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FEATURED REVIEW.
Let K/Q be finite abelian with groupG and admitting a real embeddingϕ:K →R. Let g =

|G|. It is well known that the index of the cyclotomic unitsEK in the unit groupEK ofK equals the
class number ofK. LetAK be the class group ofK, and letBK = EK/EK . A conjecture of Gras
asserts that for any primel - g, thel-parts ofAK andBK have isomorphic Jordan-Ḧolder series as
Zl[G]-modules. Equivalently, one can state the conjecture as|eψAK |= |eψBK | for all irreducible
charactersψ overQl, whereeψ ∈ Zl[G] is the idempotent associated toψ. As R. Greenberg showed
[Nagoya Math. J.67 (1977), 139–158;MR0444614(56 #2964)], Gras’ conjecture follows from
the Main Conjecture of Iwasawa theory. It is therefore no longer a conjecture but rather a corollary
of the theorem of Mazur-Wiles.

Fix an extension ofϕ to the real subfieldK of the abelian closure ofQ. For any number field
F ⊂K, letSF be the set consisting of the Archimedean place ofQ together with the primes that
ramify inF/Q. The restriction ofϕ toF defines a StarkSF -unit εF ∈ F having the property that
F (√εF )/Q is abelian. The groupEK is the intersection withEK of the subgroup ofK× generated

by the elementsε(σ+1)/2
F , σ ∈ Gal(F (√εF )/Q), for F ⊆ K. Since theεF are defined using the

special values ats = 0 of the imprimitiveL-functions ofF/Q, they may be aligned into an
Euler system [K. Rubin, J. Reine Angew. Math.425(1992), 141–154;MR1151317(93d:11117)],
thereby providing an alternative proof (cf. Rubin’s appendix to [S. Lang,Cyclotomic fields I and
II , Combined second edition, Springer, New York, 1990;MR1029028(91c:11001)]) of Gras’
conjecture.

LetK/k be an abelian extension of global fields with groupG, and puteK = |µ(K)|. Given an
integerr ≥ 0, letS be a finite set ofk-places containing any Archimedean places, any places that
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ramify inK/k, and at leastr places that split inK/k. Further, assume|S| ≥ r+ 1. LetT be any
finite set ofk-places disjoint fromS. Forχ ∈ Ĝ, define

(1) LS,T (s, χ) =
∏
v/∈S

(
1−χ(σv) ·Nv−s

)−1 ·
∏
v∈T

(1−χ(σv) ·Nv1−s)

[cf. B. H. Gross, J. Fac. Sci. Univ. Tokyo Sect. IA Math.35 (1988), no. 1, 177–197;MR0931448
(89h:11071)]. Let SK andTK be the sets ofK-places dividingS andT respectively. WhenT =
∅ andw ∈ SK is a distinguished split place, H. M. Stark [Adv. in Math.35 (1980), no. 3, 197–
235; MR0563924(81f:10054)] conjectured the existence of anSK-unit ε = εw ∈ K such that
eK ·L′S,T (0, χ) =−

∑
σ∈G χ(σ) · log |εσ|w for all χ ∈ Ĝ. In casek = Q andw is the Archimedean

place defined by an embeddingϕ:K→R, theεw exist and generate the group of cyclotomic units
in the manner indicated above. Unfortunately, theεw will be trivial wheneverr ≥ 2.

Let v1, v2, · · · , vr ∈ S split in K/k, and assumeT 6= ∅. Refining ideas of Stark [Advances in
Math.7 (1971), 301–343 (1971);MR0289429(44 #6620); Advances in Math.17 (1975), no. 1,
60–92; MR0382194(52 #3082); Advances in Math.22 (1976), no. 1, 64–84;MR0437501
(55 #10427)], Rubin [Ann. Inst. Fourier (Grenoble)46 (1996), no. 1, 33–62; MR1385509
(97d:11174)] formulated a conjecture in number fields that enables one to construct special units
in US,T , theS-units ε in K such thatε ≡ 1 (mod w) for all w ∈ TK . Rubin showed that these
conjectural units can be aligned into Euler systems overk whenk is totally real andr = [k:Q].
The Rubin conjecture has an exact analog in function fields, and Popescu [Compositio Math.116
(1999), no. 3, 321–367;MR1691163(2000m:11115); see the preceding review] recently proved
the conjecture in that context up to primes dividingg = |G|. After defining a regulator mapR:C⊗∧r

Z[G]US,T →C[G] using ther split placesvi, Popescu showed that there is a unique element

(2) εS,T ∈ FittZ[G]AS,T ·Z[1/g]⊗
∧

r
Z[G]US,T

such thatχ(R(εS,T )) = lims→0 s
−rLS,T (s, χ) for all χ ∈ Ĝ. Here,AS,T is theS-class group ofK

trivialized alongT . As Rubin [op. cit., 1996] observed, whenk = Q andr = 1, (2) is a form of
Gras’ conjecture.

Given ϕ1, ϕ2, · · · , ϕr−1 ∈ HomZ[G](US,T ,Z[G]), put Φ =
ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕr−1. In the paper under review, Popescu definesΦ:Z[1/g]⊗

∧r
Z[G]US,T →

Z[1/g]⊗US,T by

Φ(u1 ∧ · · · ∧ur) =
∑

1≤i≤r
(−1)i det

k,j
j 6=i

(ϕk(uj)) ·ui.

The elements Φ(εS,T ) as Φ varies generate a subgroup of
Z[1/g] ⊗ US,T . The elements in the intersection of this subgroup withUS,T are analogues
of cyclotomic units. Similar constructs in sub-extensions ofK/k provide a full groupES,T of
special units inUS,T . ThenBS,T := US,T/ES,T is finite and for primesl - g,

(3) |eψAS,T |rψ = |eψBS,T |
for all irreducible charactersψ of G overQl, whererψ is the number of placesv ∈ S whereψ
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is locally trivial, except thatrψ = Card(S)− 1 whenψ = 1G. The exponentrψ appears in (3)
because the prime ideals inSK do not contribute to the class groupAS,T . The proofs do not invoke
Euler systems, as that technique fails whenl equals the characteristic ofk.

The construction of special units in an arbitrary abelian extension of global function fields via
the data encoded in the leading terms of itsL-functions (1) ats = 0 and the demonstration of a
Gras-type connection to the class group provide powerful evidence supporting Stark’s ideas and
Rubin’s conjecture.

Popescu also uses his techniques to give a new derivation of a theorem of S. Bae [Math. Ann.
285(1989), no. 3, 417–445;MR1019711(91g:11130)] that established Chinburg’sΩ3-conjecture
for cyclic extensions of function fields of prime degree.

ReviewedbyDavid R. Hayes
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