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Problem 1 (25 pts)In this problem, let un be the nth Fibona

i number. These numbers arede�ned indu
tively by setting u1 = 1, u2 = 1, and un+1 = un + un�1 forn � 2.Prove that the inequality un < 3n holds for all n � 1. Be absolutely 
learabout what method you are using and make the various steps of the method
lear in your proof.
We prove the result by strong indu
tion. When n = 1, then u1 = 1 <31 = 3. When n = 2, then u2 = 1 < 32 = 9. This proves the base 
ases.Now assume that um < 3m holds for all 1 � m � k, for some k � 2.Applying this for m = k and m = k � 1, we get that both uk < 3k anduk�1 < 3k�1 are true. Now sin
e uk+1 = uk + uk�1, we haveuk+1 = uk + uk�1 < 3k + 3k�1 < 3k + 3k < 3k + 3k + 3k = 3(3k) = 3k+1:This 
ompletes the proof of the indu
tion step.Thus un < 3n holds for all integers n � 1.
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Problem 2 (25 pts)Let P and Q be arbitrary propositions.(a)(5 pts). Consider the impli
ation P ) Q. Write down the 
onverse ofP ) Q and the 
ontrapositive of P ) Q, 
learly labeling ea
h.The 
onverse of P ) Q is the proposition Q) P .The 
ontrapositive of P ) Q is the proposition (notQ)) (notP ).
(b)(10 pts). Write down a full truth table for ea
h of the three propositionsin part (a) above (P ) Q, its 
onverse, and its 
ontrapositive.)We put all of the needed information in a single truth table. (The 
olumnsnotP and notQ were not required but were in
luded to make it easier to
al
ulate the 
olumn (notQ)) (notP ).)P Q P ) Q Q) P (notQ) (notP ) (notQ)) (notP )T T T T F F TT F F T T F FF T T F F T TF F T T T T T
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(
)(10 pts). Suppose that P ) Q is known to be false. Is the 
onverse true,false, or 
an't you tell? Is the 
ontrapositive true, false, or 
an't you tell?Write a short justi�
ation for your answers whi
h refers to the truth tablesin part (b).We read the answer dire
tly o� the truth table in the previous part. Theonly row of the table in whi
h P ) Q is false is the se
ond row. In thatrow, the 
onverse Q ) P is true, and the 
ontrapositive (notQ) ) (notP )is false.
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Problem 3 (25 pts)Let A;B; and C be any three sets. Prove that A[(B\C) = (A[B)\(A[C).Prove this dire
tly in words from the basi
 de�nitions of set theory. (You arenot allowed to quote theorems from the book, sin
e this statement is itself atheorem in the book.)First we prove that A [ (B \ C) � (A [ B) \ (A [ C). Suppose thatx 2 A[ (B \C). Then either x 2 A or x 2 B\C. Suppose that x 2 A; then
ertainly both x 2 A [B and x 2 A [ C. Thus x 2 (A [B) \ (A [ C). Theother 
ase is where x 2 B\C. In this 
ase x 2 B and x 2 C. Sin
e x 2 B, wehave x 2 A[B, and sin
e x 2 C, we have x 2 A[C. So x 2 (A[B)\(A[C)in this 
ase also. Altogether, we have proven that x 2 A [ (B \ C) impliesx 2 (A [B) \ (A [ C) and so A [ (B \ C) � (A [B) \ (A [C) as 
laimed.Now we prove that (A [ B) \ (A [ C) � A [ (B \ C). Suppose thatx 2 (A [B) \ (A [ C). Then both x 2 A [ B and x 2 A [ C. Suppose �rstthat x 2 A. Then x 2 A [ (B \ C) as we want. So the remaining 
ase iswhen x 62 A. But sin
e x 2 A [ B, this for
es x 2 B, and sin
e x 2 A [ C,this for
es x 2 C. Thus x 2 B \C and so x 2 A [ (B \C) in this 
ase also.Thus we see that x 2 (A [ B) \ (A [ C) implies x 2 A [ (B \ C) and so(A [ B) \ (A [ C) � A [ (B \ C).Sin
e we have proven ea
h set is a subset of the other, it follows thatA [ (B \ C) = (A [B) \ (A [ C) as required.
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Problem 4 (25 pts)(a)(15 pts) Prove that for all integers a and b, if a is even and ajb, then bis even. Prove this dire
tly from the de�nitions (do not quote theorems orhomework exer
ises.)Let a and b be integers where a is even and ajb. By de�nition, a is evenmeans there is some q 2 Z with a = 2q. Also by de�nition, ajb means there issome p 2 Z with b = pa. Then b = 2pq = 2(pq), where pq is also an integer.So b is also even by de�nition.
(b)(10 pts) Prove that for all integers 
 and d, if d is odd and 
jd, then 
is odd. Again do not quote theorems from the book or homework exer
ises,but feel free to quote the result of part (a).We prove this by 
ontradi
tion. Let 
 and d be integers where d is oddand 
jd. Assume that 
 is not odd, and so 
 is even. Then 
 is even and 
jd,whi
h by the result of part (a) implies that d is even. But we know that dis odd and so this is a 
ontradi
tion. Thus our assumption that 
 is not oddwas false, and so 
 must be odd.
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