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AN UPPER BOUND ON THE DIAMETER OF A GRAPH FROM
EIGENVALUES ASSOCIATED WITH ITS LAPLACIAN*

F. R. K. CHUNGf, V. FABER$, AND THOMAS A. MANTEUFFEL$

Abstract. The authors give a new upper bound for the diameter D(G) of a graph G in terms
of the eigenvalues of the Laplacian of G. The bound is

D (G) < l csh-l (n-1)1_cosh-l(+_..) +l,

where 0 <_ A2 <_ <_ An are the eigenvalues of the Laplacian of G and where is the floor function.
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1. Introduction. Suppose that G is a connected graph (undirected or directed).
For two vertices u and v in G, the distance between u and v, denoted by d(u, v), is
the length of a shortest path joining u and v in G. The diameter of G, denoted
by D(G), is the maximum distance over all pairs of vertices in G. The diameter
is one of the graph variants that are not only of theoretical interest but also have
many practical applications. In many communication models, diameter plays a key
role in performance and cost optimization in network design when the time delay or
signal degradation is proportional to the number of links that a message must travel.
Numerous applications include circuit design, data representation, and parallel and
distributive computing.

Let A denote the adjacency matrix of G. That is, (A)ij 1 if there is an edge
between i and j (or from to j), and it is 0 otherwise. Let di denote the degree of the
ith vertex. When all di’s are equal to k, we say that G is k-regular. The Laplacian
of G is defined to be the matrix Q Q(G), where (Q) d and (Q)j -Aij if
: j. When a directed graph has the property that the in-degree is equal to the out-

degree at every vertex, we can define the Laplacian analogously. The smallest nonzero
eigenvalue, denoted by A(G), of Q(G) can be used to derive various properties of G. It
was shown in [12], [13] that A(G) provides useful bounds for the expanding properties of
G. Using the expanding properties, Alon and Milman [1] deduced the following upper
bound for the diameter for graphs with maximum degree k" D(G) <_ 2v/2k/log2 n.

This bound was later improved [3] to D(G) <_ [log(n- 1)/log(k/A), where A
denotes the second largest eigenvalue (in absolute value) of A. In this paper, we show
that D(G) <_ [cosh-l(n 1)/cosh-l(k/)] + 1, which is a special case of the following
bound for general graphs"

D (G) <_ [ csh--- (n-1) I +1csh-I ( An+A2))n
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where 0 _< A2 _< _< An denote the eigenvalues of the Laplacian of G.
Some diameter bounds for directed graphs are also derived. Although these

bounds are not as good as those for undirected cases, the techniques can be use-
ful for bounding the diameter for Cayley graphs or on the factorization of groups.
Namely, for a group H and a set S of generators, it is often desirable to find the
least integer rn Ds(H) such that every element of H can be written as the product
of no more than rn elements in S (repetitions are allowed). The upper bounds for
diameters can then be applied for bounding Ds(H) when the graph is considered to
be the Cayley graph on H determined by S.

2. Diameter of a graph. Let G be a directed graph and A its adjacency matrix.
Since the i, j entry of Ak is the number of directed paths from vertex to vertex j of
length k, the diameter D is the smallest natural number such that, given any and
j, one of the matrices in the set {A’I0 < rn < D} has a nonzero i, j entry. If a new
matrix A A- A is formed from A by subtracting any diagonal matrix A, the powers
of A still have the same significance as the powers of A. To see this, note that A
has a nonzero i, j entry only if there is a directed path of length at most rn in G from
vertex to vertex j; if the distance from vertex to vertex j in G is m, then fi.m has
a nonzero i, j entry. Thus, the diameter D is the smallest natural number such that,
given any j, one of the matrices in the set {AmlO <_ rn <_ D} has a nonzero i, j
entry.

We can now introduce polynomials into the definition of diameter. The statement
that the i, j entry of at least one of the matrices in the set {Am [0 <_ rn < D} is nonzero
is equivalent to the statement that there exists a polynomial Pm of degree rn less than
or equal to D such that the i,j entry of pm(A) is nonzero. Thus the diameter D is
the smallest natural number such that, given any j, there exists a polynomial Pm
of degree rn _< D such that the i, j entry of p,() is nonzero.

In fact, it can be easily seen that D is equal to the smallest natural number rn
for which there exists a polynomial Pm of degree rn such that all off-diagonal entries
of p,(A) are nonzero.

3. A fundamental inequality involving the Laplacian. In this section, it
is essential to assume that the in-degree of each vertex of G is equal to its out-degree.
We denote by di this common value for the vertex i. The Laplacian of G is defined to
be Q diag(di)- A. Note that Qtl Q*tl 0, where /,1 (1/v/)(1, 1,..., 1)*;
so QJ JQ 0, where J nulu is the matrix all of whose entries are 1. Let ei be
the unit vector in the ith direction.

LEMMA 3.1. Let B be an n x n matrix with the properties BUl B’u1 O.
Then

Pro@ Define fi ei- (1/v/)Ul. Then (fr,u) 0, (u,Bf) O, and II/11-
v/i- 1In. Thus

Iv,.,I- < IIf, ll II ll IIS ll- IIll (1- _1)
This proves the lemma.

T.EOaEM 3.2. Let pm(X) be a polynomial of degree rn with p,(O) 1 such that

P,, (Q)
J 1
n n-1
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Then D < rn.

Proof. Let B- pm(Q)- gin. We have

]1 pm (Q) ul ul p. (0) IUl Ul 0

and similarly B’u1 O. Thus Lemma 3.1 applies, and

(pm (Q))r, > ( J)-
1 (1)
1 1(> 1-
n n-1

Thus, by our earlier remarks on diameter, D _< rn. This proves the theorem.

4. The Chebychev polynomials. The Chebychev polynomials of the first kind
are given by

To (z) 1,

T ()= ,
Tn-t-1 (z) 2zTn (z) Tn-1 (z),

They may also be written as

Tn (z) cosh (n cosh-1 (z)).

n>l.

The Chebychev polynomials have the following interesting optimality property
[14]. Let Sn be the set of all polynomials, sn(x), of degree n such that s(0) 1.
Let [a, b] be an interval on the real line to the right of the origin. Then there exists a

unique tn E Sn such that

max Itn (x)l min max
xe[a,b] sn eSn xe[a,b]

and

Furthermore,

Tn( aWb-2x )
t (x)

b-o

Tn (a-t-b

max It (z)l- t (a)
xE[a,b] a+b

This result can be extended to a class of closed ellipses in the complex plane not
containing the origin with foci lying on the real line or foci that are a complex conjugate
pair. In particular, for 5 > 0 and 3’ > 0 real, if the ellipse E has center 5, foci 5 -t- 3’,
and semi-major axis of length c with 3’ _<. c < 5, then

tn (Z)
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has the property

max Itn (Z)I
zEE

Furthermore, if 7 <_ a <_ a* < 5, then

max [t (z)[ min max Isn (z)[.
zEE snSn zE

Here a* is close to 5 and depends on n in a complicated way. However,
limn--. a* 5, and thus the Chebychev polynomials are asymptotically optimal
[10], [6], [7]. If, on the other hand, the ellipse E has center 5, loci 5 + i7, and semi-
major axis of length a, 7 _< a < (52 + 72)1/2, then

has real coefficients and for n even satisfies

Tn[(l+({) 2)
max Itn (z)l.
zZ

Again, if 7 < a _< a*n < (52 + 72) 1/2, then

max tn (z) min max Sn (z)l
zE 8nES zE

where an* is close to (62 + 72)1/2 and limn--+oo an* ((52 q-7),2)1/2 [6], [7]. For n odd
and 7 G a < (52 + 72)1/2, we have

Note that for a > 7, we have lim-oo Tn(a//)/(T2n(a/7)- 1) 1/2 1, and thus the
Chebychev polynomials are asymptotically optimal for n odd as well. We only focus
on real loci or even n.

Using the definition Tn(Z) cosh(n cosh-l(z)) and the formula cosh-l(z)
ln(z + (z2 1)1/2), we may write

g (z) z + v/z2 1, f (z) z + v/z2 + 1;

then

g +g
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Tn g +g

Thus, once 5, 7, and a are known, these bounds can be readily computed. These ideas
have application to iterative rnethods for the solution of linear systems (see [10], [12]).

5. Bounding the diameter of an undirected graph from Chebychev
polynomials. Let Q denote the Laplacian matrix of an undirected graph on n ver-
tices. The following basic facts are summarized in [13].

Facts 5.1. Let G be an undirected graph. Then
(a) Q(G) has only real eigenvalues and a complete set of orthonormal eigenvectors,
(b) Q(G) is positive semidefinite,
(c) its smallest eigenvalue is A1 0, and a corresponding eigenvector is Ul

(1/x/-)(1, 1,..., 1)*. The multiplicity of 0 as an eigenvalue is equal to the number of
components of G.

We assume that the eigenvalues of Q(G) are ordered A1 < A2 < < An in
increasing order and repeated according to their multiplicity. Thus A1 0 and A2 > 0
if and only if G is connected. The following facts are known.

Facts 5.2. Let G have n vertices. Then
(a) A2 _< n/(n- 1)min{d(v)]v e V(G)},
(b) An _< max{d(u) + d(v)luv E E(G)}, and, if G is connected, equality holds if

and only if G is bipartite and semiregular.
(c) An <_ n with equality if and only if the complement of G is not connected.

(e) An >_ n/(n- 1)max{d(v)]v e V(G)}.
(f) An > max{v/(d(v) d(t)) 2 nt- 4]t, v e V(G), %t # v}.
THEOREM 5.3. For an undirected graph G, we have

D (G) - lcsh-l (n -1)InAn’3t-2COS._
-[- 1.

Proof. Let

Then

This can be rewritten as

cosh (n- 1)] + 1m<
cosh-1 A,+

m>
cosh-1 (n- 1)
cosh- An A-A.2.

/An "-[-A2/- cosh (mcosh-1 An -[-- A2 /Tm An A2 An A2
> n- 1.

We know by our discussion in 4 that if we let
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then pro(0)- 1, and

max IP- (A)I-
2<i<n

1 1

Tm (A,+A.) n-1

Now since Q is symmetric, we can write Q as

i--2

where the ui are orthonormal. Note that Ul is as defined in 3 and that Jl 0. Thus

n
i-2

and

P- (Q)-
J
n

1
max IPm (,k)l <
2<i<n Tt 1

Thus, by Theorem 3.2, we have D <_ rn, which completes the proof. U
Remark. Theorem 5.3 would be more asthetically pleasing if it yielded

cosh-1 An

This inequality fails only if D(G) rn + 1 with

m
cosh-1 (n- 1)
csh- ( An+A)An--A2

Does such a graph G exist? We easily see from the proof of Theorems 3.2 and 5.3 that
for such a graph G, the Laplacian has eigenvector decomposition

Q E Aiuiu

where 0- /1 < ,2

_
/3"’" < An. There is a set of rn + 1 eigenvalues {Ak[i-

1,..., rn+l} such that [Pm(Ak)[ 1/(n--1), where pro(A) is the Chebychev polynomial
defined in Theorem 5.3. That is,

,k
2

COS fori 1,...,m + 1.

Note that A2 Ak1, An /km+l" There is a unique pair of indices r # s such that
(er, QJes} 0 for 0,..., rn. Furthermore,

1 m+l

er- V/tl-- Z (jtk’
i--1

1 m+l

es- ul + E c (-1)i u,
i=1
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where

Finally, we have, for j 1,..., rn,

Eoi k_ E 2 JO Ak
odd even

which implies that d(r)- d(s), while

2_ 1 2EOi ’ E Oi
odd even

1 1

It is not known if graphs satisfying these conditions exist.
The following corollary is useful in conjunction with the estimates given in Facts

5.2.
COROLLARY 5.4. Let s2 and 8n be estimates of )2 and An, respectively, such that

0 < ’32 A2 An 8n.

Then

D(G) <_

Proof. It is easy to see that

(n 1) ]cosh-1 sn+s2 + 1.
8n --82

cosh_ An + A2 > cosh_ Sn "Jv 82
An A2 Sn 82

COROLLARY 5.5. Let A denote the adja_cency matrix of a k-regular graph G.
Suppose that A has second largest eigenvalue A (in absolute value). Then

! !

D (G) _< [cosh-1 (n 1) [ +1.
cosh-1 (]/X)

Proof. It is easy to see that

Therefore

D(G)( [csh-l(n-1)] +1< [csh-l(n-1)] +1
.X,,-X. cosh-1 k

We remark that
cosh-1 (n- 1) In (n- 1)
cosh-1 (k/) In (k/)

except for the complete graph; thus Theorem 5.3 yields an improvement over the
bound D(G)
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Remark. Chebychev polynomials have also been used to bound the diameter of
Ramanujan graphs by Lubotzky, Phillips, and Sarnak [9] and for general graphs by
Sarnak [16].

6. General directed graphs. In this section, we examine the estimates we can
make for the diameter of general directed graphs G. Our starting point is Theorem
3.2, and, as in that section, we assume that the in-degree of each vertex of G equals
its out-degree. (This holds if and only if G is Eulerian.) Again, Q(G) is the Laplacian
of G.

THEOREM 6.1. If p and are such that 1 >_ p )[[I- )Q- J/nil, then

D(G)< [ln(n-1) 1In

Proof. Let

ln (n 1)1/
In(n- 1)

Let Pm x (1 )x Then

p. (Q)
J (I Q j)m

SO

<_ [- AQ-
J m

tim e-rain(I/p)

1
e-- In(n--l)

rt-1

Thus, by Theorem 3.2, D <_ m. This proves the theorem. [3

From this theorem, we see that it would be useful to know that

(I) min I- AQ-
J

We can give an estimate of (I) to show that this minimum is less than 1 when G is
connected. If B is a matrix, we let Bs (B + BT)/2 be the symmetric part of B and
we let BA (B-BT)/2 be the antisymmetric part of B. If G is connected, then Qs is
the Laplacian of a weighted connected undirected graph (see [13]), so a =/a(Qs) > 0.
We let # IIQII. In the proof of Theorem 6.3, we show that (I) _< v/#a an/#, so (I) < 1
when G is connected. First, we need a technical lemma.

LEMMA 6.2. Let #a be the largest eigenvalue of BTB and a # be the smallest
eigenvalue of Bs. If there is a unit vector u such that

an- Bsu,



AN UPPER BOUND ON THE DIAMETER OF A GRAPH 451

t2U BTBu,

then there is a unit vector v orthogonal to u such that the span S of {u,v} is an

invariant subspace of B and the matrix of B relative to {u, v} is given by

M v/#2 a2

Proof. First, we show that

(BsBA BABs)u O,

B (: ).
We repeatedly use the fact that BA antisymmetric implies that (BAx, x) 0. We have

#2u BTBu (Bs BA) (Bs + BA)u
(B B2A)u + (BsBA BABs)u
( B)+ (Bs )B.

Since (BAu,/z2u) 0,

0 (BAU, (0-2I B2A)u + (BS 0-I)BAU)
(tAU, (Bs 0-I)BAU).

Since 0- is the smallest eigenvalue of Bs, the square root of Bs -0-I exists. Thus

so (Bs 0-I)BAu 0. This yields both of the claimed identities.
Now let a -IIBAull- v/(BAu, BAu) v/#2 -0-2 and v (1/a)BAu. Then

(v, u)- (BAu, u)- O. In addition,

Bsv-
1
BsBAu-

1
BABsu- 0-v

while

This proves the lemma. [:]

THEOREM 6.3. If G is connected and not complete or a directed 3-cycle,

In(n- 1) ]D(G)<_ In

where 0- is the smallest nonzero eigenvalue of Qs and #- IIQII.
Proof. Note that for a complete graph, # 0-, and for the directed 3-cycle,

a Thus the inequality fails for these cases.#- x/-, while 0- .
For any , we have

I AQ -Or max
((I AQ g), w g) w)

n #o (w,w)
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Let w+/- w (w, tl)tl, where tl (1/v/)(1, 1,..., 1)*. Then (w+/-, tl) 0. Since
(I AQ (J/n))Ul 0 and (J/n)w+/- 0, we have

(I- AQ-((z ;) ((z Q) -, ( O))
(w-, wx) + (w,)

< ((I- 2AQs + A.QQ)w+/-, w+/-)

_< 1 2Ao. + A2#2.

Setting A o./#2 yields

Q_
J 2

O"2

_<1 <1,

since G is connected. Thus

lI- AQ- J
n

If this is a strict inequality, then the theorem follows from Theorem 6.1. Equality can
hold only if there is a vector u such that Qsu o.u and QTQu #2u. Let C I- AQ.
Let

ln(n- 1)
In u

If we examine the proofs of Theorems 6.1 and 3.2, we find that D(G) <_ [mJ + 1, and
that D(G) > rn can hold only if rn is an integer and if there exists r s such that

for 1 _< k_< rn and IIC-(J/n) ll v/#2 o.2/#. Thus we can take u- f,/I]fs]l
v/n/(n- 1)fs and B ( (Q restricted to the space orthogonal to Ul) in Lemma
6.2 and v l/v/#2 -o-2BAu. The action of C on S {u, v} is then given by

M_ (1-AO.-Ac 1 Ao.

and the action of C2 is given by

M2 ((1 o.)2 (a)2
-2a (1 a)

2Aa (1 Ao.) )(1 ). (a)

This yields the system

(f, Cu) (1 o.) (f, u) As (f, v),

(f,, C2u) [(1 Ao.)2 (c)2] (f, u) 2Ac (1 Ao.)(f, v).
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If we multiply these equations by V/(n 1)/n, we obtain

(f, Cfs) (1 Aa)(f, fs) A(in 1

If m >_ 2 and we use (f, f) -l/n, we obtain

1
(1 ha) Ac/n 1

(fr, v),
n n

1

Elimination yields
O-2

0,

which has no roots but O- 0 or #2 O-2.
Thus the only possibilities are O- # or m 1. If O- #, then all the eigenvalues

of Bs and all the singular values of B are equal to #. Thus every vector u satisfies
the conditions of Lemma 6.2. In particular, B 0, so B Bs #I and Q
#(I- (J/n)). Since the entries of Q must be integers, # n. Thus the graph is the
complete graph.

If m 1, then #2/(p2 O-2) (n 1) 2, and so IlI- AQ (J/n)l 1/(n 1).
Because of (f, (I- AQ (J/n))f) -l/n, we have, in this case,

( ) 1
I-AQ- f- n_lf.

This leads to
O- 1

#2
Qes AQes e +

n- 1
er

and so
it2 n-- 2

(e,Qes)-
O- n-1

If n > 2, then there is a t :/: r, s, and

n-1 W

O-n-1

Since the off-diagonal entries of Q are 0 or -1, we must have #2/o n- 1. Thus
(es, Qe) n 2. We may also solve for both # and o. to obtain # v/n(n 2) and
O- n(n- 2)/(n- 1). Let prime denote parameters relative to the complement of G.
We have

(,-
Also, note that

O-mx (Q) max (Qx, x) > m.ax (e,Qe) max d (G’).
ilxll=l
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Thus

n-1
o" O-max (Q)

_
n max d (Q),

so if n > 2,
1

maxdi(Q)<l+ <2.
n-1

Thus each vertex of G’ has degree 0 or 1, so G is the disjoint union of isolated vertices
and directed cycles Dk with ki <_ n. We need

1+
n-1

n a O’mx (Q) max O’max (Q ,r,,\,,[LIK,))S
1
max O’rnax (Q (Ck))

2
2 if some ki is even,

l-cos,k-maxiki if no ki is even.

However, we can never have -cos(27/k) 1/(n- 1) unless k 3 and n 3;
that is, G is a directed 3-cycle. This contradiction eliminates this case and completes
the proof of the theorem.

7. Normal matrices. If we compare the result of Theorem 6.3 with those ob-
tained from Theorem 5.3 for undirected graphs, we see a marked difference. We would
like to extend the method of 5 to directed graphs. We can do this fairly easily for one
class of directed graphs, namely, those whose adjacency matrix is normal. A matrix
A is normal if AA* A*A. We have the following well-known fact. (For the applica-
tion of normal matrices to iterative methods, see [5], which also includes some other
important properties of normal matrices.)

LEMMA 7.1. The following properties of a matrix A are equivalent:
(i) A*A AA*,
(ii) A* is a polynomial in A,
(iii) the eigenvectors of A form a complete orthonormal basis.
THEOREM 7.2. Suppose that a directed graph with n vertices has Laplacian Q

such that QQT QTQ and that all the eigenvalues of Q except 0 are contained in an

ellipse with center 6 > 0, foci 5 7, 7 > 0, and semi-major axis of length (, where

7 < c < . If m is the least integer such that

n--l’

then D(G) <_ m. Furthermore, suppose that all of the eigenvalues of Q except 0 are
contained in an ellipse with center > O, loci :l= i7, 7 > 0, and semi-major axis of
length (, 7 < ( < v/2 + 72. If m is the least even integer such that

1

then D(G) <_ m.
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Proof. The proof relies on the remarks of 4 and is similar to the proof of Theorem
5.3. We leave it to the reader.

The following lemma may be of some use in estimating the diameter of directed
graphs in conjunction with Theorem 7.2.

LEMMA 7.3. Let Q be the Laplacian of a connected directed graph with in-degree
equal to out-degree. Then the eigenvalues ofQ lie in a disk of radius A max{d(u)lu
G} with center at A. There is exactly one zero eigenvalue. Furthermore, if there are
k > 1 eigenvalues on the boundary of the disk Iz- A A, then these eigenvalues
have the form (1 -e(2m/k)i)A, and G is k-partite.

Proof. That the eigenvalues A satisfy A- A _< A follows from the Gershgorin
theorem. Now consider the nonnegative matrix B AI- Q. The Perron-Frobenius
theorem yields the result.

8. Estimating the ellipse which encloses the eigenvalues of a real nor-
mal matrix. It is easy to recognize when Theorem 7.2 applies. For example, if F
is a group and A {51, (2,... ,(d} are generators, the Cayley graph G(F, A) has a
normal adjacency matrix if and only if, for each g E F, the number of solutions (5, 5j)
to 5ig 5j is the same as the number of solutions (5i, 5y) to gSi 5j. Thus, if F is
abelian, Q is normal. We need a method for finding the ellipse in Theorem 7.2.

Suppose that the eigenvalues of Q are known. There are an infinite number of
ellipses symmetric with respect to the real axis that enclose the nonzero eigenvalues of
Q and exclude zero. We would like to choose the ellipse that minimizes rn in Theorem
7.2. Equivalently, given any rn, we would like to find the ellipse that minimizes the
bounds in Theorem 7.2. To our knowledge, this problem is unsolved. However, a
related problem has been solved and may be useful. Using the definition T,(z)
cosh(n cosh-l(z)) and making use of the formula cosh-l(z) ln(z + (z2 1)1/2), we
may write g(z) z + V/Z2 1, f(z) z + v/z2 + 1, and

l+g()
1+

for the case of real loci, and

5 + v/5e + l/f 5

for complex foci and m even.
The second term in each expression is bounded by 2 and rapidly approaches L

for large m. The problem of finding the ellipse symmetric with respect to the real axis
that encloses a given set of points and excludes zero that minimizes the first term in
the above expression is solved in Manteuffel [10]. The solution depends only on the
convex hull of the nonzero spectrum of Q. If the best such ellipse has real foci, then
the smallest rn that satisfies

Tm() 1

Tm() n-1
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can be found. If the best such ellipse has complex loci, then the smallest even m that
satisfies

Tm ( (5+2)1/ n -1

can be found. Application of Theorem 7.2 then yields the bound D(G) <_ m.

9. Estimating the spectrum of Q. The theorems in the above sections require
knowledge of the extremal eigenvalues of Q. If the eigenvalues of Q are not known,
they can be computed by a variety of methods. If the dimension of Q is not too large,
good algorithms exist for computing the entire spectrum. If the dimension is large,
it may be more practical to estimate the extremal eigenvalues by iterative methods.
If systems of the type (AI Q)x y are easily solved, then inverse iteration may be
employed (cf. Wilkinson [17]). If not, then methods based upon taking orthogonal
sections of Q may be used, for example, the Lanczos algorithm (cf. [8]). These
methods only require repeated matrix vector multiplication.

Suppose that Q is symmetric. The Lanczos algorithm requires an initial vector,
say r, and iteratively forms a tridiagonal matrix Ta that is the orthogonal section
of Q onto the Urylov subspace Ka(r, Q) sp{r, Qr,..., Qa-ir}. The eigenvalues of
Ta yield good approximations to the extremal eigenvalues of Q. If r is chosen to be
orthogonal to the null vector ul, then the extremal eigenvalues of Ta approximate
and . Estimates of the rate of convergence are available [4].

If Q is nonsymmetric then Arnoldi’s method [15], [2] yields an upper Hessenberg
matrix Ha instead of Ta as the orthogonal section of Q onto the Krylov space Ka(r, Q).
The eigenvalues of Ha again yield approximations to the extremal eigenvalues of Q. In
this case, however, the convex hull of the spectrum of Ha approximates the convex hull
of the spectrum of Q. Again, if r is chosen orthogonal to Ul, the approximations ignore
the zero eigenvalue. If Q is normal, the only case in which we seek the spectrum of a
nonsymmetric Q, the procedure yields good approximations. The adaptive methods
described in [11] simultaneously find the eigenvalues and the optimal ellipse.

For general Q, we are limited to Theorem 6.2. This requires #--IIQII, which can
be computed by applying the Lanczos procedure on QTQ to find # IIQTQII. The
value a (Q) can also be approximated by the Lanczos procedure applied to Q.
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