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Abstract

We investigate the problem of disseminating broadcast agessin wireless networks with time-varying links
from a percolation-based perspective. Using a model ofl@essenetworks based on random geometric graphs with
dynamic on-off links, we show that the delay for dissemimgitbroadcast information exhibits two behavioral
regimes, corresponding to the phase transition of the lyidgmetwork connectivity. When the dynamic network
is in the subcritical phase, ignoring propagation delapg, delay scales linearly with the Euclidean distance
between the sender and the receiver. When the dynamic retsvor the supercritical phase, the delay scales sub-
linearly with the distance. Finally, we show that in the mmese of a non-negligible propagation delay, the delay
for information dissemination scales linearly with the Eiean distance in both the subcritical and supercritical
regimes, with the rates for the linear scaling being diff¢ie the two regimes.

. INTRODUCTION

Large-scale wireless networks for the gathering, proogssand dissemination of information have
become an important part of modern life. To ensure that itapbrroadcast messages can be received
by each node in a wireless network, the network needs to miaifulll connectivity [1]. Here, the system
ensures that each pair of network nodes are connected byhaopatonsecutive links. In large-scale
wireless networks exposed to severe natural hazards, ea#amks, and resource depletion, however,
the full connectivity criterion may be overly restrictive anpossible to achieve. In these challenging
environments, the system designer may reasonably aim fbglelg weaker notion of connectivity, one
which ensures that a high fraction of the network nodes canessfully receive broadcast messages. This
latter viewpoint can be explored using the mathematicabrthef percolation [2]-[5].

In this paper, we investigate the problem of informationsdigination in wireless networks from a
percolation-based perspective. Using a model of wirelets/arks based on random geometric graphs
with dynamic on-off links, we show that the delay for disseating broadcast information exhibits a
phase transition as a function of the underlying node dgn&gsuming zero propagation delay, we show
that in the subcritical regime, the delay scales linearlihwhe distance between the sender and receiver.
In the supercritical regime, the delay scales sub-lineaith the distance.
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In recent years, percolation theory, especially continpeancolation theory [4], [5], has become a useful
tool for the analysis of large-scale wireless networks [[B3}: A major focus of continuum percolation
theory is the random geometric graph in which nodes areiloliséd according to a Poisson point process
with constant density\, and two nodes share a link if they are within distance 1 oheather. A
fundamental result of continuum percolation concerns as@heansition effect whereby the macroscopic
behavior of the random geometric graph is very differentdensities below and above the critical density
Ae. FOr A < A, (subcritical), the connected component containing thgimrcontains a finite number of
points almost surely. Fok > \. (supercritical), the connected component containing tigirocontains
an infinite number of points with a positive probability [83}

Wireless networks are subject to multi-user interferefmding, and noise. Thus, even when two nodes
are within each other’s transmission range, a viable conication link may not exist [7]. Furthermore,
due to fading, the link quality can vary dynamically in timaducing a frequently changing network
topology. To capture these effects, we model a wirelessar&tlvy a random geometric graph in which
each link’s functionality (activity) varies dynamicallg time according to a Markov on-off process. Using
this model, we investigate the problem of disseminatingaioast messages in wireless networks. Due to
the dynamic on-off behavior of links, a delay is incurred iansmitting a broadcast message from the
sender to the receiver even when propagation delay is ignditee main question we address is how this
delay scales with the distance between the sender and teweec

As a first step, we show that the connectivity of the networkhwdynamic links exhibits a phase
transition as a function of the underlying node density. \Waracterize the critical density for this phase
transition in terms of the link state process. Next, we shbat the delay for disseminating broadcast
information exhibits two behavioral regimes, correspogdio the phase transition of the underlying
network connectivity. When the dynamic network is in the@itlral phase, ignoring propagation delays,
the delay scales linearly with the Euclidean distance betwbe sender and the receiver. This follows
from the fact that in this regime, connectivity decays exguially with distance, and on average, any
information dissemination process is blocked by inactin&d after the message travels a finite distance
(and is resumed after the next link turns back on). When theaahyc network is in the supercritical
phase, the delay scales sub-linearly with the distancedmtwthe sender and the receiver. In this case, the
delay is determined largely by the amount of time it takestfier message to reach the infinite connected
component of the dynamic network. Finally, we charactetfizedelay for information dissemination when
propagation delays are taken into account. Here, the problkecomes more subtle. We show that, with

the presence of a non-negligible propagation delay, theydel information dissemination scales linearly
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with the Euclidean distance between the sender and theveedai both the subcritical and supercritical
regimes, with the rates for the linear scaling being diffiéri@ the two regimes.

In order to study the behavior of information disseminattatay in wireless networks with dynamic
links, we model the problem as a first passage percolationepso[16], [17]. Similar first passage
percolation problems have been studied within the contebdttices [3], [16]. Related continuum models
are considered in [8], [13], [17]. In [17], Deijfen studiescantinuum growth model for a spreading
infection with Poisson point processes, and shows that hlapes of the infected cluster scales linearly
with time in all directions. In [8], Dousset al. study how the latency of information dissemination
scales within an independent site percolation model in lesie sensor networks. There, each sensor
independently switches between the on and off states abnarftom time to time. The authors show
that the latency scales linearly with the distance betwaensender and the receiver when the dynamic
sensor network is in the subcritical phase. In [13], the agtlobtain similar results for degree-dependent
site percolation model in wireless sensor networks. Untlleeproblems studied in [8], [13], however, the
problem addressed in this paper requires a bond percolataiel, which demands different modelling
and analysis techniques. Furthermore, in contrast to 18], we also study the delay scaling for networks
in the supercritical phase. Finally, we present new reseljarding networks with propagation delay.

The remainder of this paper is organized as follows. In $adti, we outline some preliminary results
for random geometric graphs and continuum percolation.dati6n 1ll, we present a simple model for
wireless networks with static unreliable links. In Sectidwe introduce a more sophisticated model for
wireless networks with dynamic unreliable links, and pnésrir main results regarding percolation-based
connectivity and information dissemination within this deb. In Section V, we present simulation results,

and finally, in Section VI, we conclude the paper.

[I. RANDOM GEOMETRIC GRAPHS AND CONTINUUM PERCOLATION

A. Random Geometric Graphs

We use random geometric graphs to model wireless netwottkat i§, we assume that the network
nodes are randomly placed over some area or volume, and a wagation link exists between two
(randomly placed) nodes if the distance between them iscgrifly small, so that the received power
is large enough for successful decoding. A mathematicalenfut this is as follows. Let]| - || be the
Euclidean norm, angf(-) be some probability density function (p.d.f.) d&f. Let X, X, ..., X, be
independent and identically distributed (i.i.d-dimensional random variables with common dengity),

where X; denotes the random location of nodén R?. The ensemble of graphs with undirected links
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connecting all those pairgx;, x;} with ||x; — x;|| < r,r > 0, is called arandom geometric grapkb],
denoted byG (X, r). The parameter is called the characteristic radius.

In the following, we consider random geometric graghst,,, 7) in R?, with X, X, ..., X,, distributed
i.i.d. according to a uniform distribution in a square aréa= [0, \/%|*. Let A = |A| be the area ofA.
There exists a link between two nodeand j if and only if ¢ lies within a circle of radius- aroundx;.

As n and A both become large with the rati§ = A\ kept constant((X,,, ) converges in distribution
to an (infinite) random geometric grajgh(,, ) induced by a homogeneous Poisson point process with
density A > 0. Due to the scaling property of random geometric graphs[f],we focus onG(H,, 1)

in the following.

B. Critical Density for Continuum Percolation

To intuitively understand percolation processes in lagale wireless networks, consider the following
example. Suppose a set of nodes are uniformly and indepyndistributed at random over an area. All
nodes have the same transmission radius, and two nodes witttansmission radius of each other are
assumed to communicate directly. At first, the nodes areilolised according to a very small density. This
results in isolation and no communication among nodes. Agldnsity increases, some clusters in which
nodes can communicate with one another directly or indirdeta multi-hop relay) emerge, though the
sizes of these clusters are still small compared to the whetl@ork. As the density continues to increase,
at some critical point a huge cluster containing a largeiporof the network forms. This phenomenon
of a sudden and drastic change in the global structure iectalphase transitionThe density at which
phase transition takes place is called thnigical density[3]-[5].

More formally, letH, o = H, U {0}, i.e., the union of the origin and the infinite homogeneouis$m
point process with density. Note that in a random geometric graph induced by a homogesnoisson

point process, the choice of the origin can be arbitrary. \AWeelhthe following definition [4].

Definition 1: For G(H, 0, 1), let W, be the connected component@fH, o, 1) containing0. Define

the following critical densities:

Mg = inf{\: Pr(|Wy| = oc0) > 0}, (1)
Av = inf{A: B[|[Wo|] = oo}, (2)
Ao 2 inf{\:Pr(d(Wp) = o0) > 0}, 3)
Ap 2 inf{\: E[d(Wp)] = oo}, (4)

where|W,| is the cardinality—the number of nodes—¥f,, andd(WW,) £ sup{||x — y|| : x,y € Wo}.
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As shown in Theorem 3.4 and Theorem 3.5 in [4], these fouicatilensities are identical. According
to the theory of continuum percolation [4],< \. < co. Furthermore, when > )., there exists a unique
infinite component in(H, o, 1) with probability 1, and wher\ < )., there is no infinite component in
G(Ha0,1) with probability 1 [4].

[1l. WIRELESSNETWORKS WITH STATIC UNRELIABLE LINKS

Random geometric graphs are good simplified models for @seehetworks. However, due to noise,
fading, and interference, wireless communication linksvieen two nodes are usually unreliable. We first
use the bond percolation model on random geometric grapbBtutty percolation-based connectivity of
large-scale wireless networks with static unreliable dinkiven a random geometric graph{#,, 1), let
each link of G(H,, 1) be active (independent of all other links) with probability(d) which may depend
ond, whered = ||x; —x;|| < 1 is the length of the linkKi, j). The resulting graph consisting of all active
links and their end nodes is denoted GYH,, 1, p.(-)). This model is a specific example of thendom
connection modeh continuum percolation theory [4]. In this simple moddl, limks in the network are
either active (on) or inactive (off) for all time. Later inishpaper, we will study a more sophisticated

model where links dynamically switch between active andtina states from time to time.

Definition 2: For G(H,.0, 1, p.()), let W} be the connected component@{H, o, 1, p.(-)) containing

0. We define four critical densities:

Ap(pe() = inf{X:Pr(|Wg| = o0) > 0}, (5)
Av(pe(-)) = inf{A: E[[W5]] = oo}, (6)
Ac(pe()) = inf{\: Pr(d(Ws) = 00) > 0}, (7)
Ap(pe()) = inf{A: Eld(Wp)] = oo}, (8)

where || is the cardinality—the number of nodes—df), andd(W}) = sup{||x — y|| : x,y € W{}.

As in traditional continuum percolation, the following jpasition asserts that the above four critical

densities are identical.

Proposition 1: For G(H 0, 1, p.(+)), we have
)‘#(pe(')) = )‘N(pe(')) = )\c(pe(')) = )\D(pe('))' (9)

Proof: The identity A\ (p.(-)) = An(pe(-)) is given by Theorem 6.2 in [4].
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We now showAx(p.(-)) = Ac(pe(-)). The proof method is similar to the one used for Theorem 3.4
in [4]. SupposeX > Ax(p.(-)). Then for some& > 0, Pr(|Wg| = co) = § > 0. For everyh > 0, the
box B(h) = [—h, h]* contains at most a finite number of nodes@fH, o, 1, p.(-)) with probability 1.
Thus, Pr(|W} N B(h)¢| = o0) = § > 0. However,{|W} N B(h)¢| = oo} implies {|W§ N B(h)¢| > 0},
so thatd(W{) > h. Hence we havé’r(d(WW(}) > h) = 6 > 0. Since this holds for alh > 0, we have

A > Ac(pe(-))- Therefore Ay (pe(-)) = Ac(pe(-))-
To show 4 (pe(-)) < Ac(pe(+)), note thatd(Wy)) < |W{| — 1, where equality is obtained whéij is a

chain and the distance between any two adjacent nodes ehualas,{|IW/| < oo} implies {d(W})) <
o0}. This proveshy(pe()) = Ac(pe(-)):

Finally, we showAp(pe(-)) = An(pe(+)). Since d(W}) < |[Wy| — 1, {E[d(W{§)] = oo} implies
{E[|W{|] = oo}. Thus we havehp(p.(-)) > An(pe(-)). On the other hand, ik > Ax(p.(-)), then
A > A(pe(r)), i.e., Pr(d(W}) = oo) > 0. As a consequencéy[d(W{)] = oo, which impliesAx(p.(-)) >
Ap(pe(+)). Therefore \p(pe(-)) = An(pe(-)). O

Since the four critical densities are identical, in the ragrmar of this paper, we state our results with
respect to\.(pe(-))-

It is known that wherm\ > A.(p.(+)), G(Hx, 1,pc(+)) is percolated, i.e. with probability 1, there exists
a unique infinite component i6/(H,, 1) consisting of active links and their end nodes, and when
Ae(pe(+)), G(Hx, 1,pe(+)) is not percolated, i.e., with probability 1, there is no iftBhcomponent in
G(H,, 1) consisting of active links and their end nodes [4].

The following monotonic property fok.(p.(-)) can be easily proved by coupling methods.

Proposition 2: Let \.(p.(-)) andA.(p.(-)) be the critical densities fa&(Hy, 1, p.(-)) andG(Hy, 1, pL(+)),
respectively. Then, if,(z) < p.(x),Vx € (0,1], we haveX.(p.(:)) < A(p.(+)).

The following proposition asserts that when the random eotion model is in the subcritical phase,
the probability that the origin and a given node are conmkdecays exponentially with the distance
between them. This is analogous to similar results in ti@aéd continuum percolation (Theorem 2.4

in [4]) and discrete percolation (Theorem 5.4 in [3]).

Proposition 3: Given G(Hy 0, 1, pe(-)) with A < A.(p.(-)), let B(h) = [—h,h]?, h € RT. Then there
exist constants;, c, > 0, such thatPr(0 «~ B(h)°) < cie=?", where{0 « B(h)‘} denotes the event
that the origin and some node iB(%)¢ are connected, i.e., the origin and some node outside) are

in the same component.
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The proof for this proposition is similar to the one for Thexwr 2.4 in [4]. For completeness, we give

the proof in Appendix A.

IV. WIRELESSNETWORKS WITH DYNAMIC UNRELIABLE LINKS
A. Percolation-based Connectivity

For the random connection model, we assumed that the steuofuhe graph does not change with
time. Once a link is active, it remains active forever. In eléiss networks, however, the link quality
usually varies with time due to shadowing and multi-pathirfgd In order to study percolation-based
connectivity of wireless networks with time-varying linkae investigate a more sophisticated model.
Formally, given a wireless network modelled By, 1), we associate a stationary on-off state process
{Wi;(di;,t);t > 0} with each link(¢, j), whered,; is the length of the link, such that;;(d;;,t) = 0 if
link (7, j) is inactive at timef, andW;;(d,;,t) = 1 if link (4, j) is active at timef. A similar problem for
discrete lattice has been studied in [18]. Our model can beedl as one of dynamic bond percolation
in random geometric graphs.

For such dynamic networks, we will show that there exists asphtransition, and the critical density
for this model is the same as the one for static networks vkighcorresponding parameters. To simplify
matters, assume thdil;;(d;;,t)} is probabilistically identical for all links with the samerigth. Use
{W(d,t)} to denote the process for a link with lengtlwhen no ambiguity arises. Assume tRat’(d, ¢) }
is a Markov on-off process with i.i.d. inactive periods (d), k > 1, and i.i.d. active periodgy(d), k > 1,
where E[Yy(d) + Zk(d)] < oo, Pr(Zi(d) > 0) = 1 and Pr(Yx(d) > 0) = 1 for 0 < d < 1. That is,
both the active and inactive periods are always nonzeragh&uassume thatf, ;< {£[Yx(d)|} > 0 and
Supy et { E[Y(d)]} < oo.

Under the above assumptions, the stationary distributfofi®d(d, t)} is given by [19]

(0 £ POV0) =) = 57 4o
no(d) £ Pr(Wi(d, ) = 0) = — 22k (1)

E[Zi(d)] + E[Yi(d)]
wheren, (d) is theactive ratiofor a link with lengthd.

Let the graph at time be G(H,,1,W(d,t)). That is, G(H,,1,W(d,t)) consists of all active links
at time ¢, along with their associated end nodes. The following teepestablishes a phase transition
phenomenon with respect to connectivity in a wireless ngtwath dynamic unreliable links modelled
by G(H,,1,W(d,t)). It also asserts that the critical density is the same astkefar the static network

G(Hx, 1,m1(d)), i.e, the network in which each link is active with probatyili; (d).
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Theorem 4:Let \.(n,(d)) be the critical density for the static mod&{(H,, 1,7:(d)). ThenG(H,, 1, W (d, 1))
is percolated for alt > 0 if A > A.(nm1(d)), and not percolated at arty> 0 if A < A.(n:(d)).

Proof: Since A > A.(m(d)) and0 < n(d) < 1,Vd € (0,1], by the monotonic property ok.(p.(-))
(Proposition 2), we can construct a new mod#&lH,,1,W’(d,t)) and choose > 0 such that\ >
Ac(ni(d)) > Ae(m(d)) and 0 < ni(d) < 1,Vd € (0, 1], wherenj(d) = (1 — €)n.(d), for d € (0,1]. As

active periods are always nonzero, we can ch@ose0 such that for any link(i, 5),
Pr(Wy(8) = 1/Wi(d,0) = 1) > 1 ¢,
whereW;;(8) £ minep,g Wi;(d, t). Then,
Pr(Wy;(6) = 1) > (1 = e)m(d) = i (d).

Since A > A.(n}(d)), for anyt € [0,6], G(H\,1,W(d,t)) is percolated. Repeat this argument for all
intervals [k6, (k + 1)0] with integerk. Let E; be the event tha&(H,, 1, W (d,t)) is percolated for all
t € [ko, (k+ 1)d]. Then, we have

Pr <ﬂEk> —1—Pr (UEk> >1-> Pr(Ef) =1
k k k
Similarly, when\ < \.(n:(d)), we can construct another mod&|(H,, 1, W”"(d,t)) and choose > 0
such thath < A.(n{(d)) < A.(m(d)) and0 < n{(d) < 1,Vd € (0,1], wheren;(d) = (1 — m(d)) +
n(d),¥d € (0, 1]. Since inactive periods are always nonzero, we can ch®osé such that for any link
(¢, ),
Pr(W;;(8) = 0|W;;(d,0) =0) > 1 — e,

whereW;;(8)' = maxep,g Wi;(d, t). Then,
Pr(Wi;(8) = 0) <1 — (1 —=nu(d))(1 —€) =n/(d).

Since < A.(nf(d)), for anyt € [0,0], G(Ha, 1, W (d,t)) is not percolated. Repeat this argument for all
intervals[ko, (k 4 1)o] with integerk, and then proceed in the same way as before, i.e., usingataant

additivity. n

When the proces$iV(d,t)} is independent of link lengtld, we use{WW (¢)} to denote the process,

andn; andn, to denote its stationary distribution.
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B. Information Dissemination in Wireless Networks with Bryric Unreliable Links

We have shown that there exists a critical density); (d)) such that when > \.(n:(d)), G(Hx, 1, W (d, 1))
is percolated for all time. I&7(H,, 1, W (d,t)) is percolated, when one node inside the infinite component
of G(H,,1,W(d,t)) broadcasts a message to the whole network, then assumintyéha is no propaga-
tion delay, all nodes in the infinite component@tH,, 1, W (d, t)) receive this message instantaneously.
The nodes in the infinite component 6fH,, 1) but not in the infinite component & (H,, 1, W (d, t))
cannot receive this message instantaneously. Nevershalgdinks switch between the active and inactive
states from time to time, those nodes can still receive thesage via multi-hop relaying at some later
time. This remains true even X < A.(n:(d)) and G(H,, 1, W (d,t)) is never percolated. In this case,
when one node inside the infinite component(&fH,, 1, W (d,t)) broadcasts a message, due to poor
connectivity, only a small number of nodes can receive thessage instantaneously. However, as long as
two nodesu andwv are in the infinite component @(*,, 1), the message can eventually be transmitted
from u to v over multi-hop relays. The main question we address hereeiswature of this information
dissemination delay.

This problem is similar to thérst passage percolatioproblem in lattices [3], [16]. Related continuum
models are considered in [8], [13], [17]. In [17], the autBtudy continuum growth model for a spreading
infection. In [8] and [13], the authors consider wirelessss® networks where each sensor has independent
or degree-dependent dynamic behavior, which can be madejlean independent or a degree-dependent
dynamic site percolation on random geometric graphs, otisedy. The main tool is the Subadditive
Ergodic Theorem [20]. We will use this technique to analyme joroblem.

In the following, we will show that in a large-scale wirelesstwork with dynamic unreliable links,
the message delay scales linearly with the Euclidean disthetween the sender and the receiver if the
resulting network is in the subcritical phase, and the delegles sub-linearly with the distance if the
resulting network is in the supercritical phase.

To begin, we define the delay on a lifk j) as the amount of time for nodeto deliver a packet
to node; over link (7, 7). In particular, ignoring propagation delay, (if, j) is active wheni initiates a
transmission, then the delay is zero.(If j) is inactive, the delay is the time from the instant when
initiates transmission until the instant whéinj) becomes active. Mathematically, let del&y(d;;) be a

random variable associated with lirik j) having lengthd;;, such that

Pr(Ti;(di;) = 0) = m(dy),
{Pf(Tij(dijbt) = no(dij) Pay, (), (12)

where Py, (t) = Pr(Wy;(dy;,t') = 0,vt' € [0,t)|W;;(di;,0) = 0), and (n:(d), no(d)) is the stationary
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distribution of {1 (d,t)} given by (10) and (11).
Let d(u,v) = || X, — X,|| and

T<u’ U) - T<Xu’ Xv) = l(u v)igg(u v) Z Tl(d”) ’ (13)
’ ’ (3,7)€l(u,v)

wherel(u, v) is a path of adjacent links from nodeto nodev, and £(u, v) is the set of all such paths.

Hence,T'(u,v) is the message delay on the path franto v with the smallest delay.

Theorem 5:Given G(H,,1,W(d,t)) with A > )., there exists a constant satisfyingy < oo and
v > 0 with probability 1, such that for any,v € C(G(H,, 1)), whereC(G(H,, 1)) denotes the infinite
component oiG(H,, 1),

(i) if G(H\,1,W(d,t)) is in the subcritical phase, i.e\,< \.(n:(d)), then for anye > 0,§ > 0, there

existsdy < oo such that for anyu, v with d(u,v) > do,

pr(|Fet)

<e) >1—9; (14)

(i) if G(H\, 1,W(d,t)) is in the supercritical phase, i.e\,> A\.(n:1(d)), then for anye > 0,6 > 0, there

existsd, < oo such that for anyu, v with d(u,v) > dy,

Pr (Cg((z:j)) < e) >1-4. (15)

Before proceeding, we introduce some new notation. Let

X; £ argmin {||X; - (3,0)|]}, (16)
XjGC(G('H)\,l))
Tim 2 T(X;,X,), for [|X; — X,|| < 00,0 <1<m. (17)

The proof for Theorem 5-(i) is based on the following lemma:

Lemma 6:Let

ElT,
Y2 fy Eom] (18)
m—o00 m

Then,~ = inf,,>; 22 andlim,, .., 2o

= ~ with probability 1.
To show Lemma 6, we use the following Subadditive Ergodicofam by Liggett [20].

Theorem 7 (Liggett [20]):Let {S;,.} be a collection of random variables indexed by integers! <
m. Suppose(S;,,} has the following properties:

INote that the path with the smallest delay may be differennfthe shortest path (in terms of number of links) from nad® nodew.
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(1) Som < Soq+ Sim, 01<m;
(i) {Stm—1)k,me,m > 1} is a stationary process for eagh

(i) {Sii+k, k& > 0} = {Sis141k+1, k > 0} in distribution for each;
(iv) E[|Som|] < oo for eachm.

Then

ElSom] _
0m| —

(@) o= limy, o inf,,> % S 2 lim,, . 307’” exists with probability 1 and?[S] = a.

Furthermore, if

(v) the stationary process in (i) is ergodic,
then

(b) S = « with probability 1.

To show Lemma 6, we need to verify that the sequefifg,,! < m} satisfies conditions (i)—(v) of
Theorem 7. It is easy to see that (i) is satisfied, sifigg, is the delay of the path with the smallest
delay fromX, to X,,, and T}, + T;.,, is the delay on a particular path frob, to X; (it has the smallest
delay fromX, to X;, and fromX, to X,,). Furthermore, because all nodes are distributed acapttdin
a homogeneous Poisson point process, the geometric seustistationary and hence (ii) and (iii) are
guaranteed. We need only to show conditions (iv) and (v) atsid for {7;,,,! < m}. To accomplish

this, we first show property (iv) holds fd1},,,! < m}.
Lemma 8:Let r, = ||X, — (0,0)||, thenry < co with probability 1.

Proof: We consider a mapping betweéf{H,, 1) and a square lattic€ = d - Z*, whered is the edge
length. The vertices of are located afd x i,d x j) where(i,j) € Z2. For each horizontal edge let
the two end vertices bgl x a,,d x a,) and (d x a, + d,d x ay).

For edgea in L, define eventd,(d) as the set of outcomes for which the following condition Isold
the rectangleR, = [a,d — %, a,d + 3] x [a,d — ¢, a,d + 4] is crossedl from left to right by a connected
component inG(H,, 1). If A,(d) occurs, we say that rectangle, is agoodrectangle, and edge is a
goodedge. Let

pg(d) = Pr(Aq(d)).

Define A,(d) similarly for all vertical edges by rotating the rectanghe #0°. An example of a good

rectangle and a good edge is illustrated in Figure 1-(a).

2Here, a rectangle? = [z1,x2] X [y1,y2] being crossed from left to right by a connected componert¥ (i, 1) means that there exists a sequence of
nodesvi, v, ..., vm € G(Hy, 1) contained inR, with ||xy; — Xy, ;]| < 1,4 =1,..,m — 1, and0 < z(v1) — 1 < 1,0 < 22 — z(vm) < 1, where
z(v1) andx (v, ) are thez-coordinates of nodes; anduv,,, respectively. A rectangle being crossed from top to botismefined analogously.
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3d/2

x x
IS’ sl 3d/2 S’

(a) Good Rectangle (b) Open Rectangle

Fig. 1. Examples of good and open rectangles (edges)

Further define evenB,(d) for edgea in £ as the set of outcomes for which both of the following
hold: (i) A.(d) occurs; (ii) the left squars; = [a,d — %, a,d + 4] x [a,d — %,a,d + 2] and the right
squareS;| = [a,d + 3¢, a,d + 2] x [a,d — 4, a,d + 4] are both crossed from top to bottom by connected
components irG;(Hy, 1).

If B,(d) occurs, we say that rectangl®, is anopenrectangle, and edge is anopenedge. Let

Po(d) = Pr(Ba(d)).
Define B,(d) similarly for all vertical edges by rotating the rectanglg #0°. Examples of an open
rectangle and an open edge are illustrated in Figure 1-(b).

Suppose edgdsandc are vertically adjacent to edge then it is clear that if eventd,(d), A,(d) and
A.(d) all occur, then evenB,(d) occurs. Moreover, since events,(d), A,(d) and A.(d) are increasing
events, by the FKG inequality [3]-[5],

Po(d) = Pr(Ba(d))
Pr(Aq(d) N Ay(d) N Ac(d))
> Pr(Aq(d)) Pr(Ay(d)) Pr(Ac(d))
= (pg(d))”.

According to Corollary 4.1 in [4], the probability,(d) converges to 1 a8 — oo whenG(H,, 1) is in

A%

3

the supercritical phase. In this cagg,(d))* converges to 1 ag — oo as well. Hencep,(d) converges
to 1 asd — oo whenG(H,, 1) is in the supercritical phase.

Note that in our model, the even{d3,(d)} are not independent in general. However, if two edges
a and b are not adjacent, i.e., they do not share any common enccegrtthenB,(d) and B,(d) are
independent. Furthermore, when edgeandb are adjacentB,(d) and B,(d) are increasing events and
thus positively correlatetl Consequently, our model is a 1-dependent bond percolatadel. It is known

3An event A is called increasing if 4(G) < I4(G") whenever graplG is a subgraph of7’, whereI 4 is the indicator function ofd. An eventA is
called decreasing ifA¢ is increasing. For details, please see [3]-[5].

“Positive correlation mearBr (B, (d)|By(d)) > Pr(Ba(d)).
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Fig. 2. A path of open edges ii implies a path of connected nodesGH{H, 1)

that there exist$2?d”gp< 1 such that any 1-dependent model with> p??d”gp is percolated, where is
the probability of an edge being open [21].
Now define
dy 2 inf {d’ > 1:po(d') > max {g pt;?dngp}} , (19)
and choose the edge length 6fto bed > dy. Then there is an infinite cluster consisting of open edges
and their end vertices if. Denote this infinite cluster bg(L).

¢, From Figure 2, it is easy to see that all the nodes along tssiags inkz, and all the nodes along the
crossings inR, for any a,b € C(L) are connected. Since the infinite componentG@f,, 1) is unique,
all the nodes along the crossingsi for eacha € C(£) must belong taC(G(H,, 1)).

By definition, no node of+(H,, 1) strictly inside.A(0, r,) belongs toC(G(H,,1)). This implies that
no edge off strictly inside.A(0, ) belongs toC(L£). To see this, suppose edgg; of L is strictly inside
A(0,7) and belongs t&(L£). The nodes along the crossingsiy, , belong toC(G(H,,1)). As shown
in Figure 3-(a), whenrl > 1 andr, > 1, no matter what direction the edge; has, there are some nodes
along the crossings iR, ; (therefore belonging t6(G(H,, 1))) which are strictly inside4(0, o). These
nodes then have strictly smaller distancedtthan nodeX,. This contradiction ensures that no edge of
L strictly inside.A(0, ) belongs toC(L).

Consider thedual lattice £’ of £. The construction of’ is as follows: let each vertex al’ be located
at the center of a square @f. Let each edge of’ be open if and only if it crosses an open edgeCof

and closed otherwise. It is clear that each edgé€’iis open also with probability,(d). Let

1
=1- —.

Choose2m edges inL’. Since the states (open or closed) of any set of non-adjeadges are
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Fig. 3. (a) Two possibilities for; ; in £. (b) There exists a closed circuit i containing all edges of that are strictly inside4(0, ro)

independent, we can choose edges among them edges such that their states are independent. As

a result,

Pr(all the 2m edges are closed ¢™.

Now a key observation is that if no edge 6f strictly inside.4(0,r,) belongs toC(L), for which
the event is denoted b¥,, then there must exist a closed circuit 41 (a circuit consisting of closed
edges) containing all edges gf strictly inside.A(0, ry), for which the event is denoted Wy,., and vice

versa [3]. This is demonstrated in Figure 3-(b). Hence
Pr(E;) =1<= Pr(Ey) = 1.
Any closed circuit in£’ containing all edges of strictly inside . 4(0, ry) has length greater than or
equal to2l, wherel £ 2| |. Thus we have

Pr(Eg) =) Pr(30.(2m)) <) ~7(2m)q™,

m=l

whereO,.(2m) is a closed circuit having lengthm in £’ containing all edges of strictly inside A(0, ry),

and~(2m) is the number of such circuits. By Proposition 15 in Apperllixwe havey(2m) = 5= (m —
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1)3*™ so that

> slemld" < > = lm —1)(90)"

m=l m=l
Al —1—(1—2)9q]
T 27(1—9q)? (09" )

Sinceq < §, we havePr(Ey) — 0 asl = 2[] — oo. That is, asry goes to infinity, with probability
1, there is some edge df strictly inside.A(0, ry) belonging toC(L). Hence, with probability 1, there is
some node of+(H,, 1) strictly inside.A(0, ry) belonging toC(G(H,, 1)). This contradiction implies that
ro IS finite with probability 1. O

Let r,, = || X, — (m,0)

, by Lemma 8 and stationarity, we havg < oo with probability 1, for any

m.

Lemma 9:Let L(X,,X,,) be the shortest path (in terms of the number of links) fi&nto X,,, and
let | L(X,, X,,)| denote the number of links on such a path|X, — X,,|| < oo, then|L(X,, X,,)| < oo,
and E[T},,] < oo, whereT, denotes the delay on pafi(X,, X,,).

Proof: We use the same mapping as the one for the proof of Lemma 8.rnyogigen </§ <6 <1,
define
ds = max{inf{d’ : p,(d') > 0}, || Xo — Xy} (21)

Then, for anyd > ds, we havep,(d) > 9.

Now, consider a fractal structure as shown in Figure 4: firsgjaareS(ds) is constructed with edge
length ds centered athm. Then, a second squar®(3d;) is constructed with edge lengthi; also
centered at%. The construction proceeds in the same manner, i.e., atjstesquaresS(3/~1ds) is
constructed with edge lengtii—'d; centered a@. Thus, we have the initial square and a sequence
of square annuli that do not overlap.

Denote the square annulus with inside edge lerdgthd; (j > 2) and outside edge lengthids by
D(3/ds). Let AT be the event that the upper horizontal rectangleD¢d’ds)— (% — %jd(;, 5+ %jd(;] X

(¥ 2ds, 2ds) is good, i.e., it is crossed by a connected componert (i, 1) from left to right. Since

the length of the corresponding lattice edge of the upperbotal rectangle o (37ds) is 2-37~'ds > d;,
we have PfA'} > ¢. Similarly defineA;, B and B; to be the events that the lower, right and left

rectangles are good, respectively. Thef £r} > 4, Pr{B;L} >dand P{B;} >6,Vj > 1.
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Fig. 4. Square annuli

Let E; be the event that there exists a circuit of connected nodé&s(Ht,, 1) within D(37ds;). Once
A, A7, B and B; all occur, E; must also occur. Althoughl}’, A7, B and B; are not independent,

they are increasing events. By the FKG inequality, we have

A%

Pr(E;) Pr(A7 N A7 N B NB;)

> Pr(A})Pr(A7) Pr(Bf) Pr(B;)

> & (22)

When £ occurs, X, andX,, are contained ir5(3’~1ds) and there is a circuit of connected nodes in
G(H,, 1) contained in the square annulli§37d;). If the shortest path betweéX, andX,,, L(X, X,),
were to go outside5(3’ds), it would intersect the closed circuit contained By3’d;) and we could
construct a shorter path froiX, to X,,. This implies thatL(X,, X,,) must be contained it (37d;).

Supposeu, v and w are three consecutive nodes aloh¢X,, X,,,). Then ||X, — X,|| > 1, since
otherwisev would not belong to the shortest path. Hence, if we draw esrabith radiust, centered at
X, and X,,, respectively, then the two circles do not overlap. Coneatly, if the length ofL(XO, Xm)
is |L] £ |L(Xo,X,,)|, then we must be able to draw at Iee{éﬂ circles with radiusi centered at
alternating nodes along(fio,fim). All of these circles are contained in the square with edgetle
37d; 4+ 1. Such a square contains at md$s’d; + 1)?/[x(1)?]] non-overlapping circles with radius.
Therefore,|L| < 2[4(37ds + 1)? /7] < oo.

Now if |L| > 2[4(37ds + 1)?/~x], then|L| > 2[4(3'd; + 1)*/x] for all i = 1,2,...,j. By the above
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argument, none of the events, Es, ...E; can occur. Thus
4 J
Pr<|L|>2[ (37ds +1) D H (E) < (1 — 6%,
Let M =2 [2(3ds + 1)?|, then we have

E[IL]) = Y Pr(L|>k)
k=0

e}

= Y Pr(|L|>k)+ > Pr(|L| > k)

k=M+1

M + i E(Bj“dg + 1)ﬂ Pr <|L| > E(?ﬂ'd(; + 1)ﬂ )
j=1
M + i (%(3j+1d5 +1)* + 1) (1— 6%
j=1
M+i (%(9~9jd§+6-3jd5+1)+1) (1 — 6%
7=1
_ 36d5 Z 9J 54 24d5 Z 33 1— 54 ( ) i 1— 54 (23)
7=1

7=1

IA

IA

Whené > /%, we have(l — §*)/ < 977, Thus, E[|L]] <

Let AW(dﬂt) = SUPg<a<1170(d) E[Yx(d)]} < oo, then
|L]|
ol IL1] = ZHOZ (d)] < [L[Aw @, (24)

wheren!” (d) and E[Y,” (d)] are the stationary probability of the inactive state, arelekpected inactive
period of thei-th link with lengthd on L(XO,Xm), respectively. Hence

E[Ty;] = BEIE[Ty,,|ILI] < Bl LI Aw @ < oc. (25)

O

To show property (v), we shoWI{,,—1);m;, m > 1} is strong mixing?
Lemma 10:The sequenc§l{,,_1).mk, m > 1} is strong mixing, so that it is ergodic.

Proof: From the proof of Lemma 8, we hav&:(E;) > §* for all j = 1,2,.... Summing over; yields
Z Pr(E;) > Z = (26)

°A measure preserving transformatidd on (92, F, P) is called strong mixing if for all measurable sets and B, limm—oo |[P(AN H"™B) —
P(A)P(B)| = 0. A sequence{ X,,,n > 0} is called strong mixing if the shift on sequence space isgtrgveak) mixing. Every strong mixing system is
ergodic [22].
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Fig. 5. Ask — oo, the paths insidel; and A2 do not share any common nodes. Hefi¢g _1); n,; andZ (4 k—1);,(m+k); are independent
of each other ag — oo.

Since I; are independent events, by the Borel-Cantelli Lemma, witbgbility 1, there existg’ < oo

such thatE; occurs.

We now construct square$, and A, centered att ‘m*1g+x”1j and X""*‘“*”gm‘m*k” with edge length
3/'ds and 3" ds respectively, such that the path with the smallest delay &, 1); to X,,;, and the
path with the smallest delay froﬂi(m+k_1)j to X(m+k)j are contained imM; and A,, respectively. Letr
be the event thaf’ < oo andj” < co. ThenPr(F) = 1.

When finite ;* and ;" exist, due to stationarity;’ and ;” are independent of. Hence, ask — oo,

A; and A, become non-overlapping so that the paths insldeand A, do not share any common nodes
of G(Hx,1). HenceT,,_1);m; and T r—1);,m+k); are independent of each other las— oco. This is

illustrated in Figure 5.

Therefore
]}1_{20 Pr({Tm—1)j,mj <t} V{Tmsk-1)j,(mk); <t'})
= Jim Pr({Tom-1jmj <t} 0 {Tmsh-1)jmir); < T} E) Pr(E)
+ klin;lo Pr({Tm-1)jmj <t} 0 {T k1)) (mtr); < t'}HE) Pr(E°)
= Pr(Tim-1)jmj < t|E) Pr(Tin-1)jm; < t'|E)
= Pr(Tom-1)jmj <) Pr(Tim-1)jm; <t'), (27)
This implies that sequencgl{,,—1)xnx, m > 1} is strong mixing, so that it is ergodic. O

Now, we present the proof for Lemma 6.
Proof of Lemma 6:Conditions (i)—(iii) of Theorem 7 have been verified. Theidalion of (iv) is
provided by Lemma 9. Lef.(X,, X,,) be the shortest path froiX, to X,,. Since L(Xy,X,,) is a

particular path, we havé;,, < T, so thatE[T;,,] < E[1,], whereTy,, denotes the delay on path
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Fig. 6. Path segments of the paths fra to X,,.

L(Xo,X,,). By Lemma 9, we hav&[T, | < oo and thereforeB [Ty ,,,] < co. Furthermore, due to Lemma

10, {T{m-1)k,mk, m > 1} is ergodic, thus the results (a) and (b) of Theorem 7 hold. O

Remark:Using the proof for condition (iv) of Theorem 7, we can showttfor any two nodes and
v in the infinite component oz(H,, 1) which are within finite Euclidean distance of each other, i.e
u,v € C(G(Hy, 1)) with d(u,v) < oo, E[T(u,v)] < oc.

The following lemma asserts that the constardefined in (18) assumes different values according to

whetherG(H,, 1,W(d,t)) is in the subcritical phrase or the supercritical phase.

Lemma 11:Let v be defined as (18). (i) ItZ(H,,1,W (d,t)) is in the subcritical phase, i.e) <
Ae(ni(d)), theny < oo, and~ > 0 with probability 1. (i) If G(H,,1,W(d,t)) is in the supercritical
phase, i.e.A > A\ (1:(d)), theny = 0 with probability 1.

Proof: To show (i), note thaty < oo follows directly from

BT,
v = inf 7[ O’m]

inf — < E[To,) < oo, (28)
where the last inequality is shown above in the proof for Learin

To see why~ is positive with probability 1, suppose the node3& disseminates a message at time
t = t, and considelG(H,, 1, W (d,t,)). ChooseK large enough such thate=* < 1, wherec; andc,
are the constants given in Proposition 3. ket Lﬁj. Whenm > 2(K +1), ¢ > 1.

Let S, = {(z,y) e R?: K + (h—1)(K +1) <z — 2(Xy) < h(K +1)} for h = 1,2, ..., wherexz(v)
is the z-coordinate of node. SinceX, andX,, are both inC(G(H,,1)), there exists at least one path
from X, to X,,,. Moreover, since each strifj, has width 1, at least one node @G (H,, 1)) lies inside
eachs;,.

Let {Xl(l),l = 1,2,...} be the nodes of(G(H,,1)) which lie insidesS;. Since G(Hx, 1, W (d,t,))

is in the subcritical phase, by Proposition 3, the probgbthat there exists a path consisting of only
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active links fromX, to anyX(l), [=1,2,.., is less than or equal tge~X < % In other words, with
probability strictly greater tha@, there exists at least one inactive link at time- ¢, on any path from
Xoto XM, 1=1,2, ... Let TO = inf, {T(Xo, X\")}. Let Ty gy 2 infocacs {n0(d) E[Yi(d)]} > 0, then
E[TW] > 1Ty 4 > 0.

Let {Xl(,h“), I'=1,2,...} be the nodes of (G(H,, 1)) which lie insideS;,, for h > 1. By the same
argument as above, the probability that there exists a patkisting of only active links from any node
in S, to any node inS,,; is less than or equal to e ¥ < % In other words, with probability strictly
greater thar%, there exists at least one inactive link on any path from auderinS; to any node inSy ;.
Let 70+) = inf, , {T(X{", X"*)}. Then E[T"+1] > 1Ty, > 0. The path segments are illustrated
in Figure 6.

Since||Xo—X,u|| > m—ro—r,,, when% > ro+r,, any path fromX, to X,, has at least ;72| = ¢
segments and the delay on each segment is strictly grealme%mwd,t) > 0. Hence,E[T} ,,] > %qrw(d,t)
when<g > ry+ry,. Since bothry andr,, are finite with probability 17 > r,+r,, holds with probability
1 asm — oc.

Since K is finite andI'y (4 is positive and independent of, we have

B[Tom
y = lim Zoml
m—o00 m

q 1
> lim =—=-T
mgfcl)Om2 W (d,t)

> im (=~ 1) 1p
oo 2(K+1) m)/2 Wit
> 0 (29)

with probability 1, where we used the fact that- — 1.

2(K+1)

For (ii), suppose=(H,, 1, W(d,t)) is in the supercritical phase. To simplify notation, &t) be the
infinite component ofG(H,, 1, W (d, t)). Let ¢’ be the first time when some node @t') receivesX,’s
message, and let

w;, = argmin d(X;, 5(0), and w, 2 argmin d(X;, Xm)
ieC(t') ieC(t)

That is, w; and w, are the nodes in the infinite component G{H,,1, W (d,t')) with the smallest
Euclidean distances to nod&s andX,,, respectively. If nodeX, is in C(t,), thent’ = t, andw; = X,
If at time ¢/, nodev is in C(t'), thenw, = X,,.

Since bothw, andw, belong toC(t'), T'(w:,w,) = 0. The distances (X, X,,) andd(X,,, X,,,) are
finite with probability 1 by Lemma 16 in Appendix C. Clearly(Xo,le) is independent ofn. By
stationarity,d(X,,,, X,,,) is also independent ofi. Hence, by the proof of Lemma &[T'(X,, X.,,)] <
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00, E[T(Xy,, Xm)] < oo with probability 1 for anym, and E[T(X,,X,,)] and E[T(X.,,,X,,)] are

independent ofn. Moreover,

0 < TO,m T(Xo, le) + T(w17 w2) + T(Xw27 Xm)
ST ST "
T(Xo X ) + T(Xo, X,
_ ( 05 1) + ( 2 ) (30)
m
Hencey = lim,, .., Z2ml — o with probability 1. O

We are now ready to prove Theorem 5.

Proof of Theorem 5Assume node: disseminates a message at time t,. Take X, as the origin,
and the lineX, X, as thez-axis. By definitionu,v € C(G(H,, 1)). Since node: is the origin, X, = Xo.
Let m be the closest integer to(v)—the z-axis coordinate of nod&,. Now Ty, = T(XU,Xm). If
X, = X,,, T(u,v) = Tom.

Note thatm — 1 < d(u,v) < m + 1, Thus, for anym > 1, we have

Tom T(u,v) Tom
m+1  du,v) m-—1

On the other hand, K, # X,,, thenX,, must be adjacent t&,. This is becausg(m,0) —X,|| < % (m

(31)

is the closest integer to(v)) and ||(m, 0) — X,,|| < : (X, is the closest node ton, 0)). Consequently,
Toum — T (X, Xo) < T(u,v) < Tom + T(Xm, X,,). Thus, for anym > 1, we have

Towm — T(Xp, X)) T(u,v) _ Tom + T (X, X,)

m+1 d(u,v) m—1 ' (32)

SinceX,, is adjacent t&X,, 7'(X,,, X,) < co with probability 1. Therefore, in both cases, by Lemma 6

and a typicale-6 argument (see Appendix D), we have for any 0,9 > 0, there existsly < oo, such

that if d(u,v) > dy, then
Pr T(“’“)—y <e)l>1-34 (33)
d(u,v)

WhenG(H,, 1) is in the subcritical phase, by Lemma 11, we héve ~ < oo with probability 1.

On the other hand, whe(H,, 1) is in the supercritical phase, by Lemma 11, we have 0 with
probability 1. Then, by a typicad-6 argument (see Appendix E), we have for any 0,0 > 0, there

existsdy < oo, such that ifd(u, v) > d, then

Pr (70;((2”;})) < e) >1-4.
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C. Effects of Propagation Delay

Up to this point, we have ignored propagation delays. We rake tthis type of delay into account.
Suppose the propagation delaylisc 7 < oo for any link, independent of the link length. We assume
the following mechanism is used for a transmission from note node;: (i) a packet is successfully
received by nodg if the length of the active period on linki, ), during which the packet is being
transmitted, is greater than or equal#p(ii) node i retransmits a packet to nodeuntil the packet is
successfully received by.

Note that due to the Markovian nature of the link state prees$iV;;(d;;,t)}, at the instant when a
packet arrives at nodg the residual active time for link, j) has the same distribution &@d,;). Thus
without loss of generality, we assume that nadaitiates transmission on linki, j) at time 0. If link
(4,7) is on at time O withZ,(d) > 7, then the transmission delay;(d) on (i, j) is 7. However, if link
(i,7) is on at time O withZ,(d) < 7, or if (i,j) is off at time¢ = 0, then the delay orfi, j) is less

straightforward to calculate. In this case, we need to capthe behavior of retransmissions. Let

K(d) = argmin{ Zy(d) > 1}. (34)

k>1

Then, K(d) is a stopping time for the sequen&;.(d),k > 1}. Now we have

K-1
15 =Y (Yi+Z)+ Y +7, W(d0)=0,

Ea (35)
Th=> (Yi+Z)+r, W(d,0) =1,

i=1

where we abbreviaté?;(d), K(d), Yi(d) and Z;(d) asT};

7, K, Y; and Z;, respectively.

Let

T (u,v) = T7(Xu, Xo) = l(u v)igﬁf(u v) { Z ﬂ;(dw)} | >
’ ’ (4,7) €l (u,0)

whereT7.(d;) is given by (35). ThenT™ (u,v) is the message delay on the path franto v with the

smallest delay, including propagation delays.

Corollary 12: Given G(H,, 1,W(d,t)) with A > X\, and propagation delayy < 7 < oo, there exists a
constanty(7) < oo with «(7) > 7 (with probability 1), such that for any,v € C(G(H,, 1)), and any

e > 0,0 > 0, there existsly < oo such that for any, v with d(u,v) > dy,

<€) >1-4. (37)
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Moreover, whenG(H,, 1, W(d,t)) is in the subcritical phase, as — 0, v(7) — ~ with probability
1, where~ is defined in Theorem 5. Whe@(H,, 1, W (d,t)) is in the supercritical phase, as— 0,
~(7) — 0 with probability 1.

To prove this corollary, we need the following two lemmas.
Lemma 13:Given any0 < 7 < oo, for all 0 < d < 1, the expected delay on each lifk ;) is positive

and finite, i.e.,

0 < E[T]] < co. (38)

Proof: By (35), we have
E[T]] = E[E[THW(d,0)]

= mE[TW(d,0) = 0]+ mE[T;|W(d,0) = 1]
K—

>
S

1=

= nk

Yi+Z)+Yx+71|Z; <T1,i= 1,...,K—1]
1

+mE (

1

}/;+ZZ)+T‘ZZ<T,Z:1,,K—1]

= T+T}0EYK +E

KX:Y—FZ\Z <T,i=1,. K—l]
< E[K]r +nE[Yk] + ( (K] = DE[Y], (39)

where in the last equality, we used the fact thiaand Z; are i.i.d. andZ; < 7 for: =1,2,...K — 1, as
well as Wald’s Equality for stopping tim&’.

Sinceld < 7 < o0, 0 <y < 1, and0 < E[Y;] < oo, in order to show) < E[T};] < oo, it suffices to
show1 < E[K] < co. By definition, K > 1 so thatE[K] > 1. Thus, we need only to show[K] < oc.
Foranyk > 1, Pr(K = k) = Pr(Z) < 7,.., 21 < 7,2, > 7) = Fz(1)*"1(1 — Fy(7)), where
Fyz(-)=Pr(Z; < 7). Then

Zk:F (P11 = Fy(r )):ﬁzm.

Therefore, we havé/[ K] < oc. O

(40)

Lemma 14:Given G(H,, 1, W (d,t)) with A > \. and no propagation delay, &t ,, be the path from
X, to X,, that attains’y,, and has the smallest number of links (in case there existiptaulpaths
attaining 7y ,,). Then|Ly,,| < oo with probability 1 for eachm, where|Ly,,| is the number of links

along Lo .
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Proof: By the proof of Lemma 9, we havg[T,,] < co. We can expres&/[1;,,] as
E[TO,m] = E[E[TQWHLQWH]?

where
|Lo,m|

E[Toml||Lom|] = Zno EY(d)] > | Lom|Cwan,

Wherenoi) (d) andE[Y,f) (d)] are the stationary probability of the inactive state, areleékpected inactive
period of thei-th link with lengthd on L, respectively, and'y s = infoca<i{no(d)E[Yr(d)]} > 0.
Thus, we have

El[Lom|[Tw s < o0

This impliesE[| Ly.»|] < oo, which further implieg L ,,| < oo with probability 1. O

Proof of Corollary 12:Let 7}, , =T (X}, X,), for ||X; — X,,|| < 00, 0 < I < m, whereX; is defined
as in (16).

Clearly, the relationshigy,, < 717, + 17, still holds for any0 < [ < m. Hence, condition (i) of
Theorem 7 holds. Since the propagation delay does not dffecstationarity of the geometric structure
of the network, conditions (ii) and (iii) of Theorem 7 alsoltho

By the same argument as that in the proof of Lemma 9, we B#Mg] < oo, where|L| 2 |L(X,, X,,,)|
and L(XO, Xm) is the shortest path froX, to X,,. Let TOTWL1 be the delay on this path. Then,

]
BTy ML) = ZE [T7(d)] < |L|Awr(ap,

whereT7 (d;) is the delay on the-th link with lengthd; on the pathL(X,, X,,), as given by (35), and
Awr(ap £ supgg<; E[T7 (d;)] < oo. By Lemma 13, we have < E[T7 (d;)] < oo for all 0 < d; < 1, so

that Ay-q4) < oo. Hence

(T3] = E[B[Tg||ILN) < ElIL|Awruy < oo,

ml

which implies E[Tf ] < oo. This ensures that condition (iv) of Theorem 7 holds.

Furthermore, the propagation delay does not affect theagtroixing property of{77 ,0 <1 < m}.
[TO,m

Therefore the result of Lemma 6 holds f0f},,,0 < I < m}. Lety(7) £ lim, .o , then~v(1) =

BT
Hlfm>1 [ Om and
TT

lim —%m
m—oo M

= (r) with probability 1 (41)
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Then applying the same proof for Theorem 5, we can show thaary ¢ > 0,6 > 0, there exists

dy < 00, such that ifd(u,v) > dy, then

To see whyy(7) < oo and~(7) > 7 with probability 1, first note that

<6)>1—5.

v(r) = inf cChe < E[T},] < oo. (42)

m2>1 m
Moreover, since the shortest path between ndgandX,, has at least||X, — X..||| > [m —ro — ]
links, 7§, > T|m — 19 — 7, ]. Sincery andr,, are both finite with probability 1 and independentrof
we havey(r) > 7 with probability 1.

In the following, we show that as — 0, v(r) — ~ with probability 1 whenG(H,,1) is in the
subcritical phase, angl(7) — 0 with probability 1 whenG(H,, 1) is in the supercritical phase. Observe
that Lo

Ton < Tgm < > T7(dy)
where L ,,, is defined in Lemma 14, and (d;) is the delay on the-th link with lengthd; along Ly,
as given by (35). From Lemma 14, we havg ,,| < co with probability 1. Thus with probability 1,

|L0,m‘

E(Tom] < EIT],) < Y E[T7(d;)].

By (39) andE[Ty..| = S0 no(di) E[Yi(d;)] we have

|Lo,m|

E[Tym) < BT, < E[Tom] + |Lom| E[K]T + Z E[Yi(dy)], (43)

with probability 1. From (40), we know that as — 0, E[K] — 1. Therefore, asr — 0, we have
| Lo | E[K]7 + S0 (E[K] = 1)E[Yi(d;)] — 0 with probability 1. This, combined with (43) implies
lim, o E[17,,] = E[Tom] with probability 1. Therefore,

o BT,
lim~(r) = lim lim

T7—0 7—0 m—oo m
B,
= lim lim
m—oo0 7—0 m
ElTy .,
= lim 7[ om]

m— o0 m

= 7, (44)

with probability 1, where the interchanging of limitatioperations is justified byZ[77, | < co. Conse-

quently, asr — 0, (1) — ~ with probability 1 whenG(H,, 1) is in the subcritical phase. Sinee— 0



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY 26

Delay/Distance
12

Delay/Distance
0.05

0.0451
101
0.04f

8l

b S 2 0,005
. S oy . - . ..
Dy ety 2 S 8, veherm sttty . ——

. . . . . . .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Distance from the source Distance from the source

(a) Subcritical (b) Supercritical

Fig. 7. Delay performance of information dissemination imeless networks with dynamic unreliable links € 1.75): (a) E[T1(d)] = 0.5
and E[To(d)] =2 for any 0 < d < 1; (b) E[T1(d)] = 2.5 and E[T(d)] = 0.5 for any 0 < d < 1.

with probability 1 if G(H,, 1) is in the supercritical phase, we hayér) — 0 with probability 1 in this

case. 0]

An interesting observation of this corollary is when thepagation delay is large, the message delay
cannot be improved too much by transforming the network ftbensubcritical phase to the supercritical
phase. However, as the propagation delay becomes neglithiel message delay scales almost sub-linearly
(v(1) = 0) when the network is in the supercritical phase, while thndecales linearly (1) ~ ~)

when the network is in the subcritical phase.

V. NUMERICAL EXPERIMENTS

In this section, we present some simulation results. Fige®eshow simulation results of the information
dissemination delay performance in large-scale wireletaarks with dynamic unreliable links.

In Figure 7, the lengths of the active and inactive periodgeehexponential distributions independent
of d—the length of the link. In Figure 8, the lengths of the actaral inactive periods have exponential
distributions depending od. In all of these scenarios, it can be seen that when the mgudinamic
network is in the subcritical phas% converges to a non-zero value d8:,v) — oo. The limit

depends on the density 6f(H,, 1) and the distributions and expected values of the active aadtive

T (u,)

periods. When the resulting dynamic network is in the sujteral phase,d(u )

converges to zero as
d(u,v) — 00.

To see how propagation delays affect the message delayparetity the results of Corollary 12, we
illustrate simulation results in Figure 9, whefg(d) andTy(d) have exponential distributions independent

of d.
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Fig. 8. Delay performance of information dissemination ineless networks with dynamic unreliable links £ 1.875): (a) F[T1(d)] = 0.5
and E[Ty(d)] = 1.5d + 1 for any 0 < d < 1; (b) E[T1(d)] = 2 and E[Ty(d)] = 0.5d 4+ 0.5 for any 0 < d < 1.
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Fig. 9. Delay performance of information dissemination iineless networks with dynamic unreliable links £ 1.875) and propagation
delayr = 1: (a) E[T1(d)] =1 and E[Tp(d)] = 8 for any 0 < d < 1; (b) E[T1(d)] = 1 and E[To(d)] = 2 forany 0 < d < 1.

VI. CONCLUSIONS

In this paper, we studied percolation-based connectivityiaformation dissemination latency in large-
scale wireless networks with unreliable links. We first geddstatic models, where each link of the network
is functional (or active) with some probability, indepentg of all other links. We then studied wireless
networks with dynamic unreliable links, where each link @sivae or inactive according to Markov on-off
processes. We showed that a phase transition exists in sunamic networks, and the critical density
for this model is the same as the corresponding one for statigorks (under some mild conditions). We
further investigated the delay performance in such netsvtmk modelling the problem as a first passage
percolation process on random geometric graphs. We shdvegdvithout propagation delay, the delay of
information dissemination scales linearly with the Eueld distance between the sender and the receiver

when the resulting network is in the subcritical phase, dreddelay scales sub-linearly with the distance
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if the resulting network is in the supercritical phase. WetHar showed that when propagation delay
is taken into account, the delay of information dissemoratilways scales linearly with the Euclidean
distance between the sender and the receiver.

APPENDIX A

Proof of Proposition 3:Let B be a bounded box containing the origin, andiié{B3) be the union of
components that have some node(s):0f,, 1, p.(-)) inside boxB. Precisely)V (B) = {componentl”’ €
G(Hx, 1,pe(+)) : Jw € W x, € B}.

Consider the following two events:
E £ {dW(B))>h}, and F £ {all nodes ofG(Hy,1,p.(-)) inside B belong toW;}.

Clearly, eventst' and F' are both increasing events. By the FKG inequality, we hBver N F') >
Pr(E) Pr(F). Thus,

Pr(d(Wo) > h) > Pr(ENF)

> Pr(E)Pr(F)

= Pr(F)Pr(d(W(B)) = h), (45)
wherePr(F) > 0 since B is bounded. By (45), we have

E[d(Wo)]
Bl(W (B)] < =5

Therefore, whem < A.(p.(-)), we haveE[d(Wj)] < oo and thusE[d(W (B)] < oc.

To prove the Proposition, it is sufficient to shdW (B «~ B(h)¢) < cie=%", where{B « B(h)‘}
denotes the event that some node(s) indiddand some nodes iB(h)¢ are connected.

We partition the space as the union®fi, j) = (i — 1,i+ 1] x (j — 3,7 + 1], where(s, j) € Z*. Since
E[d(W(B(0,0))] < oo, d(W(B(0,0)) < co with probability 1. Then we can choosg sufficiently large
so thatE[H)| < g, where Hy, is the number of boxe®(i, j) outside B(M) = [-M, M]? intersecting
W(B(0,0)).

Now chooseL large enough so that the ¢l ; ;- B(i,j) is disjoint from B(M), wherem(i, j) =
max{|i|, |j|}. Chooseh sufficient large so that),,, -, B(i,j) C B(h). Observe that if{ 3(0,0)
B(h)¢} occurs, then there exists, j) with m(i, j) = L for which {B(0,0) « D(i,j)} and{B(i,j) e~
B(h)¢} occur disjointly?, where D(i, j) = Un(irjny=t—1.m@i—ir j—jn=1 B, j'). This is illustrated in Fig-

®Let U be a bounded Borel set iR>. For any realizationG € G(Hax,1,pc()), let G, = (Vu, E.), whereV, = {v : v € GNU}
and B, = {(u,v) : u,v € V,,}. Define[Gu] = {G' € G(Hx,1,pc(-)) : 3G” C G’ s.t. G = Gu}. We say that an increasing evet
is an event onJ if 74(G) = 1 and G’ € [G.] imply that 74(G’) = 1. A rational rectangle is an open 2-dimensional box withorai
coordinates. Letd and B be two increasing events dii, andW; and W5 be two disjoint sets that are finite unions of rational regtas.

For G € G(Hx,1,pc(-)), if Ta(Gyw,) = 1 whereGy, € [Gw,], andIz(Gyy,) = 1 whereGy, € [Gw,], then we say that and B
occur disjointly. We useAl]B to denote the event that and B occur disjointly. For details, please refer to [3], [4].
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Fig. 10. B(h), B(M), L, B(i,7) and D(i, ).

ure 10.
Let{B(0,0) «~ D(i,7)OB(i,j) «~ B(h)‘} denote the event that3(0,0) «~ D(i,j)} and{B(i, ) «~
B(h)¢} occur disjointly. It then follows from the BK inequality [3]4] that

Pr(B(0,0) e~ B(h)°) < > Pr(B(0,0) « D(i, j)0B(i, j) ~ B(h))
(6,3):m(é,5)=L
< max  Pr(B(i,j) e~ B(h)) > Pr(B(0,0) e D(i, )

(4,5):m(i,5)=L (4,5):m(i,5)=L

= max  Pr(B(i, j) «~ B(h)) Z E[I{B(0,0yeD(i.5)}]

(4,5):m(i,5)=L (i,5):m(i,5)=L

= max Pr(B(i,j) &~ B(h))E Z I B(0,0)y~D(ij)}
et (i )mi.d)=1

< max  Pr(B(i,j) e~ B(h))3E[Hyl, (46)

(ivj):m(iuj):l’
where the last inequality follows from the fact the each bB’, ;') can be contained in at most 3
D(i,j)’s.

It follows that

Pr(B(0.0) oo B() < 5 max  Pr(B(.J) = Bh)). (47)
1,7 ):m(t,7)=
To bound the right hand side of (47), choose a sufficientlydarsuch thaUm(

i—igr—jy=r.m(i =1 B ") C

B(h). The same argument as above shows that fofigfl) with m(:, j) = L,

Pr(B(i,j) e BA)) <~ max  PrB(, ) « B(h)°). (48)

- 5 (#,5"):m(i' —i,j'—j)=L
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Fig. 11. An example of a circuit surrounding the origin intitz £’

Repeating this argument leads to the desired conclusion. O

APPENDIX B

The following lemma is similar to the one used in [3], [9], [L1For completeness, we provide the

proof here.

Lemma 15:Given a square lattic&€’, suppose that the origin is located at the center of one squar
Let the number of circuifssurrounding the origin with lengtm be v(2m), wherem > 2 is an integer,
then we have

Y(2m) < m — 13 (49)

Proof: In Figure 11, an example of a circuit that surrounds the origiillustrated. First note that the
length of such a circuit must be even. This is because theaeige-to-one correspondence between each
pair of edges above and below the lime- 0, and similarly for each pair of edges at the left and righthaf t
line z = 0. Furthermore, the rightmost edge can be chosen only fronnbe!; : = = i—%,i =1,...,m—1.
Hence the number of possibilities for this edge is at most 1. Because this edge is the rightmost edge,
each of the two edges adjacent to it has two choices for iectioim. For all the other edges, each one
has at most three choices for its direction. Therefore thabmr of total choices for all the other edges
is at most3?™~3, Consequently, the number of circuits that surround thgim@nd have lengtBm must

be less or equal tom — 1)223?"~3, and hence we have (49). O

A circuit in a lattice £’ is a closed path with no repeated verticesCin
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APPENDIX C

Lemma 16:Suppose&~(H,, 1, p.(+)) is in the supercritical phase, i.8,> A.(p.(-)). Letv ¢ C(G(Hx, 1, pe(+)))

and define

£ argmin  d(i,v),

i€C(G(Ha,1,pe(+)))

w

i.e., w is the node in the infinite component 6f(H,, 1, p.(-)) with the smallest Euclidean distances to

nodewv. Then,d(w,v) < co with probability 1.

The idea behind the proof for this lemma is similar to thattfue proof for Lemma 8. The difference
is that the probability of a good event is now defined with eesgo G(H.,, 1, p.(-)) instead ofG(H,, 1).

GivenG(Hy, 1, p.(-)) with A > X\ (p.(-)), as in the proof for Lemma 8, we consider a mapping between
G(Hy, 1,p.(+)) and a square lattic€ = d - Z?, whered is the edge length. The vertices Sfare located
at (d xi,d x j) where(i, j) € Z*. For each horizontal edge let the two end vertices bl x a,,d x a,)
and(d x a, +d,d x a,).

As in the proof for Lemma 8, define event,(d, p.(-)) for edgea in £ as the set of outcomes for which
the following condition holds: The rectangi®, = [a,d—%, a,d+ 2] x [a,d—2, a,d+4] is crossed fronteft
to right by a connected component@(H,, 1, p.(-)). Define eventd! (d, p.(-)) for edgea in L as the set of
outcomes for which the following condition holds: The rewte Rk, = [a,d—4, a,d+2!|x[a,d—4, a,d+9]
is crossed frontop to bottomby a connected component @i(H,y, 1, p.(+)).

Let

p9<d7pe<‘>> £ Pr(Aa(dJ)e(‘)))? and p;(d7pe(')) = Pl"(A;(d,pe(-))). (50)

Define A,(d, p.(-)) and A’ (d, p.(-)) similarly for all vertical edges by rotating the rectanghe 99°.

Define avacant componerit’ in R? with respect to (w.r.t.J7(Hy, 1, p.(+)) to be a regiod/ C R? such
thatV NG (Hy, 1, pe(-)) = 0 (i.e., no node or any part of a link @f(H,, 1, p.(-)) is contained inl”), and
such that there exists no other reginC R? satisfyingV c U andU N G(Ha, 1, p.(-)) = 0.

Definition 3: For G(Hy, 1,p.(+)), let V, be the vacant component R¥ w.r.t. G(H,, 1, p.(-)) containing
0. Let

Ae(pe()) = sup{A : Pr(d(Vp) = o0) > 0} (51)

Similarly we can define the vacant componéijt containing the origin inR? w.r.t. G(H,, 1), and
M: 2 sup{ )\ : Pr(d(Vg) = 0o) > 0}. It is known that\* = \. (Chapter 4 in [4]). Since&7(H,, 1,p.()) is
a subgraph of7(H,, 1), it is clear that\* (p.(-)) > A%
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Proposition 17: Let 1*(p.(-)) = Pr(3 vacant component’ C R? w.r.t. G(Hy, 1,pc(-)) : d(V) = 00).
Then

w0 ={ 5 A3 52)

Proof: First assume\ < \:(p.(-)). The graphG(H,, 1,p.(-)) is obtained by placing a link between
two nodes: and j with probability p.(-) when ||x; — x;|| < 1. The event{d vacant component’ C
R? w.r.t. G(Hy, 1,p.()) : d(V) = oo} does not depend on the existence of any finite collection of
those links. By Kolmogorov’s zero-one law [3], [22];*(p.(-)) assumes the values 0 and 1 only. Since
Pr(d(Vp) = o0) > 0, then
U (pe(-)) = Pr(d(Vo) = o0) > 0,

so thaty*(p.(-)) = 1 by Kolmogorov’s zero-one law.
On the other hand, ik > \X(p.(-)) > A., with probability 1, there is no vacant component with irténi
diameter inR? w.r.t. G(Hy, 1) (Chapter 4 in [4]). Sincér(d(Vp) = co) = 0, we have
Y (pe()) < D Pr(d(V) = 00) =0,

x€Q?

where we used the fact th@? is dense and any infinite vacant component is open so thatrdimjte

component contains at least ores Q2. O

Given the mapping betweeH(H,, 1, p.(-)) andL, define event’(d, p.(-)) for edgea in L as the set of
outcomes for which the following condition holds: the remte R, = [a,d—%, a,d+34] x [a,d— 4, a,d+4]
is crossed fronteft to right by avacantcomponent ifR? w.r.t. G(H, 1, p.(-)). Define eventd*' (d, p.(-))
for edgea in £ as the set of outcomes for which the following condition Isolthe rectangleR, =
[a,d— 4, a,d+32] x [a,d — ¢, a,d + 4] is crossed fromtop to bottomby avacantcomponent inR? w.r.t.
G(Ha, 1, pe(0))-

Let

p;(d,pe(-)) 2 Pr(AL(d, pe(),  and p% (dope(-) 2 Pr(AZ (d.pe(-)). (53)

Define A*(d,p.(-)) and A* (d, p.(-)) similarly for all vertical edges by rotating the rectanglg @0°.
Figure 12 illustratesA® (d, p.(-)).

We now define another critical density with respecti@H,, 1, p.(+)).
Definition 4: Given G(Hx, 1, pe(+)), let

A5(pe(+)) £ sup{A : lim sup p} (d, pe(-)) > 0}. (54)

d—oo
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Fig. 12. The rectangl&, is crossed fromop to bottomby avacantcomponent inR? w.r.t. G(Hax, 1, pe(+))

Proposition 18: For G(H,, 1, p.()), we have
Ae(Pe(+)) = Aclpe(-)) = As(pe()). (55)

Proof: To show (55), it is sufficient to show ().(p.(-)) < A:(pe(+)), (i) Ai(pe(-)) < As(pe(+)), and
(iii) A5 (pe(-)) < Aclpe(:))-

To show (i) \e(pe()) < A:(pe(+)), let A < Ac(pe(+)). ThenG(Hy, 1,p.(+)) is in the subcritical phase.
Let B, (i) = (0,2i) + B(1) where B(1) = [—1,1]* for i = 0, 1, 2.... Observe that the existence of a left to
right crossing in rectangl@, 3*] x [0, 3**!] by a componentV’ of G(H.,, 1, p.(-)) implies the existence
of a componentV” of G(H,, 1, p.(-)) starting fromUZzOT+11 B (i) (i.e., the first node i}’” in the x-axis
direction is insideUZ’;TH
k>1,

1 B (i)) with diameter greater than or equal 36— 2. Hence, we have for any

3k+1

[=5—1
phd=2-3p.()) < Pr| |J {dW(Bi(i)) > 3" - 2}

=0

3k+1

[5=5—1
< U Pr(d(W(By(i))) > 3" - 2)

3k+1

_ ([T} i 1) Pr(d(W (B(1)) = 3* —2)

< <§3’f—1 + 2) Pr(d(W(B(1))) > 3* - 2)

< <§3’f—1 + 2) Pr(d(W(B(1))) > 3*71), (56)

whereW (B, (7)) is the union of components @f(H,, 1, p.(-)) that have some node(s) inside bBx(7).
Precisely,W (B (i)) = {componeni?’ of G(H, 1,p.(:)) : Jw € W', x,, € B1(7)}.

Since A < A(pe()) = Ap(pe(+)), E[d(W,)] < oo. By the same argument used in the proof for
Proposition 3, we havé&[d(W (B(1))] < oo.



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY 34

3k+

Fig. 13. A vertical crossing,. of [0,3] x [0,3*"!] and a horizontal crossing of [0, 3%72] x [0, 3**'] must intersect.

Let P, = Pr(d(W(B(1))) > k). Then P, is non-increasing irk, and thus we have
o o 9
(d=2-3"p.( —3"1+2) Py
Sorid=2-sn) < (2 B
(93’“ + 2) Py
2
Zskpgk +22P3k
k=0 k=0

<P1 +3 i 3k—1P3k> + 2E[d(W (B(1)))]

k=1

B
Il
—

NE

e
Il
o

N ©

IA
OO N ©

IA

(P + 3E[d(W(B(1)))]) + 2E[d(W(B(1)))]

A\
8

(57)

Note thatp)(d = 2 - 3", p.(-)) + p;(d = 2- 3", p.(-)) = 1 for all k > 1. Hence by the Borel-Cantelli

Lemma, we have

Pr(3 vacant top to bottom crossing in [0, 3*] x [0, 3**!] for all suffcient largek) = 1.

Rotational invariance implies that
Pr(3 vacant left to right crossing, in [0, 3%+%] x [0, 3*™] for all suffcient largek) = 1.

As illustrated in Figure 13, a vertical crossimg of [0, 3] x [0,3*"!] and a horizontal crossing of
[0, 38+2] x [0, 3*"1] must intersect. Alsal;,; of [0, 3%1] x [0, 3*+2] and ), must intersect. Thus the union
of vacant crossing$t,} and {i} combines to give an infinite vacant component in the first caatd
Therefore, by Proposition 17, < A%(p(+)), and Ac(pe(-)) < Ai(pe(-)).

We now show (i) A} (pe(+)) < A5(pe(:)). Let A > Xi(pe(-)). Thenlimsup, .. p; (d,p.(-)) = 0, and
hencelim sup,_,. p,(d, p(-)) = 1. Then there exists > 0 such that there are infinitely manij, d, ...

satisfyingp, (d;, p.(-)) > ¢ for i = 1,2, .... Now choosel; = d; andd;;, = min{d} : d; > 3d;}. Then by
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the same argument used in the proof for Lemma 9, we can cehstffinitely many annuli around the
origin, each annulus having edge lengfhand containing a circuit with a probability larger th&nThen,
by the Borel-Cantelli Lemma, with probability 1, there exigfinitely many circuits surrounding the origin
and hencel(V5) is finite with probability 1. This implies that > \*(p.(-)), and thus\(p.(-)) > X (pe(+))-
Finally, (i) A% (pe(+)) < Ac(pe(+)) can be shown by the same argument as that for the proof of &meor
4.3 and Theorem 4.4 in [4]. O

Proof of Lemma 161f G(H,,1,p.(-)) is in the supercritical phasey > A.(p.(-)) = Ai(pe(+)) =
N (pe(+)). Thus,limsup,_, p;'(d,pe(-)) = 0 andlimsup,_,., py(d, pe(-)) = 1. Then by the same methods

used in the proof for Lemma 8, we can show Lemma 16. i

APPENDIX D

SinceT(f(m, X,) < oo with probability 1, for any0 < §; < J, there existsM < oo such that
Pr(T (X, X,) < M) >1—6,.

Then for anye > 0,

(<) -

v
i
i

Y

(=< s
T(u,v) - -
> Pr{ =< gy < T Xa) < M) PHT (X, X0) < M)
u,v
T -
> Pr (v —e< d((;"”)) <y (T (X, X,) < M) (1-8)
( Tom — M Tom +M

Y—e+M)+(y—em < Ty, <m(y+e) —(M+vy+e)(1—d)

m—1

—~
—

> Pr((v+e+M)+(y—e)m < Ty, <m(y+e)— (M+v+e)(1l—d).

Sincelim,, . Tfn = ~ with probability 1, ford, =1 — % there existsn, < oo such that for any

m > my,

To,m
Pr(v—%<%<7+%)>l—52.

TO ,m

€
Tom < (v+5)m<m(y+e) = (M +7+6),



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY

and
€
Tom > (7— §>m>m(7—e)+(M+7+e).
Hence, for anym > max{mg, 224791 we have

Pr((y+e+ M)+ (y—e)m < Tom <m(y+e)— (M+vy+e) >1— 6.

Moreover, sincen > d(u,v)—1, if d(u,v) > dy 2 max{m, 2(Mﬁ}—l—l we haven > max{my,
so that
T(u,v)
P - 1—=01)(1—=09)=1-04.
(|G =] <) = a5

APPENDIX E

36

M+“/+e)}

€

Lete > 0,0 < § < 1 be given. WhenG(H,,1,W(d,t)) is in the supercritical phase, = 0 with

probability 1. Thus, there exists< ¢; < ¢ and0 < §; < ¢ such that

Pr(y <€) >1- 4.

Letey = e—¢€, anddy, =1 — . From Appendix D, we know that far, andd,, there existd, < oo

such that wheni(u, v) > dy,

( —€2< ))<’7—|—€2)>1—52.

Then for the givery, whend(u,v) > dy, we have

(5 ) = m(22

)
d(u, v)

> Pr (5((11,1))) <élytec< e) (1-4y)
)

4

<€|’7+€2<€) Pr(y+ e <e)

(u,v
> —
= Pr(d(u,v) <Y+ € (1 51)
> (1 — 52) 1— 51)
= 1-46.
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