
NA�IVE NONCOMMUTATIVE BLOWUPS AT ZERO-DIMENSIONAL SCHEMES:AN APPENDIX.D. ROGALSKI AND J. T. STAFFORDVarious peripheral results in the paper [RS2℄ were stated without proof and the aim of this appendix(whi
h will not appear in print) is to provide the details. We refer the reader to [RS2℄ for the relevan
e ofthe results proved here.The following assumptions will remain in for
e throughout the appendix, while unde�ned terms 
an befound in [RS2℄.Assumptions 1.1. Let X be a integral proje
tive s
heme of dimension d � 2. Fix � 2 Aut(X) and a�-ample invertible sheaf L. Finally assume that Z � X is a saturating 0-dimensional subs
heme of X . Wewill always write the bimodule algebra asR = R(X;Z;L; �) = OX �R1 �R2 � � � � ;where Rn = Ln 
OX In, for Ln = L 
 ��L 
 � � � 
 (�n�1)�L and In = I � ��I � � � (�n�1)�I. This bimodulealgebra has a natural multipli
ation and the na��ve blowup algebra of X at Z is then the algebra of se
tionsR = R(X;Z;L; �) = H0(X; R) = k �H0(X; R1)�H0(X; R2)� � � �By [RS2, Theorem 3.1℄, R is noetherian with qgr-R ' qgr-R.Proposition 1.2. [RS2, Proposition 3.20℄. Keep the above assumptions and assume that L is also ampleand generated by its global se
tions. Then there exists M 2 N su
h that, for m �M :(1) In 
L
mn is generated by its global se
tions for all n � 1.(2) R(X;Z;L
m; �) is generated in degree 1.Proof. (1) The proof of [KRS, Proposition 4.12(1)℄ 
an be used without 
hange, ex
ept that the referen
e to[KRS, Proposition 4.6℄ is repla
ed by one to [RS2, Theorem 3.1(1)℄.(2) This requires slightly more argument than that of [KRS, Proposition 4.12(2)℄. For the rest of theproof we set N = L� , and for any 
oherent sheaf F , write regF = regN F for the Castelnuovo-Mumfordregularity of F . Set r = maxf1; regOXg. Also, for m � 1 we abbreviate L
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2 D. ROGALSKI AND J. T. STAFFORDFor any m � m0, part (1) provides a short exa
t sequen
e(1.3) 0! Km ! H0(X; I 
 Lm)
OX ! I 
Lm ! 0;for some sheaf Km. The proof of [KRS, Proposition 4.12(2)℄ 
an be used un
hanged to �ndM � 0 su
h that(1.4) reg(Km 
 (In 
Lmn )�) � 1 for all m �M:In parti
ular, H1(X;Km 
 (In 
Lmn )�) = 0. From here on, however, we need to be a little more 
areful.Tensoring (1.3) with (In 
Lmn )� gives the exa
t sequen
e(1.5) 0! G ��! Km 
 (In 
Lmn )� �! H0(X; I 
 Lm)
 (In 
Lmn )� ! I 
Lm 
 (In 
Lmn )� ! 0:Sin
e (In 
 Lmn )� is lo
ally free outside a �nite set, G has �nite support and so Hj(X;G) = 0 for j > 0.Setting H = Coker �, it follows that H1(X;H) = H1(X;Km 
 (In 
Lmn )�) = 0. Thus taking 
ohomology of(1.5) shows that the indu
ed mapH0(X; I 
 Lm)
H0(X; (In 
Lmn )�) �! H0(X; I 
 Lm 
 (In 
Lmn )�)is a surje
tion. On the other hand, the multipli
ation map � : I 
 Lm 
 (In 
 Lmn )� ! In+1 
 Lmn+1 issurje
tive with a kernel of �nite length. Hen
e H1(X;Ker(�)) = 0 and we obtain a surje
tionH0(X; I 
 Lm 
 (In 
Lmn )�)� H0(X; In+1 
Lmn+1):Combining the last two displayed equations shows thatH0(X; I 
 Lm)
H0(X; (In 
Lmn )�) �! H0(X; In+1 
Lmn+1)is also surje
tive. This is equivalent to the assertion of part (2). �The next example is mentioned after the proof of [RS2, Lemma 4.7℄, whi
h we state for the reader's
onvenien
e. The natural map Gr-R! Qgr-R is denoted by �.Lemma 1.6. ([RS2, Lemma 4.7℄) Suppose that M = LFn 
 L
n� 2 gr-R is 
oherent, and that N =LGn 
L
n� 2 Gr-R is de�nable by produ
ts in the sense of [RS2, Se
tion 4℄.(1) For some n1, there is a natural isomorphism HomQgr-R(�(M); �(N )) �= limn�n1 HomOX (Fn;Gn):(2) Suppose thatM and N are 
oherent Goldie torsion modules and, by [RS2, Lemma 4.1℄, write Fn = Fand Gn = G for n� 0. Then there is a natural isomorphismHomQgr-R(�(M); �(N )) �= HomOX (F ;G): �An important spe
ial 
ase of Lemma 1.6 o

urs when M = R. In this 
ase, [KRS, Lemma 6.4℄ showsthat Lemma 1.6(1) holds for all R-modules N provided one na��vely blows up a single point. However, whenone blows up more than one point at on
e, then Lemma 1.6(1) 
an fail, as the next example illustrates.



NAIVE NONCOMMUTATIVE BLOWING UP 3Example 1.7. Let R = R(P2; Z;O(1); �) where Z is the redu
ed subs
heme fp; ��1(p)g for some 
losedpoint p lying on a 
riti
ally dense �-orbit. The key property here is that the natural surje
tive map In
I�n !In+1 is never an isomorphism for n � 1, sin
e lo
ally at the point q = ��n(p) it looks like the mapmq
mq ! m2q in the lo
al ring OX;q . Now letM = R =Ln�0 Fn
L
n� where Fn = In and �x some i � 0.De�ne N (i) by putting H = Ii 
L
i� into degree i and letting N (i) = H
R; thus N (i) =Ln�0 Gn 
 L
n�where Gn = 0 for n < i and Gn = Ii 
I�in�i for n � i. Then the stru
ture map �i : Gi
I�i ! Gi+1 is simplythe isomorphism Ii 
 I�i ! Ii 
 I�i .Now suppose we take the identity morphism Id 2 HomOX (Fi;Gi) = HomOX (Ii; Ii). Then this determinesthe identity morphism Id 2 HomOX (Fi 
 I�i ;Gi 
 I�i ) = HomOX (Ii 
 I�i ; Ii 
 I�i). However, there isno reasonable way for this to determine a morphism in HomOX (Fi+1;Gi+1) = HomOX (Ii+1; Ii 
 I�i). Sofor this N , we need to take n1 � i + 1 in order to de�ne the dire
t limit in Lemma 1.6(1). Now takeN = Li�0N (i) 2 Gr-R. Then there is no 
hoi
e of n1 for whi
h the dire
t limit in Lemma 1.6(1) issensible. �If k(x) is the skys
raper sheaf at a 
losed point x 2 X , set x = Ln�0(k(x) 
 L
n� ) 2 Gr-R and writeex = �(x) 2 Qgr-R. By [RS2, Lemma 4.1(2)℄, x 2 GTgr-R and so ex 2 qgr-R. De�ne CX to be the smallestlo
alizing sub
ategory of OX -Mod 
ontaining all the modules fk(
)j
 2 Si2Z�i(S)g, where S = SuppOX=I.Similarly, write CR for the lo
alizing sub
ategory of Qgr-R generated by the modules e
 for 
 2 Si2Z�i(S).The next result gives the analogue for na��ve blowups of the 
lassi
 result that, if � : eX ! X is the (
lassi
al)blowup of X at a smooth point x, then X r fxg �= eX r ��1(x).Proposition 1.8. [RS2, Proposition 4.12℄. Keep the hypotheses of Assumptions 1.1. Then there is anequivalen
e of 
ategories OX -Mod =CX ' Qgr-R=CR:Proof. Given a sheaf F 2 OX -Mod, write F for the 
orresponding obje
t in OX -Mod =CX . Set DX =CX \ OX -mod and DR = CR \ qgr-R. De�ne a map �0 : OX -mod! qgr-R by F 7! �(F 
R).Suppose that 
 2 X is a 
losed point, with ideal sheaf J
, and 
onsiderLn�0(In=J
In)
Ln. Note thatIn=J
In �=Ldni=1 k(
) as OX -modules, where dn is the minimum number of generators of (In)
 over the lo
alring OX;
. Sin
e the points in SuppZ lie on in�nite �-orbits, the stalks (In)
 are all the same for n� 0, sodn is a 
onstant value d for n� 0. It is then easy to 
he
k that �0(k(
)) =Ldi=1 e
 as obje
ts in qgr-R.It follows that �0 indu
es a fun
tor � : OX -mod =DX ! qgr-R=DR. Conversely, let M =LFn 
L
n� 2gr-R. Then [RS2, Lemma 4.4(2)℄ implies that, for some !,(1.9) FnI�n �= Fn+1 for n � !:Thus, Fn �= Fn+1 for all n � ! and so the rule  0 :M 7! F! de�nes a fun
tor from qgr-R to OX -mod =DX .For all 
 2 Si2Z�i(S), the obje
t e
 maps to 0 and so there is an indu
ed fun
tor  : qgr-R=DR !OX -mod =DX .Next, we 
laim that for F 2 DX , then N =Ln�0 F 
 (L�)
n satis�es �(N ) 2 DR. To see this, we �rstnote that if SuppF \ f��i(
)ji � 0; 
 2 SuppZg = ;, then N = F 
 R = �0(F) and we have already seen



4 D. ROGALSKI AND J. T. STAFFORDthat �(N ) 2 DR in this 
ase. But sin
e every point of SuppZ lies on a dense orbit and SuppF is �nite, we
an 
hoose m � 0 so that G = (F 
 Lm)��m has support disjoint from f��i(
)ji � 0; 
 2 SuppZg. ThenN 0 =Ln�0 G 
 (L�)
n satis�es �(N 0) 2 DR, and using [RS2, Lemma 4.3℄ we have that �(N 0) �= �(N [m℄)in qgr-R. Sin
e DR is 
learly 
losed under shifts, the 
laim is proved.Now we need to 
he
k that � and  are inverse fun
tors. First, sin
e In and OX are isomorphi
 moduloDX , it is 
lear that  0�0(F) = F for F 2 OX -mod. On the other hand, let M 2 gr-R and ! satisfy (1.9),so that � 0(M) is the image of the module M0 = F! 
R 2 gr-R. ThenM0�! =Mr�!F! 
 I!I�!r�! 
L
r�whereas M�! = Lr�! F!I�!r�! 
 L
r� , by the 
hoi
e of !. Thus, there is a natural multipli
ation map� :M0�! !M�!. ThenKer(�) =Mr�! T orOX1 (F!;OX=(I!I�!r�!))
L
r� and Coker(�) =Mr�!(F!I�!r�!)=(F!I!I�!r�!)
L
r� :Noti
e that Ker(�) must be a 
oherent R-module, and it is 
learly Goldie-torsion. Thus [RS2, Lemma 4.1℄implies that the individual sheaves T orOX1 (F!;OX=(I!I�!r�!)) have some stable value for r � 0, whi
h isobviously in DX . Similarly, (F!I�!r�!)=(F!I!I�!r�!) has a stable value in DX for r � 0. Hen
e both Ker(�)and Coker(�) have image under � whi
h is in DR, by the 
laim proved in the previous paragraph.Therefore, both � and  � are naturally isomorphi
 to the identity and thus we have an equivalen
eOX -mod =DX ' qgr-R=DR. It now follows formally, as in the proof of [KRS, Theorem 6.7℄, that thisindu
es the desired equivalen
e OX -Mod =CX ' Qgr-R=CR. �The result [RS2, Theorem 6.9℄ gives upper bounds for the global dimension and 
ohomologi
al dimensionof Qgr-S for a generalized na��ve blowup algebra S. As mentioned after the proof of that result, one 
an alsoprove the following lower bounds for these dimensions.Theorem 1.10. Let S = S(X; fIIng;L; �) be a nontrivial generalized na��ve blowup algebra in the sense of[RS2, De�nition 5.2℄. Then one has dimX � 1 � 
d(Qgr-S). If X is smooth, then dimX � gld(Qgr-S).Proof. We start by 
onsidering 
ohomologi
al dimension. As in the proof of [RS2, Theorem 6.9℄, we may �rstuse [RS2, Corollary 5.4(4)℄ and [RS2, Lemma 6.8℄ to repla
e S by some large Veronese ring S(p) and thusassume by [RS2, Lemma 5.3℄ that S = R(X;ZI ;L; �) is a na��ve blowup algebra. By [RS2, Proposition 2.10℄,it suÆ
es to prove the result for L = OX .Fix some 
 2 SuppOX=I su
h that x = �(
) 62 SuppOX=I. Now follow the proof of the lower bound in[KRS, Theorem 8.2℄, ex
ept that repla
e in order of appearan
e [KRS, Proposition 3.5℄ by [RS2, Proposi-tion 2.10℄; [KRS, Theorem 6.7℄ by [RS2, Theorem 4.10℄; and [KRS, Theorem 6.8℄ by [RS2, Corollary 4.11(1)℄,to 
on
lude that ExtdQgr-R(ex; ex) = ExtdOX (k(x); k(x)) 6= 0. Suppose that F is a 
oherent sheaf with �nitesupport su
h that x 2 SuppF . Sin
e gldOX;x = d, it easily follows that eF =Ln�0 F 
 (OX)
n� 2 Qgr-Rsatis�es ExtdQgr-R( eF ; ex) = ExtdOX (F ; k(x)) 6= 0 as well.



NAIVE NONCOMMUTATIVE BLOWING UP 5Sin
e L = OX we have R = Ln�0 In and R[+1℄ = Ln�0 I��1n+1. Clearly there is an in
lusion ofideal sheaves I��1n+1 � In for all n � 0 and so one obtains a short exa
t sequen
e in qgr-R of the form0 ! R[+1℄ ! R ! eF ! 0. Here eF =Ln�0 Fn with Fn = In=I��1n+1 
onstant, say equal to a sheaf F , forn� 0. Note in parti
ular that F has �nite support, indeed SuppF � SuppOX=I��1 , and that x 2 SuppFby 
hoi
e of 
. Then applying Hom(�; ex) to the short exa
t sequen
e, we have the following portion of thelong exa
t sequen
e: Extd�1Qgr-R(R[+1℄; ex)! ExtdQgr-R( eF ; ex)! ExtdQgr-R(R; ex):Now ExtdQgr-R(R; ex) = 0 by the �rst part of the proof of [KRS, Theorem 8.2℄, sin
e ex is Goldie torsion.We showed ExtdQgr-R( eF ; ex) 6= 0 above, and so 0 6= Extd�1Qgr-R(R[+1℄; ex) = Extd�1Qgr-R(R; ex[�1℄), 
ompleting theproof of the lower bound for 
ohomologi
al dimension.As noted in the proof of [KRS, Theorem 8.3℄, the 
al
ulation that ExtdQgr-R(ex; ex) 6= 0 above proves thedesired lower bound on gld(Qgr-R). �Referen
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