Part 1: Short answers (4 points each)

For each question, either find an example of a ring, element, etc. with the
requested properties (no explanation necessary); or else if no such example
exists, give a one sentence explanation of why it is impossible.

Sample problems:

Oa. A ring R and nonzero elements a,b € R such that 0a = b.
Solution: No such example exists, since it is a basic property of rings
that Oa = 0 for any a.

Ob. A ring R which is a commutative domain with identity, and an
element ¢ € R which is not a unit.
Solution: Let R = Z, and take a = 2.

1. Nonzero elements a,b in the ring R = Z @ Z such that ab = 0.
Take  a=(1,0) | b=(o,). Thoe ap= (0,0, L s
*kQu zew k. W 287

2. An element £ = a + by/2 in the ring Q[v/2] = {a + bv/2|a,b € Q} such
that (z)(2 - v2) = 1.

X = \—\»‘k\S-L .

[\]



3. A ring R which has no identity element for multiplication.

L .

4. A commutative domain with identity R which has characteristic 8.

'1(40\'& \s nosuokm&,\,,ewm —}hmm;,\cd\\'\la‘t o
domcan is eder O of prve § o 3w u‘\rgf\w.

5. An infinite ring R and an ideal I of R such that the factor ring R/
is finite.

e R=Z, T=aZ Yo P Vs ady Q elewods,



6. An element f in the polynomial ring R[z] such that (f)(z*+5+1) = 1.

e 15 o suda -Q,a(\mQ u(‘R[x]) zTR*, ovd 0
XerSel 5 vet o wik R .

7. An element a € Z such that ¢ # 1, and a is a unit.

TC«Q(MJZ) dasice v a= -\.

8. An ideal I of R[z] such that (z — 5) € I, but (z — 5)(z*+3) ¢ I.
T s dmgossivle, foe i @5) €T, Hw (k1 eT
foradf feriD).



9. A field F which has finitely many elements.

Z?.

10. A nonzero element a € Z,¢ which is a zerodivisor.

ol JSce 2521020 .



Part II: Long answers

11. (30 points) Let Z[i] = {a+bi|a,b € Z} be the ring of Gaussian integers,
and let I be the principal ideal (3 +¢) C Z[¢]. This problem is about the
factor ring R = Z[i]/I. By the methods in the book or in class, one can
show in fact that R = Z,o. This problem only asks you to do part of that
argument.

a.(10 points) For an integer a € Z, think of a as the element a+0i € Z[i].
Show that 10 € I.

Aidhe hat (2 )3V =10 , chale s m T svee @ e
WO‘F aneewewt 68 T and & Y\\AS elowouk-.

b. (10 points) Show that any coset (a + 2) + I € R with a.b € Z is
equal to a coset (¢ + 07) + I € R for some ¢ € Z.

Smee  2+ieT we iave 4T = -34 T wlevice
aibi) 4T = (6aT) + (b+TNA+T)
= (a+I) + (brT)-(-3+4T)
= @&-2)+ T y and a-% eZ.



c. (10 points) Using part (a) and (b), show that R has finitely many
elements. (Note that you do not need to prove that R has cxactly 10 ele-
ments. )

Tam () and U, ve ko Mmm&émw\ ok R
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12. (30 points) Let My(Z) be the ring of 2 x 2-matrices with integer
entries. Let R be the following subring of M,(Z):

- {f Jeoe)

It turns out that R is a commutative ring. You can assume that below, you
don’t need to prove it (though it’s not hard.)

a. (10 points) Show that ¢ : R — Z defined by d)( [Z Z] ) =(a—-b)

is a homomorphism of rings.

CW X= ]\o‘; \::k and 3; [ii-s \\,\(\Z Q\Aé Cweoc\t .

arc  b4d
F(xas) = d({\o*é ch: a4C - (b+d)
= (@-%) + (e-d) = W -H‘“Q)
ow\é aho }

g 4|04 0 “‘“‘”‘D = acibd ~(od 44)
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b. (10 points) Prove that R/(ker ¢) is isomorphic to Z.
Gaen nel, we e wn= 5[(['39\33 Land o
b ade Z. We el Veve Kok Rfgerg 27
\u,fk%a \% isov\m?\\bm Haoorem -

c. (10 points) Is ker ¢ a maximal ideal? Why or why not?
Vergf © ek wogimal \seccunse V‘/m¢ s vt
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