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Problem 1. Recall that Z13 denotes the additive group of all residue classes

modulo 13.

(a) Find its cardinality |Z13|.

(b) Compute the following sums in Z13.

[7] + [11], [11] + [12], [−3] + [17].

(Express your answers in the form [x] with x in the range 0 ≤ x < 13.)

(c) Give the inverse class of [6] in Z13. More precisely find the x ∈ Z in the

range 0 ≤ x < 13 satisfying the congruence 6 + x ≡ 0 (mod 13).
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Problem 2. Recall that Z×
13 denotes the multiplicative group of invertible

residue classes modulo 13.

(a) Find its cardinality |Z×
13|.

(b) Compute the following products in Z×
13.

[3] • [5], [5] • [7], [7] • [−11].

(Express your answers in the form [x] with x in the range 0 ≤ x < 13.)

(c) Explain why [11] belongs to Z×
13 and find its inverse class: Find x ∈ Z in

the range 0 ≤ x < 13 satisfying the congruence 11x ≡ 1 (mod 13).
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Problem 3. Let F denote the set of all numbers of the form a + b
√

3 with

rational coefficients a, b ∈ Q. Let F× = F − {0} be the nonzero numbers.

(a) Explain why addition and multiplication • define composition laws on F .

(b) Check that (F,+) and (F×, •) are groups. Give all details.

(c) Compute the multiplicative inverse of 1 + 2
√

3. Find a, b ∈ Q such that

(1 + 2
√

3)−1 = a + b
√

3.
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Problem 4. Let (G, ∗) be a group. Two elements a, b ∈ G are conjugate when

one can write b = g ∗ a ∗ g−1 for some g ∈ G. If so we write a ∼ b.

(a) Find all a ∈ G satisfying a ∼ e (where e is the neutral element).

(b) Prove that ∼ gives an equivalence relation on G. Check these properties:

(i) a ∼ a

(ii) a ∼ b⇐⇒ b ∼ a

(iii) a ∼ b and b ∼ c =⇒ a ∼ c

for any three elements a, b, c ∈ G.

(c) Are the two matrices ( 1 2
3 π ) and ( π 1

2 3 ) conjugate in GL2(R)?
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