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Multidiameters and Multiplicities

FAN CHUNG, CHARLES DELORME AND PATRICK SOLE

Thek-diameter of a graph is the largest pairwise minimum distance of a sét eértices inr", i.e.,
the best possible distance of a code of &ize I'. A k-diameter for somé& is called a multidiameter
of the graph. We study the functidvi(k, A, D), the largest size of a graph of degree at mosindk-
diameterD. The graphical analogues of the Gilbert bound and the Hamming bound in coding theory
are derived. Constructions of large graphs with given degreekatidmeter are given. Eigenvalue
upper bounds are obtained. By combining sphere packing arguments and eigenvalue bounds, new
lower bounds on spectral multiplicity are derived. A bound on the error coefficient of a binary code
is given.
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1. INTRODUCTION

The diameter of a graph measures how far two distinct points can be; similarlig the
diameter (definition given below) measures howkfgoints can be; in other words, how good
can a code of sizk in the graph be. Two problems on the diameter have excited a great deal
of attention since the 1980s:

e the(A, D) graph problem: how large can a graph of bounded degree and given diameter
be? L, 6,7]
o finding the best spectral upper bound on the diameter of a g&agh [

This work is an attempt to generalize both philosophies.

First, we study a functiolN(k, A, D), the largest size of a graph of degree at the most
and giverk-diameterD. Observe that this is a very hard problem which comprises as a special
case(k = 2) the (A, D) graph problem1, 6, 7]. We begin a tridimensional table collecting
the sizes of the largest such graphs. No exact valud @ A, D) with k > 2, A > 2 is
known so far.

Next, we derive the natural analogues of the Chen@l. upper boundsd, 4, 8] on the
diameter. Combining the spectral bound and the Gilbert bound, we obtain some new lower
bounds on the spectral multiplicity. When the graph under scrutiny is the coset graph of a
binary linear code, we obtain a lower bound on the error coefficient of the dual code.

2. DEFINITIONS AND NOTATIONS

All graphsT" considered are finite, connected, with vertex\éedf cardinality v, simple,
undirected, without loops or multiple edges. The graphilcstance dx, y) between two ver-
ticesx andy is the length of a shortest path betweeandy. Thegirth hereby denoted by
is the shortest size of a circuit. kkcodein such a graph” with distance dis a set ok(> 2)
vertices with

rir;ijn(d(xi , X)) =d.

Classical codes of sizein the sense of]]0] are exactlyk-codes in the hypercube or more
generally they-ary hypercube or Hamming grap?j[H (n, q). Thek-diameterof I, say Dy,
is the largest possible distanc&-@ode in" can have. Note thdD; is the standard diameter.
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For example, we havBq = n in theg-ary Hamming graphd] H (n, q) (the direct sum oh
complete graph&g). The sequenck — Dy is nonincreasing:

D2>D3>---Dx > Dky1 > .
A closely related and useful quantity is thore functionwhich is defined for integers, D
M(A,D):=14+A+AA -1 +---4+AA—1PL,

or, in closed form

AA—1)P—2 .
M(A,D):{T itA =2,
2D +1 if A =2.

An elementary fact of graph theory is that a graph of diameter at D@std degree at most
A cannot have more thavl (A, D) vertices. Its bipartite counterpawt, (A, D) is 2(1+ (A —
1)+ -+ (A —-1P1, or in closed form

2Aa-1pP—2 .
Mb(A,D)z{% ifA > 2,
2D if A =2.

A similar but different invariant is theovering radius ¥C) of a codeC which is defined by
r(C) := maxmind(v, ¢).
( ) veVXCelc (U7 )
Denote byT the diagonal matrix indexed by such thafly x is the degree ok € V, by A
the adjacency matrix df and letL = T — A. TheLaplace operatois then defined as
L£:=T Y272

Let
M=0<A < <A

be the eigenvalues of the Laplace operator arranged in increasing order. It is not hard to check
that the wholespectrumfits into [0, 2]. In particular, if the graph i\-regular, theri; =
1— ui/A, wherey; is theith eigenvalue (decreasing order) of the adjacency matrix.

3. SPHEREPACKINGS AND COVERINGS

3.1. Animproved Gilbert boundThe Moore function is an upper bound for the number of
vertices in a graph with degre® and diameteD. Using the definition of the 2-diameter, the
Moore bound is related thl (2, A, D) as follows:

N2, A, D) < M(A, D). Q)
The analogue of the Gilbert bound of coding thed9, [p. 33] is
Nk, A, D) < (k—1)M(A, D),

which can be proved by induction da(equation {) is the cas&k = 2). It also follows
immediately from the following result relating (k, A, D) to codes with covering radiud.

LEMMA 1.
N(kvAaD)S F(kvA’D)’ (2)

where Fk, A, D) denotes the largest size of the vertex set V, of a gfapbntaining ak —
1)-code C with minimum distance at least4b1, and covering radius of at most D.
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FIGURE 1. Explanation ofG(A, D).

PROOF LetT be a graph with degree at mast satisfyingDx < D on N(k, A, D) ver-
tices. Consider &k — 1)-codeC with minimum distance at lea§&i+1 inT". Then we conclude
that its covering radius is at moBt, since otherwise, we would obtairkecode with distance
D + 1, contradicting the hypothesi3 < D. a

We are now in a position to give a small improvement on the Gilbert bound by taking into
account graph connectedness and ball intersections.

THEOREM 1. A graph with k-diameter D and maximum degieéhas at mostk — 1) M
(A,D) — (k — 2)M(A, (D — 1)/2) vertices if D is odd andk — L))M(A, D) — (k —
2)Mp(A, D/2) if D is even.

PROOF If the graph is connected, we can see that &ndw are vertices at a distance
D + 1, then the number of vertices at a distance at iioBom w and at leasD + 1 fromwv
is at most,

D LD/2] D—2d
1(A,D) = Z(A — 1+ Z (A—2) Z (A — 1)D—d—1—q.
c=0 d=1 q=0

The explanation of that formula should be clear from Figur&Ve note that (A, D) =
M(A, D) — M(A, (D — 1)/2) if D is odd andl (A, D) = M(A, D) — Mp(A, D/2) if D
is even. These formulae can be derived by summing the geometric series in the definition of
G(A, D). Roughly speaking, what happens fptarge enough, and sdy is odd, is that the
intersection of the two balls of radiu3 aboutv andw, is itself a ball of radiug (D — 1)/2]
centered in a point at the same distance (up to one unit)asfdw. A similar phenomenon
occurs for everD.

To apply Lemmal, we construct greedily a code of minimum distanceD and covering
radius at mosD. The first ball covers at the modt) (A, D) vertices. Put the second one
at distanceD + 1 from the first. It covers at the moM (A, D) — G(A, D) vertices. After
placing the(k — 1)th ball, at mostk — 2)M (A, D) — G(A, D) vertices are covered. O

ForA = 2,the boundis P + 1+ (k — 2)(D + 1), instead of(lk — 1)(2D + 1), the exact
value isk(D + 1) — 1 (and the optimal graph is a cycle).

3.2. The Hamming boundLet (D) := L%J AssumeDg < g. Then the analogue of
the Hamming boundl[0] reads
v > kKM(A, e(Dy)).
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Equality corresponds to the caseabperfect coden a graph such that the volume of a ball
of radiuse(D) is indeedM (A, e(D)). This happens, for instance, if the graph is regular with
girth at least 2(D) + 1. For instance, i = 2™ — 1, the Hamming codes yield

N2 n 3 =2"=2""2n+1),

meeting the preceding bound with equality.
Similarly perfect Lee metric codes of lengttover Fp with p = 2n 4 1 yield

N(p"% 2n,3) = p" = p" 1@+ 2n).
But the repetition codes of lengtls 2- 1 yield only (fors > 1) the inequality
N(2, 25+ 1,25+ 1) > 251,

Observe that the volume of a ball of radisisn the (2s + 1)-hypercube isZ < M(2s +
1,25+ 1).

4. CONSTRUCTIONS
4.1. Graphs of large girth.A relation between the girth and tlkediameter is
g <kDg + 1.

This bound is of special interest in the case of incidence graphs of generalized polypgons [
These are bipartite graphs with diameieand girth 2N. In that case, we obtain the estimates

The lower bound is met with equality for tié = 3, k = 3 case of the incidence graph of

a projective pland® G(2, q). It can be directly verified in that case that a lin@long with a

pair of points known om, constitutes a 3-code with distance 2, and also Ehak 2, because

a pair of points or a pair of lines are at a distance at most 2 apart. So, we obtain, for every
prime powerq, the estimates

NGB3,q+1,2 >20°+q+1),
quite close to the upper bound
NGB g+12 <22+2q+0% -2
Similarly, in that case, we havgs = 2 yielding
N(4,q+1,2 >20*+q+1),
to be compared to the upper bound
N@3,q+1,2 <32+29+9? -4

A sharper lower bound will appear in Sectiér8.
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FIGURE 2. Graph showindN(k, 3,3) > 7(k — 1).

4.2. Bipartite Graphs.Let B(A, D) denote the largest size of a bipartite graph of degree at
mostA and diameteD. Lower bounds for this function are tabulated for< 16 andD < 10

in [6], and an upper bound I, (A, D). Given a 3-code in such a graph, two of its points at
least should lie in the same part. This leads to

NGB, A,D—-1) > B(A,D) if D is odd

This can be generalized to multipartite graphs by denotinB @y, A, D) the largest size of a
p-partite graph with diametdd and degree at moat. ForanyD = pm+awithO<a < p
andm integer, we have

N(p+1 A, pm = P(p, A, D).

4.3. Irregular Graphs. For D = 2 andA = g + 1, we have some constructions with
n=(©%4+qg+1k-1 = (A2 — A + 1)(k — 1) (takek — 1 copies of the quotient of
the incidence graph of a projective plane of orddyy a polarity and add edges between the
vertices of degre@ to obtain a connected graph). On the other hand, the modified Gilbert
bound is(A2 — 1)(k — 1) + 2 instead 0f A2 + 1)(k — 1).

Forqg = 2, we have the kind of graphs of Figuze

More generally, if we have a graph with maximum degreeA and diameteD, with n
vertices among which two at least have degkeel, itis easy to prové& (k, A, D) > (k—1)n
by arranging a path &€ — 1 copies ofG connected by edges.

This givesN(k, A, 1) > (k — 1)A, to be compared by the upper bound coming from
k—1>[x] namelyN(k, A,1) <1+ (k—DA.

For D = 3,5, the generalized quadrangles and hexagons also give good reqalts)-a
guadrangleQ has(s + 1)(st + 1) vertices of degre¢ + 1 and(t + 1)(st + 1) vertices of
degrees + 1; one of the components of the Kronecker productyby itself is regular of
degree(t + 1)(s + 1), has 2s + 1)(t + 1)(st + 1) vertices and admits an obvious polarity,
the quotient is a diameter 3 graph with+ 1)(t + 1)(st + 1)? vertices of maximum degree
A = (t+1D(s+ 1), with (s+ L)(t + 1)(st + 1) vertices having degrest + t 4+ s. Hence
N, (t +1)(s+1),3) > (k — 1)(s+ 1)(t + 1)(st + 1)2, provided that there exists(a, t)-
guadrangle.

For eachm > 0, some quadrangles with=t = 2°™1 already have a polarity and give
N(k,s+1,3) > k—1(s+D(E?+1).

For example, 1& — 1) < N(k, 3,3) <18k — 1) + 4.

Similarly, the (s, t)-hexagons yield graphs witts + 1)(t + 1)(s?t? + st + 1)2 vertices,
maximum degree\ = (t + 1)(s + 1), with (s + 1)(t + 1)(s?t? + st + 1) vertices having
degreest 4+t 4+ s. Hence,N(k, (t + 1)(s+ 1), 5) > (k — 1)(s + 1)(t + 1)(s?t2 + st + 1)2,
provided that there exists(a, t)-generalized hexagon, and hexagons of osdert = 32M+1
admitting a polarity giveN (k, s+ 1, 5) > (k — 1)(s + 1)(s®* + s+ 1).
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FIGURE 3. Explanation ofN (3, 3, 2) < 16.

FIGURE 4. Explanation oiN (4, 3, 2) < 24.

4.4. SmallvaluesForD = 2,k = 3andA = 3, we haveM = 10 andF = 8; the improved
Gilbert bound is 18.

If there is a vertex of degree< 2, there are at the most seven vertices at a distan2e
fromu. If w is at a distance 3 from, there are at the most eight vertices at a distan@grom
w and at a distance at least 3 framThus, a graph with maximum degree 3 and 3-diameter
2 having a vertex of degree 2 has at the most 15 vertices. Thus, there is no graph with 17
vertices, maximum degree 3 and 3-diameter 2.

Let us consider now 3-regular connected graphs. Since 18(3, 3) = 22, every vertex
of a 3-regular connected graph with 3-diameter 2 lies in a cycle of leagththus the bound
18 cannot be attained. See Figare

Thus we can state 14 N(3, 3, 2) < 16.

Similarly, from the improved Gilbert bound fa¥ (4, 3, 2), that is 26, we can see that the
girth is at the most 7, and this impli@é(4, 3, 2) < 24 because we can either find a vertex
of degree< 2 leading to a bound of # 8 + 8 = 23 or use the results for a cycle of length
< 6, or start with a cycle of length 7 as shown in Figdr&he proof is easily generalized to
N, 3,2) < 8k —1).

TABLE 1.

Small values
Nk, A, D) G IG graph

D

2 14-16 20 18 PG(2,2
4 56-68 72 68 q
3 30-40 66 40 4.3
2
2
3

26-32 34 32 PG(273)
21-24 30 26 Sectioh3
45-58 66 58 Sectich3

AlD|wl w wlw|x
w| WA w| wlw| >

The fourth column gives the known bounds, the fifth and sixth ones present the Gilbert and
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improved Gilbert bounds.
5. SPECTRALBOUNDS
5.1. Main bounds.Recall that the inverse hyperbolic cosine is given by
cosh (x) = Iog(x +v/x2 — 1),

for x > 1.

THEOREM 2. Suppose a connected graph G is not a complete graph. Fof X V(G)
and X not equal to the complementof Y, we have

coshl vol X vol Y
d(X, Y) < vol X vol Y (3)
= 1 hy_1+A
PROOE For X Cc V(G), we define
1 ifxelX,
X) = )
Ux () [0 otherwise.

If we can show that for some integeand some polynomigh; (z) of degreet,
(T2, p(L)(TH2yx)) > 0,

then, there is a path of length at the mbgiining a vertex inX to a vertex inY. Therefore,
we haved(X,Y) <t.
Leta; denote the Fourier coefficients 88/2yx, i.e.,

n—1
V20 = Y ag,
i=0
where thep;’s are the orthonormal eigenfunctions©fIn particular, we have
(TY2yy, TH21)  vol X
(TY21,TY21) ~ volG’
where volX is the sum of degrees of the vertices{rand1 denotes all the 1's functions.
Similarly, we write

ap =

v—1
T2y = " bigy,
i=0

2 __ _1and pt(2) = (p1(2)!. SinceG is not a complete

Ay—1t21

Pt < (1=
foralli =1...,v— 1, wherex = 2L1/(Ay—1 + A1). Therefore, we have

(TY29y, UL TY2Yx) = aobo + Y _ pr(i)aiby

Suppose we choose (z) =
graph,A1 # A,_1, and

i>0
> agho — (1—1)' [y a2y b
i>0 i>0
_vol XvolY « V'vol X vol X vol Y vol Y

vol G (=2 vol G ’
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by using the fact that

2
2 1/2 5 (vol X)

E 2T —
i>oa1 I vl vol G

_vol Xvol X
vol G

We note that in the above inequality, the equality holds if and ordy # cly fori > 0, for
some constant. This can only hold wherX = Y or X =Y. Since the theorem obviously
holds forX =Y and we have the hypothesis that# Y, we may assume that the inequality

is strict. If we choose

vol X vol Y
lOQ vol X vol Y

t >
= 1
log 1=
we have
(TY2yy, p(O)TH2yx) > 0

/ vol X vol Y
This provesD(G) < o9 Iogo — Y Vol VoY
=%
It can be improved with another choice fpy, namely the normalized Chebychev polyno-

mial such that

cos%(t cosh‘l(i>> pt(2) := cosi-(t cosh—l( o 2z >>
1—x 1—A  Ap1— M

1

cosf(t coshfl(ﬁ)) '

(TY29y, PO TH?Yx) = aobo + Y _ pr(hi)aiby
i>0

> agho — 1 Zal sz

cosHt cosh't (=)

Then, forhiy <z < Ay_1, we have p(2)| <

i>0 i>0
vol X vol Y 1 Vvol X vol X vol Y vol Y
" wIG cosht costr(%;)) vol G
Note that
vol X)2
geyz = ITY2yx|? - (vofe)
_vol Xvol X
vol G
If we choose _
_ costrt iy
~ costtl
we have

(TY29v, p(OTH2yx) > 0
This proves Theorer#i O
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As an immediate consequence of Theo&we have:
COROLLARY 1. Suppose G is a regular graph which is not complete. Then

coshl(v — 1)

~1 Ay_1+21
cosh e

D(G) =

To generalize Theoreto distances amorigsubsets of the vertices, we need the following
geometric lemmad].

LEMMA 2. Letx, X2, ..., Xg+2 denote dt 2 arbitrary vectors in d-dimensional Euclidean
space. Then there are two of them, saypj, (i # j) such that(v;, vj) > O.

THEOREM 3. Suppose G is not a complete graph. Far X V(G),i = 0,1,...,k, we

have
_1 vol X; vol X;
. cosh vol Xj voI X
mind(X;, Xj) < max ,
i#] L

i#] cosh't T

ifl— Ak > Ap—1— 1L

PROOF Let X andY denote two distinct subsets among ¥es. We consider

k—1
(TY29y, (I = £)'TY2yx) > agho + Y (1 —a‘aib — Y (1 — 0" faibil.
i=1 i>k
For eachX;,i =0, 1, ..., k, we consider the vector consisting of the Fourier coefficients of
the eigenfunctionsy, ..., gpk—1 in the eigenfunction expansion of;. Suppose we define a
scalar product for two such vecto@, . .., ax—1) and(by, ..., bxk_1) by

k-1
> (@ -2 'ab.
i=1

From Lemma2, we know that we can choose two of the subsets, XagndY with their

associated vectors satisfying
k-1

Y @—x'ab =0
i=1
Therefore, we have

vol X vol Y ~/vol X vol X vol Y vol Y
T2y, (I = O TY2yx) > i~ ' re
and we proved that
[ vol X vol X
lOQ vol X; vol X;

mind(X;, Xj) < max i
i#] i#] Iogm

By using the Chebychev polynomigk(x) instead of(1 — x)!, we can improve the above
bound by replacing log with cost and Theoren3 is proved. |
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We note that the condition + Ax > A,_1 — 1 can be eliminated by modifying thes as
follows:

THEOREMA4. For X; Cc V(G),i =0,1,...,k, we have

_1 /vol X; vol X;
. cosh vol Xj voI X
r_gémd(xi,xj)smax
17]

i#] coshrt Ay—1+Ak
Ay—1—Ak

if Ak # Ay—1.

Observing that the denominator is a decreasing function of < 2, we obtain the following
useful corollary.

COROLLARY 2. For X; c V(G),i =0,1,...,k, we have

_1 /vol X; vol X;
. cosh vol Xj vol X
n;lnd(Xi,Xj)smax
17]

i#] cosh! gf—it

if Ak #£ Ay_1.
Eventually, taking allX;’s of size unity we obtain:

COROLLARY 3. If G is a graph of size distinct from the complete graph its k-diameter is

bounded above as L
cosh~v
Dk+1(G) < maxlrikk—‘

i#] | coshl %t—lk

if Ak #£ Ay_1.
5.2. Spectral Multiplicity. We now derive an application of the preceding bounds to esti-
mate the spectral multiplicity of graphs.

THEOREMS. If A; denotes the multiplicity of; for A regular graph orw vertices, then

cosht(v)

1( 2+X2
coshr (—2_ A2)

AL+1>v/M|a,

PrRoOF Consider arn{A; + 1)-code of minimum distanc® a,+1 in the considered graph.
Then, by Corollan, its minimum distance is at mogtosh(v)/ coshfl(gf—igﬂ. We apply
the analogue of the Gilbert bound mentioned before Lerhpkaeping in mind that an upper

bound on a ball of radiuB in the graph we consider i (A, D). O

This can be generalized further to obtain bounds on the distribution of, say, thenfirst
eigenvalues.

THEOREMG. If A;j denotes the multiplicity of the ith distinct eigenvalue foAaegular
graph onv vertices, and k= Z’J-“zl Aj, then

m —1
cosh
E Aj+1>v/M| A, SiT~(v)

4 —1( 24hr1
=1 cosh (2—xk+1)



Multidiameters and multiplicities 639

More generally, if we have a graph with balls of radiusD bounded by a functioMg (D),
we obtain the following result.

THEOREM 7. With the above hypothesis, if Aenotes the multiplicity of the ith distinct
eigenvalue for &\ regular graph onw vertices, and k= ZT:1 Aj, then

m coshi(v)
A +1>v/Mg || —20 W 1.
jZ=l ! G (|VCOSW1(2+M<+1)

2—hk+1

For instance for Abelian Cayley graphs of degree- k1 +2ko (k1 = number of generators
of order 2), we obtain fromd]

Mg(D) = (2D + k)¥/k!,

wherek = ki + ko. Another graph that already received some attentior8jinis[the coset
graph of a linear code. LeC denote a-dimensional binary linear code of length and
minimum distancel. Then, a grapl (C) can be built on the’2cosets of the dual code with
degreen and spectrum related in a simple way to the weightof C. Specifically, in the
notations of Sectiold, we have\j = 2% andi1 = 2d/n with multiplicity Aq4 the so-called
error coefficient in coding theory, which is the leading term in error probability calculations.
It is straightforward to show that for this graph a suitable bound on the size of balls is

D

Me)(D) = Y (T)

j=0

or, using the entropy functioH (x) := —xlog,(x) — (1 — x) log,(1 — x), and not necessarily
performing asymptotics
Mg(c)(D) = 2"/,

Theoremb applied to that situation yields, noting that{C) is the complete graph € is the
dual of a perfect Hamming code.

THEOREM8. Let C be an[n, k, d] binary linear code, which is not the dual of a perfect

Hamming code and weights; = 0, wy =d, wo, ..., wp_1. Let
cosh (2%
U, k, x) := [f )
cosh (%)

Then the error coefficient of C is bounded below as

Ag > ok=nH(U (n.k.wz)/n)

We leave it as an open problem to see if the exponent of the exponential on the RHS can be
made> 0.
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