
Math 200b Winter 2012 Homework 6

Due 3/2/2012 by 5pm in homework box (now in basement)

All exercise numbers refer to Dummit and Foote, 3rd edition.

Reading assignment: 14.1, 14.2

Assigned problems (all to be turned in)

Section 13.4: #3, 4

Section 14.1: #4, 7

Section 14.2: #4, 5

Additional exercises not from the text (all to be handed in):

1. Recall that in class we defined an algebraic field extension F ⊆ K to be normal if
whenever f ∈ F [x] is an irreducible polynomial with at least one root in K, then f splits
completely into linear factors in K[x]. I believe this is the standard definition of normal
extension these days.

Your book defines normal in a different way (p. 537): they say that an algebraic ex-
tension F ⊆ K is normal if K is “a splitting field over F of a collection of polynomials in
F [x]”. Actually, they forget to define what it means to be a splitting field of a collection of
polynomials (rather than a single polynomial), but you can probably guess the definition.
Let us concentrate on finite-degree extensions here, for which one only needs to think about
splitting fields of single polynomials.

Prove the two definitions of normal agree for finite degree extensions, by proving

Theorem 0.1 let F ⊆ K be a field extension with [K : F ] < ∞. Then the following are
equivalent:

1. K is a splitting field over F of some polynomial f ∈ F [x].

2. For all irreducible polynomials g ∈ F [x] with at least one root in K, g splits completely
into linear factors in K[x].
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(Hint: The harder direction is (1) implies (2). Suppose that g ∈ F [x] is an irreducible
polynomial with a root in K. Let K ⊆ L where L is a splitting field over K for g. Show that
if α1, α2 ∈ L are any two roots of g then there is an automorphism in Aut(L/F ) which takes
α1 to α2. Then prove that any automorphism σ in Aut(L/F ) must satisfy σ(K) ⊆ K.)

2. Let f ∈ F [x] be irreducible of prime degree p and let F ⊆ K with [K : F ] <∞. If f
is not irreducible in K[x], show that p divides [K : F ]. (Hint: consider an extension of K in
which f has a root.)

3. Let F ⊆ L be any algebraic extension (possibly of infinite degree). Suppose φ : L→ L
is a ring homomorphism which restricts to the identity on F . Show that φ is surjective, and
thus φ is an automorphism.
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