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EFFICIENT EMBEDDINGS OF TREES IN HYPERCUBES*

SANDEEP N. BHATTt, FAN R. K. CHUNG:, F. THOMSON LEIGHTON, AND
ARNOLD L. ROSENBERG

Abstract. The boolean hypercube is a particularly versatile network for parallel computing.
It is well known that multidimensional grid machines can be simulated on a hypercube with no
communications overhead. In this paper it is shown that every bounded-degree tree can be simulated
on the hypercube with constant communications overhead. In fact, the proof shows that every
bounded-degree graph with an O(1)-separator can be embedded in a hypercube of the same size
with dilation and congestion both O(1). It is also proved that not all bounded-degree graphs can be
efficiently embedded within the hypercube.
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tree decomposition

AMS(MOS) subject classifications. 68M10, 68Q10, 68R05, 68R10

1. Introduction. The binary hypercube is emerging as one of the most popular
network architectures for parallel machines. This is due partly to the facts that the
hypercube has a simple recursive structure and that there are simple algorithms for
message routing on the hypercube that work well in practice.

Another important consideration in the choice of network architecture is its ability
to accommodate different algorithms efficiently. The problem of efficiently implement-
ing various algorithms on parallel architectures has traditionally been studied as the
"logical mapping problem" [2], [10] so that the problem of implementation becomes
one of embedding the "data-dependency graph" underlying an algorithm within the
processor interconnection graph. Many structured algorithms such as those in linear
algebra [20] or the FFT algorithm [17] can be efficiently mapped onto the hypercube
with minimal communication overhead. As an example, the N-node hypercube con-
tains every N-node multidimensional grid, each of whose sides is a power of 2, as a
subgraph. Hence grid-based algorithms can be executed efficiently on hypercubes.

In this paper we examine the ability of the hypercube to accommodate divide-
and-conquer algorithms whose underlying structures are bounded-degree trees. Our
main result is that the N-node hypercube can emulate every N-node bounded-degree
tree with only a constant factor slowdown. In particular, we show how to embed any
N-node bounded-degree tree within an N-node hypercube so that:
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1. The mapping of tree nodes to hypercube nodes is one-to-one (i.e., the max-
load of the embedding is one).

2. Each tree edge is mapped onto a hypercube path of length O(1) (i.e., the
dilation of the embedding is constant). The dilation of an embedding is a
lower bound on communication delay, measured by the number of links a
message must traverse.

3. Each hypercube edge is used to route only O(1) tree edges (i.e., the congestion
of the embedding is constant). Congestion bounds message-throughput rates,
and thereby communication delay and queue sizes for holding messages in
transit.

4. Only O(1) tree edges are routed through each hypercube node (i.e., the node-
congestion of the embedding is constant). Node-congestion bounds the total
queue-size required at each node to hold messages in transit.

In other words, every tree can be embedded into a hypercube with expansion
1, and every other resource bounded by a constant. The embedding uses a divide-
and-conquer approach involving multicolor separator theorems for binary trees, and
is reminiscent of earlier work [8] on embedding graphs in grids for VLSI layout.
Our techniques in this paper consequently translate into efficient embeddings (all re-
sources bounded by a constant) for all bounded-degree graphs with O(1)-separators.
Bounded-degree trees fall within this class, as do bounded-degree outerplanar graphs.

The paper is organized as follows. Section 2 summarizes related results; 3
presents a simple lower bound for embedding random trivalent graphs in hypercubes;
4 presents the basic technique for decomposing binary trees; 5 presents the final
embedding. Section 6 concludes with some open questions.

2. Related results.

2.1. Previous work. The hypercube is known to contain, or nearly contain,
many other natural structures as subgraphs. For example, the nl n2 nk
grid is a subgraph of the ik=l log ni-dimensional hypercube. Curiously, it is not
a subgraph of any smaller hypercube. For example, a 3 5 grid is a subgraph of
the 32-node hypercube, but it is not a subgraph of the 16-node hypercube. However,
Chan [11] has recently shown that every n n2 grid can be embedded in a [log nn2-
dimensional hypercube with dilation no more than 2, and has further shown that the
n nk grid can be embedded one-to-one in the [lognln2 ...nk-dimensional
hypercube with dilation O(k) [12].

The (N-1)-node complete binary tree is not a subgraph of the N-node hypercube,2

although it can be embedded with dilation 2 since the N-node two-rooted complete
binary tree (see Fig. 1) is a subgraph of the N-node hypercube [7], [18]. As a conse-
quence, the (N- 1)-node complete binary tree is a subgraph of the 2N-node hypercube

Even more complex and computationally powerful structures can be efficiently
embedded within the hypercube. For example:

1. Leighton [22] showed that meshes of two-rooted trees are subgraphs of the
hypercube; and Efe [13] showed that the mesh-of-trees is a subgraph of the
hypercube;

In this paper all logarithms are base 2.
Both the tree and the hypercube are bipartite graphs. While the bipartite node sets for the

hypercube are equal in size, they differ by a factor of 2 in the complete binary tree.
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FIG. 1. The two-rooted complete binary tree.

2. Stout [28] showed that pyramid graphs can be embedded with dilation 2 and
minimal expansion in the hypercube. Ho and Johnsson [19] improved this
result to dilation 2 and congestion 2; and

3. Greenberg, Heath, and Rosenberg [17] showed that every FFT network is a
subgraph of the smallest hypercube that can contain it. They also showed
that the same result holds for butterfly networks of even order; butterflies of
odd order can be embedded with dilation 2 in the smallest hypercube that
can contain them.

In fact, the only bounded-degree graphs known not to have efficient embeddings
in the hypercube are random graphs and expander-based graphs. In 4 we show that
any constant-expansion, one-to-one embedding of such a graph into the hypercube
must have dilation f(log N), the worst possible (to within constant factors) since the
N-node hypercube has diameter log N.

We conjecture that the shuffle-exchange and deBruijn graphs are examples of
bounded-degree graphs that cannot be embedded one-to-one into the hypercube with
constant dilation and expansion. We know of no lower bounds for either case. We do
not even know whether or not every bounded-degree planar graph can be embedded
with constant dilation and expansion.

2.2. Extensions and subsequent work. This paper extends the results com-
municated earlier by the authors [5] when the node-congestion was not known to be
O(1). Our earlier communication [5] has since led to developments along a number of
different directions, some of which we mention below.

Building on an earlier version [5], Monien and Sudborough [27] claim to have
reduced the constants for dilation over our construction, but do not consider either
node- or edge-congestion. For example, they claim that every N-node binary tree
can be embedded with expansion 1 and dilation 5, or with dilation 3 and expansion
O(1). Whether or not any binary tree actually requires dilation 3 is open. Wagner [29]
showed that every N-node binary tree is a subgraph of the hypercube with O(N log N)
nodes. It is not known if every binary tree is a subgraph of an O(N)-node hypercube.
Mayr [26] examined parallel algorithms which efficiently compute our embeddings.

The techniques in this paper were extended to embeddings within the butterfly,
and related, networks. For example, the N-node complete binary tree can be em-
bedded with constant expansion and dilation within the butterfly network [4] and, as
a consequence of results in this paper, every N-node binary tree can be embedded
one-to-one with constant expansion and O(log log N) dilation and congestion within
the butterfly network.

In [6] the authors applied the techniques used in this paper to construct a bounded-
degree N-node graph that contains all N-node binary trees as spanning subgraphs.
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This provided the first known example of a bounded-degree graph which is universal
for all binary trees. Using an entirely different approach, Friedman and Pippenger
[14] proved that every N-node bounded-degree tree is a (not necessarily spanning)
subgraph of an O(N)-node expander graph.

Leighton and Malitz [23] constructed examples of N-node graphs with O(Na)-
separators for which every one-to-one constant-expansion embedding into the hyper-
cube must have dilation at least t(c log N/- log (). Thus, for example, there exist
graphs with O(x/)-separators for which every constant-expansion one-to-one em-
bedding must have dilation at least D(log N). This implies that embedding strategies
based on separators alone cannot be used to obtain constant-dilation embeddings for
planar graphs even if such embeddings exist.

Bhatt and Cai [3] considered the problem of maintaining dynamically evolving
trees on the hypercube. They showed, among other results, that a simple random-
ized embedding technique guarantees dilation O(log log N) and, with high probabil-
ity, O(1) max-load to maintain an N-node dynamic tree on the N-node hypercube.
Leighton, Newman, Ranade, and Schwabe [24] improved this result to dynamic em-
beddings with O(1) dilation, node-congestion, and edge-congestion while maintaining
load balance.

The results mentioned above are all concerned with embedding bounded-degree
graphs within hypercubes. For such graphs, embeddings with constant dilation and
congestion utilize only O(N) out of the 1/2N log N communication edges of the hyper-
cube. Greenberg and Bhatt [16] and Aiello, Leighton, Maggs, and Newman [1] extend
these embeddings to multiple-path embeddings in which each edge of the host graph
is mapped to multiple, edge-disjoint, short paths in the hypercube.

Along a different direction, Koch et al. [21] extend the study of graph embeddings
to examine work-preserving emulations among different interconnection networks.

3. Definitions. Before proceeding with our results, we need a few definitions.
An embedding <,p> of a graph G (VG, EG) into a graph H (VH, EH) is
defined by a mapping from VG to VH, together with a mapping p that maps each
edge (u, v) e EG onto a path p((u), (v)) in g that connects (u) and (v). The
load on a node v E H is the number of nodes of G that are mapped onto v; the
max-load of an embedding is the maximum load over all nodes of H. The expansion
of an embedding is the ratio of the size of VH to the size of Vv.

The dilation of the edge (u, v) under <, p> equals the length of the path p((u),
(v)) in H; the dilation of an embedding <,p> is the maximum dilation of an
edge in G. The congestion of an edge eH in H under <,p> equals I{e E Ev
p(e) contains ell}l; the congestion of an embedding <,p> is the maximum con-
gestion of any edge in H. The congestion of a node VH H under <, P/ equals
I{e e Ev: p(e) contains VH }1; the node-congestion of an embedding <,p> is the
maximum congestion of any node in H.

We are interested in efficient embeddings of one family of graphs into another
family ?-/ of graphs. The families and :H are parameterized by the number of
nodes they contain. By an expansion e(N), dilation d(N) embedding of g into ?-/we
formally mean a set of embeddings where every N-node graph (g is embedded
into Hge(N with dilation no greater than d(N). Embeddings for which the
expansion and dilation do not grow with N are of particular interest. In what follows,
we always mean embeddings among families of graphs, although we do not always
make that explicit.
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4. A lower bound. Not all bounded-degree graphs can be embedded one-to-one
within hypercubes with small dilation and expansion. In particular, in what follows
we show that every constant-expansion, one-to-one embedding of expander graphs [25]
within hypercubes must have dilation Q(log N), the worst possible. One property of
the family of expander graphs is that the removal of any m nodes from an N-node
expander graph, m <_ N/2, requires that at least cm edges be cut, where c > 0 is a
constant independent of N.

PROPOSITION 4.1. Every constant-expansion, one-to-one embedding of the family
of expander graphs into the family of hypercubes requires dilation Q(log N).

Proof. In fact, we will prove that the average dilation grows as Q(log N). Consider
an embedding of an N-node expander G in the 2kN-node hypercube, where k is a
nonnegative constant. Partition the set of k + log N dimensions of the hypercube into
t [(k + log N)/(k + 1)] subsets S, 1 _< i <_ t, of k + 1 dimensions each, and possibly
one more set with fewer than k + 1 dimensions.

We first count the number of times edges of G traverse hypercube edges that lie in
one of the dimensions of Si, 1 _< _< t. The removal of hypercube edges in dimensions
within Si splits the hypercube into 2k+l blocks, each with N/2 nodes. This also
splits the nodes of G into 2k+l blocks, one of which contains at least N/2k+l nodes,
and at most N/2 nodes. Since G is an expander, this means that at least oN/2k+l
edges of G (c > 0 is some constant independent of N) each traverse at least one
dimension of Si. This is true for all i so the total number of dimension traversals is
at least tN/2k+l Q(NlogN). Because the number of dimension traversals is a
lower bound on the sum of dilations of all edges, we have that the average dilation,
and hence the dilation, is 2(log N). D

5. Embedding binary trees in thistle trees. To embed an arbitrary N-node
binary tree T within the hypercube, we proceed in two stages. In the first stage,
T is decomposed and efficiently embedded within the N-node thistle tree. The next
section gives efficient embeddings of thistle trees within hypercubes; this second stage
induces an efficient embedding of T in the hypercube.

Before defining thistle trees, however, we first present results on tree decompo-
sition. These results are based on combinatorial techniques developed previously for
VLSI layout [8], [9] and for constructing universal graphs for trees [6]. In particular,
we will use a minor variant of the decomposition lemma from [6]. As mentioned in
[8], the decomposition can be obtained in time polynomial in the size of T.

We begin with the notion of k-color bisectors. Suppose that every node of a graph
G is colored with one of k colors. Further, let S be a set of nodes of G whose removal
partitions the remaining nodes into two equal (to within one) subsets, both containing
equal (again, to within one) numbers of nodes of each color, and such that there is
no edge in G connecting a node from one subset to the other. Such a set S is called a
k-color bisector of (.3 Finally, we note that every N-node binary forest has a k-color
bisector of size less than k log N [8], [9].

The following lemma is fundamental to our result. In what follows, the depth of
a node in a tree is defined to be the distance from the root to that node; the root is
at depth 0. In an N-node complete binary tree, a node at depth d is said to be at
level log N- d; leaves are at level 1.

3 An immediate consequence of the definition is that a k-color bisector S for G can be extended
into a k-color bisector S

_
S of any larger size, by removing nodes of the same color one by one,

and alternating between the two separated subsets.
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LEMMA 5. l. Every N-node binary tree T can be mapped (many-one) to the level-
(logN- 1) complete binary tree C so that (a) exactly 6 log (N/2) / 18 nodes of T
are mapped onto a node of C at depth t < log N- 7, and at most 60 nodes of T are
mapped to any node at depth t log N- 7, and no nodes of T are mapped at greater
depth, and (b) any two nodes adjacent in T are mapped to nodes at most distance 3
apart in C. Furthermore, for every node of C, the numbers of nodes of T embedded
within its two subtrees differ by at most 1.

Remark. Lemma 5.1 is almost identical to Lemma 1 in [6]; the main difference
being that the "exactly" in condition (a) above is replaced by "at most" in [6]. The
proof remains almost identical, with the difference that whenever the proof in [6] uses
bisectors of smaller size than stated in condition (a), we invoke the previous footnote
to extend the bisector to the required size. By counting the number of nodes of
T mapped at different depths, one can show that nodes of C at depths 0 through
log N- 8 are filled exactly as required, and at depth (log N- 7) each remaining
subgraph has less than 60 nodes. The details are straightforward and are left to the
reader.

For our purposes we will need to modify the above embedding slightly. Suppose
that each node of C at level (depth logN- 1 -i) has maximum capacity i; i.e., at
most nodes of T can be placed at a level-/node of C. The number of nodes of T
placed at nodes of depth log N- 8 or less of C by Lemma 5.1 exceeds their capacity.
In contrast, nodes at depth log N- 7 and greater in C are assigned fewer nodes of
T than their capacity allows. The following lemma states that we can perturb the
mapping of T slightly so that capacity constraints are satisfied at every node of C,
and without greatly increasing the distances between nodes adjacent in T.

LEMMA 5.2. Every N-node binary tree T can be mapped (many-one) to the level-
(log N- 1) complete binary tree C so that (a) at most nodes of T are mapped onto
a level-i node of C, and (b) any two nodes u and v that are adjacent in T are mapped
to nodes U and V in C whose least common ancestor is at most distance 8 from each
of U and V.

Proof sketch. Given the embedding of Lemma 5.1, at each node of C make an
ordered list of the nodes of T that are embedded there. Starting with the root, we
"push" excess nodes of T down to lower levels as follows: when a node b is ready
for "pushing," we fill b to capacity with the appropriate number of the "leftmost"
vertices in the ordered list of nodes currently at b. The remaining nodes on the list
are divided into two equal (to within 1) sublists and appended at the left end of the
ordered lists for the children, b0 and bl, of b. The nodes b0 and bl are now ready to
be "pushed."

To establish that the above procedure maps every node of T within C (i.e., that
no nodes of T are pushed out of C), we show inductively that the total number of
nodes of T assigned to the subtree rooted at any node of C cannot exceed the total
capacity of the subtree. Initially, this is true at the root. Suppose this is true at node
b when it is ready to be pushed. We claim that after b has been pushed, the inductive
hypothesis holds at each of the subtrees rooted at b0 and bl. Before b is pushed,
the number of nodes of T mapped in the subtrees rooted at b0 and bl are equal (to
within one). Furthermore, equal (to within one) numbers of nodes are pushed onto
b0 and b when b is pushed. The result is that the total numbers of nodes of T within
the two subtrees remains equal (to within one) after b has been pushed. Therefore,
if the capacity of either b0 or bl is violated after b is pushed, it must be the case
that the capacity of b was violated before b was pushed; this contradicts the inductive
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FIa. 2. The thistle tree T5.

hypothesis.
For the second part of Lemma 5.2 we need to bound how far the push procedure

can force a node of T to ripple down the tree. This is a simple calculation; the result
is that the number of nodes assigned by Lemma 5.1 to depth at most g in C is less
than the total capacity of nodes with depth at most g + 5. This means that a node of
T will be reassigned to a node of C with depth at most 5 greater than by Lemma 5.1.
This suffices to guarantee part (b) of Lemma 5.2. [:]

5.1. Thistle trees. The decomposition of Lemma 5.2 motivates the definition
of thistle trees. The thistle tree Th is obtained by starting with a complete binary
tree of 2h 1 nodes and attaching to each level-/node, 1 _< i _< h, i- 1 additional
leaves called thistles. The thistle tree T5 is shown in Fig. 2. The thistle tree Tk (of
depth k- 1) has 2k/l k- 2 nodes. For convenience we assume that our binary trees
have size N 2k/l k- 2. This assumption will be removed later.

DEFINITION. If U is a thistle adjacent to node w, then we call w the central node
of u, and denote X(u) w. If u is not a thistle node, then it is a central node and
we define X(u) u.

6. Embeddings in the hypercube.
THEOREM 6.1. Every N-node binary tree can be embedded one-to-one in a hy-

percube with expansion 1, dilation 0(1), and congestion 0(1).
Proof. The decomposition of Lemma 5.2 is invoked to embed an arbitrary N-node

binary tree one-to-one within a thistle tree. Map the nodes of T that are embedded
within the same internal node in Lemma 5.2 onto distinct thistles adjacent in the
thistle tree, with one node of T per thistle. This gives an embedding of T in the
thistle tree with expansion 1 and max-load 1.

It remains to embed the N-node thistle tree within the hypercube. The next
section investigates embeddings of thistle trees within hypercubes. We then complete
the proof of Theorem 6.1 by showing that in the induced embedding both node- and
edge-congestion are O(1).

6.1. The inorder embedding of complete binary trees. There is a very
natural way of embedding complete binary trees within hypercubes. As may be seen
in Fig. 3, an inorder labeling of the 15-node tree yields an expansion-l, dilation-2
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FIG. 3. The inorder embedding o a complete binary tree.

embedding. Each node v in the tree is labeled with the log N-bit binary representation
b(v) of its inorder number; the hypercube address of v, (v), is defined to equal b(v).
This embedding scales to larger trees. In general, the ith leftmost node at level k
(k _> 1, i _> 0) has inorder number i2k / 2k-1 1; its left child (the 2ith node at
level k- 1) has inorder number i2k / 2k-2 1; and its right child has inorder number
i2k - 2k-1 + 2k-2 1. From this it follows that the inorder label of the left child of
every node at level k differs from the inorder label of the node in bit position k- 2
while the right child differs in bit positions k- 1 and k- 2. In other words, every
left-edge (between a node and its left child) has dilation 1, and every right-edge has
dilation 2.

We associate with each node u in the complete binary tree a path, T(U), the trace
of u, which starts at the left child of u and follows the rightmost path down the tree
to a leaf. It is easily seen that every node w of the tree (except along the rightmost
path from the root) lies in the trace of exactly one other node u. If a node w lies in
T(u), then we call u the source of node w.

The inorder numbering of a complete binary tree C of 2n 1 nodes also has the
following useful properties which can be verified in a straightforward manner.

1. The descendants of an internal node u that lie g levels below u occupy an
l-dimensional subcube. The descendants that lie no more than / levels below
u reside in an (g + 1)-dimensional subcube.

2. For every i, each node u at level is adjacent in the hypercube to source(u)
along an edge in dimension i. Therefore, the nodes in T(u) are adjacent to u
along dimensions i- 1, i- 2,..., 1.

3. If S is the set of descendants of u that lie at most distance m away from u,
and if u is at level i of C, then the set of nodes at level j (j < i) which are
in the trace of nodes in S lie within an (m / 1)-dimensional subcube. As j
varies, these subcubes are disjoint but are defined by the same set of rn -+- 1
dimensions for all j.

6.2. Embedding the thistle tree. We embed a height-h thistle tree into a
height-h complete binary tree as follows: embed the central node of each thistle onto
its counterpart in the complete binary tree, and embed the i- 1 thistles connected
to a central node u at height i one-to-one onto the i- 1 nodes in the trace T(u).
The properties of the inorder embedding mentioned in the previous section induce an
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embedding of the height-h thistle tree into a 2h+l-node hypercube with dilation 2,
max-load 2, and expansion 1/2. Of the two thistle-tree nodes mapped to one hypercube
node, one is a central node and the other a thistle. We obtain a one-to-one embedding
by first constructing a 2h+2-node hypercube by taking two cubes of half the size. The
entire thistle tree lies in one of the half-size cubes. We project each thistle node over
to the corresponding empty hypercube node across the matching that connects the
two half-size cubes to obtain an embedding with dilation 2, expansion 1, and max-load
1.

For convenience, we fix the following notation. Let VT, VTT, VEST, and VH be,
respectively, the node sets of the binary tree, thistle tree, complete binary tree, and
the hypercube, so that [VTI IVTT[ <_ IVHI N, and [VcBTI (N- 1)/2. The maps
between these node sets are named as follows:

0 VT VTT,
/3 VTT -* VeST (not one-to-one),

VTT VH,
Yr

We now proceed with the proof of Theorem 6.1. In the embedding c, nodes u
and v adjacent in T are mapped to nodes (u) and a(v) whose central nodes are

X((u)) and X((v)). The images (X((u))) and (X(c(v))) lie within a nine-
dimensional subcube. How far apart can the images (u) and (v) be? In the worst
case, (u) (c(u)) and (v) ,(c(v)) can be distance 1 away from
and -y(X((v))), respectively, so the distance between (u) and (v) can be no greater
than 11.

We have to find an assignment of paths within the hypercube to tree edges such
that both node- and edge-congestion in the hypercube are O(1). In the general case,
suppose that we have to route tree edge (u, v) between hypercube nodes (u) and

Let V -y(X(c(u))) and Y -(X(c(v))) denote the images of the central nodes
of u and v. Let Dug be the set of hypercube dimensions in which U and V differ.
Further, suppose that /3((u)) and/(c(v)) are at levels and gv of the complete
binary tree, respectively, so that (u) and U differ in dimension g, and (v) and Y
differ in dimension gv. Assume that < g (the case when they are equal is covered
as a simpler subcase).4

The naive way (Fig. 4) to route edge (u, v) is to follow dimension g from (u) to
U, follow images of thistle-tree edges (within a nine-dimensional subcube) to V, and
finally follow dimension v to reach (v). The problem with this scheme is that the
congestion along images of thistle-tree edges can be as large as (log N).

We can make both node- and edge-congestion O(1) by traversing the dimensions
in a different order, in three stages. As indicated in Fig. 5, in Stage 1 we follow
a path which traverses dimensions in buy (in any order within the corresponding
nine-dimensional subcube) from (u) to the node U1. Observe that/3(-((u))) and
/(’y-(U)) lie at the same level in the complete binary tree. In Stage 2 we follow
dimension g. from U to U2, and in Stage 3 we follow dimension gu from U2 to reach
(v). Because g < ., it follows that/(’-1(U2)) in the complete binary tree lies
in the trace of/((v)), and also that/(-(U2)),/(--(U)), and/((u)) all lie at
level u of the complete binary tree.

4 The general case includes degenerate cases such as, for example, when c(u) or c(v) is a central
node. We do not explicitly mention these cases.
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Stage 2

Stage 3: gv

U
Stage 1: /

FIG. 4. The naive scheme for routing paths.

Stage 2: gv to U2 .- U1 -
Stage 1" Duv

FIG. 5. The modified scheme.

With this modified routing, we claim that both node- and edge-congestion are
O(1). Consider the set of routes in Stage 1. By property 3 of inorder embeddings,
the path from (u) to U1 lies within a nine-dimensional subcube; the sources of their
pre-images in the complete binary tree can be no further than eight levels away from
their lowest common ancestor. Now u can be adjacent in T to another node w, in
which case the route from (u) to W1 in Stage 1 (define W, W1, W2 accordingly as
for U, U1, U2) will lie within a nine-dimensional subcube defined by a set Dvw. The
two sets Duv and Dvw can be different so that the two routes starting at (u) can
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lie in different nine-dimensional subcubes. However, every route starting at (u) is
restricted to lie in one of only nine possible nine-dimensional subcubes because there
are only eight choices for the lowest common ancestor, and each choice fixes a distinct
nine-dimensional subcube. Because each such subcube has O(1) nodes, and each node
in a binary tree is the origin of up to three routes, both node- and edge-congestion in
Stage 1 are O(1).

Next consider Stage 2, in which each route is a single step. Because the node-
congestion in Stage 1 is O(1), we are guaranteed that each node in Stage 2 is the
origin of only O(1) messages. This suffices to guarantee that the edge-congestion in
Stage 2 is O(1). Observe that in Stage 3 all edges leaving nodes whose pre-images
in the complete binary tree are at level gu are routed along dimension lu; therefore,
at the end of Stage 2, routes terminating at U2 correspond to edges incident to tree
nodes which are mapped either onto U2 or onto (v). Since each tree node has
bounded degree, the node-congestion in Stage 2 is O(1). In Stage 3 the node- and
edge-congestion are O(1) because of bounded-node degrees. Overall, therefore, both
node- and edge-congestion are O(1).

Finally, when the size N of the tree lies between 2k+l k 2 and 2k/l, we first
remove N- 2k/l - k + 2 nodes, and embed the subtree of 2k/l k- 2 nodes. Next,
we use the fact [15] that within an m-dimensional hypercube m node-disjoint paths
can be found to connect any m source nodes to any m sinks. By creating a sink which
is vacant and sources wherever one of the removed nodes must be embedded, k + 1
additional nodes can be embedded by percolating nodes along the flow paths. This
increases dilation, node-, and edge-congestion by O(1). The last node can be inserted
similarly, and the overall dilation, node-, nd edge-congestion remain O(1). [:]

7. Extensions and conclusions. This paper gives simulations of tree struc-
tures in the hypercube. The decomposition lemma (Lemma 5.2) for binary trees also
provides optimal embeddings of binary trees within other networks. For example, we
can show that every N-node binary tree can be embedded within an N-node complete
binary tree with expansion 1 and dilation O(loglog N). By embedding a complete
binary tree within the shuffle-exchange graph with expansion 1 and dilation 2, we
obtain O(log log N) dilation for arbitrary trees embedded within the shuffle-exchange
graph. We have not yet determined whether or not these bounds are optimal to within
constant factors.

All of our results on embeddings within the hypercube extend to arbitrary graphs
of bounded degree with O(1) separators. While our simulations are optimal to within
constant factors, there is much room for reducing the overhead in expansion and
dilation further. It would be satisfying to discover simpler ways to embed binary
trees in the hypercube. For example, we do not know of any specific binary tree that
cannot be embedded in the hypercube either with expansion 1 and dilation 2 or with
expansion 2 and dilation 1.

Acknowledgments. Thnks to David Greenberg for helpful discussions and for
his careful reading of the manuscript. Thanks also to Lennart Johnsson for early
suggestions.
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