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Problem 1 (30 points)1 Let D3 = fR0; R120; R240; S1; S2; S3g be the dihedral group of order 6,whih onsists of symmetries of an equilateral triangle. Here, eah Ri isthe symmetry of the square given by ounterlokwise rotation by i degrees.Eah Si is a reetion about an axis of symmetry of the triangle, labeled asfollows.(As in lass, orient the triangle with horizontal base, let the top ornerhave label 1, the bottom left orner have label 2, and the bottom right ornerhave label 3. Then Si is the reetion through the axis of symmetry passingthrough the orner i.)
(1a) (10 pts). Calulate the produt S1S2 in the group D3. Show yourwork.S1S2 = R120.(A ommon error was to �rst perform S1 and then S2. The onvention inD3 is to multiply from right to left, as we do with funtion omposition.)
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(1b) (10 pts). Complete the following Cayley table of the group D3. (Re-member that the produt g1g2 is written in row g1 and olumn g2 of theCayley table.) You may freely rely on fats you know about Cayley tables.(The �lled in entries are in italis. One one �lls in S1S2 = R120, the restof the table follows from the fat that every row and olumn ontains eahelement exatly one.)R0 R120 R240 S1 S2 S3R0 R0 R120 R240 S1 S2 S3R120 R120 R240 R0 S3 S1 S2R240 R240 R0 R120 S2 S3 S1S1 S1 S2 S3 R0 R120 R240S2 S2 S3 S1 R240 R0 R120S3 S3 S1 S2 R120 R240 R0(1) (10 pts). Calulate Z(D3), in other words, �nd the enter of the groupD3. Justify your answer.Z(D3) = fx 2 D3j xa = ax for all a 2 D3g. In terms of the Cayleytable, an element x is in the enter if and only if row x and olumn x areidential. Looking at the Cayley table above, we see that this happens onlywhen x = R0. So Z(D3) = fR0g.
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Problem 2 (25 points)(a) (15 pts) Let G be an Abelian group with identity element e, and de�neH = fx 2 G j x2 = eg. Prove that H is a subgroup of G.We use the two-step subgroup test. Let a 2 H and b 2 H. Then a2 = eand b2 = e. Now (ab)2 = abab = a2b2 = ee = e sine G is Abelian. Thus(ab) 2 H. So H is losed under produts.Next, note that (a�1)2 = (a2)�1 = e�1 = e. So a�1 2 H and H is alsolosed under inverses. By the two step subgroup test, H is a subgroup of G.
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(b) (10 pts) Let G = D3 be the group of symmetries of a triangle (the groupappearing in problem 1), and again de�ne H = fx 2 G j x2 = eg. Prove thatH is not a subgroup of G.From the Cayley table of problem 1, we see that R0; S1; S2 and S3 areexatly the elements of D3 whose square is the identity. However, H =fR0; S1; S2; S3g is not a subgroup ofG, beause it is not losed under produts|for example, S1S2 = R120 62 H.
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Problem 3 (25 points)(a) (10 pts). Show that the group U(14) is a yli group. Show youralulations.Note that U(14) = f[1℄; [3℄; [5℄; [9℄; [11℄; [13℄g. One �nds a generator bytrial and error; it turns out that [3℄ works, beause[3℄1 = [3℄; [3℄2 = [9℄; [3℄3 = [13℄; [3℄4 = [11℄; [3℄5 = [5℄; and [3℄6 = [1℄;so [3℄ has order 6 and h[3℄i = f[1℄; [3℄; [9℄; [13℄; [11℄; [5℄g = U(14).
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(b) (5 pts). Find a subgroup H of U(14) with jHj = 3.By the theory of yli groups, sine [3℄ has order 6, [3℄2 = [9℄ will haveorder 3. So H = h[9℄i = f[1℄; [9℄; 11℄g works (and in fat this is the onlyanswer.)

(d) (10 pts). Working in the group U(14) still, alulate [9℄�100. Show yourwork.Sine [9℄ has order 3 in the group U(14), we have [9℄�100 = [9℄2 (sine�100 is ongruent to 2 mod 3) and [9℄2 = [11℄. So [9℄�100 = [11℄.
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Problem 4 (20 points)(a) (10 pts). Let S = R be the set of real numbers, and suppose we de�nea binary operation on S by the formula a ? b = a� b. Is S with this binaryoperation a group? Either prove it is a group or prove it is not a group.Sine 1 = 1� (1� 1) 6= (1� 1)� 1 = �1, the operation is not assoiative,so S with this operation is not a group.(The operation also does not have an identity element: If it did, therewould be some number e suh that x = x� e = e� x, for all x 2 R, but nosuh number e exists. So you ould also prove it is not a group that way.)
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(b) (10 pts). Let S = fx 2 Rjx 6= 0g be the set of nonzero real numbers,and de�ne a a binary operation on S by the formula a ? b = 2ab. Is S withthis binary operation a group? Either prove it is a group or prove it is not agroup.This is a group. It is assoiative, sine (a ? b) ?  = 2ab ?  = 4ab anda ? (b ? ) = a ? 2b = 4ab, for all a; b;  2 R (where we have assumed thatusual multipliation of real numbers is assoiative.)It has an identity element e = 1=2, sine a ? (1=2) = a = (1=2) ? a for alla 2 R.It has inverses, sine for a 2 S, we see that b = 1=(4a) is an inverse:a ? 1=(4a) = 1=2 = 1=(4a) ? a.So S with the given operation is a group by de�nition.
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