
Math 103A, Fall 2017

Modern Algebra, HW 7

Due Tuesday November 21st by 5PM in your TA’s box/after discussion session

From Lauritzen’s book:

• Exercises 2.11 (starting page 104): 11, 31, 34, 35

Problem A. Consider the direct product G×H of two finite groups G,H (as

introduced in Problem A on HW 4). Let g ∈ G and h ∈ H be any two elements.

(a) Show that the order of (g, h) ∈ G×H is given by the formula

ord(g, h) = LCM
(
ord(g), ord(h)

)
.

(b) Assuming G×H is cyclic, verify that both G and H must be cyclic.

(c) Prove the converse of (b) under the assumption that GCD
(
|G|, |H|

)
= 1.

(d) Explain why G×G is never cyclic when |G| > 1.

Problem B. Let (Z/11Z)× be the (multiplicative) group of invertible residue

classes modulo 11.

(a) Circle the a’s below for which [a] generates (Z/11Z)×

1 2 3 4 5 6 7 8 9 10

(b) Underline those a’s above such that [a] has order 5.

(c) Write down all the subgroups of (Z/11Z)× (e.g. H = {[1], [10]}).

Problem C. Here we give an elementary proof of the formula in Corollary 2.7.6

(p. 76) which does not use the subgroup classification theorem for cyclic groups.

(a) For n ≥ 1 let ψ(n) =
∑

d|n φ(d). Show that ψ is multiplicative, i.e.

ψ(mn) = ψ(m)ψ(n)
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when GCD(m,n) = 1. (Hint: When m,n are coprime every divisor of mn

factors as ed where e|m and d|n.)

(b) Check that ψ(pr) = pr for any prime number p and r ≥ 1.

(c) Conclude from (a) and (b) that ψ(n) = n for all n ≥ 1.

Problem D. We introduce the following permutation in S5,

α =

(
1 2 3 4 5

3 4 5 2 1

)
.

(a) Find the order of α and list all elements of 〈α〉 (in array form as above).

(b) Calculate α2017 and α−2017.

(c) Exhibit an element of S5 having order 5. (Give it in array form.)
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