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Class Information
3

Webpage :

Professor : Brandon Seward (hel him this)
call me Brandon

MyOfficeHour# : wed 12:00 - 1:00 & 2:00 - 4:00

IA : Sri vatsa Srinivas (he1h in this)
TA'sOfftous : M 8 -9 AM

,
Tu 6-TPM

,
W 6-T PM

,
Th 8- 9AM

textbook: Principles of Mathematical Analysis (3rd ed) by W . Rudin

Q&A: Piazza

-uen¥dExams : Gradescope
Lectures will be posted on course webpage
Lectures will be posted on canvas

Grading: Letter grades assigned via a curve based on
the max of two weighted averages :

① 20% HW t 20% 1st
exam it 20% 2ndexam t 40% final

② 20% Hw +20% best midterm t 60% final
Homeworker Due most Fridays at 9:00 pm . Lowest HW grade

will be dropped . Some problems will be graded for correctness,
others will be graded for completion .

Eiams : Open book and open note . Help from online resources
and other humans is prohibited . Suspicion of

cheating will lead to one-on- one Zoom meetings
where you must solve similar problems .

1st Midterm : wed
.
Oct

.
28

2nd Midterm : wed . Nov .

25

Final Exam : Tues
.
Dec

.
15 I 1:30 AM - 2:30 PM



Course Summary
4

We will take for granted (and without proof)
the basic properties of IN = Eo, I , 2 , 3, ' " }
(the set of natural numbers )

,
TI (the set of

integers) , and Q (the set of rational numbers ) .

We will explore in detail the properties of IR
(the set of real numbers)

.
With great care and precision

w.eu#definewhattherealnumberse.

All of our

prior knowledge and beliefs about IR will be held
in suspicion until we can findproofs of those
propertiesbasedonourformaldefinitionoflR.TK

longterm goal is to provide the logical
and theoretical justification for calculus Cin
14013) and go beyond Lin 1400 .

This is a theoretical and philosophical course
that

requires a strong ability in reading , writing ,

and understanding proofs .

We will often focus on specific features of
IR and study those features in more abstract
settings . CAUTI Don't assume that we are

always working with numbers or sets of numbers .

More than 50% of the time we will not be !



Lecture I Oct . 2
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Define. Let s be a set. An order on S
,

denoted a
,
is a relation satisfying "

• (Trichotomy Law) for all x , yes exactlyone of the statements

txcy 's
"
X -y
"
,

'

ya x
"

is true
• transitivity) for all x,y, zes it
x -y and ya 2

then x ez .

An ordereds.at is a set on which an
order is defined.

Note: For convenience we write
•

y > x to mean x ay
• X Ey to mean xcy or x=y

Deft: lets be an ordered set and E ES .

If there is be S with x Eb for all x EE
then we say E is boundedqbove-ac.nlcall b ar approbated to E .

Baindedbew and lower board
are defined similarly .
-



6

Defy: let s be an ordered set and E ES.

We call a C-S the leastupperbou.no of E
or the supremacy of E , denoted o-- sup E, if :
① - is an upperboard to E

② whenever xes and xso
,

x is not an upper bound to E .

The greatest6weubownd_ or infimum
of E is defined similarly and denoted inf E .

Exe. For E = Ent i n e It } E Q
sup E

= I
,

i n f E = 0
Notice sup E E E and inf E Et E .

In general , sup E cud int E may or may notbe elements of E
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Deft An ordered set S has the least
uppeboind Clubs) property if :

whenever E ES is nonemptyand bounded above
, sup E exists .

Exe: Q does not have the lab property .
Recall NI E Q

.
Set

A = E p eQ
:

p
EO or p2 ⇐ 2 }

B = { p E Q
i

p TO and p2=-23
Then Q = AUB

,
B is the set of upper bounds

to A aid A is the set of lower bounds to B .

Next But It has no largest element and B has
time no smallest element

, so sup A and in f B
do not exist (when using Q) .

This implies that Q does not have lab

property .



Lecture 2 Oct 5
8

HW 1 Due Friday @ 9:00 PM

A = EpEQ :

p
EO or p2 ⇐ 2 }

B = Ep E Q i

p
>O and p2=-23

But It has no largest element and B has
no smallest element

,

This is not the focus of the conversation
. . .
but here is why :For p EQ , p so set

① q =p
- Pf¥z e Q

Then q=hft so q2 = 2 t 297¥ ⑦

Suppose p EA .

Cadet :

p o_O .

Then pal and I e-A

Casey: p -o. Then q
> p (by ①) and

suppose Pp :b .

not the largest elenesHII ¥4200
Then q

-

p (by① and qe B (by②)so p is not the smallest element of B .
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Thm If S has the lab property then
it has the

"greatest Gwenband property
" :

if TE ES is

nonempty and bandedbelow then int E exists
.

Pt : let EES be nonempty and bounded below .let It be the setof all lower bands to E .

Then It is nonempty and bow clad above(every eeE is an upper bound)So - = sup It exists by lab property .We will check a = inf E

(check o is lower bound to Ed .

Consider
any

ee E
. By definition of A ,

we have ta EA a E e . Thus e
is an upper band to A . Since
- is the least upper board to A,
we have a tee . Thus a is a
lowerbound to E

(check anything bigger than a is not alowerboard)
If x is a lowerband to E , then
by definition X EA

.

Therefore x E sup A
=0

We conclude that inf E =a exists
.

I.
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Defy : A field is a set F with two binary
operations t aid •

,
called addition and

multiplication, with the following properties :

Commutativity : ta ,beF atbiota, a. b
-

-
b.a

Associativity " Ha
,
b
,
ceF latb)to =a€bt0

,
la Eatb.c)

Identity : there are Q# EF with thief Ota=a aid 1. a =a

Inverse : for every AEF there is an element
-

a E E

with a t ta) =o
for every

AEFwith a to there is ta EF
with a . Had = I

Distributivity Va, b, c EF a . (btc) -La. b)t (a.D= a.btac

Ex: These are fields.

• Q
,
R

,

Q
• ④ It I = { Pqttf :

p, q polynomials in t with coeiffniuieftsz
- Set of conjugacy classes mod p for p a prime .

Note : we write : : ¥. ; iii. 3¥ ; II : ETE
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prop-l.LI : For a field E and x, y , Z E F
① X t y

= X t z ⇒ y
= z

② Xt y
'

-o ⇒ y =
- x

③ X ty
= x ⇒ y

-

-o

④ - L- x) = x

Pt: ① If xty
= x tz then

y
=Ot

y
= -x txt y

=
- x txtz = Ot2=2

② Apply ① with a = -x
③ Apply ① with 2=0
④ Since - X t x = X t f x) -- O

,
implies x = - tx)

Prophets " let F be a field . Then for all
x
, y , z e f with x to we have

:

④ xy
= Xz ⇒ y =z

⑧ x y
e I ⇒

y
= I

⑥ x y
= x ⇒ y

= I

④ = x

Pfi . Basically identical to the previous proofs
just use multiplication in place of addition .

I



Lecture 3 Oct 7
K

HWI due Friday 9:00pm
Prop " For

any
field F and X

,y EF
① O .

x = O
② x to and y to

⇒ x. y to
③ toy = - (x.y )

-

- x. ty)
④ to . Gyo - x. y
Pt: ① O . x t O . x = (Ot O) . x = Ox

so Oox -O by Prop .
I . 14

② Since
o . of ) = o (by
Kyi 40=1

we must have x. y
to

③ they try =L- x toy
-

- Oy
-

-O

so they = - G. yd by Prop . I
. 14

Similarly, x. l - yd = - Kyd④ Exityd = - ( x. tip) = - l - Kyd = x.y by ftp.HY
Defy : An orderedfield is a field F with
an ordering such that :
① tx , y , 2 E

F y
l I ⇒ xtycxtz

② Fx
, yet (x >O and y >0¥ x. y >0

We call X E E positive if x 70
and negative if x co .
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Ex Q
,
IR

,

and Qttl are ordered fields

( I'll make a piazza post for Q Ltd
Profile : For an ordered field F and x, y, EEF
① x >O ⇐ - x so

② (x >O and ya E)⇒ x.ya x.2
③ (x so and ya ⇒ x.y

> x. E

④ x to ⇒ x2>0 (so 1=12×0 )
⑤ Osx ay ⇒ oaf at

Pfi. ① x to⇐ xttx) >Ot Tx)# Ot -x# -XO
② Since ya I, O

=

y
- y se

-

y so x.G - yl >O aid
X. I = x (z- y ) txy

> Ot x.y
= x.

y③ By ② &①
,
tx) - ya txt z so

X - I -- tx) '

y txytxzstxdztx.ytx.IE x.y④ If x>other x' >O by defn .

of ordered field .

If XCO ther - x >0 so txt yo . But txthx

⑤ Assume Ocxcy .

by Prop. I . 16

If I ⇐O ther y Z
E O by ②Since y

. 4=1 TO we must have ty TO .

Similarly ¥70 .

Finally multiplying xay by positive * it,
we get

'

ly - xrtityay.tx.ly - f A
.
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Thm There exists a unique ordered
field having the least upper band property.Moreover, this field contains Q .

We denote this field R and call its
elements real numbers

.

We won't prove this in class.
Existence is proven via a construction in

the appendix to ch . I

I'll post in Piazza about uniquenessand containment of Ql .

Thm 1.20 : ④ If x
, y
E IR cud x >0 then IT ne IN n . x >y-

⑧ If ×
, y EIR and *Y then Tiwi * pay .

Pt:④ Towards a contra
, suppose

Hn EIN nX Ey .

Set A = { n . x : n e N }
.

A is bonded above by y soo o
-

- supA exists.
Since X 70

,
o
- x so

So o- x is not upperband to A ;
meaning there is a C- IN with n . x >o -x

.

Then CntDX to
, contradicting a = sup A

Nd Gtv . X e A
.

To be continued next class



Lecture 4 Oct g
15

HW I due today at 9:00pm

Continuing the proof from last class

⑧ Since xcy we have y
- X >O

.

So by ④ there isn't with n . Cy - x) > I .
Applying ④ twice more , we get integers m , ,

MEI
with m

,
> n . x

and ma > - n . X

So - Mz L n X L M . .

So the finite set E-ma , -mat b
- - -

,
m }

must contain a least m with n xenon .

Since m is least
,

m - l Enix em .

Therefore n - x em E n -X t k n .

yArd x they .

I

Note: ④ is known as the arohimedeanpropertyBO says that Q is dense in IR
(we 'll define dense next week)

Thm : If X EIR is positive and n c- It
then there is a unique real y

>O with y
'

ex .

This number
y
is denoted HI or x"n
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PI :

claim : If O - y ,

a
ya tha y ,

"

Kyi .

pfofd-a.us : Since YI > I , we have

4¥ =L
n

> I

hence y May I acclaim)

so of y exists,
it must be unique .

Set E = Et EIR : t >O
,
thx 3

.

(check F-too .

If t = ¥, then te l

so tht t t x aide hence t EE .

(check Itx is upperband to Ed.
t > Itx ⇒ thx t > x ⇒ te E

By hub property, y
= sup E exists.

We will check yn=x .

Recall the identity bn- an = Lb-a) Lb" - 'ta - bn
-

2x
- c - ta

"?b ta 'D
.

It follows
bn - an x (b - a.) n b

"'

when Ocoee b
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Towards a contra
.

, suppose y
'
t X

.

Choose h with

E- ha mink
, Eyton

Than Cy th )
"
-

y
' th - n - lyth)

" 's hn.ly ton
-

k x -
y
?

So y th EE ard y
th > y, contradicting

y being upperband to
E

.

Towards a contra
.

, suppose y
n
> X

.

Set k= Yifan .
Then a key .

If t Ey - K then yn - HE y
'
- ly - KY t kn .

y
'

yn- x
so th > x and te E . Thus y

- k is

an upper bound to E and y
- key,

contradicting y
=

sup E . I

Note: It is possible to define decimal
representations of real numbers .

See the book .
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Defoe : The extendadnealnumbe-ytem
is the set R U E - as, too} where
for all XO 1B

• - as L x x co

• X t do = too
,

X - as = - as
,

¥ = 0
,
¥ =o

• X YO ⇒ × . Lto) = too
,

x (-of = -as
• X LO ⇒ x . (too) = -as, × C-as) = to

All other operations are left us defamed .
This is not a field !

To distinguish XEIR from -
as
,
too
,

we call x finite .

Defy! The set of complexions is
① = { La, b) : a, be IR}

.

Note Ca
,
b) = (c

,
d)⇒ a

-

- c and b =D .

For x
, y e Cl , say X

= Ca
,
Dad y

= Cc
,
do
,

we define
X ty

= Late
,
btd

X. y
= Lac - bd

,
ad tbc)

Thnx : Cl is a field with, 6,0) and 4,00
playing the roles of O and I
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Pt: we check existence of inverses.
Other properties are checked by computation .

Let x = la
,
b) E Q .

Write - x
-

- ta
,

-b) . Then
x t t x) = La

,
b) H -a

,
-D= to, o)

Now assume x to . Then la
,
b) ¥6,00

so a t O or b to . Thus as tb TO
.

write ¥ = Latte
,
I¥bD

.

Then

x. f -- Lgbt GIs
,
LITE) - 4,0=1 I



Lecture 5 Oct 12
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HW 2 due FridayPlease carefully read my email* aboutpthempffystifexnamegn.de respond#
Tim : For all a, bEIR la,Ot bade (att,O)

aid (god . to,D= Ca - b
,

o)

Pfe: Easy to check II

This means we can identify aER with la
,
o.O

and this identification preserves addition ,
oud multiplication . So we can view 112 as
a subfield of ①

Petn: i = (O
,
O e Cl

Thnx: i
2
= - I

Pf: i 2 = (O
,
02=00,0 . (O

,
D= ft

,
O) II

Thin: If a
,
b tR then La

,
D= at bi

PL: at bi = la
,
Ot lb,0.CO, D= la,Otto,bl=Gy¥)
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Define: For 2 = atbi EG we call
a the receipt of 2 and
b the imaghwypart of 2aid write a= Retd , be In (2) .

We call E = a - bi the complexconj-ugg.de of2.

Thnx: If 2
,
WE ¢ then

④ Itw = ItWBJIT = I . J

② ItI = 2Retd
,

z - E =3 In6) i
⑨ ZE ER and II >O when I¥0

Pt: AP
,
BO

,
⑤ are easy

to check by computation .

⑧ holds since E- at bi ⇒ II = af tbh a

Defoe: The absolutely of Zeo is
defined t.it =L 42

Note. If XEIR then I = x so lxk.VE
,

meaning txt = x if x and txt = -x if xco .
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The: If I, WE E ther
① III 70 unless I --O

,
101=0

② III = Iz I
③ Izw/ = III. Iwl
④ I Re I ⇐ let
⑤ lztw I ± Htt Iwl

Pfi . ① and ② easily checked by computation .

③ that = (EW . IT)" = G-WEED "2
= EE wut)

'k = LIED"4wwDk=kHwl
④ say I =atbio Than

q2 E a' tbh so
Ireful = lat = -VEEVat =V- = 121

⑤ Note IT = I iw so Iwtzw =3Be Czw)

Therefore tttwkftwlztwhfl ⑥
= 2 I t WE t D2 t WUT
= tht 2.Re (wz) t lurk

④ Kkk that't wk
= httZIHIWI t lurk
= ( lzltlwl ) ' II
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Tim (Cauchy - Schwarz Inequality)
If a

, ,
az
,

'

'

; an ,
b

, , bz ,
. .

; bn E E then

I II, aich f ⇐ Ei, lark .. Ei 1442

Pfe: Next class
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Deft: For KEE+ we let RK be the set
of all k- tuples
I = ( X

, ,
Xz

,

. . -

, Xie ) , Xi t IR

we call I
'

a point or a vector
⑤ = Co

,
O
,

' ' ;D is the origin
112k is an example of a vector space,
with operations
# t I

'
= (x

, ty , , Xztyz , um, Katya , I.I'ERK
a . I = GX

, ,0×2,
- - -

,
OXD

,

Tie IRK
,
a c- 112

The inner-pductlor.de#disx.y=.Eixiyi
The north of E E IRK is

II't = ht . E)
'k
= LEE

,

xi
')

'k

RK is called K- dimensional Euclidean space-



Lecture 6 Oct 14
25

HW2dueFrid#
First exam will be offered at two times :

• Class time ( H - 11:50 AM Wed . Oct 28 San Diego local time
• 12 hours prior

(H- 11:50 PM Tues
. Oct

,
2T San Diego local time

If
you can

't take the exam at either of these

timesyoumustemailme.br/SaturdayThm(Cauchy
- Schwarz Inequality ) :

If ai
, az ,

-
-

; an ,
b

, .bz , in , bn C- Cl then

III. Akhil
'

E EE
,

laid' . Ea Ibid '

Note. If Ca
,

.
-

i

, and
-

- E e IRN
,

(b
, ,

in

, bnf-I e IR
"

this says ta
. If ⇐ lay 21512 .

From geometry 1intuition , we expect
equality to hold preciselyBE = C 5

,

where B=¥=
,
Ibet

,
GEE

,
aebI

Pfi . Define B
,
cab above

.

Set A ' II
,
tank .

If 13=0 then b , =bz=
-

- - =bn and
conclusion is trivial . So assume B > O .

E. I = kit III coso
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OE Eet Baie - Cb, 12
= EI (Bak - CbKJCBAI - E 5k)
= BYE

,
laid
'
- BETE

,

anti - BCEE
,

aiobx

+ HYE
,

Ibet

= 132A - B 142 - Bl Cl 't B 142

= B
' A - B 142

= B ( BA - Ict)
since B TO

,
we get BA - 142 ¥0 . I

Note : I
'

. I
'

= y
'

. I
'

E. (ft EO = E.
y
'

txt . E
'

Them : If I
, y
'

,
E E IR

'' and OER then
④ kit to and ( Eko ⇒ I
③ to ' x' I = lol txt
② iii. if I ± hilly't
DO txt yet ⇐ htt t ly't
⑤ hi - El E txt - ft t ki -El
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PI: ④ and ⑧ are

easy to
check .

⑥ follows from Cauchy
- Schwarz

⑧ hit y
' 12 = htt yid . txt ty'd
= #ft y

'

.I txt . I
'

t ly't
's

¥E¥E¥i¥itH¥E by④
= UH Hy

'02
⑤ follows from ⑧

using * = E - I , I
'

= f - I a

Defa : let f : X → y .

The image of A EX is f- (A) = off Ca) : a c- A}
The preimage of BEY is f-

' (B) = Exe X : fiveBB
For y

c-Y we write f- '

Cy) for f-
' (Ey 3D

Delon : Two sets X
,
Y haveeq.ua/cardinality- ,denoted txt - ly l
,
if I bijection f : x→Y.

• X is finite if X =0 or IneTtt 1×1=141,2
,

-

in31 .
Otherwise X is infinite

• X is countable if it is finite or txt = ( INI .
X is uncountable otherwise .

Defy : A sequence is a function f withdomain IN or It .
When Hnd = Xn for each n

,
we write (xn)new (or (xn :Onext ) to denote fu
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Thnx: If X is cntbl and A ex ther A is cntbl
.

Pt: This is obvious if A is finite .
So assume

It is infinite . Then X is infinite so IXKHNI .
So we can list elements of X as

§ Xo
, Xi , Xz ,

- - i }
Let no EIN be least with X

no
EA . Inductively,after choosing no

,

- -
-

s na- i pick na > they to
be least with xn.ee A .

Now define f : IN →A by Hk) = Xme .

Then f is a bijection . A

Thai . If (Xn ) new is a seq .

of cntbl sets
then ¥

,

Xn is cntbl .

PI : For ne IN
,
let (xn

,
a)
*em,

be a seq, in Xp
that uses every element of Xn at least once .

¥
.
¥; ¥'s .

-

i
'

Xz Xz
,
o
#
Xz

,
Xz
,
2
-
- -

X.3 Xz
,
E' -

- - -

t I
let t be the seqXo

,
o
, XI

,
o,
X
91 ,

X
210 ,

X
l
,
I
,

X
012 ,

' n
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Then f is onto ¥
,
Xn

Set A = § n E IN : ht Kan f Ck) t ft)}
Then A is cntbl by prior theorem andfi. A → ¥, Xn is a bijection . A

Thai If X is cntbl then X
"
= Xxxx - - xx is cntbl
-
n copies

PE! We use induction .
X

'
= X is cntbl .

If X" is cntbl ther each set
Ex} x X

" '
is cntbl

,

so

X
"

= U Ex}xx
"

XEX

is cntbl by previous theorem . a



Lecture 7 Oct 1 6
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HW2duetodayFirst
exam will be offered at two times :

• Class time ( H - 11:50 AM Wed . Oct 28 San Diego local time
• 12 hours prior

(H- 11:50 PM Tues
. Oct

,
2T San Diego local time

If
you can

't take the exam at either of these

timesyoumustemailme.br/SaturdayCor
: Q is cntbl

Pfi. Note by prior theorems that every
subset

of TI is countable . Define f : IQ → I 2

by setting flop = Ca ,W where a
,
be I

satisfy b > O, I =q , and a , b coprime .

Then f is a bijection with its image
which is cntbl . I

The: The set Eo
,
I}
""

of all functions f : IN→ Go, Pg
is uncountable

.

PI : let F E Eo
,
B
"
be any

cntbl infinite set
.

Say F
= { to

,
f.
,
fz

,

' ' ' 3
,
each fi : IN → 40,13.

Define g : IN → ago
,
13 by g (nd

= I - fund .

Then the IN gtfn since glad tf GO .
So g e 90, IB

'" l F
. Thug F t EO

,
B
"

. I
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Defy : A metricspaoe is a pair CX , d) where
X is a set and d : Xxx → R satisfies :

① ftp.qexdlp.pl -O , if ptq then dlp,g) TO
② ftp.qexdlpqf-dlq , p)
③ triangle inequality) f x, y , I EX dlx, dlx

, y) tally , -0
The function d is called a metric .

Exe. . R
"

with d hi
, f) = II - y

' I
• ① with dlz

,WD = Iz- w/
• IRK Wo ith dpht , = (IE

.
Cx ; -yid)

"P ( pi-D
• Eo

,
it
" " with DI

, oof = sup { Hau-gaol : xefo, he}
• Rk with doo LI, = Meine ki - y it
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Deft : Let CX
,
d) be a metric space

• for pox , r >O , the ball of radius r aroundx is
Br Lp? = { q E X

: dlp, g) er }
• PEX is a limitpoht of F- EX if

Hr >O (Br Cph Ep3) ME t0
• set of limit points of E EX is E

'

• E isCH if E ' E E
• E is perfect if E ' = E
• E is dense in X if EU E

'
- X

•

p is an invert of E if I r >O Br Ip) EE
• set of interior points of E is denoted Eo
• E is opere if every point

of E is an interior pointof E
• Ec = XIE is the compliment of E
• E is bounded if E.MEIR Ipe X E E BM CD
• E is a neighborhood of p if E is open and PEE .

The: Br Cp) is always open .

PI: If qe Br Cp) and XE Br
- dip,g)
(q) then

dlp , x) E dlp,qdtdlqx )
< dlp

,
t r- dcp,g) = r

so X E Br Cpd . Thus Br
- dcp,go (g) c- Br GD

so q is an interior pointcud Br Cpd is open . A
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Thin: If p E E
'

then for all r >O
(Br (pm Ep}) n E is infinite

.

Let r >O .

Pt: Towards contradiction
, suppose not .

Then
t = min { dcp,q) : qe⑨rlpOkpBdnE}

is positive . We have

(B£tlp)l{p§) ME =
soo pet E

'

,
a contradiction . A

Coe : E finite ⇒ E
' =D

Tha : E is open # E
'
is closed

PL: E
'

closed ⇐ ( Ec ) 's Ec set DreBrkd§x§

⇒ CEO
'

n E =0
⇒ the E * CEO

'

⇒ Fx EE Ir >O
€
Dr NEC =0

⇒ Kx EE Ir so Dr NE ' and HE'

⇒ AXE E Ir >O Br Wh Ec =D
⇒ Axe E Ir XO Br GD EE
# Fx EE XE Eo

⇒ E is open . I
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HW 3 due Friday'First midterm next wed at class time and 12 hours prior
let LX,⑥ be metric space

Thd : let A be
any

set (possibly uncountable① (foe A U
-

E X is open ) ⇒ ¥ Uo is open

② (fo EA Fa E X is closedD ⇒ Tea fo is closed

③ If Ui
,

"

; Un EX are open then in
,

Ui is open

④ If F.
,

' n

,
E EX are closed then Fi is closed

Pfi ① If x Eff, Uo then there is BEA with xe Ups
.

Since Up is open , there is r >O with

BrW E Up c- yea Uo .

So x is an interior point
of ¥ Uo so Hallo is open .

② (Iea E)
°

= ¥, Eo is open by ① so off,E is closed.

③ let x E in
,
Ui

. Each Ui is open so we can

pick ri To with Bri GD Elli .
Set r-- min G.

, rz,
-
u

,
rn)

.

Ther r to and Br GD E in
,
Ui .

Thus in
,
Ui is opes .

④ Take compliments like in ② I

Note" Finiteness assumption is necessary in ③ asd④
Exe: Un = (I

,
T) E R is open but

n!¥+ Un = {o} is not open .
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Defy" The closure of E E X is E = EVE
'

Tha " ④ E is closed
⑧ E = E ⇐ E is closed
④ E closed and F zE) ⇒ F ZE

PI : ④ Let x E
.
If Xe E then we are done

since XEE .
So assume XIE . let r TO.

Since x e CEO
'

we have (Br Gong xB) n E ¥0
Pick

y
C- (BrevikB) n E .

Set 5- min ( r- d k,yo, dlx,yd >0

Notice Body) ⇐ Br WHx} ( last class)

Since
y
E E we must have Bs 4) net 0 .

So there is p e Bscy?nE, and
we have

p e (Brad hEx3) n E
Thus (Brats x3)ME t0 and
hence X E E

' E E

③ E closed by④ so CE - E ⇒ E closed) .
Conversely , E closed implies E

'
E E

trace E = EU E ' = E

⑤ Whenever F Z E hee home F
'
Z E

'

.

So if F is closed and F Z E then
F Z E U F

'
Z E U E

'
= E

.
A
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Thin : If E E R is nonempty and bounded
above then sup E

E E
. Similarly whet

in f- E
,

in f E E E .

Pfe : we prove the fast statement . Second is similar .
Set y

= sup E .
If

y E
E then ye E and we

are done . So assure y & E . let r >O .

Since y - sup E and y
-

r
'

y, by definition
there must be x e E with y

-

r ax .

Since y
= sup E and yet E we must have xcy .

So x C-(Br 40143) n E . We conclude

y E E
' E E

. I

Note : If LX,do is a metric space and Y EX
then LY

, dy) is a metric space where

dy is the restriction & d to Yxy :

for
y , , ya

C- Y dy ly , , ya ) = Ily . , ya) .

Define If E E Y EX we say E is opesnelative
toy if E is open in LY

, dy)

equivalently ,
E is open rel . to Y if( HpEE Ir > o Br Lp) MY E E )

¥30Y is defined similarly .
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Thin : let E EYE X . Then E is open rel . to Y
if and only if there is open VEX with

E = U nY .

PI: (⇒I Assume E is open .
rel , to Y.

For each
p
E E pick rp >o with Brp G) NYE E .

Set U =pVee Brp Cpd . Then U is open

and Un Y E E . For
every PEE,

por Brp (p) c- Uh Y so EE U n Y and E -Uny .

⇐I Assume there is open UEX with
F-= U n Y .

let pe E . Than pe U oud U open so
there is r > o with Br Lpd EU .

Heke

Br (pony E Un y = E .

So E is open rel . to Y . D
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Defy : let CX, d-0 be a metric space . An open-air
of E EX is a collection Ella : o E A} of open
sets Uo EX with E E¥ Uo

Defy : K E X is compact if every open coverquo : o e A 3 of K contains a finite sub cover
,

meaning there are o, ,
02
,

'
i

; on with KE E ,
Uai .

In other words
,
K' is compact if the following

statement is true :

for
every

collection Ello idea } with each Ua open

(KE Uo ⇒ In Iq , dz ,
"

; oneA KE Uo;)

Note: Finite sets are compact.
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The Assume KEY EX .
Then k is compact rel . to Y

if and only if k is compact net . to X(com pad-ness is an intrinsic property)
PI :¥ Assume k is campat rel . to Y .

Suppose k Eff, Ua ,
each Uo open in X .

Then Uo nY is open rel . to Y and since KEY
K E Y n Hea Uo ) - yea (Uo n'D
so there are a

, ,

- -

; on EA with

K E (Ua. MOE Uai
Assuage K ie con pot rel . to X .

Suppose K E Ift Vo , each Vo open rel . to Y .

By theorem from last class
,
there are

Opa sets in X , U • EX ,
with Vo -- U* NY .

Then KE Ia Uo so there are
9
,

- - n

,
on e A with K E hit

,

Uo
.

. .

Since K E Y
,

KEY n
,
Uni) =

.
Hoi n'D=! Voi I
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Thnx: Compact sets are closed.

PI: let CX,d) be me trn space, let K EX be compact.
We will show XLK is open . So pick p EXLK .

For each qE K set

Uq= Bydip, .pl9) , VE Btsdlp,gold
we have K E¥ Uq , so by compactness
there are q , qz ;

u

, q n e k
with KE Uqi

Then iEVq : = B 's min {dlp.q.tn;dlp , qn0340
is disjoint with it

, Ug 2K
hence a ball around p
is contained in Xlk .

Thus K is closed . I
Uqz Vqz

Y
÷

..

93••

- Vq ,

Uqz

Uq ,
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This: k compact and F E K is closed
than F is compact as well .

PI ! Say { leo : - c-A } is open cover of F .

FC is open so { Fo} U { Ua : o EA} is an
open cover of K .

So there are a
, ,

- .

; on EA
with
f e k E E

'

U
.

,
Ug ; so F E Uni II

Core: k cmpot
,
F closed ⇒ kn F is compact.

The (Finite Intersection Property)
!

If K
-
EX is cmpot for every o EA andif the intersection of

every
finite collection

from Eko : - EA B is nonempty , then
Tea K - t 0 .

Pt : Towards contra
,
assume Tea Ko =0.

Fix any
K E § Ko : o EA 3

. Ther
K EX = X lol = X aka a.

(XI KD
and each Xl Ko is open . So there
are o

, ,
. . -

,
on EA with K E E

.
UhKai )

Thos
K n E

,
Koi ECE

,
Kiko n

,

Koi) = 0,
contradiction

.
A
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Cori. If kn t0 compact and Knt ,
E kn for

all n ther
n
?,µ kn €0.

The" k cmpot and E Ek is infinite
ther E ' n k t 0

Note : K is closed so E ' E K ' E K

Proof next class . . .
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HW 3 due today
First Midterm Wednesday at class time and 12 hours prior

Thm237_ : If K is compact and E Ek is infinite
then E

'
n K FO .

Pt: Towards a contra .

,
assume E

'

n k =D.
This means for each QE K there is rq > O
with CBrqlqdtq3.AE =0, meaning
Uq= Brqlqd satisfies Uqn EE {q3 .

Then K E ¥, Uq soo by compactness there are
q, ,

-
- r

, qnek with K E E
, Uqi . Then

left Enkft I Eniuiuqidl - I ten uq.de/&qy---,qn3l=n
So E is finite

, contradiction . II

1¥28 : If In = Can
,
bit

,
Anthon

,

and Inti E In
for all ne IN then in,µ In ¥0.

Pt: For all n
,
m an Eantm Ebntm E bn .

So bn is upperbound to { an
" n EMB

for all m . So a = sup Ean : ne IN } exists
and am to ⇐ bn for all M

.
Thus a c- I ,µ In . I
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Thm239_: Suppose Cn -
- Ian

, ,
bn

,

Ix Lanz , bn,? x
- ' ' xfana.bn.it

a- 112k
and Cn IO and Cnt , E Cn for all n . Then he ,µCnt 0 .

Pf : neha, Cn
= (

n
?
,µ
Ian

,
bn X ' " X ↳

µ
lane , bn ¥0 I

-hm24 . C = Eai
,

b
,
I XEaz.bzIx . - - X Lak

,
bit is compact.

Pfe. Set 8 = -Vi¥ilbi-a# ( length of longest diagonal.
Towards contra .

, suppose quoi de AB is an open
cover of C having no finite subcover of C ,

cut at the midpoint of each side of C to divide
C into 2K

many rectangles.Some pieces , call it c. , does
not admit a Genite

subcover. Proceed inductively repeating this
process , building Ccn)ne#+ with

① C Z C
,
Z Cz Z -

- -

③ Cn does notadmit a finite subcover
from Ella to aAI

③ hi
, y
'

e Cn hi - y
' l E 2-

n

. 8

By prior theorem, If#+ Cn ¥0 . Pick EE !# Cn .

Pick -EA with E E Ug . Since he open,
there is r >0 with Br LE'S Ella ,

pick n with
2- n . 8 - r then ③ implies Cn E Us since Ee Cn .
So Cn admits a finite subcover

, contradicting② A
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C

C
2

↳

C , HeeCy
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Thm2 : For EE IR
'' the following are equivalent .

① E is closed and bounded
② E is compact
③ Every infinite subset of E has a limit point in E .

Pfe (① ⇒②) E bounded means E EC
,
for some

C -

- fee
, ,

b
,
IX i n x fax

,
bad

.

C is compact
and E E C is closed so E is compact .

(③ ⇒⑧ this is Theorem 2.37
(⑦⇒① ) Towards contra , suppose E is not bombed .

Thes for
every

ne IN we can fund xi e E with
II. I > n . Set 5- {Ii : ne IN}

.

Claim : s
'
= 0 . let f E IRK .

Then
In E B

, Cf'd ⇒ hint ⇐ If It I ⇒ n E tilt l .

So B
, AS is finite hence f'€5 .

Thus 5=0 .
This contradicts③

Let f
'
E E

'

. For each NEE+ pick XI E E
with 0<1 In - E K T .

Set 5- sein " n c-ItB
.

Claim : S
'
= Epi 's . Clearly pi E S

'
.

Consider ft of
'
E IRK . Pick N E IN with

Iif - fl t ¥ .
If Iie 13¥ Lq'D then

Iii - f I ± Iii- ft - Iii -oil >¥ - f, =L,
and thus n E N . So 13¥

,
legions is finite

so of
' Et s'

.
Thus SKEEB .

③ implies F
'

E E . Thug E dosed, I
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Note : Equivalence of ① and③ is known as
the Heine - Borel Theorem

.

Thm 2.43 (Bolzano - WeierStrauss) :

Every bounded infinite subset of Rk
has a limit point in Rk .

Pfi . Take the closure and apply ①⇒③
of previous theorem . I
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First Midterm on Wednesday
-

seecoursewebpagefordetailedinstructionsklyof.fiCe hours this week : M 6:30-8:00PM
,
Tu 12:00- 1:30PM

,
Th 1:00 - 2:00PM

HW 4 due Friday
Recall : p e E

'

⇒ fr >O (BrCpd Ep3) HE is infinite
so if U is open and UNE

'¥0 then Un E is infinite .

Note : For
any

metric space (X,d)

BRITT E { a EX : dlp, g)Er}
Proof is an exercise

Thm24 i If PERK is perfect ( P
'

=p) and PEO
then P is uncountable

.

Pt: since P'=p t0
,
we must have that P is infinite .

Towards a contra
, suppose

P = E E
,
Ii
,
Ii
,

- . . }
.

We will inductively build sets Un
,
me IN

, satisfying :
① Un is open
② Vn n p *0

③ when n I
,
VI E Un

- I

④ when n ± I
,
xii

,
eh Vn

To begin , set Vo - B
,
CED

.
Now inductivelyassume that Vo

,

-
-

; Un have been deferred .

① and⑥ imply that Van P is infinite .

So we

can pick y
'
E Vn NP with y

'

t Ii
.
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r 70
.

Let r idly, I'D be small enough so that
Br CIO e Un . Now set Vnti = Boy

, GT) .Set kn = In n p . Then kn is compact
and nonempty and Knt , E kn

,
so

by finite intersection property ( Tnm .
2.36)

there is E
'

Ennen, kn .
Each kn E P so EG P .

Hence there is ne IN with E
'

= In EP . But
④ E- Ii k Kai

,

a contradiction . II

Coe: For all a '- b t IR
,

Ea
,
BI is perfect hence

uncountable . Similarly R is uncountable .
Exe: Build a seq. of sets :O ,

Eo = Eo, II

E
,

= IO
,
SI VIE

,

II
-

EEfo, at IV Ea, II VEE , FIVE¥, II-

Keef on removing the middle- third
:
i

,

from each interval .

C = if,µ En is the Conntorset

• Each En is compact
,

so C is nonempty and compact
• En contains no interval of length greater than 3

-n

,
so C contains no intervals

• Each endpoint of each En is in C
,
and these

endpoints are dense in C
,

so C is perfect .
• Since C perfect, it is uncountable .
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Two properties defining sup 's (also inf 's)
tub property
- know when sup 's aid inf 's exist in IR Ghn

. HD
Ordered fields

Properties of IR : archimedean , density of Q thm .

l
. 20)

¢
,
pµ

existence and uniqueness of roots (Thon . I . 20

Cardinality via bijections
Operations that preserve being countable
Diagnolization method for showing set is uncountable
Definition of metric spaces (Thm . 214)
Triangle inequality
Definition of limit points, closed sets
Definition of interior points

, open sets
F- open ⇐ EC closed

.

Prove BI E Eq#X : Ilp, g) er}

PI: clearly Br Cp ) E { qex : Ilp,go ⇐ r B.
So

suffices to check Br Cpd
' E { qex : dcp,g) Er?

let X E Br Cpt . Towards a contra
, suppose

dcp , x ) > r .
Set Red Cp , xD - r . Than R >O and

since X E BrCpj there is y
e (13*6014×3) A Br Cpd .

Then dlp,x ) E dlp ,y) tally , xd
i r t R = dlp,xD

So dlp
,
we dlp, xD , a contradiction .

Thus dlp,x) Er and X E { q ex : dlp,g) Er} ,

I
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If CHAD is as in Ch
.
2 Prob lo Ctw3)

and rel then
Br Cpd = Ep } = BrCpT

but Ege X : dcp,get } = X
-

Ch
.

I Prob 15

Cauchy -Schwartz

OE l Bai - Cb if I
=

= BLAB - Ict)

Equality iff ti PBA ;
-

Cbi =D
Bai = Cbi
Ai = § ' b:
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HW 4 due Monday 9:00 PM

Deff : A , B subsets of metric space (X,I)
are separated if In B =0 and An B- =0.

F- EX is connected if E is not the union
of two nonempty separated sets.

Notice: separated is stronger than disjoint.
.co
,
O and G ,

2) are separated loud disjoint
• LO

,
II and 4,20 are not. separated but disjoint

Thm24 : E E IR is connected iff
H x Eye E Ex

, YI E E .

Pt: Assume there are xEye E with Ex, y If E.
Pick xe It y with a# E .

Set

A = En Goo
,
z)

,
B = En th , too)

Then A
,
B are nonempty Getty EBOAnd since I E too, It and BE EI , too,

A and B are separated . Also AUB = E
so E is not connected.
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Next assume E is not connected. . Say A, B
nowempty , separated and E

-

-AUB
.

Pick x e A and ye B
. By swapping A and B

we can assume xxy. Set
z = sup An Ex , y I

Then I f ATEx,yI E I hence Ek B
.

If I# It then I * E hence Ex
, yI KE as Ie Ix,yIIE .

If ze A then If B . Since I E LIT
we must have Cz

, y
't & B .

So there is
Z
"

E LI
, y Il B

. Also 2' KA since I ' >I .
Thus I

'
E Ex

, y't
l (AUB) = Ex

,YI IE .
So Ex,yIEfyE .

Deff : A seq .
(prone a, in a metric space CX,d)

concierges if there is pex with
VETO IN EIN f n E N dlp , , p) t E

In this case we say CPDnew convergent p
or has limit p and write p.→ p or fine. pn =p .

If Lpn)new does not converge we say it
diverges

DEI '. . The range of Lpn )new is Epn : ne INF
• Cpn ) new is bounded if the range is bounded.
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Thm 3.2

¥ converges to p iff VETO INEIN HEN p. c- Be Cp)
⑧ If Lpn) converges to p

cud
p
' than p =p

'

② Lpn) converges ⇒ ( pm) bounded
④ If EEX and PEE

' than I seq Cpn) in E and prep
⑤ If th pn EE and p n → p ther p EE

PI:④ This follows from fact dlpn
, pie ⇐ Pn C- BeGD

③ let E >O . Pick N
,
N
' with

An ±N dlpn
,
pk Ek and HEN

' dlpn, pike12
Then using n - Max LN

,
NO we obtain

dlp,PO E dlp, pndtdlpnn , pot 42 t 42 = E
Sina E was arbitrary , dcp,p0=0 and p =p !② Say pn →p ,

Dick N with an = N d Cpn
, p)H .

Set r = Max ( l , dlpo ,p), dlp , , p), . . .

, dcpµ . , ,
pl)

Then An c- IN dlpn , p) Er so Epn :
n EIN 3 is bounded .

⑧ For each ne Itt pick p n E EM By, Cp) .
Given E TO

pick Me It with * t E (Neil J . For n ±N

dlpn , p ) th E ki
- E

. Thus pn
→ p .

⑤ If p e E then we are done Lp c-Ed .

Assume PELE . Then for every
r >0 there

is n with p n E Br (p) n E
= (Br Lpns ph) NE .

Thus (Br (Nl3p3) n E t0 so p E E
'

. if
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Thm33_ : Suppose Csn)naw ,
(4)now, are seq 's

in a with Sn→ s and tn→ t . Then
① '

n'
'

Foo Csnttn ) = Stk
② Vc EQ '

n'Iahoo (contd -- Stc , hits (csn)
= as

③ tia sntn =St

④ died In = I if s to and Hn E IN sin to .

⑤ (Vine IN Sn
,
th EIR

,
Sn⇐ tn) ⇒ SET

PI:① For E TO pick N , ,
Nz with

HAN
, Isn- sk 43

,
think Itn - t k 42

Then for n ± Max (Ni
,
Nz )

( tattoo - G-Hole Isn - Sl t Ita - tf t E
Thus snttn -4 Stt .

② Exercise

③ sent . = (stlsn-sblttltn.tt
= stttlsn-stsltn-tdtlsn.sk-t)

To see Cs
.

-satin - t ) → O lat exo and
pick N , , Nz with

An ± N
, Isn - SK VI

,
In ±Nz Itn - th NE

.

Then for F- Max CN ,, ND
Ksn-shin -to - ol - Isn- slit tithe

Thus ton-south- to → O . So by ① and ②

linked 'iink:Its It:c Potts
.
. seen-to

= stttlimlsn-stslimltn-tdtl.hn Gretta-to
= St to to to ⇒t

Proof of ④ and⑤ next class
.

. .
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HW 4 due todayHW 5 due Friday
④ died In = I if s to and An E IN sin to .

⑤ (Vine IN Sn
,
th EIR

,
Sn⇐ tn) ⇒ SET

PI: ④ Choose m with trim Isn -SITE Isl
.

Than for him Isnt > I 1st . Now let Eso
and pick Nim with th EN Isn -Sk Ils te .

Then for E N

I 's
.

- I 1=15.54 ' II. . Is -sink E
Thus In → to .

⑤ For
every n

,
tn -Sn lies in the closed

set EO
,
too) E RE Cl . Thus t - schismIn -safe Io, too)

so GET . II

Thm-3.lt : ④ If I = (a .
.
on
,

- -

; o, EIR" ther
Ii → I = Loo

, ,
in

, ok) iff f KiEk di
.

→ Oi

④ let CIN
, Gj'D be seq's is Rk with

Ii → I
, yi

'

→ I
'

.

let Lpn) be seq in IR
with Bn → B . Then
• xrityi →Tty
• Ii . Yi → toy
• Bn XI → BI

'
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PI ' follows from the following inequalities
• HI#Ek Kin -oil E in - Il

"

• kin -* I = LEI Ion ; - oil
') 's talk .li?i9Ikkni-oiD

③ follows from ④ and previous theorem . II

Defoe: If n
, that n, e

- -
-

are integers in IN (or Tht)
then (pni.ieµ (or Cpn idiot #+ ) is called a
subsequence do Lpn) .

If Lpn ; ) converges,
its limit is called a sub¥h%it of Cpa).

Tha : A point q in a metric space
(X
,
d) is a

subseq, limit of Lpn ) iff
tr > O { ne IN :

"""

Pne BrCq) } is infinite

PI: first assume (pm ) is sub seq with pm.

→ q ,

let no . Pick N with ti ± N dlpn ; , g) er .

Then { nm
,
4×+1

, Antz ,
' ' ' } E En EIN " Pne Big}

thus { ne IN '
i pne Brcqd 3 is infinite .

Now assume fr >0 Sent IN :

pn E BrGf} is infinite.
Pick any no with pn ,

E B
, lad. Once not

" -

this ,

have been defined
, pick ni > nie ,

with

Pn ; E By.
. Cq) . This dcfrhlb a subseq (pm , dieµ .

let Eso . Pick N with IT too . Then for i ± N

d (pm , q)
x it ⇐ kite since pm.

E By; lqf .
Thus pn ,→ q , I
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Cori . If q e Epn
:
n E IN }

'

ther q
is a subseq

limit of Cpn).

PI '. Let r -0 .
Set I = E n e IN "

pn e Br 403.

Then {p , : ie I 3g = { pn : ne IN } n Br bad
and the right - hard set is infinite shoe
QE & p n

: no IN B' . So { pi : i E IB is infinite,
so I must be infinite as well . II

Thm3& : ④ If Cpn) seq . in cmpot metric space CX,d)
then CPD has a subseq.

limit .
⑧ Every bounded seq .

in Rk has a convergent
subseq .

Pt: ④ Set E = { pn : ne IN }. If E is finite then
there must be some p

e E and n
,

a ne nsa - ' '

with ti pn : =p .
So p n ;

→
p .

If E is infinite then E ' t 0 by earliertheorem
. Thus ( pm) has a subseq limit by

previous corollary -

BD follows from ④ and Heine - Bond theory .
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Thm3 The set of all sub seq limits
of Cpn)

is a closed set .

Pdt let E't be set of all subseq , limits of Cpa) .
let q E LE

't) ! Let r >O .
Since qe (Exo

'

we

can pick X ECB
% (g)HqB)NE't. Notice that

BraCx) E Br Cq)

(if we Bra Cx) then dlq.wekdlq.xdtdlxwd.irand have we BrGd
)

.

Since XE ET se ne IN '
' Pne Brax)B is infinite .

Therefore { n EIN : p n e Br CqOB is infinite since
it contains {NEIN " Pne Briz CWB. By prior
theorem qEE* . We conclude E* is closed. I

i.iii.
ii. ÷::
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Define: A seq (pm ) in a metric space CX
,
d)

is Cauchy ifHE >0 IN e IN tn
,
MEN dlpn

, pm
) <E

Defee : The diameter of nonempty E EX is
diam E = sup {dlp,q) : p, q f E}
if the supremum exists (otherwise diam F- = of

Obs : (pm ) Cauchy ⇐ tiffs diam Epn
,
pm

,
pm

,

. . B = O
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HW 5 due Friday
-1hm 3.10 let LX,d) be metric space.⇒ If 07 E EX and diam E exists

then diam E = diam E
⑤ If kn compact

, nonempty , kn
Z kn ti

,

and
linear diam kn --O ther ahem, kn is a Singleton

Pfe ! clearly dian E Ed ! am. E since EZ E .

let p, q e E .

let go and pick p
'

,q
'

EE

with dcp,p0 , dlqq.GE . Then

dlp ,q) ± dcp,pl t dcp 'sgot dlqsq)
< 2E t diam E .

This holds for all ED so dcp ,g)E diam E .

This holds forcell p ,q e Eso diam Et diam E .

⑧ Set K= I.µ,
kn

. Then k€0 by Thin 2.36And diam k ⇐ diam kn for all n since KE kn .
Thus diam K --O and have k consists of
a single point II
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Thm3.lt : ① For
any
metric space CX,d) if seq (pm)

converges, then (pm) is Cauchy .
② If LX,d) is compact oud Cpn ) Cauchythen Lpn ) converges .
③ In IRK every Cauchy sequence

converges (Cauchy Criterion)
Pfi .① Say p n → p .

let ETO . Pick N with kn ±N dlpn.pk 42 .
Then for n

,
m ± N we have

dlpn , pm) EdCpn, potdlp, pm) < 92 t 42
= E

Thus LpnO is Cauchy .

③ Set En = Epn
, pm ,

pn+z
,

- - i }
.

Since Lpn ) is
Cauchy , Ham diam En =O by Thm 3.10④ .

X is carpet so each En ompet and ET ZENT , .

So by Thon 3. to (B) ahem, En = Ep} for sorge pex .
Now let ETO and picks N with diam En se .

Then for h± N
,
we have pre En EEN and p E ET,

so dlpn, p ) E diam EI - E . Thus run → p .

③ Say O Cauchy seq in R
"

.

Pick N with
diam E In

,
Xiii , i ' ' } L l

. Then for n IN
hint E HI, I t Iii -W t lxii, I t I

so Get
, Xi , in 3 E Br Cf) where r

= It minllxol
,

- -

,
KID

.

By Heine - Borel theorem, Lxii ) is a seq inthe campout set BRET, hence converges

by ②.

A
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Defy : A metric space CX,d) is complete
'f

every Cauchy sequence con#
"

Exe: Compact spaces, Euclidean spaces, closed
subsets of these are complete .
Non-ex-i.IQ is not complete

Fact: R is the smallest complete metric
space containing Q (Cauchy construction )

Define. A seq .

Csn) in IR is
• monotoneincreas.mg if Fn Sn ⇐ sent ,
• monotonedec-eas.no if Un Sn ± Sati
• monotone if either of the above .

Thm34 : Suppose LSD is monotone
.
Then

↳no converges iff (SD is bounded

PI: follows by Thon . 32
¥) let's say Csn ) is monotone increasing
(the other case is similar. Since bond is bounded

,

5- sup EeSn " he IN3 exists, let ETO .

Since s - e is not an upper board to {su
-

- ne IN 3
.

So there is N with SN
> s-E

.

Then for n ± N

S - e x SN t Sm Es hence I s-Snl too .

We conclude Sn→ s .

I
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Defy : For a seq .

Csn) in R we write
• find. Sn = too or Sn→ to if ht MEIR IN EIN HEN Sn ⇒ M
• lifes Sn = - ooo or Sn → - as if the IR IN C- IN the N Sn E M

Note : when either of the above holds
,

Csn ) still diverges ( RUE - oo
,
tomb

.
is not ametric space)

Defy: let Csn ) be seq . in IR .
let E be set

of all sub sequential limits of Csn) (including too, - as
if appropriate ) .
• The upperlimit or limitsupremum of bond

,

denoted "YELP Sn
,
is sup EE RUE- oo, too}

• The taint or limitihfinaum at ton)
devoted linking Sn

,

is in f E G RUSEtoo
,

- so}

Obs : E¥0 by Bolzano - Weier-Strauss . (Exercised
Thm3 : let Csn)

,
E be as above .

Then

④ "FED Sn E E

⑧ If x > limits sn then I N E IN An ±N Sntx
Moreover

,

"FEI Sn is the unique extended real
number with these properties .

Note : similar result holds for line;zf Sn .

Proof nex time .
.
.
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HW 5 due today
Pf of Thin 3. IT :

-

④ If l im sup Sn E IR than

limsup Sn = sup E E E = E by Thm's 3 .

-

T and 2.28
.

If limsupsn = too then E is not bounded above

by anything in R
,
hence § Sn : new 3 is not

bounded above Cin IR) so there is subseq .

⇐
¢
) with Sna → too . Thus l im sup Sn= too EE .

If lim sup Sn
= - oo then E = E- org hence kmsnpsn E E .

⑧ Towards contra
, suppose six for infinitely

-

manyn . Then Csn ) has a subseq in
Ex
,
too)

,
hence has a subsequential limit ye Ex ,

* oh
,

Thuy limsup Sn
=

sup E
±

y⇒
(since ye Ef,

contradicting x x lim sup Sn .

Lastly , suppose p -q
both satisfy ④ and BD .

Choose p
x xx q . Applying ⑧ to p aid x ,

we have IN HEN Snax .

It follows everysubsea . limit of Csn) is in Foo
,
XI

.

So

E E Goo
,
XI

.
Thus q

cannot satisfy ④ , contradiction .

EI: For Sn = C-On(It In)
,

limsup Sn
= I

,

l im int Sn = - I

Obe: lim Sn exists and equals s
iff lim

sup Sn
= S = lim inf Sn
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ThmI9 '
. If An Sn ± tn ther

Ii msup Sn
± lim sup t n and liminfsn ± him ihftn

PI: Exercise

Deff : For n
,
KE IN

,
OE K En

ni
=

n Ln -D . - - (n -Ktv(F) = kl.cn- ko ! Txt
(this is pronounced

"
n choose K

")

Binomially ! For a,be Cl and n c- IN

La tbh = Eto (1)akbn
- K

Pfsketch : It is easy to check that

c. to =L:O
.

Giver this
, easy to prove binomial theorem

by induction . II
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Thm3.2O_ : ④ If p >O, hints ntp = O
④ If p >0 , HIFI KIT = I

⑥ HiFi. HT = I

⑤ If p >O and a ER ,
'
n'
'

Ea c¥÷ -

- O

If It Cl and IIKI thien fishes In =O

PI: AO Int - ol = Tp t E whenever (E)
"
Pan

.

Follows from archimedean principle ht →O
③ Clear if p =L .

Assume p
> l

.
Set Xi Kip - l

.
Then x

.

> O

and by Binomial Thm
It nxn Edt xn)" =p

So Oxxn E PI and thus xn → 0

If E- pal then by Thon 3.3
I = it = ,

= lion a¥ = l im tho
⑥ Set X

,

= th - I
.
Then Xn >O and by Binomial Thm

(2)xp = n xi ⇐Ct xD ' = n
so Ot xn E VEI thus xn -40 (when#e'we have VIE se)

⑤ Fix k E IN with K > o . When n > 2K by Biron . Thm
(Itp)

"

> Wpk = nln-0.in?n-ktlIpk > LET's . E÷=nz"¥÷,
Thus Ox affront 2Yf . fear
Since K - o 'O

, 2"pt . →O by④ ad Than 3.3

⑤ Apply④ with 0=0 and p
= ¥ - I

we find Hln → O
.

Since IE' I -- Kl ?
we obtain In →O II
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Defy : Given a seq land in IC we write

n¥p an for apt apt ,
t - - -

tag (for pEE EE) .

We associate to land the partialsvms-sn-E.ae .

The expressions aota , tart -
- -
- aid ¥µ an

are called (infinite) series and denote the
value tiffs Sn when it exists

.
We say

¥*, on concierges ldidergeb if bond convergeddiverges.

Series and seq 's are closely connected.

Thm3i26 " Ean converges iff VETO IN An,m±N III.nakKE

PI! This follows from Cauchy criterion (Thm 3.10Ard Ism - snl = I ¥1 aid .

Thm3.23_ : If Ean converges then an → 0

Pfe " Follows from Them
.
3.22 by using m = n

.
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HW 6 due Friday
wed is a university holidayMyoffiuhowsthisweekith3-5.FI#

* Please read
my email

about Eastern Hemisphere *
Second Midterm

, respond promptly if needed
Obs : Con verse of Thm 3.23 is false :

I → 0 but Ent diverges

Thm3 : If an ¥0 then Ean converges off
its partial sums are banded

PI: An an ¥0 implies partial sums Sn = EI.ae
are mono . increasing. Apply Them . 3.14 I

Thm3-25lcomparison-TestJ.IOIf la.nl E Cn for AN oud Ion converges ther Ean converges
② If an ± In ± O and Edn diverges then Ean diverges

PL'
-① Given E TO pick M with tm±n±M Ein Ck < E .

Then for min ± max CN
,
M)

I Eta. IEEE laid ⇐ Ence te
So Ian converges by Them .

3
.
22

.

③ Follows from ① (also follows from previous theorem) I
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Thm326_ : If Lee and II la l ther III = ¥ .

If I 'Ll Et ther E E diverges.

PI! Notice ( I - z ) . zk = I - Intl so

Sn = Ej z''
=

' thus lies so = it
when Kk l . When III El we have
In * 0 hence E In diverges ( by Thm . 3.23J . I

Define ¥7 In is called a geometries

Thm32 : Suppose a ,
I az ± as ±

- - - ± O
.

Then EE
,

an convenors iff III 2Kaz. converges .

Pt: for both series
, they converge iff their

partial sums are banded (Thm 3
.

24)
.

Set Sn = a , taztazt . . - tan
t
k
= a

,
t Zaz t 494 t r -

v t 2KAza
Whan n s 2K

Sn ⇐ a
,
t Caz t a3)t@

4 test 96 taBt -
-
- t@2kt - - - tag.

⇐ 9
,
t 292 t 4ay t

r
- - t 2K aza

= t.ie
And when n > 2K

Zsn ± A ,
t 2.az t263 tay ) t -

- it 2192k-it , t -
-
' t 92k)

± a
,
t Laz t 4 ay t -

-
- t 2kaza = tie

Thus ton) is banded off Ctia) is boarded . I
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Thm3.28-c.IE
,
his converges if p > I

,
diverges if pEl .

RI : when p Eo series diverges since ht * O .

Assume p >O . By previous thin . E. IT converges iff

Eso 2K . zip = Eno (I - DK converges.

This is a geometric series , so converges iff
2- PE l iff p > I

. I

Note : we haven't learned about log yet, but
for the sake of example lets pretend we know
what it r

.

Thm329_ : EI nliogp converges if p> I , diverges
if pet .

Pt: When p to series diverges because I ± naojnop for rill .
(use comparison test ) .

Assume pTO. Terms are monotone decreasing and
positive , so by Thon 3.2T convergence happens
if EE

,
2
"

.ze↳j Krieger -¥5 i Er

converges . By Thor 3. 28 this happens If p
>- l

. A
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Defy : e = ET IT 2271828 (O ! I
,
n ! = n Cn-U - -3-2 .D

Obst. ht
.

E 2nF so Ent: converges by comparison. as

with geometric series ¥¥=2¥¥

ThmI3l : hiIho Gt Hn = e

Proof next class . . .
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HW 6 due today
Email me by tomorrow if you can't take 2nd midterm at these times :

• class time 11:00- 11:50AM Wed Nov 25 (San Diego time)
• 12 hours later 11:00 - 11:50 PM Wed Nov 25 (San Diego timed

Thm3 : hi?. Athyn = e (by definition e
= Eton )

Pt: Sets
.

= Eeo ¥,

and tn -- (Htt
.

By Binomial Theorem
tn = It n . 'T t '¥0 . # t . - - t nh-OY - ha t - i -

c . .tn#jn.tI.nIn
* = It It ¥4 - f) t ' " t (th) . - - f- KT) t .- -

⇐ s. ± e

'

' t Huh -

So l im sup 'tn Ee .

Now fix me IN . If n Em then (by *)
tn ± It It ¥4 -htt -

-
- th,Htt .

- ft - nf)
Holding m fixed, take limit over n on both sides

to get him inft
.
± It It ¥

,

t '
'
' tht

.

= Sm

Taking him as m → as we obtain
limp af fr ± lim Sm = e

Shee e E limit th ± lim sup tn E e so all are

equal and Ctn) converges to e . I
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Thm332 :
e is irrational

PI: Towards a contra
, say e

= Pf , p, qe IN .

Then

Ot e -

sq
= ¥0 ,

t coff , t ¥0 , t -
-

-

< ¥ , ( l t# t it . . . )
=¥uif⇒=¥oi¥=¥

So O '- q ! Le -

sq)
t tq

By assumption , q ! e is an integer.
Also q! sq

=

q ! let It IT
.

+ IT
.

t - tf) is an integer.
So q ! (e - sq) is on Her strictly between
O and tq ,

contradiction .
A

Fact : e is not algebraic

Thm3.33(Rost) : Consider a series Ean
and set a = limsup Wiant .

④ If oil
,
Eun converges

③ If a > I
, Ean diverges

⑤ If 2--1 , no information

PI:④ Dick B with a < pH and choose N thm 3.17)
with VAN Hart ' B .

(771%1) Epi converges and tank Bn for n±N
So Ian converges by comparison .
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③ If a > I then there is a subseq Cane )
with Uk land ' l . So an XO and
thus Ean diverges

⑤ 0=1 for both Ent and Entz
,

the first diverges and the second converges . a

Thm3atest : Suppose An anto .

Then I am
① converges if lineup I chatty I < I

③ diverges if IN HEN lanate f- I

PI: ① Pick lineup Ia Is post and pick N with
An ± N laant.tk B . Then
law ,

I - plant and by induction
tantKpk land

,

meaning tank B
""

land =p
- " Ian lip

"

for REN
.

E p
"

converges so Ean converges by comparison .

② This is immediate since an ¥0 .

⑥ tank tant , I E lantz K -
-
- ) I



most of the tone
76

Note. Root test is Always more accurate than
theo rato test. But sometimes the root
test is harder to evaluate .

EI: for the series It Is tf t Tat Es t # t u - n

l imsup than = HE , limsup FIT =
Root test gives convergence, ratio test gives no info .

Thm3 : for
any seq .

Can )
.

V- n an TO

limit aft E limit than E l imsup Hani E l im sup Anata
① ② ③

Pfi . ③ is immediate . We will prove③ .
① is similar .

Pick
. B > lionsup Gently and pick N with
An ± N AIT t B

Thon (as before) by induction for a
±N

an x B
""

am so

then a Np" = ftp.na.T.B
So l imsup VAI E p ,

B t kn sup Gatt was arbitrary , so
I in sup Wat

E l imsup Gantt
.

I
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TT

HW 7 due FridaySecond midterm next week at two times :
• class time 11:00 - 11:50 AM Wed Nov 25
• 12 hours later Hoo - 11:50 PM Wed Nov 25

Define . For seq Ccn ) in Cl and Z E Cl
,

the series

II.
o

CnTi is called a powerseries

Note: Convergence depends on value of I

Thm3 : For a power series ¥0 onzh
set a = lim sup NKT and R = I
( if 0=0 set R = too

,
if d 'to set R --O) .

Then I on it converges when KKR ad
diverges uhlan III > R .

Pt: Apply root test :
"msup Hkn = III. lineup that = 1¥ I

Note : R is called the radius of convergence .

ConvergenceKluvergave #kR¥plcated
and varies .

Imaginary
.

- i

,
divergenceiµ# Real

\
I

-

-
-

I
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Ex: • For Ind In
,

R '- O
• For E TT

,
R = co

• For E In
,
R -- l and diverges when left since I#O

• For I
,
R -- I and converges when t.tk I (compare withEID

• For E
,
R -- I

,
diverges when I- I bat

converges if lzkl aid If I (Thin 3.44)

Recallfromcakulus-i.BY integration by parts
fab fgdx = - Sab Eg'dx t Legia

where EEF .

Thm3 : For seq's land, Cbn) set A . .
-O

and An = ¥0 ax for n±o . Then for OE p ⇐ q
ftp.tanbn-EIpttnlbn-bnti/tAqbq-Ap..bp

PI : Egan bn -- ¥4 CAN - An - Ibn =n¥p Anb. -FEMAnbnti
=n¥j AnCbn - bat ,) t Aqbq- ftp.ibp II



79

Thm2 : If the partial sums of Ean are
bounded and bo ± b

,
I bi i

r . Eo with limb -O
then E an bn converges

Pfe Set A
. .

-

-O
,
An = Enzo acc for n±o .

Pick Nt with An lAnt EM .

let EYO and pick N with bn a 2¥
.

For q±p± N

LEEP anbn I =/ Eff An Cbn- bnti ) t Aqbq - ftp.ibp/
± FEI IA .Hb . - bat , ) t Htglbqtlftp.t bp
E M (FEI (bn - bent ,) t bqtbp )
= M (bp - bqtbqtbp )
= 2M bp E 2Mbut E .

Thus Eanbn converges by Cauchy criterion . II

Thm3.43CAHernatingsenies-e.SI#
Suppose I c

,
I ± 1cal ± -

- i

, Cam . ,
EO and CamEO for ME

and l im on =O . Then I on converges

PI: Apply above theorem oath an =L-O
't '

,
bn = Ion l E,
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Thm3 '

. Suppose E on E has radius of

convergence l
,
Co E C ,

± .
. . and l im on =D .

Then I on In converges for all I with 121=1

except possibly 2=1 .
PI ! Apply Them 3.42 with an = In

,
bn -- on and note

if 121=1 and It I then

II.oat -- IE
.

''t - I 'iI±¥ a

Defee Ean convergesabsolute.ly if Elan I converges.
If Ian converges but E. Iam I diverges, we

say Earnconvegesnon-absohu.tl#Thm3.45-If Ean converges absolutelythan it converges .

PETH:Apply Cauchy criterion and notice
t.EE
.

a. I ⇐ EE
.

laid a

Note '. If ttn an⇒ then absolute convergence
is same as convergence

Note: comparison
,
root

,
and ratio test

demonstrate absolute convergence
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HW T due Friday2nd Midterm next week at two times :

• Class time 11:00 - 11:50AM Wed Nov 25
• 12 hours later 11:00- 11:50PM Wed Nov 25

Thm3 If Ian = A and Ibn =D
then Elantbn f- AtB and Ace Cl Eca. = c. A

PI : Set An = ax
,
Bai bk

.

Then AntBn laktbe)
.

So At -B = lim Ant limb
.

= lim (Ant Bn) = Elantbnl .
And c. A = c. lira An = limoAn = Ec -an II

Defy : The (Cauchy)pr*t of Ean , Eba
is Ecn where on = EE akbn -K

[aobn
,

"

(
L

,

'

.

.

.

'

i

Caobz
.

' akbn - k

(
'

.
.

-

n

.

.

do b
, a. b ,

'

.

( aobo a
,
bo azbo - - i -

"

'

anbo
--- -
Co C

,
Cz .

. . Cm
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Note : Motivation from
"

suspected
"

equalities
an (EI bnE) = Cao ta ,

I tazz't . (botbit bz -Et
= laobdtlaobiiqbo-htla.bz tab , tab. te't .

.

= co t c
,
z t GE t - - -

= Eto on In

Note " It is not dear
,
and sometimes false

,
that

I on = (Ean )(Eben)

Exe ! Suppose an = bn = wi¥ .

Ian
,
E bn converge ( but not absolutely)

htt Eia.sn . .HE. .m.if¥¥÷ ⇐
= 2k¥

(KtDCn - KtD= Gz t IT - (E -KYE (It if
so Cn * O and E on diverges
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Thm3.5OrtD : Suppose Ian = A and
Ibn

-

- B with Ean converging absolutely .

let E Cn be the Cauchy product. Then Ecn = A
' B

Pf:get An = II.oak ,
Bn = box

,

Cn = EICK
, BE Ba

- B

then

Cn = aobotlaob, ta ,b.) t . . . tlaobnt - -
- tan bad

=
ao Bn t a ,

Bn . ,
t -

-
- t an Bo

= Ao (BtBD ta ,
(Pstpm) t - -

i tan (Bt Bo)
= An B t Ao Br ta , pn . it " t an Bo
hmu

call this Tn
Since An B → AB

,
suffices to show Jn → 0

Set a- = Elad aid let e >o .

Since Pn → 0 we can pick N with the N lpnke
So for AN

Ion -ol -- Ion l ± laollpaltla.llpn.tt . .
. Ian.nl/Bvlt/a.n..+.llB*

,
I t '

.

. - t Ian l l Bol
< Ella. It la ,

It - - t Ian -nd t Ian .mil/Bn.ilt - r - lad B. I
⇐ Eat Ian .mil/Bn.ilt-r.lanllBol

For n large enough
,

Ian
- Nt , I 1pm . . It in tlanllpol

will be less than E since it converges to 0
So for large enough n

,
kn -ok e lot D

. Thus rn→ 0 I
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Thm35lCAb If Ean , Ebm ,
Ecu converse

to A
,
B
,
C
,
where Ecm is the Cauchy product

then C = A . B

Pfe " In 140 B (p .
175)

Define . If (kn) is a seq in IN using each
natural number precisely once , and if Ean
is a series and wee set an

'
= a

k
.

then

E an' is called a rearrangement of Ean

Thm3I : If Ian converges absolutelythen every rearrangement converges to the
same value

.

Pfi . Let CKD be seq in IN using each natural
number precisely once .

let ETO aid pick N with V- min N EE lai KE
Now choose p with Eko

,
ka ' "

,Kp} ZEO, I, 2,
'

; N}

Then for n > Max (p, N ) we have

III. a ki - EI ai f - E
O more

11 explanation
on next

lies
. iii. "m.

-

i .FI
.

. . ,n*% .
.

.
.
.

.
ian , I 'Ft

{Koi 's Kristo
,
I
,

"

,
nk E sci : i >N} go, I, ; n313 Ko

,

in
,
kn } Efi : it
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To write what I verbally said in lecture :

Pick men with ⑤ Ko
,
"

; kn} 199 '

; B) U Hoi ;n3Yko , kn3) E {NH, " "im}
Then HE aki - Feo ai f ⇐ Ein lait t E
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HW T due today2nd Midterm next week at two times :

• Class time 11:00 - 11:50AM Wed Nov 25
• 12 hours later 11:00- 11:50 PM Wed Nov 25

Thm3.54(Riema " Suppose . Ian converges non- absolutely
and - oo to ± BE too . Then there is a rearrangement
I an

' with partial arms sa
'

satisfying
liamhf Sn

'

= 0
,

lion sup Sn
'
= B

E: set
p .
-

- { 8 ifthat se
,
qi-E-oaniftfdE.EE

Note pn , qn ZO ,
an = pm - qn .

If I pn were to converge then Eqn = E Cpn- an)
would converge and Elan I = Elpntqn ) would
converge, contradiction . So Epn diverges.

Similarly Eqn diverges .

Let Pi
,
Pz
,

- i . be the non - negative terms from a . , 92 , - - - Lin order)
let Qi

,
Qz
,

-
-- be the absolute- value of the strictly

negative terms from a , , as ,
. . ' ( in order)

E Pn differs from Epn only by O terms ,so E Pn diverge . Similarly EQ n diverges
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Choose on
, Bn EIR with B ,

> O
,
ant Bn , on - it Bn,

on → o
, pn

→ p

(say B ,
= Ipl H

, p , =p t 2-
'n

,
on
= - - 2-

n

,

what d
, p e IR

)
let me

,
K

,
c- It be least with
P

,
t pzt . . . t Pm

,

> p ,

P
,
t Pz t - - - t Pm

,

- Q
,

- Q
z

- - - i - Q
*

,

to
,

continue inductively , letting Mn
,
kn c- It be least with

X n =P , tpzt ' " t Pm
,

-Qi - ' "
- QK

,

t ' ' ' '
- Q

kn. ,

t Pmn
.

.

+ it
" ' t Pm

.

> Bn

yn = PitBt
- "t Pm

,

-Qi - " ' -Qkit
.

- it Pmn - Qian
.
it ,
- r "

- Qian t on

Then kn - Bnl < Pm
.

and lyn - on k Qian
Since Ean converges, Pn →O

,
Qn →O .

Since Bn→ B, Pn -50
,
we have xn → p

Since on -to, Qn -40, we have yn
→ d

Thus a
, B are kabtlg@Dtswbseq.l :mites

of the partial sums forth ←FurtherexplanatioP , t
- - t Pm

,

- Q
,
- in - - ~ below and next page
t

④ (partial swans are increasing from yn . , to xn
and decreasing from xn to yn

)
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We will use Thin 3. IT .

Let B
'

xp .

Than there exists N

so that for all n EN pntlpnl xp
'

Kina Bp: f)
So if s' is a partial sun between ya , and
xn with AN then mini N

by④ s
'

E X
.

< Bnt pm a p
'

.

Similarly when s
' between

xn and yn
so eventually all partial sums are strictly
less than B

'
. So p is lines up of

partial sums by Theorem 317 .

I

Deff : Suppose (X, dad , CY, dy) are metric spaces,
E EX

,

f : E -44
, pe

E
'

. For a point qey
we say the limitoffatpisq and
write

'few→ q as x
→
p
"
or

d l;¥hpfW=q
" if :

He >O ¥870 the E Ot dxlxp ) - 8 ⇒ dy (few,qkE

Note " It may be that pet E so ftp) is not defined.
Ever if po E it can happen ftp.JEYIypflp)
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Thm4
'
x'
'

Fp fad -

-

q iff
for all seq's Lpn ) in E

(th pntp and pn
→
p) ⇒ ftp.j → q

Pfi Assume YFp few = q . let Lpn) be seq in E
with Hn prep and pn

→ p . Let e >O and
pick 8>0 with
the E Ot dxcx, p)

- 8 ⇒ dy Gao, q ) h E .

Since pn → p there is N with
An E N Adx Cpn , pot 8 .

Then for n ± N we have dyfftpnd,g)KE .

Thus ftp.d → q
Now assume the statement ' I'Fp farq

"
is false

.

Then there is Eso so that
IS TO IXEEO-dxk.pl 'S and dy Ako, g) ± E .

For each n 't
, apply above with S

= t to
obtain p n E E satisfying

E- dxlpn , posh and dy (ftp.dqf-E .

Then pn → p and Un pntp but ftp. ) # q II

Coe : If f- has a limit at p then the limit
is unique
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Second Midterm on Wednesday• Class time 11:00 - 11:50AM Wed Nov 25
• 12 hours later 11:00- 11:50PM Wed Nov 25

My office hours this week : Tu 12:30 - 2:00PM
,
7:00- 8:30 PM

The TA will have extra office how W 8:00 - 9:00AM

Define . If f
,g

i E → Cl then we obtain new functions

• (ft g) exo = fcxotgkd . Cf -g)Cw = fav -gkd
• Cfg ) exo -- faogkd . (f) do = ffffu lwhasao.to)
If f

, g
: E → R we write fEg if the E fadEgg .

Similarly if I,j : E ⇒ 112k we define

* LI
'

tg'd Lx) = I tfko
• I.5)Go -- Ecw .Eko
• for X EIR GI) K) = XI

'

w

Tha : let CX
,
d) be a metric space

,

E EX
,
f.g : E→E

and p e E
'

. If ¥Fpfw=A and timpglxu =D then
• Yip (ftg)Cx) = AtB
• YEP tfg) Cx) = A B
• hxhefp ¥ ) Cx ) = # if B to

similarly, if I, j : E * Kk, ¥Fp Icu -- II
,
YEP EKO =D

then a ¥?p tf tf ko = I
'

tis

• http Lt . Elko = E.B
'
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PI : follows from Theorem 3.3 and the

previous theorem II



Review for Second Midterm.
92

Compact sets
Perfect sets
connected sets

Convergence of sequences
Cauchy sequences , Cauchy criterion
subsequences
l im !nf / lineup
special sequences

e

convergence of series
- Ratio test
- Root test } testforabsduteconverge.nu- comparison
- Alternating series test
- summation by parts

¥:÷÷:÷÷a÷:
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I
. Let CX

,
d) be a metric space, Cpu) now

a seq .
in X
, and let KE X be compact.

Prove that if no subseq . of (pm) has limit point
in k then there exists open set UZK with

{ n E IN : Pne UB is finite

Pfe : for each q E K, q is not a subsea .
limit

of Cpn) so by theorem in class ( not in book)
there is req) to such that

{ n t IN ! Pne Br
q, (g) Z

is finite
.

The sets Brqolqd , qe K , one open and
cover K . Since K is compact, there are

n

q , qz,
i r

; qmtk with K E If Bragi , Cgi .
Set U = It

, Brig, Cgi) .
Then U is open

oud U Z K . Finally ,

En E IN : pne UBS = ¥
,

{ n e IN : Pne Brcqglq:B

which is finite I
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2
.

Let (andnew be seq . of positive real numbers
such that Eman converges . Prove that

I,µ 2 an
'

converges .

PI : Since Ean converges, we have an → O .

So there is N with An ± N Ian -ok Ya
,hence b- n ± N OE an t Yz

.

It follows that
Zan's an for all n ± N . Therefore I 2aid
converges by comparison (for n± Nd with Ean I

3 . Suppose Csn) new
,

Ctn) new are seq 's of real
numbers with the IN Sh Itn . Prove

lineup Sn E thingy tn
(This is Theorem 3.19 )

Pt : This is trivial of lihnzuptn = too or they Sn = - on .
So assume HEE tht too and HASH Sn F - oo .

By Theorem 3.17 lad there is subseq (sn .

. ) with

Sni→ lineup Sn . Consider any y e
IR with y

> than Pt n .

By Thomas 3.1760 there is N with the N t . ty .

Pick m with ti ± m ni EN . Then for all i ±m we have

Sni Etni
'

y , meaning Sn ;
E too

, y.
I

. By Theorem 3.36J ( lecture- only)

lineup sn = info Sn ; E too , y 't , so linkup Sn Ey ,

since y
> tin?%up tn was arbitrary, we conclude lmfaoo Sn E lingers tn . I



Lecture 22 Nov 30
45

HW 8 due Friday
Read : If f : E → Y where E EX and (X

,
dx)

and CY
, dy) are metric spaces, then for p e E

'

and qey the statement tiffs few = q means
the >O IS TO the E Oadxlx

,
pts ⇒ dy Han, q) EE

Define : let LX
,
IxD LY

,dy) be metric spaces
,

E E X
,

and f : E → Y. We say
f is cont.nuous.at#eE if

HE 70 IS >0 theE dxlx,pks ⇒ dy (fan, fcp)EE
If f- is continuous at every PEE then we say

f

is continuator (or continuous ) .

Thm4I : If p e E IE
' ther

every function
f : E→ Y

is continuous at p . If p E E N E
' ther f : E -x Y

is continuous at p iff ¥fp fad = ftp) .

Pt : If p e ELE
' then there is 8>0 with

Bs ( p ) n E =3 p} . So for all X E E

dxlx
, p
)as ⇒ x - p ⇒ fat ftp.0 ⇒ dy Gao,fcpD=O.

So this 8 works for all Exo
.

The second statement is immediate from
definitions, I



96

Thm4 Suppose CX
,
dxD CY

, dy), (I .dz ) are
metric spaces , Ex

E X
, Ey EY , f

: Ex → Ey ,
g

: Ey -4 I . Define h : E → I by h Lpd = g Acpo .
If f is continuous at p and g is continuous at
ftp.0 ther h is continuous at p .

Pt: let exo . Since g is cont. at Hpd , there
is r >0 with

Hye Ey dy ly , ftp.Dtr ⇒ dzlglyd, gtfcpo) ) ee .

Since f is cont . at p , there is s >o with
txt Ex dxlx

,pots ⇒ dy (fix, fcpDar.
It follows that 440 him

the Ex dxlx
, p )as ⇒ dzlglfexod, glflp#E

.

we conclude his contr at p . e

Q
,

r- ball

P

f g
X Y I
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Note: The property of continuity of f : E → Ydoes not depend in any way on
XIE

.

It is therefore convenient to take the
domain of f as the entire metric space .

Thm4.8_: f : X → Y is continuous (on X) iff
f
- ' LV) is open for every open set

V E Y
.

PI 's Assume f is cont and let VE Y be open .

Let p E f
- ' LV) . Then f- Lp) EV . Since U is goer

there is e >0 with Belford E V
, meaning

Hy e Y dy ly, ftp.DSE ⇒ y EV .

Since f- cont
.
there is 870 with

Ux ex dxlx ,pas ⇒ dy Gao, Gpo) - e .

It follows that f ( Bg Cpd ) EV , hearing
Bs (p) E f

' ' (V) . Thus f-
' LV) is open .

Now assume 8-
'

LW is open for all opee
VE Y . Fix p e x and let e >O. Set V

-

- Be Alpo) .
Then U is open so f-

' ' (V) is open .

Since p
E f

-

'w) there is 80 with Bs. Cp) E f
- '

Lud
.

So if x EX satisfies dxlx
,pics then

X E Bg (p) E f
' '

(V ) so f-KO E V = Be (ftp.T) and
thus dy (fan, ftp.0.de E .

We conclude f is continuous . II
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Core : f : X → Y is cont . (on X) iff f
- '

(O is closed
for all closed sets C EY .

Pfsketch : This follows from previous theorem
together with duality between open and closedsets and the fact that for all sets Dey

f
' ' (ylD) = X l f ' ' (D)

.

I

The41: If f
,g

: X → e are continuous then so
are ftg , f g , § ( if txt X gKoto)

Pfe At isolated points there is nothing to prove .

At limit points this follows from Theorem 44 and 4.6 II

Thm4④ let fi
,
fan

,

'

; fu " X→ R and define
ft : Xt IRK by IKO = (fi KO, - --

,
feelxD .

Than I
'

is cont
.

⇐ A kick fi is cont .
③ If E

, of :X → IR
"
are cont

.
then so are

Itg' and I
'

•g
'

PI : ④ Follows from Theorems 3.4
,
4.2

,
4.6

④ Follows from Theorems 4.4 and 4.6 II
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HW 8 due Friday
Obe : for ki E k the map from Kk to R giver byI = 44

,

. -

,
xD # Xi is continuous (easy

to check)
.

Thus for ni
,
no
,

"

; nice IN

(X
, ,
Xi

,

- -

g xx ) '→ x
,

"
xd' - -- Xii"

is continuous . So polynomials Phi) = E cm
,
n
,
.

; n.
X
,

"

XE - -- Xi"

(where cm
,
n
. .

. .

; n.
ee are fixed and all but finitely many

are 00 are continuous . Additionally , rationalfunctions Lp
,
Q are polynomialD are continuous

on their domain . Also
,
similar to HW 2 Ch .

I Prob. B

one can show that I txt - ly'll E ki -Y
' l
,
and it

follows from this that the map I e k
"
↳ III

is continuous
.

Define A function f : X→ Y is bounded if there is qEY
and Mto with f CX) E Bµ (q) .

Thm-4.tl : let CX
, dx ) , CY, dy) be metric spaces .

If f : XT Y is continuous and X is compact
then flew is compact .

PI : let § Vo : o EA 3 be an open cover of fCX) . Since
f is continuous, by Thon .

48 each f-
' ' (Va) is open

and X = deaf
- 'Wo )

. Since X is ompet , there are
a

,

"

; on with X -

- it
,

f
- ' (Void

.

Then we have
f- LX) = fit

,

f
' '

w = f tf ' 'NoiDE Voi
'We conclude FAO is compact . I
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Thm4 : If f : X → IR" is continuous and X
is compact ther f CX) is closed and bounded.

Pfl Follows from previous theorem and
Hei none - Boral Thm 2.41 If

Thine : Suppose (X, dx) is cm pot metric space
and f : X → IR is continuous . Set
M = EYE fair sup HH ,

m = ixnf fad
.

= inf f CX)
Then there are p, qex with Hpd = Nl , f Cq) = m .

PI! f-CX) is closed and banded by previous theorem ,

so M
,
m E f CX) a

Obs " This means that f achieves its maximum Imhimum .

Thm.4.LI : let LX,Ox), LY,dy ) be metric spaces and
let f : X→Y. If X is compact and if f is a
continuous bijection then f- ' : Y→ X is continuous.

PI: since I ' ' ) - '

= f
,
the corollary to Theorem 4.8

tells us that
f-
' '
is continuous # f- (c) is closed for all closed

sets C EX .

leet CE X be closed
.
Then C is compact , so by

Thm 4.14 FCC ) is compact , hence FCC) is
closed. Thus f

' '

is continuous . II
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Detn : Let LX, dad, LY,dy ) be metric spaces and
let f :X → Y. We say

f isuniformkyconthuous-ifV-e.TOIS>0 Vx
, ,xz
EX dxlx

,
xDKS⇒ dy Han,fixate

Obe ! f being continuous means that if we fix E >0

then for
every x.

e- X we can find Sx
,

(depending on xD
with

ttxz EX dxlx
, ,
xD< 8×

,

⇒ dy (fan,fixe))CE
'

But with only continuity it may be that int { Sx ,
:X

,
ex3=0

.

Uniform continuity means there is a fixed 840that works for all x , EX simultaneously .

Thm49 : let CX, dxd.LY, dy) be metric spaces
and let f :X→Y. If f is continuous and X
is compact then f is uniformly continuous .

Pd: let ETO . Since f is continuous
,
for each PEX

we can pick Sp >O with
HqEX dxlp,q) - sp

⇒ dy (ftp.flqldce/z
Set Up = BE Sp (p) .
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Claim : If qe Up , XEX and dxlx, q) x Esp ther
dy Gtx,Hq)) - E

pfafd-a.im : since qe Vp (meaning dxlp ,g) aEsp)
and dxlx,g) a# Sp , we have dxlp, x) t Sp (by triangle
and dxlp, g) eEsp t Sp . So inequality

dy (ftp.flqDEE/zdyGcpDfCxDs%
and by triangle inequality dy Algo , fats E Ekland

{Up "

p EX 3 is an open cower of X
,
so by compactness

there are p . ,

- ri

, pn
with X -- E

. Vpi .

Set 8=4 min (Sp , ,

in

, Spn) .
Consider x , ,xa EX earth dxlx . ,

xD - 8 .

Sma X = Vpi
,
there is Kien with

X
,
E Vpi .

Now Claim implies

dy¥, fixed) CE . I
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HW 8 due today
Email me by tomorrow if you can't take Final Exam at these times :

•

Tuesday Dec 15 11:30AM- 2:30 PM
• Tuesday Dec 15 11:30 PM - Wednesday Dec 16 2:30AM

Thm-4.IO : bet E E R be non-compact . Then
④ If : E→ IR f is cont

.
but not bounded

⑤ If : E→ R f is cont
.
and bounded but has no maximum

If additionally E is bounded then⑥ If i E -4 R f is cont
.

but not uniformly cont.
PI : Assume E is banded

. By Heine -Borel theorem
E is not closed so there is Xo E E

'

IE .

For ④ and ⑤ set fan = ¥x
.

for X E E
.

Claim : f is not bounded LAO)
let MYO .

Since Xo E E
'

we can find XEE
with Ho-xk# .

For this x we have
IfKol = ¥* ,

t M
.

Thus f is not bounded.

Claim : f is not uniformly cont. ⑥
let E,8>0 . First pick any p

s
.t.pe F- and Ip- xok%

.

Since f is not bounded on lxo- 92
,
Xot%)ME

,

we can find qe E with Iq- Xo k % aid

Iflq) I > IfCpl tE. Then
I p
- qt ± Ip -x. It Ho-qKS but

I fig , - fl pl I ± If I - Ifcpf x E . Thus f not
unit

.

cont
.
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For BO set g Cx)
= itCx

Claim !

g is bounded andV-xeEgcxklbwtsxefpglx0-l.C@Cleal.yf x EE Ot g4k I and g is bounded.
let ETO . Pick x EE with

Ix - x. Is WITI
.

For this x

SG ) = s
> ,t¥Tz = I - E

Thus 9¥¥ glad =L .

Now assume E is not bounded.
For ④ set had = x for x EE
For ③ set sGO = Ife for X EE

claim : s is bounded aid theE skirt and EYE save 1

Its deer that theE Oak l aid s is bounded.
lot E > O . PickXEE.si/-rlxlxrVe

I - q
- I

For this x
,

suo = = Gh t D
' '

> I - e

Thus sxy.pe SUV
=L

. I
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Obs: ⑨ is not true if boundedness is not assumed .

Exe: Tt is non- compact but every function
f : It IR is uniformly continuous .

Exe: Define f : C- I
,
OI U Cl

, 2I → Eo, 27 by few = txt .
Then f is a continuous bijection but f

- l

is not continuous .
few
- 2 Ooo

O - I ••

( oooo l l X
- l l L

Think : let LX
, dad

,

CY
, dy) bae metric spaces,

and f :X → Y . If E EX is connected and
f is continuous then HE) is connected .

Pfe : Suppose HE) is not connected . Say A, B E Y
are nonempty separated and AUB = HEO .

Set G e f
- ' (A) ME

,
H = f- ' (BONE

. Then
E = Gi UH and Gi

,
H are nonempty .

Since AEI
,
we have GE f

- ' EA) .

Sma f is cont
,

f-
' '

EA ) is closed so E E f
- 'CA ) .

Therefore
I n H E f

' 'GI) n f
' '

(B) = f
- ' GI n B) = f

' '

(O) =¢
So GT n H =D . Similarly , GNI =0 .

Thus G , H are separated and E is not connected . I
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Them 4.23 (Intermediate Value Theorem)
-

"

Let f : Ca , b't → R be continuous . If fleeJef(b)
(or Hbk flow) and CE IR satisfied
Glade Cafta (or flbohcaflao) thee there
is X E la

,
b) with fate .

PI: [a,bI is connected Cthm . 2.4T) and
so by previous theorem fka, bad is connected
since fled

,
f-(b) c- f-(Egba) and flak ccHD,

Theorem 2.47 implies that cEf(Cqb7) .
I

Oba. Converse is false .
Exe : f : Rt IR few = { sin 440 if xto0 otherwise
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HW 9 due Friday
Final Exam at two times :

•

Tuesday Dec . 15 11:30 AM - 2:30 PM
•

Tuesday Dec .
15 11:30 PM - Wednesday Dec .

16 2:30AM

Defy : If f is not continuous at x and x is
in the domain of f we say that

f is discontinuous

Deth : suppose f is a real- valued function defined
on La

,
bud

.

• For aEx a b we write f-txt ) = q or fifty fttfq if
HE >O IS TO htt e Cx

,
xts) Hlf) -qKE
E la

,
b)

• For a ex Eb we write flex-f- q or ¥F×
- f(f) = q if

HE >O IS >o ft e (x-S, xd tf Ltu) - q KE
E la

,
bi

Obs : These definitions are equivalent to ones stated
using limits of sequences just as in Theorem 42.

Obe: ¥f× f- Lt ) exists iff ftxt ) -- fCx-O and when
this occurs ¥71 fad is equal to f- txt) = fu-0

Defy If f is discontinuous at x and both f-txt) and Had
exist then we say f has a discontinuityofthelstkindat#
or srmplediscomtinuitya .

Otherwise
,

the discontinuity is said to be of the zndkid



both f txt ) and flew exist and
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robes: simple discontinuity if either f txt) * f Cx-o
or ftxt ) = f Cx- ) but fcx.FI fix to --f Cx - )

EI ' . • few = I 1 if x EQ
0 otherwise

has discontinuity of 2nd kind at all points
since flx - ) and fat ) don't exist

• f Cx) = § × if x c.
0 otherwise

f is cont
.
at x -- o

, discontinuity of 2nd kind
at all other points

•

fan = {¥3 if -35¥ EF f : E3, II → le
Xt2 if OE x El

f- is continuous on E3, III {03

simple discontinuity at 0(assume we know what sin is and its properties)
• few = { sin txt ) is x to

0 otherwise
f- is continuous on IRL {03

Discontinuity of 2nd kind at O

Det : A function f : Ca, b) → k is monotone increasing
' ti
-

I

wherever atxt ya b we have f-WE fly) .

Similarly f is monotowedecreas.mg ifwhenever at x eyeb we have Hw ± fly)
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Thm4.29_ Let f : Ca,b)→ IR be monotone increasing .

Then for
every x

e la
,
D
,
flex - O and fix to exist and

aEff× Ht) = flex-IE fKOE fait = xintfb Ht.
Furthermore

,
if a xxx ye b then f txt) E fly -l .

Obs ! Similar property holds when f monotone decreasing
Pfe : { Ht) : at t t x3 is bounded above by f GD.
So A = aEYI× f- Ltd exists and AE fad .

Fix E >o . Since A-E is not an upper bound
to {Ht : act ex 3

,
there is Sto with

A- E t f (x -8) E A .
So for any t c- (x

-8
,
xD

A -q - f (x -s) E flt) EA so If Lto -AKE
.

Thus flex - I = A . A similar argument shows
f txt) = x'

'

Iffy f-H) and fat) If

Now suppose a txt y
t b

. Pick any
c with

x acey . Then
fat I = x'Iffb f Ltd E fled ⇐ Saff, Ht)

= fly -) II

Code Monotone functions have no discontinuities
of the 2nd kind

.
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Thm430_ If f is monotone on ↳D then
it only has countably many discontinuities on La,Wu
PI! Say f is increasing . Let E be set of
discontinuities in Ca

,
D .

For each X GE

pick rW E Q satisfying f CX- ) t rG) < fat .

Then r : E → Q is an injection because
if x , xxz then by previous theorem

rlx
,f- f-(x , t) Eflxz-J - rGD

so rlx
,
) tr (xD.

Since Q is cntbl it
follows E is cntbl II

Exe : Given any
cntbl set E E la

,
b) there is a

monotone increasing function f : Cee
,
b) → 112 such

that E is the set of discontinuities of f
.

More explanation next time . . -
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Lecture 26 Dec 9
HW 9 due Friday

Final Exam at two times :
•

Tuesday Dec . 15 11:30 AM - 2:30 PM
•

Tuesday Dec .
15 11:30 PM - Wednesday Dec .

16 2:30AM

Exe : Given any
countable set E E la

,
b) there is a

monotone increasing function f
: Ca

,
b) → IR such that

E is the set of discontinuities of f
.

Say E
= { e

, ,
ez
,
ez
,

-
- - 3g

.

Fix
seq

Con) of positive
real numbers with E. on convergent . Define for xEla, lad
I

×

= { n : en x x }
If = { n s en E x3

Define f exo = ¥, on (this converges because ¥7 c. way¥%efqJ
Then ① f is mono . increasing
② f Cent ) - fCen - I = on >O

③ f is cont . on Ca
,
b)LE

① holds since xx t ⇒ Ix E It ⇒ few E fft )
For ② and ③ it suffices to show that for all x e la

,
b)

fly- I = flu and fitf- ¥¥ Cn

since then f le
,

- flex -Diffie, Ie?
= c "

and for He,DIE we have I × = Text

and thus f (x -J -- feet ) so f is cont. at X



112

We want to show that for x e Ca, bad
flex- ) = fad and fat) = on

Note that when tax
It
,
x ) n Eee , ,

ez
,

"

; em3=0
⇒ Hei EN dit t ⇒ eia x)
⇒ IN It C- Kent , , 4*21 " 23
⇒ o⇐ few -Ht ⇐ n¥µ on

And when x at

(x
,

t ) h see
, , ez ,

-

; en,3=0
⇒ t kiEN Cei Ex ⇒ e ; at)
⇒ ItIII C- Scent , entz,

- Z
⇒ OE HH - on ⇐ En "

So given 970 and X E Ca,b) pick N with

¥x, Cn
k E and choose 8 TO small enough so

that Cx - S, x ) and Cx
,
Xts) are disjoint

with Gee
, ,
ez

,

- -

,
er, } . Above observations show

t E G- S
,
x) ⇒ If Lto - fa ) ( s E

t e Cx
,
XtS) ⇒ Htt) - c. KE

.

This flex- O = few oud fat) = FEI,
on

.
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Read : A set U E IR is a neighborhood of
X E IR if U is open and X E U .

Defy : A neighborhood of too is a set of the
form (Nl

,
too)

,
M E IR

.

A neighborhood of -o is a set of the
form Goo

,
NO

,
MEIR

Defoe : let E E R and f ! E → IR . For x, y E R U Eos, too}

we write ¥7x f-Lto = y or flit
→
y as t

→ x is :

• either x E E '

or E is not bounded above and X = too

or E is not banded below and x = - oo
• and for

every
nbhd V of y there is

a nbhd U of x such that

ft e E x 't tell ⇒Ht EV

Obe: when X
, y E R this notion coincides with

the
definition of limit that we learned before (start of child

Thm4B4_ '

. Let E E IR and let Fg : E → R .

Suppose x
,
A
,
B E RUE - on, too 3

, ¥71 flu - A , ¥7'xgtt=B .
Then ① if I:X Ht -- A ' then A ' =A
② ¥¥f Atg) Lto = A TB
③ Hix tfg) GO = AB
④ ¥Fx Lto = Ag

provided the right - hand side is defined
Got too, O . oo

,
EE
,
¥ are not defined)
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PfSketch :
① . Suppose towards contradiction AtA

'
. Say As A

'

(other case is similar. Then there is r elk

with Atri A ' . Then U = too, r) ad V
'er

,
too)

are nbhdb of A and A
'

respectively . So
there are nbhds U

,
U' of x suck that

ft GE Xt tell ⇒ flu ou

X ft EU
'⇒ felt old!

Unu' is nbhd of X so we can find
to E with x et e Unu

'

.

Then

fct) EV nu
'

e too, r) n Cr
,
too) =D

,

a contradiction
.
So A = A

'
.

Rest are exercise .
II



Lecture 2T Dec l l
" 5

Hw 9 due today
Final Exam at two times :

•

Tuesday Dec . 15 11:30 AM - 2:30 PM
•

Tuesday Dec .
15 11:30 PM - Wednesday Dec .

16 2:30 AM

Practice finals on canvas page
solutions to practice finals will be released later todayOffice Hours next week :

• Vatsa
'
. Mon

.
9- H AM

• Brandon : Mon . 8- to PM

Review

Material from Ch . 4
(Computing ) limits of functions

Verifying continuity / discontinuityCharacterization of continuity via openNosed sets
connection between continuity and limits
continuity & connectivity, IV T
Conti images of compact sets are compact (%Y%%n Re)
cont

. functions achieve their maxlm in on compact sets
Cort

.
bijechanson em put sets have continuous inverses

cont . functions on compact sots are unit. cont .
Verifying uniform continuity
Types of discontinuities
Discontinuities of monotone functions

Neighborhoods of extended real numbers
Limits at too

limits with value too
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f : X -y y

f- continuoubatp means

the > O IS > 0 HqEX dxlp,g) as ⇒ dy (Hpd,HgDCE
f continuous ( on its domain) means

Apex the >0780 ttq EX dxlp,g) as ⇒ dy (ftp.flqd/cEf-uniformlycanttnuous-means

V-E >0 IS TO V-ptXV-qexdfp.pe#dytf4sbHqDcE
I
.
let f

,g
: RT IR be wife

.
cont

.

(a) Prove ftg is Uni f . cont.

(b) Assume f
, g are bounded . Prove fg is unit . cont .

Assume of A
2 . let A ER be nonempty , bounded above .

Set d -- sup It .
Define f ! EO, too)

→ IR by flu
=

sup Ah too, o
-TI

.

Prove that ¥70 Ht -- o .

3
.
let Cxn )

n +

be seq .

in R satisfying Xp ,

-X
n

± t
.

Prove his,b xn = too .

4 , let ↳Dueµ be
seq .

in R
. Prove LSD has a

sub seq . limit in Rug - oo
,
too3 .

5
.
let Csn) now be bounded seq . in H2

,
and let t EIR.

Prove if the statement " tiffs Sn -- t " is false
then there is a convergent subseq .

boni)
with '

i'Fos Sm. It
.



Assume of All 7

2 . let A ER be nonempty , bounded above .
Set d --Suptt

Define f ! EO, too)
→ IR by flu

-

sup Ah too, o
-TI

.

Prove that ¥70 Ht -- o .

PI : let go .
Sma o- E is not an upper bound to A,

we can fix AEA with a > o- e .

Shoe a IA
,

we have a too .
Then 8 = TO

.

Now suppose to aid It
-old 8 . Then OETLS so

a c- An Goo , o - SII E Antos, o -tf
so felt) = sup An ↳ out? ± a > a -E .

Also 84-0 Er since Anton, a- TI EA .
Thus

Htt -al se .
We conclude fintoflt -- o.

I
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I
.
let f

,g
: RT IR be wife

.
cont

.

(a) Prove ftg is Uni f . cont.

(b) Assume f
, g are banded . Prove fg is unit . cont .

PI" la) . let E >o. Since f, g are unit. cant . there
are Sf , 8g > 0 such that for all x, t EIR

Ix -H - 8£ ⇒ IfW -Sct KEK
k -He 8g ⇒ lglxo -g HOK % .

Set 8 = min (Sf
, 8g) > O . If x, tell satisfyIx- t les ther Ix- tk Sf and Ix -hole 8g

hence

Iftxotglxo - ffttotgttoll
= lfdxo-fttftlgw-gctDIEtfko-fht.lt/g6U-gCtf

< Ez t Ez = E .

Thus f tg is unit
. cant

.
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Ibd. let e >o . Since f
, g are bounded there are

Mf , Mg >0 such that
QXER Had ⇐ Nls

, Igad
⇐ Mg

Sma f
, g unit . cont . there are Sf , 8g .so such that

Ix
,
took

K- H 'Sf ⇒ If exo - ft the guy
Ix-Has

g
⇒ I glxu -gltdk Tue

. .

Set 8 - min ( Sf
, 8g) > O . Then for x

,
t t IR with Ix- tks

we have Iflxoglxd - fttogltof-ffaoglxd-fltdglxdtfttoglxd-fttdglt.IE/fcxo-flt.ollglxoftIfttotlgkd -glad
⇐ Mg Hao -Htt t Me . I g Gd -gltl
← Mg ' fig t Mf - five = E

This fog is wifi cont
. I


