
Thanks to Rudy Perkins for supplying most of the solutions.

12. (a)

cm =
1
2π

∫ π

−π

f(x)e−imxdx

=
1
2π

∫ δ

−δ

e−imxdx

=
1
2π

[
−1
im

e−imx

] δ

−δ

=
1

mπ

(
eimδ − e−imδ

2i

)
=

sinmδ

mπ

(b)

1 = f(0)

=
∞∑
−∞

sinmδ

πm
eim0

= lim
m→0

sinmδ

πm
+

2
π

∞∑
1

sinmδ

m

=
δ

π
+

2
π

∞∑
1

sinmδ

m

which gives
π − δ

2
=
∞∑
1

sinmδ

m
.
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(c) Using Parseval’s theorem:

δ

π
=

1
2π

∫ δ

−δ

1

=
1
2π

∫ π

−π

|f |2

=
∞∑
−∞

sin2 mδ

π2m2

= lim
m→0

sin2 mδ

π2m2
+

2
π2

∞∑
1

sin2 mδ

m2

= lim
m→0

2δ sinmδ cos mδ

2π2m
+

2
π2

∞∑
1

sin2 mδ

m2

= lim
m→0

2δ2(cos2 mδ − sin2 mδ)
2π2

+
2
π2

∞∑
1

sin2 mδ

m2

=
δ2

π2
+

2
π2

∞∑
1

sin2 mδ

m2

In short we have
δ

π
=

δ2

π2
+

2
π2

∞∑
1

sin2 mδ

m2
.

Rearranging we get
π − δ

2
=
∞∑
1

sin2 mδ

m2δ
.

(d) By Thm 6.7c we have

π

2
= lim

δ→0

∞∑
1

sin2 mδ

(mδ)2
· δ =

∫ ∞
0

(
sinx

x

)2

dx.

(e)
∞∑
1

sin2 nπ/2
m2π/2

=
2
π

∞∑
1

1
(2n− 1)2

=
π

4

or
∞∑
1

1
(2n− 1)2

=
π2

8
.

13. We calculate the Fourier coefficients to be

|cn| =
∣∣∣∣2iπ cos mπ

m
− 2i sinmπ)

m2

∣∣∣∣ =
∣∣∣∣ i(−1)n

m

∣∣∣∣ =
1
m

, |c0| = 0
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Hence by Parseval’s theorem:

π2

3
=

1
2π

∫ π

−π

|f |2dx =
∞∑
−∞

|cn|2 = 2
∞∑
1

1
n2

or
π2

6
=
∞∑
1

1
n2

.

15. Recall from p. 189:
(eix − 1)Dn(x) = ei(n+1)x − e−inx

and note
1− cos(n + 1)x

1− cos x
=

2− ei(n+1)x − e−(n+1)x

2− eix − e−ix
.

Hence the problem reduces to showing

(2− ei(N+1)x − e−i(N+1)x) = (2− eix − e−ix)
N∑
0

Dn.

Using the information above, we get:

(2− eix − e−ix)
N∑
0

Dn =
N∑
0

((1− eix) + (1− e−ix))Dn

=
N∑
0

(1− eixDn +
N∑
0

(1− e−ix)Dn

=
N∑
0

(e−inx − ei(n+1)x) +
N∑
0

(einx − e−i(n+1)x)

=
N∑
0

(einx − ei(n+1)x) +
N∑
0

(e−inx − e−i(n+1)x)

=
N∑
0

(einx − ei(n+1)x) +
N∑
0

(e−inx − e−i(n+1)x)

= (1− ei(N+1)x) + (1− e−i(N+1)x)

= (2− ei(N+1)x − e−i(N+1)x)

(a) If x 6= 2nπ then

1− cos(N + 1)x ≥ 0, 1− cos x ≥ 0 ⇒ Kn ≥ 0.
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If x = 2nπ then we show that limKn > 0:

lim
x→2nπ

Kn =
1

N + 1
lim

x→2nπ

1− cos(N + 1)x
1− cos x

=
1

N + 1
lim

x→2nπ

−(N + 1) sin(N + 1)x
− sinx

= lim
x→2nπ

sin(N + 1)x
sinx

= lim
x→2nπ

(N + 1) cos(N + 1)x
cos x

= N + 1
> 0

(b) Recall
1
2π

∫ π

−π

Dn = 1

so we get
1
2π

∫ π

−π

1
N + 1

N∑
0

Dn =
1

N + 1
· (N + 1) = 1.

(c) Note for 0 < δ ≤ |x| ≤ π we have 1− cos x ≥ 1− cos δ. Hence

KN =
1

N + 1
· 1− cos(N + 1)x

1− cos x
≤ 1

N + 1
· 2
1− cos x

≤ 1
N + 1

· 2
1− cos δ

.

Recall
sn(f, x) =

1
2π

∫
−π

πf(x− t)Dndt

so we obtain

σN (f ;x) =
s0 + · · ·+ sN

N + 1

=
N∑
0

1
2π

∫ π

−π
f(x− t)Dndt

N + 1

=
1
2π

∫ π

−π

f(x− t)
N∑
0

Dn

N + 1
dt

=
1
2π

∫ π

−π

f(x− t)Kndt
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To prove Fejér’s theorem, we need to show sup |σN − f | → 0 as N →∞.

|σN (f ;x)− f(x)| =
∣∣∣∣ 1
2π

∫ π

−π

f(x− t)Kndt− f(x)
∣∣∣∣

=
∣∣∣∣ 1
2π

∫ π

−π

(f(x− t)− f(x))Kndt

∣∣∣∣ (from (b)

≤ 1
2π

∫ π

−π

|f(x− t)− f(x)|Kndt

Since f is continuous on a compact set, we can choose δ s.t.

|x− y| < 2δ ⇒ |f(x)− f(y)| ≤ ε/3.

Let M = sup |f |:

|σN (f ;x)− f(x)| ≤ 1
2π

∫ −δ

−π

2MKndt +
1
2π

∫ δ

−δ

(ε/3)Kndt +
1
2π

∫ π

δ

2MKndt

≤ 2M

π

(
1

N + 1
· 2
1− cos δ

)
+ ε/3

< ε

if we take N � 0.

16. Let ε > 0. We want an N s.t.

|σn(f ;x)− 1
2
[f(x+)− f(x−)]| < ε, n ≥ N.
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Let M = sup |f |. Recalling the results from the previous exercise,∣∣∣∣σn(f ;x)− 1
2
[f(x+)− f(x−)]

∣∣∣∣ =
∣∣∣∣ 1
2π

∫ π

−π

f(x− t)Kndt− 1
2
[f(x+) + f(x−)]

∣∣∣∣
=

∣∣∣∣ 1
2π

∫ π

−π

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣
≤

∣∣∣∣ 1
2π

∫ −δ

−π

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣
+

∣∣∣∣ 1
2π

∫ δ

−δ

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣
+

∣∣∣∣ 1
2π

∫ π

δ

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣
≤

∣∣∣∣ 1
2π

∫ −δ

−π

2MKndt

∣∣∣∣
+

∣∣∣∣ 1
2π

∫ δ

−δ

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣
+

∣∣∣∣ 1
2π

∫ π

δ

2MKndt

∣∣∣∣
Using the logic of Ex 6.12, we can choose a g ∈ C0 s.t.∫ π

−π

|f − g|Kn < (2πε)/6.

From the construction of g we can choose δ > 0 s.t.

|t| < δ ⇒
∣∣∣∣g(x− t)− 1

2
[f(x+) + f(x−)]

∣∣∣∣ < (2πε)/6.

Hence the middle integral gives∣∣∣∣ 1
2π

∫ δ

−δ

(
f(x− t)− 1

2
[f(x+) + f(x−)]

)
Kndt

∣∣∣∣ ≤ 1
2π

∫ δ

−δ

|f(x− t)− g(x− t)|Kndt

+
1
2π

∫ δ

−δ

∣∣g(x− t)− 1
2
[f(x+) + f(x−)]

∣∣Kndt

< ε/6 + ε/6
= ε/3

From 15(c), we can choose N � 0 s.t.∣∣∣∣ 1
2π

∫ −δ

−π

2MKndt

∣∣∣∣ < ε/3,

∣∣∣∣ 1
2π

∫ π

δ

2MKndt

∣∣∣∣ < ε/3.
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Hence we get ∣∣∣∣σn(f ;x)− 1
2
[f(x+)− f(x−)]

∣∣∣∣ < ε/3 + ε/3 + ε/3 = ε.

17. (a) Recall from Ex 6.17 that if f is bounded and monotonically increasing (if decreasing,
replace by −f ), g is continuous and has an antiderivative G then we have∫ b

a

f(x)g(x)dx = G(b)f(b)−G(a)f(a)−
∫ b

a

Gdf.

Take g = e−inx and G = ie−inx/n and consider the interval [−π, π − δ]. Then we get

cn = lim
δ→0

∫ π−δ

−π

f(x)g(x)dx

= lim
δ→0

f(π − δ)G(π − δ)− f(−π)G(−π)−
∫ π−δ

−π

Gdf

= f(π)G(π)− f(−π)G(−π)−
∫ π

−π

Gdf

Hence

|ncn| ≤ n

∣∣∣∣f(π)e−inπ

n

∣∣∣∣ + n

∣∣∣∣f(−π)einπ

n

∣∣∣∣ + n

∫ π

−π

∣∣∣∣e−inx

n

∣∣∣∣df
≤ |f(π)|+ |f(−π)|+

∫ π

−π

1df

= |f(π)|+ |f(−π)|+ (f(π)− f(−π))

In short, |ncn| < M .
(b) Ex 3.14e says if |ncn| < M then limσn = lim sn. But Ex 8.16 says lim σn =

1
2 [f(x+) + f(x−)] hence

lim sn =
1
2
[f(x+) + f(x−)].

(c) Consider the function

g =

 f(α) if −π ≤ x < α
f(x) if α ≤ x ≤ β
f(β) if β < x ≤ π

This is monotonic and bounded hence the previous parts apply. By the localization
theorem (p. 190) we have

lim[sN (f ;x)− sN (g;x)] = 0, x ∈ (α, β).

Since the one sided limits of f and g agree in (α, β) we have

lim sN (f ;x) = lim sN (g;x) =
1
2
[g(x+) + g(x−)] =

1
2
[f(x+) + f(x−)].
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