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Abstract

Consider a graph with n vertices and m edges and a
labeling of the vertices by a set N of n non-negative
integers. Suppose the number a, labels the vertex v ,
i=1,...,n. Let |ai—a be the edge mumber of the edge
{vi,v } and M the coliection of the m edge numbers. If
M isjthe set {1,...,m} and N is a subset of {0,1,...,m},
the labeling is called a graceful labeling by Golomb. He
also defines a graceful graph to be a graph with a graceful

labeling.

Methods have been given which construct graceful graphs
from certain smaller graceful graphs. In this type of con-
struction, the vertex which is labeled by the smallest number
(we might as well assume it to be zero) in a graceful label-
ing is often of special interest. A graceful graph will be
called a rotatable graceful graph if for every vertex v
there exists a graceful labeling in which v is labeled by
the number zero.

In this paper, we give a construction of rotatable
graceful graphs from smaller rotatable graceful graphs. We
also prove that caterpillars, a type of graph which have
been well studied in the literature, are rotatable graceful
graphs provided that the caterpillar has the same number of
toes at each foot.

1. Introduction.
Consider a graph with n vertices and m edges and a labeling of

the vertices by a set N of n non-negative integers. Suppose the
be the

number a  labels the vertex vy i=1,...,n. Let |[a

~-a

edge number of the edge [vi,vj] and M the collectioniofjthe m edge

numberas. If M is the get {1,...,m} and N is a subset of {0,1,...,m},

the labeling is called a graceful labeling by Golomb [4]. He also

defines a graceful graph to be a graph with a graceful labeling. A

graceful labeling is also called a B-valuation of the graph by Rosa [7].
When the graph is a tree with n vertices, the set of labels N

may be assumed to be the set {0,1,...,n-1}. A conjecture attributed
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to Ringel [6]
still open though many special cases have been investigated [1,2,3,5,9].

says that all trees are graceful. This conjecture is
Methods have been given which construct graceful graphs from
certain smaller graceful graphs. In this type of construction, the
vertex which 1s labeled by the smallest (or the largest) number in a
graceful labeling is often of special interest. For example, Stanton

and Zarnke [ 9] prove the following two theorems.

THEOREM 1. Let S be a graceful graph and let LS:{vil > {ai} be a
graceful labeling of S. Then the graph obtained from S by attaching
k edges at the vertex p with Ls(p) =0 +ts also a graceful graph
(asgume without loss of generality that zere is a label).

THEOREM 2. Let S and T be two graceful trees and let {Ls(a)} and
(L (a)} be the graceful labelings of s and T. Then the graph
obtained by attaching a copy of T to every vertex of S except the
one labeled by the largeat value in {Ls(a)} i8 alao a graceful graph.
However the vertex of T at which the attachment is made has to be the
vertexr p with LT(p) = 0.

To take full advantage of this kind of theorem, it is deeirahle to
know all the vertices on a graph which can be labeled by the number
In this
repect, a graceful graph will be called a rotatable graceful graph if

zero, hence also by the largest number, in a graceful labeling.
for every vertex v there exists a graceful labeling in which v 1ia
labeled by the number zero.

In this note we firat prove some useful properties of rotatable
graceful graphs by generalizing some results of Stanton and Zarnke.
Then we prove by construction that "caterpillar" graphs, a type of graph
which has been studied previously in graceful labeling, are rotatable
graceful graphs provided the caterpillar has the same number of toes at

each foot,

2. Some Useful Propertiies of Rotatable Graceful Graphs.
Let T be a graceful graph with n vertices. Consider a grace-
ful labeling: a + LT(a). Let d{a,b) denote the length of the shortest
path between two vertices a and b in T. Let T, ,...,T
r

1 be T
coples of T with the following labeling:

(1) Select a fixed vertex z in T.

Construction 1.

(1i) Use Li(a) to designate the label of the copy in T1

of the vertex a of T. Define

Li(a) = (r+l-1)n-1 - LT(a) if d(a,z) 1is odd,
Li(a) =4in - 1 ~ LT(a) if d(a,z) 1is even.

Stanton and Zarnke [9] give the following two construction for
graceful graphs,

Let § be a graceful tree with r vertices and let

the vertex a be labeled by Ls(a). Relabel S by the rule

Ls(a) + nLS(a) +m where O Ssm<n-1.

Attach to vertex a of § the tree containing vertex b of Ti'

where LT(b) = Ls(a), and the attachment 1s at vertex b. Then the
resultant tree is gracefully labeled.

Construction 2. Let S be a graceful tree with 1 + 1 vertices and

let the vertex a be labeled by Ls(a). Relabel S by the rule

13(a) + aLa).

Attach Ti to S juat as in Comstruction 1. Then the resultant tree

is gracefully labeled.
Construction 2 is particularly useful since repeated applications

of it yileld a graceful labeling for any rooted tree whose nodes at the
same level have the same outdegree.
Note that zero is a label of the tree Tl or Tr' Furthermore,

for every vertex a in T, either

Ll(a) > Li(a) > Lr(a)
or
Lr(a) > Li(a) > Ll(a)

for every i = 2,...,r-1. Thig means that when we attach r coples

of T
vertex a of T, then Ll(a) and Lr(a) are the smallest and the
This observation is crucial te the proof of

to the r vertices of §, with the attachment made at the

largest labels in S.
Theorem 3.

THEOREM 3. Let S be a rotatable graceful tree with T vertices and
T a rotatable graceful tree with n vertices. Then the tree R
obtained by attaching a copy of T, at a fized vertez of T, to every
vertex of S 1a alao a rotatable graceful graph.

F )]



¢

Proof. Let q be an arbitrary vertex of R. We show that a grace-
ful labeling exists in which q 4{s labeled by the value zero.

Since every vertex of R is on a copy of T, we assume q 1is
on the copy of T which is attached to the vertex p of § (p can be
q}. Furthermore assume that the positions of p and q correspond
to the vertices P and Q 4in T. Let {LT(a)} be a graceful
labeling on T such that LT(q) = 0. Let {Ls(a)} be a graceful
labeling on 5 such that

L5(p) = 0 4f d(P,Q) te even in T,
Ls(p) = r-1 if d(P,Q)isodd in T.

Such {LT(a)} and {Ls(a)} exist since T and S are rotatable
graceful graphs. Using Construction 1 of Stanton and Zarnke, we
obtain a graceful labeling for R.

8. Some Background on Labeling Caterpillare.

A caterpillar is a graph where all vertices of degree greater
that one lie on a chain. Let {UO’Ul""’Uf+1} be a longest chain
of the caterpillar. Then U, and U are of degree one and

0 f+1
Ul""’U are of degree greater than one. U, and U will be
i)

referredfto as the head and tail of the catergillar an§+1Ul,.... £
as the f feet. All other vertices, which will be referred to as
toes, are of degree one and are connected to feet. It is well known
(7] that a caterpillar 1s a graceful graph (it also follows from
Theroem 1}.

In the case that every foot has the same number ¢t of toes, the
caterpillar will be called a t-toe caterpillar. Note that every foot
is a star graph which can be easily shown to be a rotatable graceful
graph. Furthermore, Rosa [ 8] proves that a chain of any length is a
rotatable graceful graph. Therefore from Theorem 3, we know a t-toe
caterpillar without its head and tail 18 a rotatable graceful graph.
But how about the t-toe caterpillar with both its head and tail intact?
We now show that this epecies alse belongs to the genus of rotatable
graceful graphs.

For a t 21, consider a t-toe caterpillar with f feet, Sup~
pose the number zerc is assigned to the head of the caterpillar. Then
a graceful labeling readily exists by Rosa's construction which is

valid for general caterpillars: Let Fi denote the set of toes con-

1 -
nected to Ui and L(Fi) the set of labels on Fi' Then Rosa's con

struction camn be described by

% {t+1) for i even,

L(UJ) = (£ - 1%19 (t+1) + 1 for j odd;

s - %0 (t+L)42,...,(f - %0 (t+1)+t+l} for j even,
L(F,) =

5L ey, A5 (e for ] odd.

For example, for t =2 and f = 6, Rosa's construction yields the

labeling in Figure 1.
1 2 4 5 7 8
19 16 /\ 1% /\

X 17 15 14 12 13

Figure 1

Now suppose we want to assign the number zero to the vertex UZ'
We use the same principle shown in Figure 1 for labeling except we

start at U2 and proceed towards UO' After we finish with the left

end we pick up U, and proceed toward Uf+1. The resultant labeling

3
is shoun in Figure 2.

7

v \/s 9 10

13

19 19 15 12 4
Figure 2
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Note that the labeling in Figure 2 is not really graceful since
both the edges {17,1} and {16,0} yield the number 16. Furthermore,
the edge {17,3} yields the number 14 and the edge {16,4)} yifelds
the number 12 with the number 13 being skipped. However, a simple
modification of the above scheme will remedy both discrepancies simulta-
neously. This ig done by leaving out the number 1 during the labeling
process so to avoid the duplication and then insert it somewhere else
to produce the number being skipped. (See Figure 3).

3 2

1 17

0 7 9
/\ 16 33 /\ 10
13 19 5 44 2 11

Figure 3

For another example, suppose the number zerc is assigned to U3.
Flgure 4 gives a graceful labeling.

M 18

5&/9 11
Vi "
” N\

40
? A AT
2 1 4 5 7 &
Figure 4

Again the graceful labeling is cbtained by taking the tumber 15
out of its order and inserting it somewhere else, Also note that U
(assuming Ui is labeled by zero) 1s always labeled by the largest
\unaasigned number (excluding the number taken out of order).
In the following section, we show that such a simple scheme works
for a11 f, all t and all 1. Note that in this scheme, 1if the

number zero is assigned to Ui’ then the largest number, i.e., n - 1,

i+l

is always assigned to a toe in the set F,. Therefore by taking a

i
complimentary labeling, i.e., replacing L(vi) by n-1- L(vi)’ we
can obtain a graceful labeling with the number zerc assigned to any toe

in Fi for any 1.

4. A formal preseription for conatruetion

We glve a graceful labeling for a t-toe (f-feet) caterpillar with
the number zero assigned to the vertex Ui' Define k = t+l. Then
the caterpillar has n = fk+2 vertices. (We use the convention that
the set of consecutive Integers from a to b, denoted by {a,...,b},
is the empty set if a > b). Without loss of generality we may assume
i< f/2.

Case (1). 1 =4W <n, W=1,2,... .

For j odd:
r

(f-2w+j;—1)k+1, § < 2W,
s - 2+ Lheor o, M o< ] < bW,
Y e - Ly, AW <] < 6,
£ - Shr+ 1, W < 1
{(m-lg-l-—1)k+1,...,(2w-1;—1)k— 1}, 1 <,
Ly S {{J—;-l-kq- 1,...,3—;—%-1}, oW < 3.
For j even:
(zw—%—)k. j s 4w,
L{u,) =
! L, & < 4
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. Case (111) 1= 4W+ 2 <m, W= 01,00
UE-20-1+Dk + 2, (--2wdkl, 3 < 2w, for j odd:
{(£-W-1)k + 2,...,(E-)k + 1} - {(£-W)k}, 1=2, - -1 +J%1_) K+ 2, j < 4W+ 2,
L {(f-zw-1+21)k + 3,0, (E-2webi + 11, M < § < 4w, L0y i (f - l;_l) kv b ey
3 {(f—%)k+1,...,(f--21+1)k-1}, AW < § < 6W,
-1
{(£-W)k} v {(£-3W)k + 2,..., (E-3W1)k - 1}, 3 = 6w, {(w - L;-l—)kﬂ---"(-z“' - j2_*' Dkh, y=mrh
\{(f-—%)k-f 2,....(f—%+1)k}. Mo<j. (2w - Lhi + 1’--°’(2“‘l;_1+1)k'1}'2w+1<j<w+2'
L(E.) = {J_._kzl +2,...,(-1;—1+1)k}, LA
i
Case (11) 1 =4W+ 1 <n, W=0,1,,,. (Wit} v (WK + 2,..., (3K - 1], 3=
For j odd: {j—;—lkd-l..-..(‘i";}“" 1)k - 1}, W+ 5 <.
(2w-—J;—l)k+1, <,
o) (2w - LDy, W<qs e+, For 1 even:
L(u,) =
! ‘Jg—lk+1, M+ 1 << oW+ 2, (2"”1'%“”1’ et
;1“- 6W + 2 < 3; (2w+1-‘12‘)k, W4l<ys i,
L L(Uj)= F LW+ 2 <] <6+ 5
AL 11 o
L2450k + 3, (e-aw + by + 1, J SN+, I 42 65 <3
WE = 11 -1 o
(g - Lk, (8 - 332 - Her 2y, W1 <j.
((E-2W-2 +%)k+ 3.‘...(7f-2w_.]_+%-)k + 1}, s 4u+ 2,
F H
or § even L(Fy) = {(f_j_)k+2,_._’(f_.iz_+ 1)k}, 4W +2<9.
(f-2w-1+-,})k+z, ] <4+ 1, 2
L(Uj) = 1
(f“z)k+l, 4w 4+ 1 <j;
{(zw--})k+z,...,(zw+1--;L)k}, ] s 2w,
{'(zw—-zi)k+1,...,(zw+1-%)k-l}, W o< <4W+1,
L(Fj)- {%—1)k+2....,-%k}, AW+ 1 <j <6W+ 2,
{(Wtl)} v {38k + 2,...,(3W1)k - 11, j=6W+ 2,
{(12-—1)1:4-1,...,-}4:-1}, W+ 2 <.
W
246
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Cage (iv), 1 = 4W + 3 « n,

we=a0,1,..,

The following 18 a summary table for the number taken out of order,

the vertex 1t is taken from and the vertex it is gilven to for each case.

Fer 1 odd:
(W+1 - J-;——]L)k, J s 4w+ i the number taken out from inserted into
L(u,) = 1 [ 4w (F-W)k Fpu Fu
2 k, W+ 3 < i3
? AW + 1 Wk + 1 sz F6W+2
4W + 2 Wk + 1 F F
26+l 6W+5
gzl 1 .
r{(f 2u 2 Jk + 2;--.,(f-2w—1+'12—)k]-' i < oW + 1 AW+ 3 (F-W-1)k Fzm.]_ F6ﬂ+5
({(£w-2)k + 2y00e, (£-W-13k + 1} - {£-W-1)k}, 1= 2041 _
{(f_zw_m,,ii)k +3 (f-2w -1 5. General Caterpillars are not rotatable.
I sevey(f— -141— k + i
L(FjJ = 1L 2 2 ) 1w+ 1< 3 s 4W+3 Can we delete the t~toe condition and prove that any caterpillar
{(f_J;],-_ - Dk +1 £ i k- 1) 1s a rotatable graceful graph? No, since there is no way to complete
2 ’ 2 ] ! W+3 <y <o+ 5, the labeling in Figure 5 (this example is taken from [2]).
{(EW-Dk} v {£-30-3)k + 2,..., (F-3W-2)k - 1}, 1.6+ 5
i -
\ e -5 1"“'2:----(f-12—llk}. 6W + 5 < g
For j even:
4 (f J_
N Pk + 1, F<ow+1,
W24 o
(f2w2+2)k+2, WH1<]< w3, 0
L(Uj) -
(£ - by
277 WM+3<i<ew+s
’ Flgure 5
(f-%)k-!-l, W45 < s
\ H
-4
W -g+ D+, v -d+ - g, I<aw+s,
L(F,) =
(j)
J _
q l)k"'l""'%k‘”’ W+ <y,
34 209
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