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LUBIN-TATE THEORY LECTURE 1

RANDY MARTINEZ

We first give an overview on some key elements of power series.

1. POWER SERIES

A will denote a commutative ring with unity. A power series with coefficients in A is an infinite series
of the form

oo
ZanT", an € A.
n=0

We can make a ring structure out of the set of power series with coefficients in A by defining addition

of two power series as:
D anTm+ Y 5T = (an +b,)T",

(> ) (3 1) =3 (X aib; ) T™.

i+j=n

and multiplication as

This set is usually denoted as A[[T]].

Note: We must be cautious when composing a power series f with g. If g has a constant term, then
we would have to evaluate an infinite sum, which we cannot evaluate in general. So we must restrict
the case to where g has no constant term. This composition is denoted by f o g.

Lemma 1.1. (a) (Associativity) For any f € A[[T]] and g,h € TA[[T]],
folgoh)=(fog)oh.

(b) Let f = >0 ; a,T™. Then there is a g € T'A[[T]] such that f o g = T if and only if a; € AX. If
such a g exists, then it is unique and go f = T.

Proof: (a) By defining a product to be pointwise multiplication, we immediately deduce that (f1 f2)og =
(fiog)(f20g), and hence f™og = (fog)™. If f = T™, then we deduce that fo(goh) = (goh)™, and similarly
(fog)oh = g™oh = (goh)™. This implies that if f = 3" a,T™, then fo(goh) = 3 a,(goh)" = (fog)oh.
(b) Let f =307 anT™. Forsucha g =3 oo b,7" with f o g =T to exist, we would need that

arby =1, aiby + QQb% =0, .. ab,+ termsinasg,...,an_1,b1,....0,_1.

In particular, such a g exists precisely when a1 and by are units. We then inductively define b,, for every
n. For example, by = a7 '(—agb?) = by (—azb?). In general,

-1 .
b, = a7 “(terms in ag, ..., an—1,b1, ..., bn-1),

so that by, are completely determined by &y, ...,b,—1 and a;’s; giving uniqueness. Note that since b; is
invertible, there is an h € T A[[T]] such that go h = T. Hence

f=foT=fo(goh)=(fogloh=Toh=h,
which implies that f =h,so go f=T. O
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2. FOrRMAL Groupr Laws

Definition 2.1. A (one-parameter commutative) formal group law is a power series F' € A[[X, Y]] such
that

(a) F(X,Y) = X +Y + terms of higher degree;

(b) F(X,F(Y,Z)) = F(F(X,Y), Z) (associativity);

(¢) There is a unique ip(X) € X A[[X]] such that F(X,ir(X)) = 0 (inverse);

(d) F(X,Y) = F(Y, X) (commutativity).

This gives a group structure without an underlying set, which is why it is a ”formal” group law.

Note that by the axioms, we have that
F(X,0) = X + higher order terms, F(F(X,0),0)= F(X,0).

Let f = F(X,0). Then by Lemma 1.1 there exists an inverse g such that fog =T and fo f = f, which
both imply that f = X. Hence F(X,0) = X and similarly, F(0,Y) =Y.

Let K, |- | be local field with a non-archimedean absolute value. Let R = {x € K : |z| < 1} be the ring
of integers and m = {z € K : |z| < 1} its maximal ideal. Define F = )7, . a;; X*Y7 to be a formal group
law over R. For any z,y € m, a;;z'y’ — 0 as i,j — 00, so F(x,y) converges to an element in m, which
we denote by z +F y, which gives us a group structure on m.

Example: (a) F(X,Y)= X + Y, normal additive group structure on m.

(b) F(X,Y) = X +Y + XY. Then (m,+p) =~ (1 + m, x) given by the map a — 1+ a. The map
a — 1+ a is clearly bijective, and being a group homomorphism follows from the following being a
commutative diagram:

b)) ———> (1+a,1+5b
(a)a'_)1+a(+a +%)

+rF X

a+b+ab——>1+a+b+ab

3. HomOMORPHISMS OF FORMAL GROUP LAwsS

Definition 3.1. Let F(X,Y),G(X,Y) be formal group laws. A homomorphism h : F — G is a power
series h € T'A[[T]] such that

MF(X,Y)) = G(h(X), h(Y)).

If there exists a homomorphism i : G — F such that hoh/ = h'oh = T, then we say h is an isomorphism.
A homomorphism h : F — F is called an endomorphism of F.

Example: Let F(X,Y) = X +Y + XY = 1+ X)1+Y)~1. Then f(T) = (14 T)? — 1 is an
endomorphism of F:

JFXY)=1+((1+X)1+Y)-1)P—-1=(1+X)P(1+Y)P -1
FAX),f(Y)=0+1+XP-1)0+(1+Y)P-1)-1=(1+X)P1+Y)P -1

Consider the following diagram:

m m
]
a—~1+a a>1l+a
D
ltm—are l+m




LUBIN-TATE THEORY LECTURE 1 3

This diagram commutes since

1+a l+a arra? (1+a)

ara?

— (1+a)’ -1 —"= (1+a).
Then we have that f corresponds to the map a — a?.

For a formal group law G, define for f,g € TA[[T]):

f+eg=G((T),9(T)),
which makes T'A[[T]] an abelian group. Notice that
fHgigo f=0.
Lemma 3.1. (a) For any formal group laws F and G, Hom(F, G) is an abelian group under +¢.

{b) End(F) becomes & ring with multiplication f o g.

Proof: (a) By using commutativity and associativity of +¢ we deduce that for f,g € Hom(F,G),
(f+e 9(F(X,Y)) = G(f(F(X.Y),g(F(X,Y)) = G(G(f(X), f(Y)),G(g9(X), g(Y))

(F(X) +c F(Y)) +a (9(X) +¢ 9(Y))

(F(X) +e 9(X)) +6 (f(Y) +c 9(Y))

=G((f +¢ 9)(X), (f +c 9)(Y)).

Hence f +c g € Hom(F,G). We need to show that ig o f € Hom(F,G) (inverse), i.e. we want to

show that (ig o f)(F(X,Y)) = G((ig o f)(X), (ig o f)(Y)). Since f is a homomorphism and we have
associativity,

[l

(ic o HF(X,Y)) = ic(G(F(X), f(¥));
G((ig o F)(X), (ic o £)(Y)) = Glic(f(X)), ic(f(Y)))-
So it suffices to show that ig(G(f(X), f(Y))) = Glic(f(X)),ic(f(Y))). By the axioms, the left hand

side gives us that
G(G(f(X), f(Y)),ic(G(f(X), f(Y)))) =0.
Notice that
G(G(f(X), F(Y)), Glic(£(X)),ic(f()))) = (f(X) +c £(V)) +c (ic(F(X)) +c ic(f(Y))

= (f(X) +cic(f (X)) +c (f(¥) +ic(f(Y))) =0,
and hence we get the equality by uniqueness of the inverse ig. Since 0 € Hom(F,G), we get the claim.
(b) We already have that composition is associative and the identity being X, so we only need to show
distributivity. For f,g,h € End(F),

folg+rh)=f(F(g(T),(T)) = F((f o g)(T), (f o B)(T)) = (f 0 9) +F (f 0 h);
(f +rg)oh = (F(f(T), g(T))(MT)) = F((f o b)(T), (g o W)(T)) = (f o h) +r (g0 h).
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