
Math 200c Spring 2012 Homework 3

Due 5/18/2012 by 5pm in homework box (now in basement): Notice you
have three weeks for this assignment.

Reading assignment: Read Chapters 5-8 of Atiyah-Macdonald. Since I will not assume
that everyone owns a copy of Atiyah-Macdonald, I will type out all exercises below even if
they come from Atiyah-Macdonald. However, I do recommend you get some kind of access
to Atiyah-Macdonald so you can read along. All rings are commutative with 1.

Assigned problems (all to be turned in)

1. Let A ⊆ B be an integral extension of rings. Let φ : A→ B be the inclusion map and
consider φ∗ : Spec (B)→ Spec (A), the map which takes a prime ideal Q of B to the prime
Q∩A = P of A (you proved this was continuous on the last HW). Using the various results
on how primes of A and B are related, shows that the map φ∗ of topological spaces has the
following special properties:

(a). φ∗ is surjective.
(b). φ∗ is a closed map, i.e. the image under φ∗ of any closed set of Spec (B) is closed.

(Hint: Given a closed set V (I) of Spec B, consider the ring homomorphism A/(I ∩ A) →
B/I.)

(c). Assuming the ring B is noetherian, then φ∗ has finite fibers, i.e. for any point
p ∈ Spec (A), the preimage (φ∗)−1(p) is a finite set.

2. Suppose that A,B,C are k-algebras over some field k. Suppose that φ : A→ B is an
integral map. (We do not assume that φ is injective, so this means that B is integral over
φ(A).) Consider the induced homomorphism φ ⊗ 1 : A ⊗k C → B ⊗ C. Here, A ⊗k C and
B ⊗k C are again k-algebras in the usual way.

Show that φ⊗ 1 is again an integral map of rings.

3. Consider R = C[x, y]/(xi − yj) for some i, j ≥ 2 with gcd(i, j) = 1.

(a). Show that R is isomorphic to the subring C[ti, tj] of a polynomial ring C[t].
(b). Show that the integral closure of C[ti, tj] in C(t) is C[t]. Conclude that R is not

integrally closed in its field of fractions.
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(Remark: the fact that R is not integrally closed in its field of fractions is an algebraic
reflection of the geometric fact that the curve V (xi − yj) ⊆ A2 has a singular point at the
origin: when you draw it, you clearly get a sharp point there.)

4. We used the Artin-Tate lemma to prove the following result which is the key lemma
in the proof of Hilbert’s Nullstellensatz:

Lemma 0.1 Let F be a field which is also a f.g. k-algebra. Then F/k is algebraic, and
moreover [F : k] <∞.

In this problem, you study an interesting different proof of the lemma which depends
on k being an uncountable field; so this proof is not quite as general. Still, this is a useful
method to see because one is often interested in the case k = C, where such cardinality
techniques are available.

(a). Assume that k is uncountable, and let k(x) be the field of rational functions in one
variable over k. Thinking of k(x) as a vector space over k, prove that the set of elements
{(x−a)−1 | a ∈ k} is linearly independent over k. Conclude that dimk k(x) is an uncountable
cardinal number.

(b). Let k be any field. Prove that if R is a f.g. commutative k-algebra, then dimk R is
a countable cardinal number.

(c). Prove Lemma 0.1 above in the special case that k is uncountable, using (a) and (b).

5. Suppose that M is an R-module such that I ⊆ annR(M). Then M can also be thought
of as an R/I-module. Then it is easy to see that M is noetherian as an R-module if and
only if it is noetherian as an R/I-module. Check this, but do not write up your proof.

(a). Suppose that R is a ring with ideals I and J such that R/I and R/J are noetherian
rings. Suppose in addition that I is a finitely generated ideal of R. Prove that R/IJ is a
noetherian ring. (Hint: Consider the R-module I/IJ .)

(b). Prove that if all prime ideals of a ring R are finitely generated, then R is noetherian.
(Hint: Suppose R is not noetherian. Use Zorn to find an ideal P maximal among infinitely
generated ideals. Show P is prime, by considering I ) P , J ) P with IJ ⊆ P and showing
that this leads to P being finitely generated, a contradiction.)

6. Let R be a PID. Describe, in terms of the classification theory of R-modules, exactly
which R-modules have finite length.

7. (a). Let R be a noetherian local ring with maximal ideal m. Suppose that M is a f.g.
R-module. Show that the following are all equivalent: (i) M is free; (ii) M is projective; (iii)
M is flat.

(Hint: (i) =⇒ (ii) and (ii) =⇒ (iii) were shown in the winter when we covered
homological algebra, and do not need that R is local or noetherian. So the hard implication
is (iii) implies (i). Suppose that M is a f.g. flat R-module. Suppose that M is minimally
generated by n elements (recall by Nakayama’s lemma this is equivalent to dimkM/mM = n
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where k = R/m is the residue field) and choose a surjective map Rn → M ; this fits into a
short exact sequence (A): 0 → E → Rn → M → 0 for some R-module E. We also have
a short exact sequence of R-modules (B): 0 → m → R → k → 0, where k = R/m is the
residue field of the ring. Now consider the following diagram:

E ⊗R m //

��

Rn ⊗R m //

��

M ⊗R m //

��

0

E ⊗R R //

��

Rn ⊗R R //

��

M ⊗R R //

��

0

E ⊗R k //

��

Rn ⊗R k //

��

M ⊗R k //

��

0

0 0 0

where each row is formed by tensoring (A) with a module and each column is formed by
tensoring (B) with a module. All rows and columns are thus right exact.

Explain why the middle row and rightmost column are actually exact. Then perform a
diagram chase to show that the bottom row is exact.

Once one has that the bottom row is exact, analyze it using Nakayama’s lemma (note
that M ⊗R k ∼= M/mM) and show that it implies that E = 0. Thus M is free.

(Make sure you used the hypothesis that R is noetherian somewhere!)

Remark 0.2 The result you have proved implies the following interesting result: A f.g.
module M over a noetherian (not necessarily local) ring R is flat if and only if it is locally
free, i.e. MP is a free RP -module for all primes P . For: 3.10 in the text shows that flatness
is a local property, so M is flat if and only if MP is flat over RP for each P . Each ring
RP is still noetherian and MP is finitely generated, so what you have proved shows that it is
equivalent to require each MP to be free since RP is a local ring.
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