
Math 190: Fall 2014
Homework 7

Due 5:00pm on Friday 12/5/2014

Problem 1: Let I = [0, 1]. Prove that there is no continuous bijection f : I → I2.
(On the other hand, there is a continuous surjection I → I2.)

Problem 2: Let (X,<) be an ordered set in the order topology. Suppose that for
all a < b in X, the closed interval [a, b] is compact. Prove that X has the least upper
bound property: if A is any nonempty subset of X which has an upper bound, then A
has a least upper bound.

Problem 3: Let X be a compact Hausdorff space. Prove that X is normal: One-point
sets in X are closed and for any disjoint closed sets A,B ⊂ X, there exist disjoint open
sets U, V ⊂ X such that A ⊂ U and B ⊂ V .

Problem 4: (Exercise 28.1 in Munkres) Prove that [0, 1] is not limit point compact
as a subspace of R`.

Problem 5: (Exercise 28.6 in Munkres) Let (X, d) be a metric space and let f :
X → X be an isometry: for all x, y ∈ X we have d(x, y) = d(f(x), f(y)). Suppose
X is compact. Prove that f is bijective and hence a homeomorphism. (Hint: If
a /∈ f(X), choose ε > 0 such that Bd(a, ε) does not intersect f(X). Let x1 = a and let
xn+1 = f(xn) in general. Prove that d(xm, xn) ≥ ε for all m 6= n.)

Problem 6: Are continuous images of limit point compact spaces necessarily limit
point compact? Are closed subsets of limit compact spaces necessarily limit point
compact?

Problem 7: Let X be a locally compact space and let f : X → Y be a continuous
surjection. Is Y necessarily locally compact?

Problem 8: (Exercise 29.6 in Munkres) Prove that the one-point compactification of
R is homeomorphic to the circle S1.

Problem 9: Let M1 and M2 denote two copies of the Möbius band. Let ∼ denote
the equivalence relation on M1qM2 which identifies a point on the boundary circle of
M1 with the corresponding point on the boundary circle M2. Prove that the quotient
space (M1 qM2)/ ∼ is homeomorphic to the Klein bottle K.
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