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Problem 1 (30 points)Prove that p2 is an irrational number.Solution: In this problem and the next, I a

ept without proof thatevery integer is either even or odd. (This 
an be proved using the divisionalgorithm.) In problem 1, one also needs to know the fa
t that if n is aninteger and n2 is even, then n is even. I proved this in the solution below:but sin
e this is the 
ontrapositive to a fa
t we proved in 
lass, I allowed thisfa
t to be stated without proof as well without loss of 
redit. If you provedthis fa
t anyway, great.The proof of the result is by 
ontradi
tion. Assume that p2 is a rationalnumber. Then p2 = a=b for some integers a and b with b 6= 0. In addition,we 
an assume that the fra
tion a=b is written in lowest terms so that a andb have no 
ommon fa
tors greater than 1.Squaring both sides of p2 = a=b, we obtain 2 = a2=b2, and so 2b2 = a2.Thus a2 is even. We 
laim that a is also even. Suppose not; then a is odd,and so a = 2m+ 1 for some integer m, in whi
h 
ase a2 = 4m2 + 4m+ 1 =2(2m2 + 2m) + 1 is also odd, a 
ontradi
tion. So a is even as 
laimed.Thus we 
an write a = 2k for some integer k. Substituting ba
k in toour equation, we have 2b2 = 4k2. Dividing by 2, b2 = 2k2. So b2 is even, andby the same argument as in the last paragraph, b is even. We have provedthat both a and b are even, so the fra
tion a=b is not in lowest terms, whi
his a 
ontradi
tion.Thus our assumption that p2 is rational must have been false, and we
on
lude that p2 is irrational.
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Problem 2 (25 points)Prove the following statement: For every n 2 N, n is odd if and only if4j(n2 � 1).Solution: Let n be odd. Then by de�nition, n = 2k+1 for some integerk. Squaring, n2 = 4k2 +4k+1, and so n2� 1 = 4k2 +4k = 4(k2 + k). Thisis 
learly a multiple of 4, so 4j(n2 � 1) as required.Conversely, let 4j(n2 � 1) for some natural number n. Suppose that nis even. Then n = 2k for some integer k, and then n2 = 4k2. So 4jn2.The di�eren
e of two multiples of 4 is again a multiple of 4, so we 
on
ludethat 4j(n2) � (n2 � 1), in other words 4j1. This is absurd, so we have a
ontradi
tion. Thus our supposition that n is even was in
orre
t, and nmust be odd.
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Problem 3 (25 points)3a (15 points). Are the propositional expressions(:P )! (Q _ P ) and :(P ^Q)logi
ally equivalent? If so, prove it. If not, give a 
ounterexample.Solution: The two expressions are not logi
ally equivalent. One way isto prove this using a truth table, but we 
hoose to reason in English.Suppose that P is true and Q is true. Then :P is false, and sin
e a
onditional statement is automati
ally true when the hypothesis is false,the statement (:P )! (Q _ P ) is true.On the other hand, when P and Q are both true, then P ^Q is also true,and so :(P ^Q) is false.Sin
e the two expressions do not take on the same truth values for allpossible 
hoi
es of truth values of the variables, they are not logi
ally equiv-alent expressions.

3b (10 points). If the following proposition is true, prove it. If it isfalse, give a 
ounterexample.8x 2 Z;9y 2 Z su
h that xy 6= 0:Solution: The proposition is false. If we 
hoose x = 0, then no matterwhat y is, the produ
t xy = 0. Thus for the 
hoi
e x = 0, there does notexist y 2 Z with the property xy 6= 0.4



Problem 4 (20 points)For ea
h n 2 N, let An be the set fx 2 Z�� n divides xg. (Suggestion: Listexpli
itly the �rst few of the sets A1; A2; A3; A4; : : : , so that you 
an bettervisualize what these sets look like.)4a (10 points). Cal
ulate \n2NAn and prove your answer.Solution: To help us visualize things, we �rst 
al
ulateA1 = f: : : ;�3;�2;�1; 0; 1; 2; 3; : : : g;A2 = f: : : ;�6;�4;�2; 0; 2; 4; 6; : : : g;A3 = f: : : ;�9;�6;�3; 0; 3; 6; 9; : : : gafter whi
h we believe we understand the pattern.We 
laim that Tn2N An = f0g.First, note that 0 2 An for all n 2 N, be
ause nj0 holds for all naturalnumbers. So 0 2 Tn2N An.On the other hand, suppose x 2 Tn2N An. Then x must be a multipleof every natural number n. But 
hoosing any natural number n > jxj, it isimpossible for x to be a nonzero multiple of that n. Thus the only possibilityis x = 0, and thus 0 is the only element in Tn2N An.In 
on
lusion, we have Tn2N An = f0g as 
laimed.4b (10 points). Cal
ulate [n2NAn and prove your answer.Solution: We 
laim that Sn2N An = Z. Sin
e ea
h An 
onsists ofintegers, 
learly Sn2N An � Z. On the other hand, given any integer x, 1divides x, and so x 2 A1. This proves that Z � A1, and sin
e A1 is one ofthe sets in the union, this for
es Z � Sn2N An. Altogether, we must haveSn2N An = Z as 
laimed.
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