MATH 109: Mathematical Reasoning Woonam Lim

Partial Solutions for HW3
Exercise 2.20 For statements P and (), construct a truth table for (P = Q) = (~ Q).

PlQ|P=Q|(~Q) | (P=>Q) = (~Q)
T|[T| T F F
T|F| F T T
F{T| T F F
FIF| T T T

Exercise 2.32 We will give an uniform treatment for each case as follows. Define
A:={x € S|P(x) is true }
B :={z € S|Q(x) is true }.
Since
Plr) = Qz) = (~ P(x)) Vv (P(z) AQ(x)),
the set of all z € S for which P(z) = Q(z) is true is given by
{x € S| P(x) = Q(x) is true} = AU (AN B).
(a) P(x):x—3=4; Q(z):xz>8;, S=R.
We have
A={7}, B=[8,0).
Therefore
AU(ANB) ={T}u ({7} N[8,00))
={zxeR|z#T}Ul

={rxeR|x#T}
(b) P(x):22>1; Qz):2>1; S=R.
We have
A={zecR|z?>1} = (—00,~1]U[l,00), B =[l,00).
Therefore
AU(ANB) = (~1,1)U (((—oo, —1]U[1,00)) N [1,00))
=(-1,1)U[1,00)
= (—1,00)
={reR|z> -1}
(c) P(z):22>1; Q(z):x>1; S=N.
We have
A={zeN|z?>1}=N, B={zeN|z>1}=N.
Therefore

AU(ANB)=0U(NNN)
=N.
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(d) P(x):z€[-1,2]; Q(x):2%<2; §=[-1,1]. We have

A={ze[-11|ze[-1,2]} =5, B={ze[-1,1]]a*<2} =5

This is because for any x € S = [~1,1], it satisfies both z € [~1,2] and 2% < 1 < 2.

Therefore

AUANB)=0U(SNS)

=S

= [-1,1].

Exercise 2.56 We want to show that (~ Q) = (P A (~ P)) and @ are logically equivalent.
We do this by drawing the truth table.

PlQ(~P) | (PA(~P) | (~Q) | (~Q)= (PA(~P))
T[T| F F F T
T|F| F F T F
F|T| T F F T
F|F| T F T F

Since truth value of (~ Q) = (P A (~ P)) and @ are identical no matter what truth value of
P and @ are, they are logically identical.

Exercise 2.72

(a) True. Take z = 0 € R. It clearly satisfies 22 — x = 0.

False. Take t =y =0€ R. Thenx +y+3 =3 # 8.

(h) False. Take z =y =0 € R. Then 22 +y?> =0 # 9.

Exercise 2.78

True. For any n € N, we have n > 1 hencen+1>1+4+1=2.

False. Take # = —1 € R. Then /(-1)2=v1=1# —1.
True. Take = 3 € Q. It clearly satisfies 322 — 27 = 0.

True. Take x =5 € R and y = 0 € R. They clearly satisfies x + y + 3 = 8.

True. Take 2 = 3 € R and y = 0 € R. They clearly satisfies 22 + 3% = 9.

(a) For any circle C; in the plane with center (0,0), there exists a circle Cy in the plane
with center (1,1) such that C7 and C have exactly two points in common.

(b)

301 S A, VCQ S B, ~ P(Cl,CQ).

(¢) There exists a circle C in the plane with center (0,0) such that for any circle C in the
plane with center (1,1), C; and Cy do not have exactly two points in common.

Alternative answer: There exists a circle in the plane with center (0,0) with which no

circle in the plane with center (1, 1) intersect have exactly two points in common.




