
Math 154: Winter 2017
Homework 7

Due 5:00pm on Wednesday 3/15/2017

Problem 1: Show, by finding an orientation on each, that the complete graph Kn

(n ≥ 3) and the complete bipartite graph Kr,s (r, s ≥ 2) are orientable.

Problem 2: The converse D̃ of a digraph D is obtained by reversing the directions of
each arc of D. Give an example of a digraph which is isomorphic to its converse. State

the relationship between the adjacency matrices of D and D̃.

Problem 3: Let T be a tournament on n vertices. Prove that∑
v

indeg(v)2 =
∑
v

outdeg(v)2,

where the summation is over all vertices v. Does this relation hold for arbitrary di-
graphs?

Problem 4: A tournament T is irreducible if it is impossible to split the vertices of
T into two non-empty disjoint sets V1 and V2 such that each arc joining a vertex of
V1 with V2 is directed from V1 to V2. Give an example of an irreducible tournament.
Prove that a tournament T is strongly connected if and only if it is irreducible.

Problem 5: Let C be a set of children and let T be a set of treats; suppose that each
child c likes a given set T (c) of treats. We wish to give treats to children in such a way
that each child gets at least 2 treats (a child with a single treat would be unhappy,
and a child with no treats would certainly misbehave). Give a necessary and sufficient
condition for this problem to have a solution.

Problem 6: Let B be a set of home buyers and let H be a set of houses with |B| ≤ |H|
(unlikely in San Diego). Suppose there is a number r ≥ 1 such that each buyer b likes
r houses and each house H is liked by r buyers (also unlikely). Prove that there is a
way to assign a house to each buyer such that every buyer likes their house.

Problem 7: The ladder graph Ln has vertices {a1, a2, . . . , an, b1, b2, . . . , bn} and edges

a1a2, a2a3, . . . , an−1an, b1b2, b2b3, . . . , bn−1bn, a1b1, a2b2, . . . , anbn.

How many perfect matchings does Ln have? (A matching is called perfect if it uses
every vertex in a graph.)

Problem 8: Let Kn be the complete graph. How many perfect matchings does Kn

have?
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