 1R (eim/@") e = ”)

|67Lm7r/n _ 1|2

|€im7r/n _ 1|2

—imm/(2n) _ _imm/(2n)
- [(—1>m—1m<e - )
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=0.
b Ta(z) T
— 2 dr =~y Ty(x), m=0,...,2n — 1.
/_1\/1—172 n; ()

Error: Wf(zn) (€).

3.6 Convergence of Sequences of Numerical Quadra-
ture

Theorem 3.16 (Convergence of sequences of numerical quadrature). Given a se-
quence of numerical quadrature

n

b
/a p(x)f(x)dmzZAzn)f (x,(cn)), n=1,...,

k=1

where p is a weight function on [a,b]. Suppose

n b
M) tiw Y A0 (o) = [ pp)de e, (3.25)
k=1 a
2 A" < 0. 3.26
2) i‘;ﬁ’;‘ | < o0 (3.26)
Then

n b
tim Y5 A07 (o) = [ p@s@de  vf e Clab
k=1 a
Proof. Let f € Cla,b]. Denote

b
1) = [ plo)fa)d.

Denote also for each integer n > 1
k=1

Clearly, each I, : Ca,b] — R is linear. Setting

n

M = sup Z ‘A,(gn)

nzl

Y
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we have

INGIED T
k=1

£ ()] < Ml fllown ¥ € Clat) ¥n = 1.

Now, let f € Cla,b] and let € > 0. By the First Weierstrass Approximation Theorem,
there exists p € P such that

3

2 (M + fab p(x) d:v) .

If = pllofy <

By the first assumption (3.25), there exstis an integer N > 1 such that

€
[1.(p) — I(p)| < 5 "m=N

Therefore, for any n > N,

[1.(f) — I(f)]
< |L(f = p)| + [Ln(p) = I(p)| + [I(p) — I(f)]

b
9
< MIf = plows + 5+ I = Slows | ola)da

< €.

This completes the proof. O

Colloary 3.17. Given a sequence of interpolatory numerical quadrature
' A ()
/p(x)f(x)dx%ZAknf<xkn), n=1,....
a k=1

Suppose all the coefficients A,(C") (k=1,---,n;n=1,---) are positive. Then

n b
Tim ™ A f (x,@) - / p(z)f(x)dz  Vf € Cla,bl. (3.27)
k=1 a

Proof. Let p € P. Then there exists an integer N > 1 such that p € Py. Since an
interpolatory quadrature with n quadrature points has the degree of precision > n — 1.
Therefore,

a

i"l,ﬁ”’p (x;m) — / b p(z)p(z)dz  Vn> N.
k=1

89



This shows that the assumption (3.25) in the above theomre holds true. We have also for

all n > 1 that
b n n
[ ptarde =S40 =3 |ag?
a k=1 k=1

where we used the fact that all A,(C") (k=1,...,n;n=1,...) are positive. Thus, the second
assumption (3.26) in the above theorem holds true. The desired convergence (3.27) then
follows from Theorem 3.16. OJ

I

A direct consequence of this corollary and Proposition 3.14 is the following:

Colloary 3.18 (Convergence of weighted Gaussian quadrature). For any sequence
of weighted Gaussian quadrature

b n
/ p)f(@ydr S APF (1) =1
a k=1

we have N ,
tiw Y Af (o) = [ p@)f@de vieClat O
k=1 a
Exercises

1. Use (1) the left endpoint rectangle rule, (2) the midpoint rectangle rule, (3) the trape-
zoid rule, (4) Simpson’s rule, and (5) the two-point Gaussian quadrature to compute

the integral
1
/ sinz dz
0

with the number of subintervals of equal length n = 1, ..., 10, respectively. Compute
also all the corresponding absolute errors.
(a) Make a table of six columns with one for n and the other five for the the computed
values by the five rules, respectively. Keep eight digits after decimal points.
(b) In a single plot, display five curves showing the absolute errors in the log-log
scale (i.e. log(error) vs. log(n)) for the five corresponding rules.
(c) Discuss convergence rates for these quadrature rules based on the computational
result.
2. Use the trapezoid rule and Simpson’s rule to compute the integral

1
/ sin x dx
0

with the number of subintervals of equal length n = 2%, k = 0, ..., 8. Then, apply the
Richardson extrapolation procedure to the computed values with the trapezoid rule
for the pairs (2k — 1,2k), k = 1,...,8. Compute all the corresponding absolute errors.
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(a) Make a table of four columns with one for n, one for the computed values by the
trapezoid rule, one for that by the Richardson extrapolation, and one for that by
Simpson’s rule. Keep eight digits after decimal points.

(b) In a single plot, display three curves showing in the log-log scale the absolute
errors (i.e. log(error) vs. log(n)) for the two corresponding rules and the Richard-
son extrapolation.

(c) Discuss the computational result in terms of convergence rates.

. Given a numerical integration formula on [—1, 1]

/_1 g(t)dt ~ Zajg(tj). (3.28)

Define, for an interval [a,b], A; = (b — a)a;/2 and z; = [(b—a)t; +a+b]/2, j =
1,...,n. Show that the numerical integration formula on [a, b]

b n
/ f(z)de ~ ZAjf(xj)

has the same degree of precision as that of the formula (3.28).
. Find A, B, C' such that the weighted numerical quadrature

2
[ lalf@yde = A5(-1) + BAO) + Cr1)
—2
is exact for polynomials of degree as high as possible. What is the degree of precision

of the quadrature?
. Let h > 0. Find A, B,C, D so that the numerical quadrature

h
/ (&) dz ~ Af(—h) + BF(0) + C(h) + Dhf'(h)
—h
is exact for polynomials of degree as high as possible. What is the degree of precision

of the quadrature?
. Find A, B, C, D such that the numerical quadrature

/0 @) dz ~ AF(0) + Bf(1) + CF(0) + DF"(1)

is exact for polynomials of degree as high as possible. What is the degree of precision
of the quadrature?
. Consider an interpolatrory quadrature

/ Fa)de ~ Y Auf ().
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Define for each integer j > 0

Show that

8. Consider the trapezoidal formula

/ Fla)de ~ (b~ a) [f(a) + FO)].

(a) Show that the degree of precision of the formula is m = 1.

(b) Calculate explicitly the Peano kernel K; of the formula and show that the kernel
does not change sign in [a, b].

(c) Let f € C?[a,b]. Show that there exists £ € (a,b) such that

b
[ Ha)dz = 50 - ) @) + 56 =~ 150~ 0 1(©)

(d) Let N > 1 be an integer, h = (b — a)/N, and z; = a+ jh, j =0,...,N. Prove
for f € C?[a,b] the error formula for the composite trapezoidal formula

b N-1 —a)
[ twas- {g o)+ O]+ Y f(wj)} —

where 7 € (a,b) depends on f.
9. Find an integer N > 1, as small as possible, so that

1
/ e“dr — Ty
0

where T is the numerical integration value (without round-off error) of the function
e” over [0, 1] using the composite trapezoidal rule with N subintervals of equal length.
10. Let p3 € P53 be the Hermite interpolation polynomial of f € C'[a,b] determined by

ps(a) = f(a), psla) = f'(a), ps(b) = f(b), ps(b) = f'(b).
(a) Show that

<1072,

| pata)dz = 50— )l5(@) + 0] = 550 @PLFO) — )
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(b) Determine the degree of precision of the numerical quadrature

[ 1w Yo al@+ 0] - 500 - Sl @29)

(c) Calculate explicitly the Peano kernel of the numerical quadrature (3.29).

(d) Derive the error formula for the numerical quadrature (3.29).

(e) Let N > 1 be an integer, h = (b —a)/N, and z; = a+ jh, j =0,...,N. Derive
the composite integration formula based on the formula (3.29). Show that the
composite formula is the same as the composite trapezoidal formula for functions

f € C'a,b] such that f'(a) = f'(b).
11. Let p € P5 be the Hermite interpolation polynomial of f € C'[—1, 1] determined by
p(z;) = f(z;)  and  p'(z;) = f'(z;), =012,

where xg = —1,21 = 0,25 = 1.
(a) Show that

[ pla)de = 5 FH1)+1670) + 770) + £1(=1) = (0]

(b) Show that the degree of precision of the numerical integration formula

[ H@)dem S I 1650 TH) + D = £ (330

1s m = 9.
(c) Derive the error formula for the numerical integration formula (3.30).

(d) Derive the composite numerical integration formula corresponding to the formula
(3.30).
12. Let a <9 < --- < x,, < b. Show that there exist n + 1 real numbers 7, ..., 7, such

that , .
[ p@rde = ptey) b
a §=0

13. Consider the Newton-Cotes formula

/ f(x)de ~ Z A;f(z;)

with n + 1 points z; =a+j(b—a)/n, j=0,...,n
(a) Show that A; = A,_; for j =0,...,[n/2].
(b) Show by direct calculation that the degree of precision of the formula is n if n is
odd and is n + 1 if n is even.
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14.

15.

16.

17.

n

Let n > 2 be an even number, w,(z) = [[;_,(z — j), and

O, (z) = /O "o (t)dt.

Show that ©,,(0) = £2,(n) = 0 and that Q,(z) > 0 for all z € (0,n).
Let x1,...,z, be n distinct points in [a, b] and Ay, ..., A, be n real numbers. If the
degree of precision of the weighted numerical integration formula

JETEED WD

with p a weight function on [a,b] is 2n — 1, then it must be the weighted Gaussian
formula on [a, b] with the weight function p.

Let n > 2 be an integer and xy,...,x, the n distinct roots in (—1,1) of the nth
Legendre polynomial P,. Set

P, () !

lj(x) = &= 2) P () and A; = /_1 lj(x)dx, j=1,...,n.

(a) Show that

/ p(z)g(x) de = ZAjp(;L‘j)q(xj> Vp,q € Pp_y.

(b) Show that

1
Aj:/ L@)2de >0,  j=1,....n.

1

Let {Qn}22, be a system of orthogonal polynomials with each deg ), = n with respect
to the inner product in L2[a, b], where p is a weight function on [a,b]. Fix n > 1. Let
x1,...,%, be the n distinct roots of @, in (a,b). Let

b n
| o @de =Y Ayt
a j=1
be the corresponding weighted Gaussian quadrature. Show that

> AQu(x) =0,  k=1,....2n—1
j=1
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18. (Gautschi) Consider a weighted Gaussian formula

b n
[ ot @de =Y Ayt

with p a weight function on [a,b]. Show that for any f € C|[a,b] the error

b n
enf) = [ plo)fa)do = 3 Ayf(ay)

len()] <2 (/abp(x) dw) Ean-1(f),

By a(f) = min ||f —qllcpa-
q€Pan—1

satisfies

where

19. Let @, € P, be the nth orthogonal polynomial with respect to the weight p on [a, 8],
n=0,.... Fixn>1. Let zy,...,z, be the n distinct roots of @, in (a,b). Let

[ o) f@ydem > 41 (@)

be the corresponding weighted Gaussian quadrature. Show that
Qn

an-1Q), (25) Qu-1 ()’

where a;, is the leading coeflicient of Q; (kK =0,...).

20. Let n > 1 be an integer. The Gauss-Chebyshev quadrature is the weighted Gaussian
quadrature on [—1,1] with the weight 1/v/1 — 22 using z; = cos(2j — 1)7/2n (j =
1,...,n), the n roots of the nth Chebyshev polynomial T},(x) = cos(n arccos z). Show
that the Gauss-Chebyshev formula is given by

/ﬂ%zz Xﬁ

21. (a) Show for any f € C|0, 1] that

/OBf( Zn;f( ) n=0,.. .,

k

Aj: jzl,...,n,

where B, f (n=0,...) are the Bernstein polynomials of f.
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22.

23.

24.

(b) Show that the degree of precision of the numerical integration formula

[z ()

ism=1foralln=0,....
(c¢) Show that

lim

. 1 < k 1
,HoonJrlkz:%f(g):/o flx)yde  YfeCo,1].

(Bernoulli polynomials) Define

1
B, . () = (n+1)B,(z) and / Bpii(x)dx =0, n=2....
0

(a) Prove that, for each n > 0, B, is a polynomial of degree n with leading coefficient
1.
(b) Prove the identities

B+ 1) — By(z) = na" ", n=0,...,
B,(1—2z)=(-1)"B,(x), n=0,....

(c¢) Prove the identities

Prove
Zk3 ( n+ 1))

by the Euler—-Maclaurin summation formula.

Let f € Cla,b|] and denote by I(f) the integral of f over [a,b]. Let N > 1 be an
integer, h = (b — a)/2N, and z; = a+ jh, j = 0,...,2N. Let Tn, Ton, and Sy
denote, respectively, the approximate value of I(f) by the composite trapezoidal rule
with N subintervals [z2j_1,22;], 7 = 1,..., N, by the composite trapezoidal rule with
2N subintervals [x;_1,2;], j =0,...,2N, and by the composite Simpson rule with N
subintervals [x9;_1,Z2;], j = 1,..., N. Prove that the Richardson extrapolation using
Ty and Try leads to exactly Sy, i.e.,

AToy — T

Sy = 3
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