Part 1: Short answers (5 points each)
In these problems, no justification is necessary, just provide the answer. No

lengthy calculations should be necessary in any of the problems in this section.

1. You are told that exactly one of the following rings is not a UFD.
Which one is it?

Z[i), Zlz), Z[V-5], Z.
]’[{:ﬂ ‘s nét a UFD.

2. A Euclidean domain is automatically also a (circle all that apply:)

BID,) field,



3. You are told that z* +z +1 is irreducible over Z,. How many elements
does the factor ring Zy|z]/(z* + z + 1) have?

Zq:)b.

4. The factor ring Rz]/(z? + 1) is isomorphic to what familiar field?
a




5. Let f = 2z + 11 and ¢ = z — 10 in the ring R[z]. Suppose one
performs the division algorithm and finds ¢, € R[z| such that f = gg +,
where degr < degg or r = 0. What is the remainder r?

107+ 11



Part II: Long answers

6. (25 points) Let F be a field. Prove that the polynomial ring F[z] is a
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7a. (20 points) Is 22° +62%+ 7z — 20 an irreducible polynomial in Q[z]?
Justify your answer.
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7b. (5 points) Is the factor ring Q[z]/(2z3 + 62? + 7z — 20) a field?
Justify your answer.
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In the following problem, we work with the ring of Gaussian integers
Z[i) = {a + bija,b € Z}. This ring can also be thought of as Z[\/-1]. 1t has
a norm function N(a + bi) = a® + b%. You may quote and use without proof
the basic properties of the norm function.

8. (25 points) Write the element 6 as a product of irreducibles in Z[i].
Justify your answer (i.e. prove the elements in your factorization really are
irreducible.)
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