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How to construct IR from Q (as in appendix)

Define. A set a E Q is a cat if :

① 0 to t a
② If pea and go Q , qcp then qto
③ If p Go then I r eo r xp

Intuition : A cat is a set of the form

a = too
,
x) n Q

The construction will identifyx with a

IR will be defined as the set of all cuts .



Question related to Piazza posit

Original:b > , and ocyd , does there
exist real r with bray

bray ⇐ b
- r
> I

Claim : If b > I and y
e IR then I new bn > y

Hintforprouhgda.im# Modify proof of Thm .
I
. 20(a)

For 7 (f)
-

!

Claim : If x. ye R and x ay then b×sbY
(for b > 1)

This is proven in 660



HW 2 # 6 Cd)

If you change the definition to
B Cx) = { bit : te Q

,
tax}

then you can show whey x.ye
RlQ and xtyeQ

tx
, ye IR BK)

; Bly
) E B lxty)

{ I - w : 2e BK)
,

we BAD}

Want to prove
bx . BY = bxty

,

meaning (sup BUD
. (sup Bly)) = sup Blxty)

strategy : check that (sup BUD . (sup Bly))

satisfies the two conditions for being sup Blxtyd
Checky : (sup BGO) . (sup Bly)) is upperband

to Baty) . Hint : Use Blxtyde Btw . Bly)

Cheick : Anything less than (sup BUD . (sup Bly))

is not upperbound to Blxty) .



- continued-

show Blxty) C- Bad . Bly)

consider bt e B. Lxty) .
So t EQ

,
texty

want to find bt ' e BW
,

bite Bly) , titta =t
want to find t .

,
tz EQ

,
t

,
ttz -t

, tix , try
Hint: Since texty we have t

€ think aboutthis



HW 2 #
7 Cab)

in terms(a) Hint : Use the identity -
b
"
- an = ( b -a) (bn - ' tab"'t . . . tan

-2b ta
" -D

when b > I and a - I we have a
" bn

-" '
± I

( 14=0
,

I
,

- n

,
n -D

⑤ Replace the b in Ca) with b"

cheek : when b> I , b
"
> I as well



A, B
E (O

,
too) nonempty bonded above .

Prove ⑤up A)(sup B) = sup { ab : AEA
,
be B}

E : Set - i sup A , B
-

- sup B (exist by his property) .
If aEA and beB then aEo and BE B
so ab e ab E -B (since o

,
B, a,b

So oops is upperbound to sup gab : AoA, be BI .

Notice A¥0 so 7-aEA and a>O
,
thus a ± a > 0

similarly B -o.

Now consider xsoB .

Then xp < o so there is aEA with ft <a .

We have at CB so there is boo B with Ecb .

Hence x cab .

So × is not an upperbowel do Gabe 's AGA
,

beB}
We conclude op

-

-

sup Sab
: AAA
,
beB}



HW 3 Problem A

X = { f : IN → IN l f is injective}
let F E X be countably infinite .

We can write
F = { to

,
f.
,
te

,

- - u ¥
. Inductively define g

: IN→ IN

by setting glad = fo6) tl and once g. lol ,
-

i

; gcn -D
are defined

,
set

gln ) = maxlgko.glD, " ; gln-iffncnD.tl .

It is clear from the induction that ht Ken glnftglk)
(since glad

± glkotl ) . So g is an injection, hence g. EX .

But for
every ne IN we have gln) ± f.Got 1

,
here glad * fnln) and gtfn . So g

EXIF
.

Thus F *X . We conclude X is uncountable . I

S¥Eabof : Define lo : Eo
,
I}
"
→ X by

①(f)G) = Int fend for f : IN→ {0,12g and n c- IN -

cheek : do is an injection .

Then do is bijective with its image 4=040,13") .

We learned Seo
,
BM is uncountable

,
so Y is uncountable

.

Since Y EX
, we

conclude X is uncountable (Thm . 28) II

Notation: Y
×
is the set of all functions f :X→ y



Practice Midterm B #3

Let Y EX be countably infinite .

Then we
can write Y as Y = { Ao

,
Ai
,
Az
,

" B .

Define B E IN by declaring for each NEIN :

@n E B⇐ 2ndAn) and (2nHEB⇐ 2hHEAD
.

Since precisely one of 2n , Intl are in Ah but not
both

,
we have that precisely one of 2n , 2nA

are in B but not both
.
This holds for every newso BE X . But for every

ne IN we have
B. * An since 2n is an element of preciselyone of the sets B, An .

Since the 1N BE An
,

we have BEY , meaning Be XY .

Thus Y FX . We conclude that X is uncountable
.

I



Ch . 3
#
8

.
Assume Ian converges, Cbn) mono

.
and boarded.

Prove Eanbn converges

PI Since Cbn) is mono
.

& bounded
,
it converges to

some BER .
Notice Eanbn converges iff

Ean C-bad converges .
So by replacing Cbn) with tbh

if
necessary , we can assume Cbn) is mono. decreasing .

Set bi -- b
.

- B . Then bo
'
'
- bi ± . . - Eo

,
him
.
bio.

Since Ean converges, its partial sums are bounded .

By Thin .

3.42
,
E anbi converges.

Also Ean p converges to p . Eam
.

Ghan 3.4T)
since an bn = anbn't amp , it follows that
Ear bn converges to Eanbn't BE an .

I



Pfe : Set An = E.oak for n±o, set A -1=0 .

Since Ean converges,
the partial Suns Ah are bounded .

So there is NITO with Un tank M .

let E >O. Since Cbn) is mono. & banded, it converges
hence is Caeadany .

So there is N
.
with

Ibn - bm I e 43M for all men ± N
. Say tiffs Kon ' b

,

and Ian = A = LIFE An
. By Theorem 3.3 .An bn → Ab and An

- ibn → Ab .
So there are

Nz with l Anton - Able 43 for all n ± Nz and
Nz with 1 An

- ibn - Able 43 for all n ± Ns
.

So wherever m in ± max (Ni
,
Nz
,
Ns) we have

akbiaf = An Ibn - ban ) t An bin - Am bn /
± EE HH - Ibn- tonal t I Ambm - Am

,
bn I

< M . Ibn - but
, 1) tf Ambon- An - , but

= M . Ibn - bnl t I Ambm - An
- ibn l

e Es t I Anbm - Ab Itt Ab - An - ibn l
< Eg t Es t I = E .

Thus Earnbn converges by Cauchy criterion .

I



HW T Problem B .

Ean converges absolutely
⇒ f banded Cbn) Ean bn converges

pfof Define

bn = § ' if an Zo
-I if an <0

Then In anbn = Ian l .

The seq
(bad as banded so by assumption

Eanbn = Elan l converges. Thus Ear

converges absolutely .
II

W¥iFak banded seq's Cbd prove that
Ianbn converges ⇒ Ear converges absolutely .



Musings on series in other fields (not related to our course)

5- It 2 t 4 t 8 t -
- i E IR

2St I = S
S = - l False

S = I t 2 t 4 t 8 t -
u . E F (F some field)

Supposing F has a "nice " notion of
convergence and assuming the series
converges then it is true that

25 t I = S

so S = - I
*additive inverse of

multiplicative identity in F .

Say 2
"
-

- O (in F) . Then

S = It 2T 4+8 t -
- it 2

" '
= 2

"
- I = - I


