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Abstract. For a fairly general reductive group G/Qp
, we explicitly compute the space of

locally algebraic vectors in the Breuil–Herzig construction �(ρ)ord , for a potentially semi-
stableBorel-valued representationρ ofGal(Q̄p/Qp). The point beingwedealwith thewhole
representation, not just its socle—and we go beyond GLn(Qp). In the case of GL2(Qp), this
relation is one of the key properties of the p-adic local Langlands correspondence. We give
an application to p-adic local-global compatibility for�(ρ)ord for modular representations,
but with no indecomposability assumptions.
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1. Introduction

The p-adic local Langlands correspondence for GL2(Qp) takes a continuous repre-
sentationρ : �Qp → GL2(E), defined over a finite extension E/Qp , and associates
a Banach E-space �(ρ) with a unitary GL2(Qp)-action. See [14] for the latest de-
velopments. One of its main features is its compatibility with the classical local
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Langlands correspondence, in the following sense. The locally algebraic vectors
�(ρ)alg are those which lie in an algebraic sub-representation of a compact open
subgroup, and they may very well all be trivial. In fact, �(ρ)alg �= 0 precisely
when ρ is potentially semistable with distinct Hodge-Tate weights1, in which case
�(ρ)alg is given by the formula (if theHodge-Tateweights are HT (ρ) = {0, k−1})

�(ρ)alg = Symk−2(E2) ⊗E πsm(ρ), (1.1)

where πsm(ρ) corresponds to the Weil-Deligne representation WD(ρ), defined
by Fontaine, via the local Langlands correspondence for GL2(Qp)—or rather a
“generic” extension thereof (a subtlety we can safely ignore for now). This com-
patibility is one of the main reasons why �(−) plays such a fundamental role in
Emerton and Kisin’s recent progress on the Fontaine-Mazur conjecture for two-
dimensional representations of �Q = Gal(Q̄/Q), cf. [17,22] for example.

For GLn(Qp) one still doesn’t quite know how to define the p-adic local Lang-
lands correspondence, although a globally defined candidate �(ρ) has recently
been proposed (with very promising properties), see [13], which employs an intri-
cate version of the Taylor-Wiles-Kisin patching argument at infinite level. When
the representation ρ : �Qp → GLn(E) is triangular, i.e. maps into the Borel

B̂(E), Breuil and Herzig give a purely local construction of a Banach representa-
tion�(ρ)ord of GLn(Qp), which is expected to be the part of�(ρ)which can built
out of principal series. In fact, the construction in [4] is more general, and deals
with fairly general reductive p-adic groups G(Qp). The purpose of this note is to
prove the analogue of 1.1 for the Breuil–Herzig construction �(ρ)ord , for any G
satisfying the usual weak assumption that ZG and ZĜ are connected. Throughout

the text Ĝ denotes the Langlands dual group of G, defined by taking the dual root
datum (cf. Sect. 2.1).

We now present the main result of this paper in more detail. We begin by briefly
introducing the notation and terminology in use throughout.

Throughout, G/Zp is a split connected reductive group, with a choice of Borel
pair B ⊃ T . As in [4], we always assume that ZG is connected and Gder is simply
connected (assumption 2.1 below). Once and for all, we pick a “twisting element”
θ ∈ X (T ). That is, a character such that 〈θ, α∨〉 = 1 for all simple roots α (for
example, take θ to be the sum of the fundamental weights). The terminology is
taken from [3] (their Definition 5.2.1, p. 27). We consider continuous B̂(E)-valued
representations,

ρ : �Qp = Gal(Q̄p/Qp) −→ B̂(E) ⊂ Ĝ(E),

where E/Qp is a finite extension. To avoid degeneracies, we always assume ρ is
good—whichmeans the Zariski closure of ρ(�Qp ) is as small as possible among all

B̂(E)-conjugates (see Definition 3.2.4 in [4], or Section 2.3 for details). Following
[4], we consider the semi-simplification χ̂ρ : �Qp → T̂ (E), and the character

1 For irreducible ρ this is Proposition VI.5.1 on page 165 in [15]. For reducible ρ

with scalar endomorphisms, see (the proof of) Proposition 4.14 in [25]. The scalar semi-
simplification case is part of Proposition 4.3 in [27].
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χρ : T (Qp) → E× corresponding to χ̂ρ via class field theory (see 2.2 below). We
sayρ isgeneric ifα∨◦χ̂ρ /∈ {1, ε±1} for all rootsα (where ε is the p-adic cyclotomic
character). To a good generic ρ, the Breuil–Herzig construction attaches a unitary
continuous representation �(ρ)ord of G(Qp) on an E-Banach space—which is
expected to account for the “ordinary” part of the (yet to be defined) p-adic local
Langlands correspondence �(ρ). That is, �(ρ)ord should be the maximal closed
invariant subspace of �(ρ) whose constituents are (subquotients of) continuous
principal series. The construction of�(ρ)ord is based on the belief that there should
be an analogue F ofColmez’sMontreal functor such that L⊗◦ρ = F(�(ρ)), where
L⊗ is the tensor product of all the fundamental algebraic representations of Ĝ. In
a recent preprint [10], Breuil gives strong evidence for this: In Corollary 9.8 of
loc. cit. he defines an exact contravariant functor F from representations built from
principal series to étale (φ, �)-modules, which enjoys all the desired properties.
In fact, his construction is more general, and involves projective limits of étale
(φ, �)-modules.

Based on the case of GL2(Qp), one would hope that �(ρ)ord contains nonzero
locally algebraic vectors precisely when ρ is potentially semistable2 and regular,
in a suitable sense. For a general group G, and a general ρ, we take regular to
mean that α∨ ◦ χ̂ρ |J �= 1 for all roots α and all open subgroups J ⊂ IQp . For
G = GL(n), and ρ de Rham, this means the Hodge-Tate weights are distinct. For
a general group G, we are not quite able to show that �(ρ)ord,alg �= 0 implies ρ is
potentially semistable. Instead we obtain an a priori weaker conclusion involving
a certain Weyl element wρ ∈ W , which we now define: Assume ρ is regular
and χρ = χρ,alg · χρ,sm is locally algebraic. By regularity, χρ,alg ∈ X (T ) is
“off the walls”, that is 〈χρ,alg, α

∨〉 �= 0 for all roots α. Since W permutes the
Weyl chambers in a simply transitive manner there is a unique wρ ∈ W such that
χ+

ρ,alg := w−1
ρ (χρ,alg) ∈ X+(T ) is dominant. That is, for which 〈χ+

ρ,alg, α
∨〉 ≥ 0

(and hence > 0) for all positive roots α. The overall theme of our paper is to
decide when wρ in fact lies in the subset WCρ ⊂ W , which parametrizes the
indecomposable summands of �(ρ)ord . We refer the reader to Sect. 2 below for
the precise definitions of Cρ and WCρ . Here let it suffice to say that Cρ somehow
measures the indecomposability of ρ, and if one conjugates ρ by an element w ∈
WCρ it stays B̂-valued. The following preliminary result (proved in Sect. 3) shows
how the condition wρ ∈ WCρ relates to ρ being de Rham.

Theorem 1.2. Let ρ : �Qp → B̂(E) be a good, generic, regular representation as
above. If ρ is potentially semistable, then χρ is locally algebraic and wρ ∈ WCρ .
The converse is true for GL(n).

We do not know if the converse is true for an arbitrary group G. The problem
is that a dominant cocharacter of T̂ may not remain dominant upon composition
with a faithful representation r : Ĝ ↪→ GL(n). Theorem 1.2 can be thought of as
a G-version of the fact from p-adic Hodge theory that there are no non-split de

2 Recall that, by definition,ρ : �Qp
→ Ĝ(E) is potentially semistable if r◦ρ is potentially

semistable for every algebraic representation r : Ĝ → GL(n). See Definition 1.1.1 in [31].
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Rham extensions
(
1 ∗

εh

)
with h > 0. A good reference for this is the discussion

on p. 122 in [2]. See also the table in Example 3.9 in [5], which is reproduced in
“Appendix B” at the very end of this paper for easy access.

Although not directly related to the current paper, we want to point out an inter-
esting similarity between Theorem 1.2 and some results in [18]. In [18] (throughout
this paragraph, all notations and references point to [18]), a key result (Prop. 4.1.3)
is that a certain Weyl group element σ falls in WC for certain closed subset of R+.
There, C is defined (see 4.1.2) from a certain Kisin module. But by Prop. 4.2.2 (see
also the proof of Thm 5.0.4 in loc. cit.), the Weyl group element σ actually falls in
WCρ

.
Ourmain result computes �(ρ)ord,alg in terms of the classical local Langlands

correspondence, à la the Breuil–Schneider recipe in the GL(n)-case, introduced in
[11] (see also its predecessor [29]).

Theorem 1.3. Suppose ρ : �Qp → B̂(E) is good, residually3 generic, and regular.
Let V be an irreducible algebraic representation of G(Qp), defined over E, of
highest weight λ ∈ X+(T ) relative to B. Then the following holds.

(1) If �(ρ)ord,V−alg �= 0, then χρ is locally algebraic, with wρ ∈ WCρ , and the
dominant Weyl conjugate of the algebraic part is χ+

ρ,alg = λ + θ .

(2) If χρ is locally algebraic, with wρ ∈ WCρ , and χ+
ρ,alg = λ + θ , then

�(ρ)ord,alg = �(ρ)ord,V−alg = V ⊗E

(
Ind

G(Qp)

B−(Qp)
χρ,sm · |θ |−1

)C∞
.

In particular (2) applies to potentially semistable ρ (by Theorem 1.2).

(The superscript C∞ means we take the unnormalized smooth parabolic induc-
tion).

The GL(n)-case of Theorem 1.3 is probably known to the experts. In fact,
Theorem 8.9 (together with Lemma 8.2) in [9] computes the locally algebraic
vectors in the socle socGLn(Qp)�(ρ)ord . Our goal is twofold: (a) To show that the
locally algebraic vectors all lie in the socle, and (b) to extend this to an arbitrary
group G as above —which requires a bit of delicate Lie-theoretic book-keeping.

In the last Chapter we give a quick application of our main result to the p-
adic local-global compatibility conjecture in [4]. Their Theorem 4.4.8 shows that
�(ρ)ord of a modular representation ρ := r |�Qp

injects into a space of p-adic
modular forms, assuming that r̄ is totally indecomposable at the places above p
(meaning Cρ consists of all positive roots, in other words WCρ = {1}). We prove a
slight extension (Corollary 5.2) of this result in which we allow r̄ to be arbitrarily
decomposable (arbitrary Cρ), but the trade-off is we only get a nonzero map into
p-adic modular forms, as opposed to an injection (unless WCρ = {1} of course).
The proof follows that from [4] almost ad verbatim, but makes critical use of the
fact from Theorem 1.2 that wρ ∈ WCρ .

3 This can be slightly weakened. Under Assumption 2.3 below, generic is enough.
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2. Review of the Breuil–Herzig construction

2.1. Group-theoretic notation

We adopt the notation and setup from [4], whichwe briefly recall.We fix a split con-
nected reductive groupG/Zp , endowedwith a choice of split maximal torus T , and a
Borel subgroup B ⊃ T , whose opposite is denoted B−. Let (X (T ), R, X∨(T ), R∨)

be the corresponding root datum, and let S ⊂ R+ be the simple roots associated
with B. For each α ∈ S, we have the simple reflection sα ∈ AutX (T ) given by
sα(x) = x−〈x, α∨〉α. They generate theWeyl groupW . The dual based root datum
determines (up to inner automorphisms) a dual triple (Ĝ, B̂, T̂ ), which we view as
being defined (and split) overOE , for a fixed finite extension E/Qp. Similarly, we
have simple reflections sα∨ ∈ AutX (T̂ ), for α ∈ S, which generate the Weyl group
Ŵ � W (via the duality, sα∨ ↔ sα).

Assumption 2.1. The center ZG is connected, and the derived groupGder is simply
connected (equivalently, ZĜ is connected—see Proposition 2.1.1 in [4]).

Thus, both G and Ĝ admit fundamental weights, {λα}α∈S and {λα∨}α∈S re-
spectively. For example, λα ∈ X (T ) is a (necessarily dominant) weight such that
〈λα, β∨〉 = δα,β for β ∈ S. This determines λα modulo X0(T ) � X (G). Once and
for all, we choose a twisting element θ (in the sense of [3]). That is, a θ ∈ X (T )

with 〈θ, α∨〉 = 1 for all α ∈ S. For example, θ = ∑
α∈S λα—everything defined

modulo X0(T ).
Let U ⊂ B be the unipotent radical. For each α ∈ R, we have an associated

root subgroup Uα � Ga . Moreover, Uα ⊂ B precisely when α ∈ R+. A subset
C ⊂ R is closed if ∀α, β ∈ C , α + β ∈ R implies α + β ∈ C . Thus C is the set
of roots of UC , the group generated by {Uα}α∈C . We let BC = TUC . With C , we
associate the following subset of the Weyl group (see Lemma 2.3.6 in [4]),

WC = {w ∈ W : w−1(C) ⊂ R+} = {w ∈ W : ẇ−1BC ẇ ⊂ B}.

(Here ẇ ∈ NG(T ) is any representative of w). Analogous notation and termi-
nology will be used for the dual group Ĝ below.

2.2. Galois-theoretic notation

Our starting point is a continuous homomorphism (“representation”) taking values
in B̂,

ρ : �Qp = Gal(Q̄p/Qp) −→ Ĝ(E), ρ(�Qp ) ⊂ B̂(E).

These are called ordinary in [4], but this can be somewhat misleading since this
usually pertains to semistable representations. Pink has a notion of quasi-ordinary
[26], which seems more appropriate. We prefer to just call ρ triangular. Regardless,
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we let Cρ ⊂ R+∨ be the smallest closed subset such that ρ(�Qp ) ⊂ B̂Cρ (E). By

composition with the projection B̂ � T̂ , we obtain the “semisimplification”,

χ̂ρ : �Qp −→ B̂(E) � T̂ (E).

This is continuous, and therefore takes values in themaximal compact subgroup
T̂ (OE ).Via local class field theory,we attach a continuous characterχρ : T (Qp) →
O×

E as follows: First recall that, for any Zp-algebra A,

T (A) = Hom(X (T ), A×) = Hom(X (T ), Z) ⊗Z A× = X (T̂ ) ⊗Z A×.

Taking A = Qp, and composing with the Artin map Q×
p ↪→ �ab

Qp
, gives rise to

χρ ,

T (Qp) = X (T̂ ) ⊗Z Q×
p ↪→ X (T̂ ) ⊗Z �ab

Qp

1⊗χ̂ρ−→ X (T̂ ) ⊗Z T̂ (OE ) −→ O×
E ,

where the last map is just evaluation. By construction, χρ is continuous.

2.3. The construction

We say ρ is good if Cρ ⊂ Cbρb−1 , for all b ∈ B̂(E). By 3.2.3 in [4], our represen-

tation ρ admits a good B̂(E)-conjugate if α∨ ◦ χ̂ρ �= 1, for all α ∈ R+. We will
always assume something stronger. Namely, that ρ is generic (3.3.1 in loc. cit.),
which means α∨ ◦ χ̂ρ /∈ {1, ε±1}, for all α ∈ R. (Here ε is the p-adic cyclotomic
character). Thus, from now on, ρ is good and generic. For such ρ, Breuil and Herzig
define a corresponding E-Banach space representation �(ρ)ord of G(Qp), which
is expected to be the largest sub-representation of a conjectural p-adic local Lang-
lands correspondence �(ρ) built out of continuous principal series. The definition
of �(ρ)ord is based on the belief4 that there should be a “Colmez” functor F such
that

F(�(ρ))
?= L⊗ ◦ ρ, L⊗ = ⊗α∈SL(λα∨).

The submodule structure of �(ρ)ord should therefore reflect that of the “ordi-
nary” part (L⊗|B̂Cρ

)ord , worked out in Theorem 2.4.1 of [4]. Thus, it decomposes
as

�(ρ)ord = ⊕w∈WCρ
�(ρ)Cρ ,w,

where�(ρ)Cρ ,w is a certain direct limit lim−→I
�(ρ)I , with I ⊂ w(S∨)∩Cρ ranging

over (the finitely many) subsets of pairwise orthogonal roots. Here �(ρ)I is a
parabolically induced representation,

�(ρ)I =
(
Ind

G(Qp)

PJ (Qp)
�̃(ρ)I

)C0

,

4 Now strongly supported by the construction in [10]!
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induced from the parabolic PJ ⊃ B− with Levi GJ � T ′
J ×GLJ

2 (see 3.1.4 in loc.
cit.). Here J is the corresponding set of simple roots, J = w−1(I )∨ ⊂ S. Finally,
�̃(ρ)I is a representation of GJ (Qp), characterized by its socle filtration (3.3.3 in
loc. cit.)—essentially it’s built out of the p-adic local Langlands correspondence
for the copies of GL2(Qp) sitting in GJ (Qp) (a copy for each simple root β ∈ J ).

We will not need the details of the construction in this paper. It is expected that
the summand�(ρ)Cρ ,w can be characterized by its socle filtration. More precisely,
one expects the following, which is Conjecture 3.5.1, p. 40, in [4].

Conjecture 2.2. There is a unique admissible unitary continuous representation
�(ρ)Cρ ,w of G(Qp) over E with socle filtration Fil j�(ρ)Cρ,w such that ∀ j ≥ 0,

Gr j�(ρ)Cρ ,w = Fil j�(ρ)Cρ,w/Fil j−1�(ρ)Cρ,w

�
⊕

I⊂w(S∨)∩Cρ,|I |= j

⎛
⎝Ind

G(Qp)

B−(Qp)

(( ∏
α∈I∨

sα

)
w

)−1

(χρ) ·
(
ε−1 ◦ θ

)⎞
⎠
C0

.

Here I ⊂ w(S∨) ∩ Cρ runs over subsets of pairwise orthogonal roots with
|I | = j .

Breuil and Herzig also speculate that �(ρ)Cρ ,w should be characterized by the
following weaker conditions:

• socG(Qp)�(ρ)Cρ,w = Fil0�(ρ)Cρ,w �
(
Ind

G(Qp)

B−(Qp)
w−1(χρ) · (ε−1 ◦ θ)

)C0

.

• All constituents of �(ρ)Cρ,w occur with multiplicity one, and have the form

⎛
⎝Ind

G(Qp)

B−(Qp)

(( ∏
α∈I∨

sα

)
w

)−1

(χρ) · (ε−1 ◦ θ)

⎞
⎠
C0

for varying subsets I ⊂ w(S∨) ∩ Cρ of pairwise orthogonal roots.

In a recently updated preprint [21], J. Hauseux proves Breuil–Herzig’s Conjec-
ture 2.2—indeed the stronger version from the last paragraph—under the assump-
tion that the principal series involved are topologically irreducible. See his Theorem
4.1.4 and its Corollary 4.3.3 in [21]. This irreducibility assumption should follow
from our standing genericity assumption on χρ (according to the “folklore” Con-
jecture 3.1.2 in [4]. See also [28], 2.5).

As mentioned on p. 40 in [4], irreducibility is known if χ̄ρ ◦ α∨ �= ω for all
α ∈ w(S), with w ∈ Wρ (a subset of the Weyl group comprising all (

∏
α∈I∨ sα)w,

see (14) on p. 30 in loc. cit., it contains WCρ—but it may be bigger). Here ω = ε̄

denotes the mod p cyclotomic character, viewed as a character Q×
p → k×

E . Indeed,
if this condition holds, all the continuous principal series above are topologically
irreducible due to independent works of Ollivier (G = GLn) and Abe (G split) on
the mod p situation (see Theorem 4 in [24], and Theorem 1.3 in [1] respectively).
We will impose this “weak mod p genericity” condition on ρ̄ in what follows:

Assumption 2.3. χ̄ρ ◦ α∨ �= ω for all α ∈ w(S), with w ∈ Wρ .
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3. The dominant Weyl-conjugate. Proof of Theorem 1.2

In this section we prove Theorem 1.2 from the introduction. We briefly remind the
reader of the setup of that result. We consider a good and generic representation ρ :
�Qp → B̂(E), whichwemoreover assume is regular, as defined in the introduction.
That is, α∨ ◦ χ̂ρ �= 1 on arbitrarily small open subgroups of inertia IQp (where α

can be any root). Our goal is to show the implication

ρ potentially semistable �⇒ χρ locally algebraic and wρ ∈ WCρ , (3.1)

where wρ ∈ W is the “dominizer” of χρ,alg: The unique Weyl element w ∈ W
such that w−1(χρ,alg) ∈ X+(T ). This is well-defined only when ρ is regular and
χρ is locally algebraic. The fact that χρ must be locally algebraic if ρ is de Rham is
clear (χρ locally algebraic ⇔ χ̂ρ potentially crystalline ⇐ ρ de Rham). The point
is to show wρ ∈ WCρ .

Remark 3.2. In the GL(2)-case, this is the fact that a de Rham representation(
εh1 ∗

εh2

)
must split if h1 < h2. We will reduce the general case (for any G)

to this special case.

We now show the implication (3.1) by induction on the length of wρ .

Proof. We proceed by induction on the length �(wρ). If the length is zero,wρ = 1,
andwe’re done sinceCρ ⊂ R+∨. Assume the Proposition holds for allρ′ (satisfying
the given hypotheses) of length �(wρ′) < �(wρ). To show that wρ ∈ WCρ , once
and for all we pick a simple root β ∈ S such that 〈χρ,alg, β

∨〉 < 0. (Such a β

exists since �(wρ) > 0. That is, χρ,alg is not dominant). View β∨ as an element
of S∨ ⊂ X (T̂ ), and look at the simple reflection sβ∨ ∈ Ŵ , which corresponds to
sβ ∈ W under the identification of Weyl groups W � Ŵ . Pick a representative
s := ṡβ∨ ∈ NĜ(T̂ ), and introduce the conjugate ρ′ := sρs−1. A priori this is just a

continuous homomorphism ρ′ : �Qp → Ĝ(E). We claim it satisfies all the criteria
in Theorem 1.2, plus the induction hypothesis. More precisely, in a sequence of
steps below we will show that ρ′ is triangular representation with χ̂ρ′ = sβ∨(χ̂ρ)

(Step 2). Moreover, ρ′ is good, generic, and potentially semistable (Step 3) with
wρ′ = sβ∨wρ (Step 4) of smaller length than wρ .

Step 1. Cρ does not contain β∨.
To see this, let P̂ ⊃ B̂ be the standard parabolic associated with {β∨}. It is

generated by B̂ and s, and has a Levi decomposition P̂ = M̂ N̂ , where M̂ � Ĝβ∨
in the notation of [4] (see p. 24). By their Lemma 3.1.4, there is an isomorphism
M̂ � T̂ ′ × GL(2) for a subtorus T̂ ′ ⊂ T̂ , central in M̂ . (This uses Assumption
2.1). We can arrange that, under this isomorphism, the Borel pair (B̂ ∩ M̂, T̂ )

corresponds to the upper-triangular Borel pair in GL(2)—times T̂ ′. In particular,
the unique simple root β∨ of M̂ corresponds to 1 ⊗ αGL(2), where αGL(2) denotes
the simple root of GL(2). Now consider the map B̂ → GL(2) defined as the
composition

B̂ ↪→ P̂ � M̂ � T̂ ′ × GL(2) � GL(2).
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It maps T̂ onto the diagonal torus in GL(2), annihilates all the root groups Ûα∨
for positive roots α �= β, and maps Ûβ∨ isomorphically to

(
1 ∗
1

)
. The resulting two-

dimensional representation ρβ : �Qp → GL(2), obtained by composing with ρ, is
of the formρβ = (

χ1 ∗
χ2

)
for twopotentially crystalline charactersχi : �Qp → E×.

Note that ρβ is potentially semistable since ρ is assumed to be. Furthermore, by
the way we set things up,

χ1/χ2 = αGL(2) ◦ χ̂ρβ = β∨ ◦ χ̂ρ .

On an open subgroup of IQp , this character becomes ε〈χρ,alg,β
∨〉, which is a

negative power of the cyclotomic character. By 3.2, we infer that ρβ must split.
This allows us to find a b ∈ B̂(E) such that (bρb−1)β = ( χ1

χ2

)
. In particular,

β∨ /∈ Cbρb−1 . Since ρ is assumed to be good, Cρ ⊂ Cbρb−1 , and we can conclude
that β∨ /∈ Cρ .

Step 2. The representation ρ′ is triangular.
We show that ρ′ = sρs−1 maps �Qp into B̂(E). Choose arbitrarily an ordering

of the roots in Cρ . As is well-known, the multiplication map gives an isomorphism
of varieties,

m :
∏

α∨∈Cρ

Ûα∨
∼−→ ÛCρ .

(See (11) on p. 25 in [4]). Let σ ∈ �Qp , and find the Jordan decomposition

ρ(σ) = tu, where t = χ̂ρ(σ ) ∈ T̂ (E), and u = ∏
uα∨ ∈ ÛCρ (E). Upon conju-

gation by s, we get ρ′(σ ) = t ′u′, where t ′ = sχ̂ρ(σ )s−1, and u′ = ∏
suα∨s−1. It

is a general fact that ẇÛα∨ẇ−1 = Ûw(α∨) (which we note is used in the proof of
3.2.5 in loc. cit.). Consequently, suα∨s−1 ∈ Ûsβ∨ (α∨). From basic Lie theory, we

know that sβ∨ permutes R+∨ − {β∨}, and sends β∨ �→ −β∨. Therefore, to check
that u′ ∈ Û (E), we just have to verify that β∨ does not contribute to the product
u = ∏

uα∨ . In other words, that β∨ /∈ Cρ . This is the preceding Step 1.

Step 3. ρ′ is good, generic, and potentially semistable.
DuringStep 2we found that χ̂ρ′ = sβ∨(χ̂ρ). Therefore,α∨◦χ̂ρ′ = sβ∨(α∨)◦χ̂ρ ,

for all α ∈ R, which is not among {1, ε±1}. That is, ρ′ is generic (and clearly
potentially semistable, being a conjugate of ρ). ρ′ is good by Lemma 3.2.5 in [4]:
We just have to check that sβ∨ ∈ WCρ . I.e., that sβ∨(Cρ) ⊂ R+∨. Again, this
follows from Step 1, since sβ∨ permutes R+∨ − {β∨}, which contains Cρ .

Step 4. Invoking the induction hypothesis.
From the relation χρ′,alg = sβ(χρ,alg), we find that wρ′ = sβ∨wρ , which has

length �(wρ′) = �(wρ) − 1 since w−1
ρ (β∨) is a negative root:

〈χ+
ρ,alg, w

−1
ρ (β∨)〉 = 〈w−1

ρ (χρ,alg), w
−1
ρ (β∨)〉 = 〈χρ,alg, β

∨〉 < 0.

Applying the induction hypothesis to ρ′, we infer that wρ′ ∈ WCρ′ . The rest is
completely formal, using that Cρ′ = sβ∨(Cρ) (as follows from the computation in
Step 2; see also the proof of Lemma 3.3.5 in [4]). As a result, WCρ′ = sβ∨(WCρ ),
and we conclude that wρ ∈ WCρ , which finishes the proof. ��
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To finish the proof of Theorem 1.2 we have to observe that the converse of (3.1)
holds when G = GL(n). This follows from a result of Nekovar (and independently
Perrin-Riou) stating that “ordinary implies semistable”. We quote Propositions
1.24–1.28 in [23], nicely summarized as Lemma 3.1.4 in [19]:

Lemma 3.3. Suppose ρ : �Qp → B̂(E) is ordinary of some integral weight λ1 ≥
· · · ≥ λn. That is,

ρ �
⎛
⎜⎝

χ1 · · · ∗
. . .

...

χn

⎞
⎟⎠ ,

where χi = ε−(i−1)−λn−i+1 on an open subgroup of IQp . Then ρ is de Rham.

This shows the converse of (3.1) when wρ = 1: Indeed, if we know χρ is
locally algebraic and its algebraic part χρ,alg is already dominant, then χ̂ρ =
diag(χ1, . . . , χn) where each χi is potentially crystalline, say χi = εhi on some
open subgroup J ⊂ IQp , and h1 > h2 > · · · > hn by dominance and regularity.
Lemma 3.3 guarantees ρ is de Rham.

If we only know that χρ is locally algebraic and wρ ∈ WCρ , we look at the

conjugate ρ′ := w−1
ρ ρwρ which is B̂-valued. Furthermore, χρ′ = w−1

ρ (χρ) is
locally algebraic and has wρ′ = 1. By the previous paragraph ρ′ is de Rham. Then
so is ρ.

Is there an analogue of Lemma 3.3 for general groups G? More precisely, we
pose the following question:

Question 3.4. Suppose ρ : �Qp → B̂(E) is a good, generic, and regular rep-
resentation for which χρ is locally algebraic and χρ,alg is dominant. Is ρ then
necessarily de Rham?

By Lemma 3.3 above, this question has an affirmative answer when Ĝ = GLn .
One can also easily verify it for Ĝ = GSp2n . But we do not know a general proof.
The conundrum is to find a faithful representation B̂ ↪→ GLn such that 3.3 applies
to the composition ρGLn : �Qp → GLn . The regularity condition we work with
may be too weak to guarantee this.

4. Proof of the main result

In this section we prove our main Theorem 1.3 from the Introduction.

Proof. The heart of the proof is to show the implication below for any w0 ∈ WCρ .

�(ρ)
V−alg
Cρ ,w0

�= 0 �⇒ χρ is locally algebraic and wρ = w0 . (4.1)

Let us fix such a w0 once and for all, and for this proof simply write � :=
�(ρ)Cρ ,w0 . Let Fil j�be its socle filtration,with graded piecesGr j� as described in
Conjecture 2.2 (recall we are assuming 2.3, so the conjecture holds). By convention,
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Fil−1� := 0. For the purposes of this proof, we will introduce the notation below
for the principal series occurring in �,

Iw :=
(
Ind

G(Qp)

B−(Qp)
w−1(χρ) · (ε−1 ◦ θ)

)C0

,

for any w ∈ W . These are all topologically irreducible by Assumption 2.3. Thus,

Gr j� � ⊕w∈X j Iw,

for a certain subset X j ⊂ W . Recall that X j consists of all Weyl elements of the
formw = (

∏
α∈I∨ sα)w0, where I varies over subsets I ⊂ w(S∨)∩Cρ of pairwise

orthogonal roots with |I | = j . As �V−alg �= 0, there is a unique ν ≥ 0 for which

(Filν−1�)V−alg = 0, (Filν�)V−alg �= 0.

By left-exactness of (−)V−alg (cf. Lemma A.4), (Grν�)V−alg �= 0. In other
words, I V−alg

w �= 0 for some w ∈ Xν . By Lemma A.1, part (1), we deduce that the
inducing character w−1(χρ) · (ε−1 ◦ θ) must be locally algebraic, with algebraic
part λ. Therefore χρ itself must be locally algebraic, and w−1(χρ,alg) = λ + θ ;
which is dominant. Therefore we must have w = wρ . In particular, wρ ∈ Xν . If
we can show ν = 0, we are done proving (4.1) since X0 = {w0}.

Suppose, for the sake of contradiction, that ν > 0. Then Filν�/Filν−2�makes
sense, and it sits in a short exact sequence

0 −→ ⊕w∈Xν−1 Iw −→ Filν�/Filν−2�
π−→ ⊕w∈Xν Iw −→ 0.

Consider the pull-back of Iwρ ↪→ ⊕w∈Xν Iw. That is E := π−1(Iwρ ), which
sits in an extension

0 −→ ⊕w∈Xν−1 Iw
ι−→ E π−→ Iwρ −→ 0, (4.2)

which is necessarily non-split: Otherwise Iwρ would embed into socG(E), and hence
into socG(�/Filν−2�) = Grν−1�, which cannot happen (� has multiplicity one).
Furthermore, EV−alg �= 0: Clearly (Filν�/Filν−2�)V−alg �= 0 by definition of ν,
and A.4, and there is a short exact sequence

0 −→ E −→ Filν�/Filν−2� −→ ⊕w∈Xν−{wρ } Iw −→ 0.

All the Iw appearing here have no locally V -algebraic vectors by our argument
above, and we conclude that EV−alg �= 0.

Now consider the various push-outs of (4.2). That is, Ew := (E ⊕ Iw)/� where
� � ⊕w∈Xν−1 Iw is embedded via (−ι, prw). Thus we arrive at extensions

0 −→ Iw −→ Ew −→ Iwρ −→ 0.

At least one of these is non-split, since (4.2) is non-split. Once and for all we
pick aw ∈ Xν−1 for which Ew is non-split. Note that EV−alg

w �= 0 since EV−alg �= 0
and �V−alg = 0.

By themain result fromHauseux’s thesis [20] (Théorème 1.1, part (i)) we firstly
deduce that w−1

ρ (χρ) = sβw−1(χρ) for some simple root β (again, ruling out the
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equality w−1
ρ (χρ) = w−1(χρ) by multiplicity one for �). In fact we must have

wρ = wsβ , since (wsβ)−1(χρ,alg) is dominant. Secondly, by part (ii) of Théorème
1.1 there is a unique nonsplit extension in Ext1G(Qp)

(Iwρ , Iw), up to equivalence,
and it can be constructed by parabolic induction as done in section 3.3 of [4] (cf.
the proof of Théorème 5.2.1 in [20]; or section 9 in [10]). The construction goes
as follows: As in Sect. 2.3 we consider the parabolic PJ ⊃ B− associated with the
singleton J = {β}. It has Levi factor GJ � T ′

J × GL2. Then

Ew �
(
Ind

G(Qp)

PJ (Qp)
w−1(χρ) · (ε−1 ◦ θ)|T ′

J (Qp)
⊗ EJ

)C0

,

where EJ is the unique non-split extension in Ext1GL2(Iwρ , Iw), where we have
introduced the notation

Iw :=
(
IndGL2

( ∗∗ ∗ )
w−1(χρ) · (ε−1 ◦ θ)|TGL2 (Qp)

)C0

.

(Proposition B.2 in [4] summarizes the GL2-theory nicely). If wewrite the inducing
character as

w−1(χρ) · (ε−1 ◦ θ)|TGL2 (Qp) = χ1ε
−1 ⊗ χ2,

then each χi is locally algebraic (since χρ is) and EJ corresponds to the non-split
Galois representation

(
χ1 ∗

χ2

)
under the p-adic local Langlands correspondence,

cf. Example A.5.
Now, recall that Ealg

w �= 0. By Lemma A.3 we see that Ealg
J �= 0. This in

turn implies that
(

χ1 ∗
χ2

)
must be de Rham (by “compatibility with classical local

Langlands”; see the proof of 4.14 in [25] for details in the reducible case). However,
χ1ε

−1 ⊗ χ2 is not dominant (χ2ε
−1 ⊗ χ1 is, since wρ = wsβ ). This contradicts

Example 3.9 in [5]: There are no such non-split de Rham representations.
This finishes the proof of (4.1). To deduce part (1) of Theorem 1.3 note that we

have shown�(ρ)ord,V−alg �= 0 impliesχρ is locally algebraic,withχ+
ρ,alg = λ+θ ,

and that wρ ∈ WCρ [since �(ρ)
V−alg
Cρ,w0

�= 0 for at least some w0 ∈ WCρ which nec-

essarily equals wρ by (4.1)]. To deduce part (2), the first equality �(ρ)ord,alg =
�(ρ)ord,V−alg follows immediately from (1) (since χ+

ρ,alg encodes the highest
weight λ). Moreover, by assumption χρ is locally algebraic withwρ ∈ WCρ . There-
fore,

�(ρ)ord,V−alg (4.1)= �(ρ)
V−alg
Cρ,wρ

= (socG�(ρ)Cρ,wρ )
V−alg.

The last equality follows from the fact that (Gr j�(ρ)Cρ,wρ )
V−alg = 0 for

j > 0. Now use the computation in the Appendix; part (2) of A.1. The inducing
character w−1

ρ (χρ) · (ε−1 ◦ θ) has smooth part w−1
ρ (χρ,sm) · |θ |−1. However, for

smooth parabolic induction, we have intertwining operators, which allows us to
ignore wρ here. ��
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5. An application to local-global compatibility

Chapter 4 of [4] presents various local-global compatibility conjectures on how
the construction �(−)ord relates to spaces of p-adic and mod p modular forms
(see their p-adic Conjecture 4.2.2, and the mod p Conjecture 4.2.5). We employ
the notation of loc. cit., without much comment, and focus on the p-adic case.
Basically, one starts off with a Galois representation r : �F → GLn(E), where
F/F+ is a CMfield, which occurs in a space of p-adic modular forms Ŝ(U p, E) on
some definite unitary groupG/F+ split above p. Assuming rw = r |�Fw

is triangular
and generic, for all places w|p of F , it is expected that for some integer d > 0,

⎛
⎝̂⊗

v|p
�(rṽ)

ord ⊗ (εn−1 ◦ det)

⎞
⎠

⊕d

∼−→ Ŝ(U p, E)[p�]ord , (5.1)

as representations of G(F+ ⊗ Qp). Here p� ⊂ T� is the prime ideal of the Hecke
algebra associated with r , see p. 45 in [4]. Theorem 4.4.8 in loc. cit. gives a speck
of evidence for 5.1, proving there is an injection under rather strong hypotheses:
Notably, they assume r is modular (which is something one would like to deduce
from 5.1, cf. Fontaine-Mazur), and they assume all the restrictions r̄w = r̄ |�Fw

are
“totally indecomposable” for w|p—that is, Cr̄w = R+∨ is maximal—or in other
words, WCr̄w

= 1, so that �(rṽ)ord has a simple socle. Theorem 1.2 lets us relax
this last hypothesis, by essentially running the same argument, but instead of getting
an injection we only get a nonzero map in general. As far as we know, this is the
first result towards 5.1 with no restrictions on the sets Cr̄w .

Corollary 5.2. Let r : �F → GLn(E) be a Galois representation which satisfies
the following assumptions:

(a) r is modular.
(b) r̄ |�F(ζp )

is absolutely irreducible.
(c) rw is triangular and generic, for w|p.
(d) r̄w is triangular and inertially generic, for w|p.
(e) p > 2n + 2 and ζp /∈ F.

Fix U p such that r is modular of (some weight and) level UpU p, for someUp small
enough. Then there is a G(F+ ⊗ Qp)-equivariant nonzero map,

⊗̂
v|p

�(rṽ)
ord ⊗ (εn−1 ◦ det) −→ Ŝ(U p, E)[p�]ord ,

in the category of admissible unitary continuous representations.

Remark 5.3. Since we are not saying anything about surjectivity, we may as well
take d = 1 above. The conditions (a)–(e) can be traced back to the modularity
lifting theorems used in [4]. The differences with their Theorem 4.4.8 is that our
condition (d) is weaker; it does not require Cr̄w to be maximal—but instead of an
injection we only get a nonzero map.
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Proof. Pick an automorphic representation π of G(AF+), of level of the form
UpU p, such that r � rπ . In particular, rw is potentially crystalline with distinct
Hodge-Tate weights, for w|p—as follows from the ordinarity assumption (c). Let
B̃S(rw) be the locally algebraic representation of GLn(Fw) attached to rw by the
Breuil–Schneider recipe, normalized as in [30]. Essentially by local-global com-
patibility at the places above p, due to Caraiani and others (see [6,7,12]), and base
change from G to GLn , we know that

B̃S(r) :=
⊗
v|p

B̃S(rṽ) ↪→ Ŝ(U p, E)[p�]. (5.4)

(See Chapter 3 of [30] for details on how this goes). On the other hand, since rṽ is
ordinary, we can relate B̃S(rṽ) to one of the principal series occurring in the socle
of �(rṽ)ord . The twist εn−1 ◦ det arises in the distinction between B̃S(rṽ), and the
original normalization BS(rṽ) from [11], see Section 2.4 in [30], and also 4.2.1 in
[4]. The latter is what sits in �(rṽ)ord . Indeed, identifying Fṽ = Qp,

BS(rṽ) �
(
Ind

GLn(Qp)

B−(Qp)
w−1
rṽ

(χrṽ ) · (ε−1 ◦ θ)
)alg

,

Passing to the universal unitary completion (cf. Def. 1.1 in [16]), one gets an
injection

⊗̂
v|p

(
Ind

GLn(Qp)

B−(Qp)
w−1
rṽ⊗εn−1(χrṽ⊗εn−1) · (ε−1 ◦ θ)

)C0

↪→ Ŝ(U p, E)[p�].

Let us elaborate a bit on this step: The locally algebraic representation B̃S(rṽ)
is a finitely generated G-representation (equipped with its finest locally convex
topology). Therefore, by [16, Prop. 1.17] it admits a universal unitary completion
by completing it relative to any finite type G-invariant lattice (not necessarily sep-
arated a priori); such as the unit ball of the natural sup-norm on B̃S(rṽ) obtained
by viewing it as the locally algebraic functions in the continuous principal series

Iv := (Ind
GLn(Qp)

B−(Qp)
w−1
rṽ⊗εn−1(χrṽ⊗εn−1) · (ε−1 ◦ θ))C0

. We conclude that the latter is

the universal unitary completion of B̃S(rṽ), andwe get the analogous result for their
completed tensor product

⊗̂
v|p Iv by a similar argument. By the universal property

([16, Def. 1.1]) at least this yields a continuous G-map
⊗̂

v|p Iv → Ŝ(U p, E)[p�]
extending (5.4) and which is therefore nonzero. This implies injectivity since Iv is
topologically irreducible under our standing hypotheses (more precisely Assump-
tion 2.3, which is implied by (d) of Corollary 5.2). A similar type of argument was
used in the proof of [4, Thm. 4.4.8].

Now to finish the proof we employ Corollary 4.3.11 in [4] for each ρ = rṽ ⊗
εn−1, which applies by (a)–(e), and get that restriction to the socle induces an
isomorphism

HomGLn(Qp)(�(ρ)ord , Ŝ)

�
⊕

w∈WCρ

HomGLn(Qp)

((
Ind

GLn(Qp)

B−(Qp)
w−1(χρ) · (ε−1 ◦ θ)

)C0

, Ŝ

)
,
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where Ŝ is short-hand for Ŝ(U p, E)[p�]. Finally we note that wρ ∈ WCρ by our

Theorem 1.2. Therefore HomGLn(Qp)(�(ρ)ord , Ŝ) �= 0 as desired. ��

Appendix A: Continuous principal series

For convenience, we gather a few well-known facts about locally algebraic vectors
in continuous principal series. For lack of a reference, we provide proofs. As in the
main text, G/Qp denotes a split connected reductive group, and B = TU a choice
of Borel subgroup. Let B− = TU− be the opposite Borel subgroup. Suppose we
are given a unitary continuous character χ : T (Qp) → O×

E , with values in a finite
extension E/Qp. We inflate it to B−(Qp), by making it trivial on the unipotent
radical, and look at the continuous parabolic induction,

I (χ) =
(
Ind

G(Qp)

B−(Qp)
χ

)C0

= { f : G(Qp)
cts.−→ E, f (bg) = χ(b) f (g)}.

Endowed with the sup-norm, this becomes a p-adic Banach space on which
G(Qp) acts unitarily via right translations. It affords an admissible unitary con-
tinuous representation of G(Qp)—which conjecturally is topologically irreducible
precisely when χ ◦ α∨ �= 1 for all simple roots α. (Irreducibility is known if this
condition holds mod p. This is due to Ollivier for GLn , and Abe in general. See
[1,24], resp.)

Lemma A.1. Let V be an irreducible algebraic representation of G(Qp), defined
over E, of highest weight λ ∈ X+(T ) relative to B. Then the following holds.

(1) If I (χ)V−alg �= 0, then χ is locally algebraic, with algebraic part χalg = λ.
(2) If χ = χalg · χsm is locally algebraic, with χalg = λ, then

I (χ)alg = I (χ)V−alg = V ⊗E

(
Ind

G(Qp)

B−(Qp)
χsm

)C∞
.

(Here the superscript C∞ means we take the smooth induction of χsm).

Proof. Recall that the locally V -algebraic vectors in I (χ) are defined as the sub-
space

I (χ)V−alg = lim−→
K

V ⊗E HomK (V, I (χ)) ↪→ I (χ),

with K ranging over the compact open subgroups of G(Qp). For each such K ,

HomK (V, I (χ)) �
⊕

x∈B−(Qp)\G(Qp)/K
(V∨|B−(Qp) ⊗ χ)B

−(Qp)∩xK x−1
.

(A.2)
To show part (1), suppose this is nonzero. Pick an x such that the corresponding

summand is nonzero. Thus V∨ contains a vector v �= 0 onwhich B−(Qp)∩xK x−1

acts via (the inflation of) the inverse character χ−1. In particular, the unipotent
elementsU−(Qp)∩ xK x−1 must act trivially on v. Therefore, since this subgroup
is Zariski dense in the full unipotent radical, we deduce that v ∈ (V∨)U

−(Qp) must
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be a highest weight vector (relative to the opposite Borel). Consequently, B−(Qp)

acts on v via the highest weight −λ. We conclude that χ and λ agree on the open
subgroup T (Qp) ∩ xK x−1, and therefore χ is locally algebraic with χalg = λ.

For part (2), suppose χ = λ · χsm . The first equality follows from part (1).
For the second equality, we realize V as the algebraically induced representation

Ind
G(Qp)

B−(Qp)
λ, and show that the natural multiplication map

(
Ind

G(Qp)

B−(Qp)
χsm

)K −→ HomK (V, I (χ))

fsm �→ ( falg �→ falg · fsm)

is an isomorphism for sufficiently small K . Tensoring with V , and taking lim−→K
then yields the result. First off, the multiplication map is injective: For suppose
falg · fsm = 0, for all falg . Let f+ ∈ V be a highest weight vector, and take falg =
g−1 · f+, for varying g ∈ G(Qp). Since f+(e) �= 0, this shows fsm(g) = 0. To get
bijectivity, we compare dimensions. Taking K small enough that χsm = 1 on every
subgroup B−(Qp) ∩ xK x−1, as in the previous paragraph, the source is identified
with E#B−(Qp)\G(Qp)/K . It remains to show the target has the same dimension. In
turn, in A.2 wemust show that each summand (V∨|B−(Qp)⊗χ)B

−(Qp)∩xK x−1
is (at

most) one-dimensional. We break up V∨ into weight spaces, as ⊕μ∈X (T )V∨(μ).

(V∨|B−(Qp) ⊗ χ)B
−(Qp)∩xK x−1

↪→
⊕

μ∈X (T )
(V∨(μ) ⊗ χ)T (Qp)∩xK x−1

.

Only the highest weight−λ contributes. Indeed, if theμ-summand is nontrivial,
wemust haveμ = −λ (sinceχalg = λ andχsm is trivial on every T (Qp)∩xK x−1).
Finally, reminding ourselves that dimE V∨(−λ) = 1, concludes the proof. ��

Part (1) of Lemma A.1 can be slightly generalized as follows: Let P = MN ⊃
B be a parabolic subgroup of G, defined over Qp, and let X be a unitary Banach

representation of M(Qp) over E , inflated to P(Qp). Let I (X) := (Ind
G(Qp)

P(Qp)
X)C0

be its continuous induction; a unitary Banach representation of G(Qp) over E . We
keep the algebraic representation V from Lemma A.1. The N -invariants V N is the
irreducible algebraic representation of M of highest weight λ relative to B ∩ M .

Lemma A.3. I (X)V−alg �= 0 �⇒ XV N−alg �= 0.

Proof. The proof is an easy adaption of the ideas above. By assumption,

HomK (V, I (X)) � (V∨ ⊗ I (X))K � I (V∨|P(Qp) ⊗ X)K

is nonzero for small enough compact open subgroups K ⊂ G(Qp). Moreover,

I (V∨|P(Qp) ⊗ X)K �
⊕

x∈P(Qp)\G(Qp)/K
(V∨|P(Qp) ⊗ X)P(Qp)∩xK x−1

.

Pick an x such that (V∨|P(Qp) ⊗ X)P(Qp)∩xK x−1 �= 0. Since N (Qp) acts
trivially on X , we infer that
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0 �= (V∨|P(Qp) ⊗ X)P(Qp)∩xK x−1 ⊂
(
(V∨)N ⊗ X

)M(Qp)∩xK x−1

.

Finally, (V∨)N is the irreducible algebraic representationofM of highestweight
−λ relative to B− ∩ M . Consequently (V∨)N � (V N )∨ and we conclude that
HomM(Qp)∩xK x−1(V N , X) �= 0. In particular XV N−alg �= 0. ��

In the main body of the text we have used the following basic observation
repeatedly, often without mention.

Lemma A.4. The functors (−)alg and (−)V−alg are left exact on the category of
G(Qp)-representations over E.

Proof. Say we are given an exact sequence of G(Qp)-representations over E ,

0 −→ W ′ −→ W −→ W ′′ −→ 0.

Apply HomK (V,−), then tensor with V over E , and take the limit over K .
This results in a long exact sequence,

0 −→ W ′V−alg −→ WV−alg −→ W ′′V−alg −→ lim−→
K

V ⊗E Ext1K (V,W ′) −→ · · · ,

which proves left exactness of (−)V−alg . Now use that Walg = ⊕VWV−alg . ��
A basic example showing (−)alg is not exact in general is the following.

Example A.5. Let ρ = (
χ1 ∗

χ2

)
be a non-split extension, where the χi : �Qp → E×

are potentially crystalline characters; say χi = εhi on an open subgroup of IQp .
Suppose h1 < h2. Such ρ exist by Example 3.9 of [5], but they are not de Rham.
The p-adic local Langlands correspondence for GL2(Qp) associates a Banach
representation �(ρ) = �(ρ)ord , which sits in a non-split short exact sequence
(where G := GL2(Qp) and B̄ := B−(Qp) denotes the lower-triangular Borel)

0 −→ IndG
B̄
(χ1ε

−1 ⊗ χ2) −→ �(ρ) −→ IndG
B̄
(χ2ε

−1 ⊗ χ1) −→ 0.

To be safe here, we make the assumption that χ1χ
−1
2 �= ε±1. Taking locally

algebraic vectors then yields a long exact sequence

0 −→ IndG
B̄
(χ1ε

−1 ⊗ χ2)
alg −→ �(ρ)alg −→ IndG

B̄
(χ2ε

−1 ⊗ χ1)
alg −→ · · · ,

where · · · is necessarily nonzero:�(ρ)alg = 0 since ρ is not de Rham. (For details
on the reducible case see the proof of Proposition 4.14 in [25]). However, the
character χ2ε

−1 ⊗ χ1 is locally algebraic with algebraic part
( t1

t2

) �→ th2−1
1 th12 ,

which is dominant relative to the upper-triangular Borel B. Part (2) of Lemma A.1
shows that IndG

B̄
(χ2ε

−1 ⊗ χ1)
alg �= 0.
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Appendix B: Cohomology of Q p(r)

For the convenience of the reader, we here reproduce the table from Example 3.9
on page 359 in [5]. The notation H1∗ for various ∗ ∈ {e, f, g} is defined in (3.7.2)
on page 353 of [5]. One has inclusions H1

e ⊂ H1
f ⊂ H1

g . The numbers below give
the Qp-dimensions of these spaces for V = Qp(r).

r H1
e (�Qp ,Qp(r)) H1

f (�Qp ,Qp(r)) H1
g (�Qp ,Qp(r)) H1(�Qp ,Qp(r))

r < 0 0 0 0 1
r = 0 0 1 1 2
r = 1 1 1 2 2
r > 1 1 1 1 1

Recall that H1
g (�Qp , V ) parametrizes the de Rham extensions in Ext1�Qp

(1, V ),

and H1
f (�Qp , V ) parametrizes the crystalline extensions. What is important for us

in this paper is the bold entry: H1
g (�Qp , Qp(r)) = 0 for r < 0. This translates into

the non-existence of non-split de Rham extensions
(
1 ∗

εh

)
with h > 0.
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