UNIFORM CONVERGENCE AND INTEGRATION: A
COUNTER-EXAMPLE

This note is motivated by the question: if «,, converges uniformly to « on [a, ]

is it true that f; fda =1lim, f; f day,? We construct an example showing the
answer is negative, in contrast to Theorem 7.16 in Rudin’s book. Specifically, we
prove the following.

Lemma 0.1. There exists a sequence of monotone increasing functions a, : [0,1] —

R that converge uniformly on [0,1] to a monotone increasing function o : [0,1] — R
and there exists a function f : [0,1] — R such that f is integrable on [0,1] with
respect to o, for every n and fol f day, = 0 but f is not integrable on [0, 1] with

respect to a.

The construction of these functions is a bit long and technical. The basic idea
is that f will be 0 everywhere outside the Cantor set £ and will be discontinuous
at every point of F, and for every n the function «, will be such that F can be
covered with a finite number of intervals where the total cumulative change of o,
on these intervals can be made arbitrarily small, while the same will not be true
of a. Each function «, will be piecewise linear, and we will adjust «,, to obtain
an+1 by increasing the rate of change of o, on a collection of intervals covering F
(as n grows these intervals will have smaller width but be more numerous). The
remainder of this note is devoted to providing a careful proof of the above fact.

Set To = {0}, inductively define Tp,41 = {3k : k € T,} U {3k +2: k € T, }, and
set T'= U, en Tn-

Lemma 0.2. |T,,| =2" and TN {0,1,...,3"} =T,.

Proof. Since T,, consists of integers, the sets {3k : k € T,,} and {3k +2: k € T},}
are disjoint and each has cardinality |T},|. So |T+1| = 2|T5|. Additionally, |Ty| =
1 =29 So it follows from induction that |T,| = 2" for every n.

It suffices to show by induction that TN {0,1,...,3"} C T, € {0,1,...,3" —1}.

The base case n = 0 is clear. So assume this is true for n. Then

Thi1 €{0,1,...,3- (3" —=1)+2} Cc{0,1,...,3" "t —1}.
Additionally, if ¢ € T'N {0,1,...,3"* !} then either t = 0 € Ty C T, 11 or else
by definition of T' there is ¢ € T with t € {3¢/,3t' + 2}. It follows that ¢ €

Tn{0,1,...,3"}, so by our inductive assumption ¢’ € T,, and therefore ¢t € T, 1.
This completes the inductive step. ([l

Let E denote the Cantor set. Recall that £ = ﬂff:o E, where the E,’s are
defined inductively as follows: Ey = [0, 1], in general F,, is a finite union of pairwise
disjoint intervals, and E,, i is obtained from E,, by removing the middle-third of
each those intervals.

Lemma 0.3. For everyn >0

- U [k zm] wd B\ Evn = | <k+1/3’/<:+2/3>.

an’ n n n
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Proof. When n = 0 we have T, = {0} so UkeTn[%,%] = [0,1] = Ey. Now
inductively assume that F, = UkeTn[ﬁ, k;;l]. Since E, 11 is obtained from F,
by removing the middle-third of each of the above intervals, we see E, \ E,11 =

UkeTn(kﬂ/zz k+2/3) and

3’", b 37L
k k+1/3] [k+2/3 k+1
En = an’? )
e [ ] [ )
kETy
B 3k 3k+1] [3k+2 3k+3
- U 3n+1’ 3n+1 3n+1 ’ 3n+1
kETy
B KooK +1
o U 3n+1’ gn+l
k'€{3k:keT,, YU{3k+2:keT,}
K kE+1
Sy ) ;
3n+1 3n+1
k'€Tnt1

Fix an € € (0,1). For t € T and = € [0, 1] define

1.z if z € [0,1/3]

24e€
Be(t+a)=42-375(05—x) ifxe(1/3,2/3)
(- 1) if z € [2/3,1]

and set Be(y) =0 for all y € [0,+00) \{t+2:t €T, z€[0,1]}.

Lemma 0.4. Let m > 0 and k € T,,. Then the function B(3"x) has constant
value 0 for x € (k+1/3 k+2/3

) when n > m and has 0 net change on the interval

3m b 3m
[3%, %] when n > m.
Proof. If x € (kgii/g, k'gii/‘?) then by Lemma x € Ep \ Eppyr C [0,1]\ E,.

On the other hand, if 8.(3"x) # 0 then there is k¥’ € T with 3"z € [k, k' + 1],

hence z € [é%, k;;fl] and k' < 3"z < 3". Therefore k' € T, by Lemma and
z € E, by Lemma [0.3] This proves the first claim. Finally, the last claim holds

since 3" - 3k =3"""k eT and 3" - ]?'1 is 1 plus

3T 43T — 1 =3k 43" 243724 43242
—33(--(33k+2)+2)---+2)+2)+2€T. 0
Lemma 0.5. Let ¢ : [0,1] — R be a linear increasing function with net change
A= ¢(1)—¢(0). Then the function ¢p(x)+ - Bc(x) also increases by A on [0,1] and
is linear on each of the intervals [0,1/3], [1/3,2/3], [2/3,1]. Moreover, it increases
by A(2+€) ! on each of the intervals [0,1/3] and [2/3,1] and increases by Ae(2+¢€) ™1
on the interval [1/3,2/3].

Proof. Since ¢ is linear we deduce from the point-slope formula that
d(x) = ¢(0) + Az = ¢(1) + Mz — 1) = ¢(0.5) + A(z — 0.5)
for all z € [0,1]. So for z € [0,1/3] we have

1—¢€ 3

gzﬁ(:c)—&-)\-ﬁe(:v):(b(O)—I—)\m—&-)\-2+6~m:¢(0)+)\-2+6

~l‘,
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implying an increase by A\(2+ €)~! on [0,1/3]. Similarly, for z € [2/3, 1] we have

—€
2+

¢(x) + X fe(x) = (1) + Az —1) + A~ (z=1)=9¢(1)+A- (-1,

2+ €
implying an increase by A\(2 +¢€)~! on [2/3,1]. Lastly, for z € [1/3,2/3
plymg y s Ys s

3e
d(x)+ A Be(x) = ¢(0.5)+ Nz — O5)+2)\T (0.5—2x) = ¢(0.5)+>\-2—+€~(x—0.5),

implying an increase by Ae(2 + €)1 on [1/3,2/3]. O
plymg y ,

For n > 1 choose ¢, > 0 small enough that 2(2 +¢,)"' > 272", For z € [0, 1]
define

o0

k—1
—l‘—f—z (H 2+¢€)” > .ﬁ€k<3k_1m)

and let o, be the n'" partial sum

—x"‘rzn: (H 2+€’ > 'Bﬁk(Sk_lx)'

Lemma 0.6. Let n > 0. The interval [0,1] is the union of the pairwise disjoint
intervals

k k1
3n’ 3

1 2
} (k€ Ty,) and (kgm/?;’k—gm/S) (0<m<n, keTy).

The function o, is monotone increasing and is linear on each of the above intervals.

Moreover, o, increases by [[;—,(2 + &)~ on each of the intervals [3%, %], k€
1 k+1/3 k+2/3

3m b 3m )7

T,, and increases by €y, - [[1=1(2 + €)™ on each of the intervals (

0<m<mn, kel,.
Proof. We have
(Eo\ E1)U(E1\ E2)U---U(Ep_1 \ En)UE, = Ey =[0,1],

with the sets appearing in the above union disjoint with one another. By Lemma
E, is the union of the disjoint intervals [ EEL] for k € T),, and for each m < n

371 b 371
the set E,, \ Ep,1 is the union of the disjoint intervals (k'g}n/?’, k+2/3) for k € T,,.

This proves the first claim.

We prove the remaining claims by induction. First consider the base case n = 1.
The function ¢(z) = z increases by A =1 on [0,1], so by Lemma [0.5] a1 (z) = x +
Be, (x) is linear on each interval [0,1/3], [1/3,2/3], [2/3, 1], increases by (2+€)"on
each of the intervals [0,1/3] and [2/3, 1], and increases by €;(2+4¢1) ! on (1/3,2/3).

Now inductively assume that a,, increases by []_,(2 + ¢;)~! on each of the
intervals [+, &t1] k€ T),, increases by €, - [}~ (2+¢;) ™" on each of the intervals

3’!17 3’!1
(ngi/s’ kg,zn/‘g), 0 <m < n, k €Ty, and is moreover linear on each of these

intervals.
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Consider an interval [4%,%ELl] where k € T,. For u € [0,1] define ¢(u) =

o (EE2). Then ¢ is linear and increases by []'_; (2 +¢;)~* on [0, 1]. Notice that

k+u k+u - _ . k+u
Qnt1 (371) =an ( 30 ) + (H(Z + €;) 1) Bepia <3 T )
i=1

n

= o(u) + (H(2 + 6i)‘1> Bensr (b +u)

= $(u) + <H<2 + >> Benin (1),
i=1

where the final equalitﬁ)lds since k € T'. By combining the final line of the above

equation with Lemma [0.5] we find that c,;, increases by [/ (24 €)~" on each

. E+1/3 k+2/3
of the intervals (A) [, 52) = [3kr, %51 and (B) [E5208, k41] — (3642, 3e23)
increases by €,41 H?:ll(Q + €)' on (C) [kg}/?’, k‘;i/?’], and is linear on each of
these intervals. Notice that the intervals (A) and (B) just described, as k € T,

P o s ith the i Is 1% K +1 L P
varies, coincide with the intervals [335r, §7rr] as &’ € Ty41 varies (by Lemma [0.3),

k+1/3 k+2/3
T3m T 3m )

and the intervals (C), as k € T,, varies, coincide with the intervals (
as k € T, varies with m=n <n+ 1.

Next consider an interval (k'g,ln/ 3, k’gf/ 3) where k£ € T,, and m < n. By our
inductive hypothesis a, is linear on this interval and increases by €, [/~ (2+¢€;) "
on this interval. Since Lemma tells us e, ., (3"x) = 0 for all & in this interval,
it follows that «,41 is equal to «,, on this interval. Therefore a,,41 is linear on
(kgi/?’, k'gi?nm) and increases by €, - [[/~,(2 + €)' on this interval.

By induction, we conclude that the claim holds for all n. (]

Lemma 0.7. The functions (o) converge uniformly to o on [0, +00).

Proof. Notice that for every x > 0
e 1

1-— <1
24+¢ 3 2

|Be()| <

W =

So uniform convergence follows from the Weierstrass M-test (Theorem 7.10) since
> he. 3 3¢ converges and

k—1
|<H<2 + >> B (3 a)

=1

1

1
—(k—1 k—1
<2=*=1i8 (3 x)|§§ o 0

Corollary 0.8. « is monotone increasing and for every m > 0 and k € T,, we

have
(5) () feror

=1

Proof. Lemma [0.6] tells us that each «, is monotone increasing. So if y > z then
o (y) —a (z) > 0 for every n and a(y) —a(z) = lim, o0 (n (y) —an(x)) > 0. Thus
o is monotone increasing. Next, from Lemma [0.6| we obtain a,( ]“3+1) - am(%) =
[T",(2+€)7!, and Lemma implies that 3, (3"~!- &ty — g, (3"71. ) =0

k
3m
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for all n > m. Consequently, for all n > m

(7)o () o (50 o () o

Taking the limit as n — oo completes the proof. (I
Define f : [0,1] — R by the rule

1 ifInIkel,z=4

fle)=<1 if3nIkeT, z=~EL

0 otherwise.

Notice that £ &L are in the Cantor set E for every n and every k € T,,. Thus

ny 3n

f(x)=0forall z €[0,1]\ E.

Lemma 0.9. For every q > 0, f is integrable on [0,1] with respect to oy and
3 f dag =0.

Proof. By Lemma we can break [0, 1] into a finite number of sub-intervals on
which « is linear. Letting A be the maximum slope among these linear pieces, we
have |ag(z) — ay(y)| < Alz —y| for all 2,y € [0, 1]. Let € > 0 and pick an integer m
with (£)™ < 4. Consider the partition P = {0 = g < 21 < ... < z, = 1} where
n:3mand$i:3%nforallogi§n. Set I ={k+j:keTy, j=-101}
and notice that for 1 <i¢ <n Lemma implies that [z;_1,2;] N E,,, # < i€l.
Since f has constant value 0 on [0, 1]\ E,, C [0,1]\ E, it follows that M; = 0 for all
i€{1,2,...,n}\ I. Additionally, for every 1 < i < mn we have 0 < m; < M; < 1.
So

0<L(P f,aq) SUP fiag) <> Alag); <> A- Az,

icl i€l
For every i we have Az; = 7 and Lemmagives |I| < 3|T,,| = 3-2™. Therefore

1 2\ ™
U(Pvao‘q)§|j|'A'3m3A'<3) <e.

We conclude that f is integrable on [0, 1] with respect to ay and fol fdog=0. 0O
Lemma 0.10. f is not integrable on [0, 1] with respect to «.

Proof. Let P be any partition of [0,1], say P ={0 =2z < 21 < -+ < z,, = 1}.
Let i be the set of indices 1 < i < n satisfying [x;—1,2;] N E # &, and let K be the
compact set given by the union of the intervals [z;_1,x;] for i € {1,2,...,n}\ I.
Then (,,cn(Em NK) = ENK = &, so the Corollary to Theorem 2.36 implies that
there is m with E,, N K = @. In other words, E,, C J;c;[®i—1,x;]. By choosing a
larger m if necessary, we can assume that 3% < min{Axi 1< < n}

If ¢ € I then E,, N [xi—1,2;] 2 EN[x;-1,2;] # &, so by Lemma there is
k € T,, with [Slfn,%] N [xi—1, ;] # 2. Since 3% < Ax;, we have either 3% or
% lies in [z;_1,2;]. So f attains a value of 1 somewhere on [z;_1,2;] and thus
M; =1 for every i € I. Therefore U(P, f,a) > 3 ,.; A(a);. On the other hand,
for every 1 < i < n the set [z;_1,z;] is uncountable while f has value 1 at only a
countable number of points. So f attains a value of 0 on [z;_1, ;] and m; = 0 for

every 1 <i <mn. Therefore L(P, f,a) = 0.
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From Lemma [0.3] we have
k k+1
U[ﬂ%—l,zi] 2 E, = U |:37rba3m:| :

iel kETy,
Therefore, since « is monotone increasing,

k+1 k
Ala): > A I (L
Saez ¥ a(f) o (5)
el keT,,
and Corollary [0.8 and Lemma [0.2] imply

m

k€T, i=1 i=1

Recalling that we chose ¢; to satisfy 2(2 +¢;)~% > 2_271., we conclude that

m —1i m —1 1
S A); = [[27? =2 xR 27t = 5
el =1

Y o (’“;;1) —a <31;> = Ty - ﬁ(2+ei)—1 =J[2 - @+e)

Therefore U(P, f,a) > 3" ,c; A(a); > 5 while L(P, f,a) = 0. We conclude that f

is not integrable on [0, 1] with respect to a.

O



