STARK’S QUESTION AND A STRONG
FORM OF BRUMER’S CONJECTURE

CRISTIAN D. Poprscu!l

Abstract. We show that a question posed by Stark in 1980, regarding abelian L—
functions of order of vanishing 2 at s = 0, has a negative answer in the case of
characteristic p global fields. We provide links between various versions of Stark’s
question and a strong form of Brumer’s Conjecture, in the general context of global
fields of arbitrary characteristic. As a consequence, we show that the strong form of
Brumer’s Conjecture is in general false for characteristic p global fields.

INTRODUCTION

In [16], Stark developed a remarkable conjecture, interpreting the lowest non—
vanishing derivatives at s = 0 of the (imprimitive) Artin L—functions Lg i (s, Xx)
in terms of values of a Galois—equivariant regulator, defined on a finite dimensional
Q-vector space, constructed out of S—units in K, for any large enough set of primes
S in k. In the 1970s and early 1980s, due to work of Chinburg, Stark and Tate,
it became increasingly clear that, if one manages to replace the Q vector space in
Stark’s general conjecture by a Galois equivariant Z submodule (i.e. formulate a
Stark Conjecture “over Z”), the refined statement obtained this way would have
far reaching applications to Hilbert’s 12th problem and the theory of Multiplicative
Galois Module Structure. In the early 1990s, Rubin showed that a Stark Conjecture
“over Z” for abelian L—functions would provide a new source of Euler Systems. In
the last paper of [16], Stark formulates a conjecture “over Z”, covering the case
of abelian L—functions of order of vanishing 1 at s = 0. As Tate shows in [18,
IV.6], Brumer’s Conjecture can be viewed as a weak form of a particular case of
this statement. In the same year, Stark studied the case of L—functions of order of
vanishing 2 at s = 0. Presumably, due to lack of compelling evidence, the refined
statement at which he arrived in this case was formulated as a question rather than
a conjecture (see [17], [15]).

In this paper, we answer Stark’s Question and, as a consequence, we settle a
strong form of Brumer’s Conjecture, in the case of function fields. The paper is
organized as follows. In §§1-2, we set the notations and state various forms of Stark’s
Question. In §3, we show that a weak form of Stark’s Question, and consequently
Stark’s Question itself, has a negative answer in the case of function fields (see
Theorem 3.3.2). In §4, we state a strong form of Brumer’s Conjecture and provide
links between this statement and various versions of Stark’s Question, for abelian
extensions of global fields of arbitrary characteristic (see Propositions 4.2.1, 4.2.2,
4.2.4). As a consequence, we show that the strong form of Brumer’s Conjecture is
in general false in characteristic p > 0 (see Corollary 4.2.2).

IResearch on this project was partially supported by NSF grant DMS-9801267.
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It is worth mentioning that, recently, Rubin, the present author, as well as
Burns and Flach have formulated versions “over Z” of Stark’s general conjecture,
in the case of abelian L—functions of arbitrary order of vanishing at s = 0 (see
Conjecture B in [14], Conjecture C in [13], and The Equivariant Tamagawa Number
Conjecture in [3], as well as the papers coauthored by Burns and Flach, cited in [3].)
The Equivariant Tamagawa Number Conjecture was recently extended by Burns
to nonabelian Artin L—functions as well (see [2]).

Acknowledgements. I would like to thank Jonathan Sands and David Dummit
for helpful conversations on Stark’s Question, and Victor Kolyvagin for encourage-
ments and helpful conversations on Brumer’s Conjecture.

1. NOTATION

Let K be a global field of arbitrary characteristic. Let ux be the group of roots of
unity in K and wg := |ux/|, the cardinality of ug. For a prime w of K, let K, be
the completion of K at w, and | - |, : Ky — RT U {0} the associated w—absolute
value, normalized so that

+z (the usual absolute value), if K, = R
2w = { 27, if K, =C

(Nw)_ordw(m); if K,, is nonarchimedian.

Above, Nw and ord,,(-) denote respectively the cardinality of the residue field and
the usual (discrete) valuation associated to the finite prime w.

Let us assume now that K/k is a finite, Galois extension of global fields, of Galois
group G := Gal (K/k). Let S be a non—empty, finite set of primes in k, containing
at least all the infinite primes and all the primes which ramify in K/k. Let Sk be
the set of primes in K sitting above primes in S. We will denote by O s the ring of
Sk—integers in K (i.e. the set of elements in K with non-negative valuations at all
primes outside Sk.) Ug,s and Ax, s will denote the group of units and respectively
the ideal-class group associated to the Dedekind domain Og s. Since the set Sx
is closed under the natural action of G on primes in K, Ok s, Uk, s, and Ak g are
endowed with natural structures of left modules over the integral group ring Z [G].

Assume now that K/k is in addition abelian. For every prime v of k, G, will de-
note the decomposition group of w in K /k, for any prime w in K, sitting above v. If
v is unramified in K/k, then G, is cyclic, generated by the Frobenius automorphism
associated to v in G, denoted by o,. Let /(? denote the group of complex—valued,
irreducible characters of G. For every x € G, let e, = 1/|G| >, x(0)-0~! be the
corresponding idempotent in the complex group ring C[G]. To every x € @, and
every set S as above, one can associate the Artin L—function of complex variable s,
with Euler factors at primes in S removed, denoted in what follows by L/ s(s, X)
For a given x and S, Lk/k s(s,x) is the (unique) meromorphic continuation to C

of the infinite Euler product [] (1 — Nov~* - x(0,)) !, which is uniformly and ab-
vEZS

solutely convergent on compact subsets of the half-plane Re(s) > 1. It is well

known that, if x is different from the trivial character 1g of G, then Lg i (s, x)

is holomorphic on the entire complex plane, whereas Lk /i s(s,1¢) is holomorphic

everywhere except for s = 1, where it has a pole of order 1. For fixed K/k, S and
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x as above, let ords—q LK/;%S(S, X) denote the order of vanishing of LK/]%S(S, X) at
s =0. As Tate shows in [18, I], one has

card{v € S|x(G,) ={1}}, if x #1¢

1 ds—oL ,X) =
(1) Ords=0 K/k’S(S X) { card S — 1, if y=1¢.

As in [18], we combine the abelian Artin L—functions into what we call the Stick-
elberger function, defined by

Ok/k,s(s) = Z Lg/k,s(8:X) - ex-1 -
xe@

Ok/k,s(s) is a meromorphic function in s, with values in the group ring C[G],
holomorphic everywhere except for s = 1, where it has a pole of order 1.

2. STARK’S QUESTION

Let K/k be an abelian extension of global fields and S a set of primes in k as in §1.
Let us assume that the set of data (K/k, S) satisfies the following set of hypotheses.

S contains all the infinite primes.

S contains all the primes which ramify in K/k.

S contains at least 2 primes which split completely in K/k.
card S > 3.

(H)

Let us notice that, according to (1), hypotheses (H) imply that, for all x € CAT’,
ords—o Lg/k,s(5,x) > 2, and therefore

O k,s(0) = lim ™ - O ()

makes sense as an element of C[G].

Let us choose a pair V' = (v, v2) of distinct primes in S, which split completely
in K/k, and let us fix W = (wq,ws), where w; is a prime in K sitting above v,
for all i = 1,2. For every Z [G]-module M, let AZM denote its 2-nd exterior
power over Z[G]. If R is a commutative ring, let RM := R ®z M, viewed as an
R [G]-module in the usual manner. As in [13], one can define a C [G]-equivariant
regulator map

C AL Uks ™ Cla),

by letting Ry (u1 A ug) = 1<(%93_t<2 (— > log [u|we -a), for uq,us € Ugk,g, and
=hJ= oelG

then extending to C AZ U, s by C-linearity.

Following Tangedal [19], Grant [9], and Sands [15], we will now state Stark’s
Question for abelian L—functions of order of vanishing 2 at s = 0. We state Stark’s
Question in a Galois—equivariant form, in the spirit of the more general Conjectures
B (see [14]) and C (see [13]) , which deal with abelian L—functions of arbitrary order
of vanishing at s = 0.
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Question A (Stark, 1980). Assume that the set of data (K/k,S) satisfies hy-
potheses (H). For V. and W chosen as above, are there S-units u1 and us in Ug,s,
such that the following conditions are simultaneously satisfied ?

(1) O),5(0) = (1/wxc)” - Bow (11 A ).
(2) The fields K (Ui/wK> and K (u;/w’() are equal and are Galois, abelian
extensions of k.

Remarks. I. The reader will notice that our formulation of Stark’s Question im-
poses fewer conditions on the S units u; and us than those appearing in [19], [9]
and [15]. Namely, we are eliminating the following condition.

(3) For each o € G, the conjugate uf generates the same fractional ideal in K
as w1, and ug generates the same fractional ideal as us.

We chose to eliminate this condition, firstly, because this particular requirement on
u1 and uy has been subject to change over the years, secondly, because, as Sands
notes in [15], at least as it stands, it is too strong to be expected to be true in
general, and thirdly, because in this paper we will only be concerned with
the most important condition (1) in the statement of Stark’s Question.

II. In [17], Stark only formulates the above question in the particular case where
k is a real quadratic number field and v; and vs are the two infinite primes in
k. Later, Stark indicated that the original statement should be extended to the
general situation described in this paper (see [9]), at least in the characteristic 0
situation. The extension to global fields of arbitrary characteristic is very natural
and in line with the general philosophy of Stark’s Conjectures displayed in [2],[3],
[13], [14], and [18].

ITI. The main theoretical evidence in support of an affirmative answer to Question
A comes from work of Tangedal [19], who shows that units u; and ws satisfying
conditions (1)—(3) do exist indeed, if k is a real quadratic field, v; and vy are the
infinite primes of k, K/k is a quadratic extension, and card S > 3. A theoretical
link between Question A and the more general Conjecture C was provided by Sands
in [15, Theorem 5.2]. Numerical evidence in support of an affirmative answer to
Question A comes mainly from work of Grant [9] and Sands [15].

One of the main goals of this paper is to show that, in the case of global function
fields, the answer to a much weaker form of Question A, called Question B below, is

in general “No”. With notations as above, let AZUxk s be the image of ALUk,g via
the canonical (not necessarily injective) Z [G]-morphism AZUx s — C AL Uk s .

Question B. Assume that the set of data (K/k,S) satisfies hypotheses (H). For

V and W chosen as above, is there an element es in (1/wk)* - NeUk,s, such that
2
0).5(0) = Rw(es)?

Obviously, for any u; and uz in Ug,s, we have u; A ux € /\éUKys. However, in
general, not every element in /\éUK,S is of type u1 A u2, with u; and us in Uk, s.
Therefore, if Question B is answered in the negative, then so is Question A.

For purposes which will become clear in §4, we will now state local versions of
Questions A and B above. Let £ be a prime number and Z ;) C Q the localization
of Z at the prime ideal ¢Z.
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Question A (K/k,S). Let £ be a prime number. Assume that the set of data
(K/k,S) satisfies hypotheses (H). For V and W chosen as above, are there S-
units uy ¢ and ug e in Uk g, and ng € Zpy, such that the following conditions are
simultaneously satisfied ?

(1) @g}k’S(O) = (ne/w¥k) - Rw (u1,e Augy).
(2) The fields K (ui/le) and K (u;/[wk> are equal and are Galois, abelian

extensions of k.

Question B (K/k,S). Let £ be a prime number. Assume that the set of data
(K/k,S) satisfies hypotheses (H). For V and W chosen as above, is there an

element e in (1/wi)” - Zy Uk s, such that @g}k 5(0) = Rw(es,)?

Obviously, if Question A (respectively Question B) is answered in the affirmative,
then so is Question A () (respectively Question By ), for all prime numbers £.

3. STARK’S QUESTION FOR FUNCTION FIELDS.

In this section, we will construct a class of examples of sets of data (K/k,S), with
chark > 0, satisfying hypotheses (H), and show that the answer to Question B
(and therefore Question A) is negative in all these cases.

3.1. The extension K/k.

Let p be a prime number, q := p*, for some strictly positive integer v, and F, the
finite field of cardinality gq. Let k := Fg(T) be the rational function field in one
variable T', of exact field of constants Fy. Let ks be a fixed separable closure of k.
For any prime v in k, we will denote by F,(v) the residue field corresponding to the
discrete valuation associated to v. The index [F,(v) : F,] is called the F,—residual
degree of v. Let vy, be the prime of k corresponding to the discrete valuation on k
of uniformiser T—'. Let Py € F,[T] be an irreducible polynomial of degree p, and
vg the prime in k corresponding to the discrete valuation on k of uniformiser Fj.
Obviously, the F -residual degrees of v, and vy are respectively 1 and p.

Deﬁni_tion 3.1.1. Let K7 be the unique degree p constant field extension of k
inside ks (i.e. K1 :=Fg (T), in this case). Let Gy := Gal (K1/k).

Lemma 3.1.2. The extension K1 /k defined above satisfies the following.
(2) Ki/k is unramified everywhere.
(3) wo splits completely in K /k.

Proof. (1) is an easy consequences of the fact that the field extensions F g /F, and
k/F, are linearly disjoint.

(2) is a consequence of the fact that finite fields have no inseparable extensions
of finite degree.

(3) In general, if L is a constant field extension of degree n, of a general character-
istic p function field M of exact field of constants F,, a prime v of M of F,—residual
degree d, splits in L/M into a product of exactly ged(n,d,) distinct primes (see
[12], for example.) Therefore, statement (3) above is a direct consequence of the
fact that the F,-residual degree of vg is p. O
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Definition 3.1.3. Let K be the maximal abelian extension of k inside kg, of
conductor dividing v, totally split at ve. Let G := Gal (K /k).
Lemma 3.1.4. The field extension K /k defined above satisfies the following.

(1) The p-rank of the p—Sylow subgroup of G§ is at least 2.
(2) wq is totally ramified in K§/k.

Before we begin the proof of Lemma 3.1.4, we will need to make some notations
and remind the reader certain general facts on the arithmetic of function fields.
For the moment, let us assume that k is a general function field of exact field of
constants F,. Let Pic? (k) denote the Picard group of k (i.e. the quotient of the
group of degree zero divisors on k by the subgroup of principal divisors.) Let Jj
be the group of ideles associated to k. For any prime v of k, let U, denote the
group of units in the completion k, of k with respect to the (normalized) discrete

valuation ord, associated to v. For all integers i > 1, let Ué“ be the i—th term of
the canonical filtration of U, with respect to ord,, explicitly given by

U = {z € U, |ord,(z — 1) >i}.
One has an exact sequence of abelian groups
1= J) = 287 0,

where degi((zv)o) := >, [Fq(v) : Fgl-ordy(z,), for all (z,), € Ji, and J is defined
to be the kernel of the map degi. The group J,g is linked to the Picard group by
the following exact sequence

1— k- JJUs — I8 ™% Pic(k) — 1,

where (ﬂv\k((a@v)v) is the class of divg((xy)y) == Y, ordy(zy) - v in Pic?(k), for all
(zy)y € JP.

Proof of Lemma 8.1.4. (1) Due to the fact that, in the particular case under dis-
cussion, Pic?(k) = {0} (as k is a genus 0 function field), and [Fy(vs) : Fy] =1, the
above exact sequences lead to the equality

(2) Te=k* (kS x ] U]
VF Voo

The definition of K and class-field theory, combined with equality (2) above, lead
to the following group isomorphisms.

Go = I /K- xUD x ][ U]

VF Voo ,V0
= (kL x [T U -k x U < T G
(3) Ve oAt
Uy [ (U Rk <UD < T U
VH# Voo ,V0

~

5 Usy [ By -UR) 5 (Fo [FS) < (U JUR) = (F [F ) x Fop .
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The first isomorphism above is the inverse of the Artin reciprocity map, the second
is a direct consequence of equality (2), and the third and fourth come from abstract
group theory. The fifth and sixth isomorphisms are direct consequences of the fact
that one has a (topological) local field isomorphism k, — Fgn((m,)), for any
function field % of exact field of constants F, and any prime v in k, of F -residual
degree n and uniformiser w, € k.

The isomorphisms above show that the p—Sylow subgroup of Gj is isomorphic
to the additive group Fg», and therefore is an elementary p—group of p-rank equal
to log,(q) - p > p > 2. This concludes the proof of Lemma 3.1.4 (1).

(2) Class—field theory, combined with the first isomorphism in (3), shows that,
v is totally ramified in K§/k if and only if there exists a uniformiser m,, of vy in
(B> - [k, x Uég) X [ozve wo Unl) My, This is obviously true for m,, := Fo, as the
divisor of Py is divi(FPy) = vg — P - Veo- O

Now, we will finalize the construction of the field extension K/k. Lemma 3.1.4
(1) implies that there exists at least a quotient Gq of G such that Go — (Z/pZ)?.
Let us fix a group G with this property. Galois theory associates Gg to a unique
field Ko, such that k C Ko C K and Gal(Ky/k) — Gj.

Definition 3.1.5. Eet K be the compositum K7 - Ky inside Es, where K7 and K
are the subfields of ks constructed above. Let G := Gal (K/k).

Lemma 3.1.6. The field extension K/k defined above satisfies the following.
(1) It is unramified away from vy.
(2) One has a group isomorphism G —— (Z/pZ)
(3) The decomposition group G, of vo in K/k is isomorphic to (Z/pZ)

3
2

Proof. (1) is a direct consequence of Lemma 3.1.2 (2) and Definition 3.1.3.
(2) Lemma 3.1.2 (2) and Lemma 3.1.4 (2) imply that the field extensions K;/k
and Ko/k are linearly disjoint inside ks/k. Therefore G — Gy x Gy — (Z/pZ)>.
(3) Lemma 3.1.2 (2) and Lemma 3.1.4 (2) imply that G, = Gal (K/K;). There-
fore, the linear disjointness of K1/k and Ko/k gives Gy, — Go — (Z/pZ)*. O

3.2. The set S.

For K/k defined in the previous section, we will construct a special finite set of
primes S in k, such that the set of data (K/k,S) satisfies hypotheses (H). With
the same notations as in §3.1, let Sp := {vg}. The construction of S is based in an
essential way on the following theorem, whose proof will be given in §3.4.

Theorem 3.2.1. The p—Sylow subgroup A%)SO of the Sy—ideal-class group Ak s,
can be generated by two elements as a Z, [G]-module.

Let wy and ws be ideal classes in A(I?)SO which generate A%)SO as a Zp [G]-module.

Chebotarev’s Density Theorem implies the existence of two primes w; and ws in
K, simultaneously satisfying the following properties.

(1) w1 € oy and wy € wa.

(2) w1 and wy do not lie above vy (i.e. w1, wa & So k)

(3) If v1 and vo are the primes in k below w; and ws respectively, then vy # vy
and vy and vy split completely in K/k.
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Let us fix two primes w; and wy in K which satisfy properties (1)—(3) above, and
let v; and vy be the primes in k, sitting below w; and ws respectively.

Definition 3.2.1. Let S := {vg,v1,v2}, with v; and vy defined above, and wvg
defined in §3.1.

Remarks. I. The definition of S implies right away that the set of data (K/k,S)
satisfies hypotheses (H).

IT1. The p-Sylow subgroup A?{),)s of the S—ideal-class group A s is trivial. Indeed,

one has an exact sequence of Z, [G]-modules
1 i A(ZD) A(P) 1
—<wi, W2 >z,jG] 7 Akg, 7 Ak — 1,

where < w1, Ws >z,(c) is the Z,, [G] submodule of Ag)sov generated by the classes
wy and w3 of wy and wse respectively. However, w; and ws were chosen so that
< Wi, Wa >z, ¢)= AE,??SD. Therefore, Agg,)s = {1}.

3.3. Questions A and B for the set of data (K/k, S).

The main goal of this section is to show that, for the set of data (K/k,S) con-
structed in the previous two sections, Question B and, consequently, Question A,
have negative answers.

In what follows, if A is a finite group and M is a Z [A]-module, then o (A, M)
H; (A, M) will denote the i—th Tate-cohomology group and respectively the i—th
homology group of A with coefficients in M. For the moment, let us assume that
K/k is an arbitrary, Galois extension of global fields (of arbitrary characteristic)
of Galois group G (not necessarily abelian). Let X be a finite, non—empty set of
primes in k, containing at least all the infinite primes as well as those which ramify
in K/k. Ys will denote the free abelian group generated by the set X of all primes
in K sitting above primes in X. Since X is stable under the natural Galois action
on primes in K, Yy is endowed with a natural Z [G]-module structure. Let X5 be
the Z [G]-submodule of Y5, defined by the exact sequence

(4) 0— Xy — Yy 270,

where Jy, is the unique Z-linear map sending every prime w € Y to 1 € Z. Since
for every v € X, and every w € X sitting above v, the G—stabilizer of w is the
decomposition group G/, of w in K/k, one clearly has Z [G]-isomorphisms

5 Yy = Z|G/G - Z[G Z).
(5) 2 — @ Z[G/Gup] = ¢ (Z[0] ©z,,, 2)

For the second and third module involved in the isomorphism above, one chooses
a prime w above v, for each v in ¥. However, due to the fact that, for a given v,
the groups G/, are conjugate to one another, the Z [G]-isomorphism class of the
second and third module does not depend on this choice. For “large” sets X, the
link between the Z [G]-module structure of Xy, and that of the group of ¥—units
Uk, is given by a result of Tate (see [18, II.5]), whose {—adic version we state
below.
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Theorem 3.3.1 (Tate). Assume that K/k and X are as above, G := Gal (K /k),
and ¢ is a prime number. Assume that A(IQE = {1}. Then, for all integers i, one

has group isomorphisms

i o i2
H (G Ugkn®Z) —H (G, Xs®Z).

In the above statement, Z, denotes the ring of /—adic integers and A%)E denotes
the /—Sylow subgroup of the ¥-ideal-class group Ax » of K. Passing from Tate’s
original theorem “over Z” to its version “over Z;” stated above can be done by
tensoring all the exact sequences appearing in the proof of Tate’s Theorem with
Z, over Z. One then uses the fact that, since Z, is a flat Z—module, * Qg Z, is an
exact functor from the category of Z [G]-modules to the category of Z, [G]-modules,

which commutes with the Tate cohomology functors H' (G, ).

Theorem 3.3.2. For the set of data (K/k,S) constructed in §§3.1-3.2, Questions
B(p) and, consequently, B and A, have negative answers.

Proof. Let V := (v1,v2), where v; and vy are the two totally split primes in S
defined in §3.2. Let W = (w1, ws), for fixed primes wy, we in K, sitting above v,
and v respectively. Let us assume that Question B(,) has a positive answer. Let

U= {ugk) |k =1,...,n;1 = 1,2} be a subset of Uk s, and m € Z,), such that
esp = (m/wk) Y, u A ul) | viewed as an element in C AZ Uk, g, satisfies the
regulator condition @g}k 5(0) = Rw(es,p) in C[G]. We project this equality on
the direct summand C [G]e1, = Cey of C[G], where e1. := 1/|G|> cq0 =
1/|G|-Ng, and Ng := ) . o is the usual norm element in C[G]. Since v; and
vy are completely split in K/k, this projection leads to the following equality.

2 k
(6) L&(}k,s 0,1g) -1, = <(m/w§{) E 1<(3(=3't<2 (—log |NGU§ )|Uj>> -e1g
k=1 —"—

where NGuz(-k) is the image of uz(-k) via the usual norm map Ng : Ux,s — Uy, g, for

all ¢ and k. However, equality (1) combined with the fact that card S = 3, shows
that ords—o Lk, s (5, 1g) = 2 in this case. Therefore, the left hand side of equality
(6) is the leading Taylor coefficient at s = 0 of the (~function with S—Euler factors
removed (i, s(s), associated to k. The classical S class number formula gives

1

2

Lg{}k,s (0,1¢) = *w—khk,s “Rp,s,

where hy g is the cardinality of Ay s and Ry g is the classical S-regulator of the

free, rank two Z-module Uy, g /. For a subset M of Uy, g, let Ry, g (M) denote the
Z—submodule of C generated by

det log|€1|v1 log|€1|v2

, for all €1,e5 € M.
log|€2|v1 log|€2|v2 b2

In particular, Ry s is the unique positive generator of Ry s (Uk,s). The Z—module
Ry, s(M) is always contained in Z - R g, and it is non—zero if and only if the
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subgroup ZM of Uy s generated by M has finite index in Uy, 5. Assuming that ZM
has finite index in Uy g, one has the following equality.

[UkS : ZM]
Z R ' R M= ——""———.
[Z- Rg,s : Ri,s(M)] T - g ZM]

Let NoU := {Ngu|u € U}. Equality (6) divided by Ry s and combined with the
S—class-number formula, implies firstly that Ry s (NoU) # {0}, and secondly that

~0
wi m - [Uy,s : Z(Nald)] m-|H (G, Uk,s) |
Z - hk,S - Z - - . .
Wk [Nk Cur N7 (Ngu)] [Nk cprNZ (NGU)]

The second inclusion above is a direct consequence of the equality ﬁo (G,Uk,s) =
Uk,s/NcUk,s and inclusion Z (NoU) C NgUgk,s. Since char K = p, we have
pur ® Zp = {1}. Therefore, if we tensor the double inclusion above by the ring of
p-adic integers Zjy, and keep in mind that m € Z,), we obtain

~0
(7) WPk > |0 (G, Uk,s ©2,)],

where h,% = |A,(€p39| The main idea of the proof of Theorem 3.3.2 is to show that,
under our working hypotheses, inequality (7) does not hold true.

We will first find an upper bound for h,(cp ?S Assume for the moment that k is
any characteristic p global field, of exact field of constants F,. Also, assume that
So = {vo} and S are finite sets of primes in k, such that Sy C S. Then, one has an
exact sequence of groups

0 — Pic®(k) — Ap.s, 5% Z/[Fy(v0) : Fyl - Z — 0,

where deg,,, is the Z-linear map which takes the Sp—ideal-class ¥ of a prime v into
[Fq(v) : Fglmod [Fy(vo) : Fy] (see [12], for example). The inclusion Sy C S also
induces a natural surjective group—morphism Ay s, — Ax,s. However, in our case,
Pic(k) = {0}. Also, [F,(vo) : Fy] = p (see §3.1). Therefore,

(8) APL ™ Z/pZ, and by <p.

-0

Next, we will find a lower bound for |H (G,Uk s ® Z,)|. Remark II in §3.2

shows that, under our working hypotheses, Tate’s Theorem 3.3.1 is applicable to
3 := 5 and { := p. We therefore obtain group isomorphisms

i (G,Uk,s ® Z,) — a’ (G,Xs ®Zp) , for all integers 1.
In particular, for ¢ = 0, we have
~0 ~—2
(9) H (G.Uks®Zy)|=H (G Xs®Zp)|=[H (G, Xs®Zp)],

where the second equality above is a consequence of the definition of Tate coho-
mology groups at negative levels. Let us now recall that S = {vg,v1,v2}, with vy
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and ve completely split in K/k, and therefore G,,, = G, = {1}. This shows that,
if we tensor with Z, the exact sequence (4), for ¥ := S, and use isomorphism (5),
we obtain the following exact sequence of Z, [G]-modules.

0— Xg®Zy — (2 [G] ®z,(G,,) Lp) © Lp |G — Zp, — 0.

Next, we write the long exact sequence of homology groups corresponding to the
above short exact sequence of G-modules. If we use Shapiro’s Lemma for computing
the homology groups of the middle term, we obtain an exact sequence

-—>H2(Gv0,Zp) —)HQ(G,ZP)—)Hl (G,XS®ZP)—>--- .

Theorem 6.4(iii) of [1] implies that, for any abelian group H, we have a canoni-
cal group isomorphism /\%p (H ® Z,) — Haz (H,Z,). This result, combined with
Lemma 3.1.6 (2) and (3), yields isomorphisms Z/pZ — Hz (Gy,, Z,) and respec-
tively (Z/ pZ)3 — Hs (G, Z,). Therefore, the long exact sequence above becomes

- — Z/pZ — (Z/pZ)* — Hy (G, X5 R ZL,) — ---

This sequence, combined with equality (9), shows that

=0
(10) H (G.Uk,;s ®Zp)| = [Hi (G, Xs ® Zy) | = p°.
Inequalities (10), (8), and (7) lead to a contradiction ( p > p?). O

3.4. The proof of Theorem 3.2.1.

Let us assume for the moment that L/k is a finite, abelian extension of global fields
(of arbitrary characteristic), of Galois group G(L/k). Let X be a finite, non—empty
set of primes in &, containing at least all the infinite primes and those which ramify

in L/k. Let £ be a prime number. We will denote by Lg) the maximal abelian
extension of L, of /~power degree, unramified everywhere, and totally split at all the
primes in X 7,. The maximality of the field Lg ) forces it to be a Galois extension of
the base field k. This gives G(Lg)/L) a natural Z [G(L/k)]-module structure, with
o € G(L/k) acting on x € G(Lg)/L) by “lift and conjugation” (i.e. oxx := 527 *,
where @ is an arbitrary lift of o to G(Lg) /k).) Class—field theory shows that the
usual Artin map gives a group isomorphism

(11) AYS = Gy,

which is also a Z[G(L/k)]-isomorphism. In what follows, if H is a group, then
[H, H] denotes its commutator subgroup. Also, Iz denotes the usual augmentation
ideal of Z[H]. We will start by proving a group—theoretic lemma.

Lemma 3.4.1. Let us assume that we have an exact sequence of groups
1-A—>G¢5G—1 ,

with A and G abelian and A normal in G. Let us assume that ™ has a set—theoretic
section s : G — G, such that s(x) - s(y) = s(y) - s(z), for all z, y in G. Then, if
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one views A as a Z[G]-module via the usual “lift-and-conjugation” G—action, we
have an equality |G, G =1g - A.

Proof. In what follows, [g,h] := ghg 'h~! denotes the usual commutator of two
elements g and h in G. It is very easy to show that Ig - A C [G, G]. Indeed, let
g € G and a € A. Then, the definition of the G—action on A (call it *, say) implies
that (g — 1) *a = (g a)a™! = s(g)as(g)"ra~! = [s(g),a], which is an element of
[G, G]. Since I is generated over Z by elements of the type g— 1, with g € G, this
concludes the proof of the above mentioned inclusion.

Let a, 8 be two elements in G. Let z,y € G, and a,b € A, such that o = s(z)a
and 3 = s(y)b. Since s(y) " ts(z)! = s(x) " ts(y) !, we have

[, B] =s(w)as(y)ba™ s(2) 0 s(y) 7 = {s(x)as(z) "1}
{s(@)s(W)bs(y)ts(x) 1} {s(y)s(x)a s(@) s(y) - {s()b s(y) '}

Let us denote by m, n, p, and g respectively the elements appearing inside braces to
the right of the second equality above. Since A is normal in G, we have m,n,p,q €
A. Since A is assumed to be abelian and a,b € A, the equalities above give

[, 8] = {ma™'} - {nb™*} - {pa} - {gb} =
= [s(2). a] - [s(z)s(y). 0] - [s(y)s(x),a™"] - [s(y),b7].
Let us now recall that s is a section of w. Therefore, there exists an element p € A,

such that s(z)s(y) = s(zy)p. Since A is abelian, this implies that [s(z)s(y),b] =
[s(zy)p, b] = [s(zy), b] and [s(y)s(x),a"!] = [s(yx),a"t]. We obtain

[ov, B] = [s(2), a] - [s(xy). B] - [s(yx),a™"] - [s(y), 0]
={(@-1)xa}-{(ay — 1)} -{(yz — Dxa'}-{(y— 17"}

This shows that [a, 5] € I - A, which concludes the proof of Lemma 3.4.1. O

Corollary 3.4.2. Assume that we have an exact sequence of groups
1-A—>3¢5G—1 ,

with A and G abelian and A normal in G. Assume that (1) or (2) below are satisfied.

(1) G is cyclic.
(2) The exact sequence above is split. (i.e. G is the semi—direct product AxG.)

Then, we have an equality [G, G] = I - A.

Proof. 1t is very easy to check that if either one of the conditions above is satisfied,
one can construct a set—theoretic section s for m, such that s(x)s(y) = s(y)s(x), for
all z,y € G. (Under condition (2), one can actually find a group morphism section
s. Such a section satisfies the commutativity property automatically, since G is
assumed to be abelian.) The corollary is then a consequence of Lemma 3.4.1. [

We now return to the notations and constructions described in §§3.1-3.2.
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Proposition 3.4.3. There is a group isomorphism
Ho(Go, A®) o) > Z/pZ.

)

Moreover, Ag?o,so is a cyclic Z,|Go] module.

Proof. Firstly, since k(SI; ) /k is split at vg and K/k is totally ramified at vg, they are
linearly disjoint extensions. This implies that

(12)

(GUES, /) s GRS 1)) = GUSES Ko - k) . G - KE) [Ka) = G(RE) /).

Secondly, since Ko/k is totally ramified at vy and unramified everywhere else, the
following exact sequence is split.

1 — G(KPY [ Ko) — GKSY k) ™ Go — 1.

More precisely, if wg is a prime above vg in Kép ;0, then 7 induces an isomorphism
;

between the inertia group of wyp in Kél’g ;O /k and G. The inverse of this isomorphism
is a group—theoretic section of m, which makes the exact sequence above split.
Corollary 3.4.2, applied to the exact sequence above, gives

[G(KTS Jk) . GUETL JK)] = g, - GETS, [ Ko).

Now, if we combine the equality above with (12) and the Z,[Gy]-isomorphisms
AP o = K, [ Ko), APy, — G(kE) k), we obtain

Ho(Go, AP g.) 1= AP o [1, AP 5 = G(KY [Ko) /16, GKS), [ Ko)
G(KLL [ Ko) |G Ko - k) = QL) Jk) - AP >0 = Z/pZ.

0

The last isomorphism above is isomorphism (8), §3.3. This concludes the proof of
the first part of Proposition 3.4.3.

Now, let us notice that, since Gy is a p—group, Z,[Go] is a Noetherian, local ring
of maximal ideal M, ¢, := pZ,[Go] + I, - Zp[Go]. Since Ig, C M, G,, we have a
canonical surjective Zy[Go]-morphism

AR 5,116 - A 5, = AL 5o/ Mo - AR s,
Since the left hand side of the above morphism is Z, cyclic, the right hand side is
Z,[Gy]-cyclic. Nakayama’s Lemma implies that Aggz s, 18 Zp|Gol-cyclic. O

Proof of Theorem 3.2.1. Firstly, let us notice that K/K, is totally split at the
unique prime wg of Ky which sits above vg. This implies on one hand that K C
Ko(f) %O, and on the other hand that

(13) GELY/K), GED /K] = GEED /KR,).
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In order to simplify notations, we identify G(K/Ky) with Gy, G(K/K;) with G,
and G with G; x Gy, via the usual restriction isomorphisms. Since G is cyclic, the
exact sequence

1 — GEP /K) — GES |Ko) — G1 — 1
satisfies the hypotheses in Corollary 3.4.2. Therefore, the following holds.

(14) GEP/K), GKP /K)) = I, - (KL /K).

~ ~

Now, we combine the Z,[G]-isomorphisms Agz,so = G(KO(?;O /Kp) and Agg,)so =
G(Kg;)/K) with (13) and (14) above, and the exact sequence of Galois groups

1 — G(E), JK) — G(E), [Ko) — Gy — 1.
We obtain the following exact sequence of Z,[Go]-modules
1— AE’?,)SD/IGl . A(Ig,)so — Agg()hso — Z/pZ — 1.

Here, Gy acts trivially on Z/pZ. Next, we write down the long exact Go—homology
sequence associated to the last short exact sequence.

- — H1(Go, Z/pZ) — Ho(Go, AP, /16, AP)s.) —
— Ho(Go, AY) 5.) — Ho(Go, Z/pZ) — 0.

However, since G acts trivially on Z/pZ, we have Hyo(Go, Z/pZ) = Z/pZ. There-
fore, Proposition 3.4.3 shows that the last non—trivial morphism in the long ex-
act sequence above is in fact an isomorphism. Now, if we take into account that
H(Go, Z/pZ) = GoQZ/pZ == (Z/pZ)* (see [1]), the long exact sequence above
yields the following surjective group morphism.

(Z/pZ)? — AP /(e I6,) AP, |

where (Ig,, Ic,) = Ia,Zp|G] + Ic,Zy|G]. Now, since G is a p-group, Zp[G] is
a Noetherian, local ring, of maximal ideal M, ¢ = IZy[G] + pZ,[G]. Since
(Ig,,Ic,) € M, q, the surjective morphism above induces a surjective morphism

(Z/p2)* - AL | My AL, .

Therefore, Ag,)so / MpygAgg,)So can be generated by two elements as a Z,[G]-module.

Nakayama’s Lemma implies that Ag?)so is generated by two elements as a Z,[G]-
module. (|

4. A STRONG FORM OF BRUMER’S CONJECTURE.

This section has two goals. Firstly, we will provide links between Questions A and
B and a strong form of Brumer’s Conjecture, for arbitrary global fields. Secondly,
as a consequence of the results proved in §3 above, we will show that the strong
form of Brumer’s Conjecture is in general false in characteristic p > 0.
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4.1. The statement.

Let K/k be an abelian extension of global fields of Galois group G. Let Sy be
a finite, nonempty set of primes in k, containing at least all the infinite primes,
as well as all the primes which ramify in K/k. Let A(K/k) := Anngq (k) be
the annihilator of the Z [G]-module ug of roots of unity in K. The following
remarkable integrality result was proved independently by Deligne-Ribet [7] and
Barsky—Cassou-Nogues [5] in the number field case, and Deligne (see [18, V]) and
Hayes [11] in the function field case.

Theorem 4.1.1. If a € A(K/k), then o- Ok 5,(0) € Z[G].

We are now ready to state Brumer’s Conjecture, which is an attempt to generalize
the classical theorem of Stickelberger.

Conjecture 4.1.2 (Brumer). One has an inclusion of Z [G]—-ideals
A(K/k) - Ok k,5,(0) € Anngq (Ax,s,) -

Equivalently, for all primes £, one has an inclusion of Zyy [G]~ideals

V4
Z)A(K/k) - O/ s,(0) € Anng, () (AWs, ).

In the case of function fields, Brumer’s Conjecture was proved independently and
with different methods by Deligne [18, V] and Hayes [11]. In the case of number
fields, this conjecture is far from being proved. The statement has been known to
hold true for a long time if £ = Q, as a result of the classical theorem of Stickelberger
(see [20]). Wiles developed a series of results and techniques in [21], which lead to
a proof of the conjecture above in the case where K is a CM-field, k is totally
real, £ 1 |G|, and Sy satisfies extra—hypotheses. Finally, by using the techniques
developed in [21], Greither proves the conjecture above, for a very special class of
CM extensions K of totally real fields &, under the assumption that ¢ # 2 (see [10]).

If R is a Noetherian, commutative ring, and M is a finitely generated R—module, we
will denote by Fittp (M) the R—Fitting ideal of M. For the definition and properties
of Fitting ideals used in this paper, we refer the reader to [12]. We will only recall
here the fact that we always have an inclusion Fittp(M) C Anng (M) , and the
equality is very rare. (Equality happens if, for instance, M is a cyclic R—module.)
We are now ready to state the strong form of Brumer’s Conjecture.

Statement SBr(K/k,Sy). The following inclusion of Z [G]—ideals holds true.
A(K/k) - Ok /k,s,(0) C Fittziq(Ax,s, ) -

For any prime £, one can formulate the following /—adic version of Statement SBr.

Statement SBr ) (K/k, So). The following inclusion of Zy [G]—ideals holds true.

. ¢
Z(Z)A(K/k) ) @K/k,Sg (O) - Flttz(e) [G] (Ag{?so) .

Since the Fitting ideal behaves nicely with respect to extensions of scalars and
direct sums (see [12]), and since Ax s, = @, A%)SO, Statement SBr is true if and
only if Statement SBr ) is true, for all prime numbers £.
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Remark. The motivation for introducing the stronger form SBr of Brumer’s Con-
jecture is threefold. Firstly, evidence in support of Statement SBr has been found
by various researchers over the years. In the case of function fields, we proved
that a statement even stronger than SBr holds true for constant field extensions
(see Theorem 4.2.9 in [12]). We also showed that statements SBr(,) hold true for
general function field extensions K/k, provided that £ { |G| (see Theorem 3.1.1 in
[12]). In the case of CM—-extensions K of totally real number fields k, Greither
showed in [10] that the “minus-part” of Statement SBr,) (K/k, So) holds true, pro-
vided that £ # 2 and K/k satisfies extra—properties of cohomological type. Also,
our close analysis of [21] revealed that Wiles’s techniques lead to a proof of State-
ment SBr ) (K/k, Sp), for CM extensions K of totally real fields &, under his extra
hypotheses on Sy, for primes ¢ 1 |G]|.

Secondly, Statement SBr has very interesting links to the versions “over Z” of
Stark’s Conjecture for abelian L—functions of arbitrary order of vanishing at s = 0,
formulated by Rubin in [14] and the present author in [13]. We show in [12, §2] that,
in the case of function fields for example, a slightly stronger version of statement
SBr(K/k, Sp) implies Rubin’s Conjecture B. A similar argument can be used to
show that the same strong version of SBr(K/k, Sp) also implies our Conjecture C.
Also, as the interested reader will see in §4.2 below, Statement SBr has connections
to Questions A and B, formulated in §2 above.

Thirdly, the methods employed so far by various researchers in their attempts
to prove Brumer’s Conjecture seem to lead more naturally to Fitting ideals than
annihilators of ideal—class groups. More precisely, the main techniques employed in
[21] and [10] rely in an essential way on the Main Conjecture in Iwasawa Theory.
The Main Conjecture is a statement linking values of L—functions to the Fitting
ideal of a certain A—module, obtained as a projective limit of ideal—class groups,
where A is the Iwasawa algebra associated to the cyclotomic Z, extension. Wiles
[21] and Greither [10] “project” the Main Conjecture to finite levels of the Z,
extension and obtain statements about Fitting ideals of ideal—class groups, in the
spirit of Statement SBr. Finally, in the case of function fields, we use in [12] the
Weil-Grothendieck interpretations of global L—functions in terms of characteristic
polynomials of the action of a Frobenius morphism on various f—adic étale and
crystalline cohomology groups, to prove statements of type SBr(,), in the cases
mentioned above. Once again, the use of characteristic polynomials (and therefore
determinants) leads naturally to Fitting ideals rather than annihilators.

4.2. Links between Questions A and B and Statement SBr.

In this section, we provide links between Statement SBr(, and Question B, and
respectively A (), for a given prime £. As a consequence, we will show that state-
ments SBr(,,) and, consequently, SBr are in general false in characteristic p. We are
still working under the hypotheses and notations of §4.1. In particular, our global
fields are of arbitrary characteristic.

Proposition 4.2.1. Let £ be a prime number. Let S = So U {v1,v2}, with v1, va
distinct primes in k, split in K/k, and not belonging to Sy. Assume the following.

(1) A%?S is trivial.
(2) Statement SBrs) (K /k, So) is true.
Then, Question By(K/k,S) has an affirmative answer.



STARK’S QUESTION AND BRUMER’S CONJECTURE 17

Proof. Let W = (wy,ws), with w; and wy primes in K, sitting above v; and v

©

respectively. For i = 1,2, let w;"’ be the projection of the class w; of w; in Ag g,,

onto the /~Sylow component A%) s, of Ak s,. Assumption (1) above shows that
(0

Therefore, assumption (2) above, combined with the definition of the Fitting ideal,
shows that there exist 2 x 2 matrices Ay = (ai‘cj)lgi,jgm for k = 1,...,n, with

019 and w3"¥ generate the Z ;) [G]-module A%?SO (see Remark IT, §3.2 as well).

entries ai”] in Zy) [G], such that the following hold true.
(i) af -1 +aly - =0in A, forallk=1,...,n, and i = 1,2.
n
(i) wi - Or/k,s,(0) = > det(Ap).
k=1

It is easy to see that, since Ak g, is finite, (i) above implies that one can find 3 € Z,
such that ordy(3) =0 (i.e. Bt € Zyy), B+ afj € Z, for all 4, j, k, and

(i') Bak, -wi+ Baky-ws =0in Ag g, forallk =1,...,n, and i = 1, 2.

Let us fix § satisfying the above properties. Then (i') implies the existence of

S—units ugk), ugk) € Uk,s, for k=1,...,n, such that the following hold true.

(15) Z orduye (ugk)) co=0- ai-“j , for all ¢, j, and k.

e
Since vy and vy are finite primes, completely split in K/k, we have @g}k g(8) = (1—
Nv; #)(1=Nvy *)Og i, s, (5) . Therefore, @g}k75(0) = log(Nv1) log(Nv2)O g /. 5, (0) .
If we combine this equality, with (15), (i¢) above, and the definition of the regulator
Ry, we obtain:

0%),.5(0) = Rw(es,s),

where eg¢ 1= (871 /wk) > p_; ugk) A ugk) is clearly in (1/wg)> - ZAgUk,s. This

shows that Question By(K/k, S) indeed has an affirmative answer. O

Corollary 4.2.2. Let K/k be the extension of global fields of char. p and Sy the
set of primes in k constructed in §§3.1-3.2. Then, statements SBr,)(K/k, So) and
(consequently) SBr(K/k,So) are false.

Proof. Tt is obviously sufficient to show that Statement SBr(, (K/k,So) is false.
Let S = So U {v1,v2} be the set of primes in k defined in Definition 3.2.1. Then
Remark II, §3.2, shows that the hypotheses in Proposition 4.2.1 are satisfied by
K/k, S, and the prime £ := p. On the other hand, Theorem 3.3.2 shows that
Question B,(K/k, S) has a negative answer. Therefore, Proposition 4.2.1 implies
that Statement SBr(, (K/k, Sy) is false. O

Remark. At Victor Kolyvagin’s suggestion, we also searched for counter examples
for the {—part of the Strong Brumer Conjecture SBr, (K/k, Sp), in the case where
char(k) = p > 0 and ¢ # p. We would like to report here that we have found an
infinite class of such counter—examples. As the techniques involved in dealing with
such counter—examples are quite different from the ones developed in this paper,
the detailed constructions will appear elsewhere.

Obviously, a proof almost identical to that of Proposition 4.2.1 leads to the following
“global” link between Question B and Statement SBr.
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Proposition 4.2.3. Let S := So U {vy,va}, with vy, vy distinct primes in k, split
in K/k, and not belonging to So. Assume the following.

(1) Axk,g is trivial.

(2) Statement SBr(K/k,So) is true.

Then, Question B(K/k,S) has an affirmative answer.
Proof. Similar to the proof of Proposition 4.2.1. Left to the reader. O

Next, we establish links between Question A and Statement SBr. We remind the
reader that, if G is a finite group and M is a Z [G]-module, we say that M is

G—cohomologically trivial if ﬁl(H , M) =0, for all subgroups H of G, and all i € Z.

Proposition 4.2.4. Let { be a prime number. Let S = Sg U {v1,v2}, with vy, vy
distinct primes in k, split in K/k, and not belonging to Sy. Assume the following.

(1) A%?S is trivial.
(2) A%?SO is G—cohomologically trivial.
(3) Statement SBry) (K /k, So) is true.
Then, Question Ay (K/k,S) has an affirmative answer.

We will need two lemmas of purely algebraic nature.

Lemma 4.2.5. Let R be a commutative, semi—local, Noetherian ring, and P a
finitely generated, projective R—module. Assume that the local ranks tkg, (Py) are
independent of the maximal ideal m of R. Then, P is a free R—module of rank equal
to the local ranks.

Proof. See Exercise 4.13* on page 137 of [8]. O

Lemma 4.2.6. (compare to Proposition 4 in [6]) Let R denote a commutative,
semi—local, Noetherian ring, and let Q(R) be its total ring of fractions. Let M be a
finitely generated R—module, such that M ®@p Q(R) = 0. Assume that the projective
dimension of M over R is at most 1. Then, the following hold true.

(1) Fittg(M) is a principal ideal, generated by a non-zero divisor of R.

(2) Let X = {x1,...,2,} C M be a fized set of generators for the R module
M. Then, one can choose a generator for Fittg(M) of the form det(A),
where A = (a;j)1<ij<n 15 an n X n matriz with entries in R, such that
Z?:Nlij‘xj =0in M, foralli=1,...,n.

Proof. We will start by noting that, since R is Noetherian (and therefore the ideal
(0) admits a primary decomposition in R), Q(R) can be written as a direct sum
of local Artin rings Q(R) = @®pR,. Here R, denotes the localization of R at the
prime ideal p, and p runs through the (finite) set of minimal prime ideals of R. This
observation also shows that the condition M ®r Q(R) = 0 is equivalent to M, =0
or, equivalently, Anngr(M) ¢ p, for all minimal prime ideals p of R.

We will now prove (1) and (2) simultaneously. For the fixed set of generators X
of M, one has an exact sequence of R modules

0K SRS M -0,

where 7 sends the elements of an ordered canonical basis £ := (ey,...,e,) of R”
into x1,a,...,2, respectively, K := ker(w), and ¢ is the inclusion map. Since
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pdr(M) < 1, K is a projective R—module, and therefore locally free. Let m be a
maximal ideal of R, and oy, := rkp,, (Kw). If we localize the exact sequence above
at m, we obtain the following exact sequence of Ry,—modules.
0— R — R" ™ My — 0.

However, there always exists a minimal prime ideal p of R, such that p C m. If
we localize the above exact sequence even further, at p, and take into account that
M, = 0, we obtain an isomorphism of R,-modules Ry™ = Ry. This shows that
am = n (see [8] Corollary 4.4(b)). We now apply Lemma 4.2.5 to the R module
K to conclude that K is a free R module of rank n. Let us fix an ordered R basis
K = (k1,--- ,ky) for K, and let A = (a;j)1<i,j<n be the matrix representation of
the R—morphism 7 with respect to bases K and €. Since ¢ is injective, det(A) is a

non—zero divisor in R. On the other hand, since K — R™, the definition of the
Fitting ideal shows that Fittp(M) = det(A)R. O

Proof of Proposition 4.2.4. Let wy, ws, W, w;, and w; ", for i = 1,2, be as in
the proof of Proposition 4.2.1. We will apply Lemma 4.2.6 to the semi-local ring
R := Z;) [G], the finitely generated R module M := A(IQSD and its set of R

generators X := {1, w3 }. Since M is finite and Q(R) = Q [G], we clearly have
M ®r Q(R) =0. Also, since M is G—cohomologically trivial, we have pdr(M) <1
(see [4], IV.9, Theorem 9). According to Lemma 4.2.6, we can choose a matrix
A = (a;j)1<i,j<2 With entries in R, such that Fittg(M) = det(A) - R, det(A) is a
non—zero divisor in R, and 25:1 aij - @(6) = 0in M, for all i = 1,2. Moreover,
if we multiply the entries of A by a suitably chosen § € Z(XZ)., as in the proof of
Proposition 4.2.2, we can further assume that A has in fact entries in Z [G], and
S22 L aiy - W; = 0in Ag.s,, for all i = 1,2. As in the proof of Proposition 4.2.1,

J
these equalities imply the existence of two S units u}, u} € Ug,s, such that

(16) Ry (u A ub) = log(Nvy) log(Nws) det(A) .
Now, hypothesis (3) in Proposition 4.2.4, combined with the fact that det(A) is

a non-zero divisor, shows that, for a suitably chosen 3 € Z(XZ), there exists a set
{ala € A(K/K)} C Z[G], satistying

(17) ﬂ'-a-@K/kyso(O) =¢,-det(A), and &, = (a/wk ) &uy, for all a € A(K/E).

For a unit u € Uk,g, let @ denote its image in QUg, s via the canonical Z[G]-

~(wy /WK)
morphism Ug s — QUk,s. Let € := u} /K € QUk,s. Let g4 = u’lg‘* S

Uk,s, for all & € Z[G]. Equalities (17) imply that the following hold true.

(1) e* =g, for all a € A(K/k).

(2) e =<5, forall a,y € A(K/k).
We combine the last equalities with Proposition 1.2 in [13], to conclude that there
exists a unit u1 € Ug,g, such that ¢ = w"M in QUk,s, and K(ui/wk)/k is a
Galois abelian extension. Let ug := u’zwk -u1 € Uk,s. Then, clearly one has an

equality of fields K(ui/wK) = K(u;/wk). Moreover, (16) and (17) show that
0), 5 = log(Nu1) 1og(Nu2)O /1,5, (0) = (8" /) R (ua A o).

This shows that, indeed, Question A (K/k,S) has an affirmative answer. O
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