
(3) A random graph model for massive graphs

Many graphs that arise in Internet computing or large data sets have
sizes prohibitively or only partial information are available. As a result, new
problems and research directions emerge. One of such examples is to model
massive graphs using random graph techniques. Random graphs share many
similarities with large, sparse graphs arising in various applications. For
example, suppose we consider a telephony graph made of vertices as users and
each new call is associated with an edge between the users. Such an evolving
process has a similar flavor as the evolution of random graphs. Furthermore,
a subgraph of such a graph is still somewhat random-like, which is another
characteristic of random graphs. However, there are many other distinct
features of such “realistic” graphs. For example, they often have vertices of
large degrees while random graphs are almost regular. The usual techniques
can not be easily applied.

Recently, however, some structure of the web graphs has come to light
which may enable us to describe graph properties of the massive graphs qual-
itatively. Several research groups [1, 4, 10, 13, 12] independently measured
the degree sequences of the Web and showed that it is well approximated
by a power law distribution. That is, the number of nodes, y, of a given
degree x is proportional to x−β for some constant β > 0. In fact, the power
law distribution of the degree sequence may be a ubiquitous characteristic,
applying to many massive real world graphs.

In [2], we investigated a random graph model for graphs with a power law
degree sequence. Our power law random graph model also has two parame-
ters, α ( called logsize) and β (called log growthrate). Let y be the number
of nodes with degree x. P (α, β) denote a random power law graph, chosen
with equal probability from all graphs with y = eα/xβ (where self loops are
allowed).

In [2], we study the connectivity properties of P (α, β) as a function of the
power β which hold almost surely for sufficiently large graphs. Briefly, we
show that when β < 1, the graph is almost surely connected. For 1 < β < 2
there is a giant component, i.e., a component of size Θ(n). Moreover, all
smaller components are of size O(1). For 2 < β < β0 = 3.4785 there is a
giant component and all smaller components are of size O(logn). For β = 2
the smaller components are of size O(logn/ log log n). For β > β0 the graph
almost surely has no giant component. In addition we derive several results
on the sizes of the second largest component. For example, we show that for
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β > 4 the numbers of components of given sizes can be approximated by a
power law as well.

Our model is a special case of random graphs with a given degree sequence
for which there have studied in a number of papers. For example, Wormald
[19] studied the connectivity of graphs whose degrees are in an interval [r, R],
where r ≥ 3. <Luczak [15] considered the asymptotic behavior of the largest
component of a random graph with given degree sequence as a function of the
number of vertices of degree 2. His result was further improved by Molloy
and Reed [16, 17]. They consider a random graph on n vertices with the
following degree distribution. The number of vertices of degree 0, 1, 2, . . .
are about λ0n, λ1n, . . . respectively, where the λ’s sum to 1. It is shown in
[16] that if Q =

∑
i i(i− 2)λi > 0 and the maximum degree is not too large,

then such random graphs have a giant component with probability tending
to 1 as n goes to infinity, while if Q < 0 then all components are small
with probability tending to 1 as n → ∞. They also examined the threshold
behavior of such graphs. In this paper, we will apply these techniques to deal
with the special case that applies to our model. However, since the power
law graphs have vertices with large degree, the above results and methods
can not be directly applied.

There are numerous questions that remain to be studied. For example,
what is the effect of time scaling? Indeed, massive graphs are usually dynam-
ically evolved. How does it correspond with the evolution of β? What are the
structural behaviors of the call graphs? What are the correlations between
the directed and undirected graphs? It is of interest to understand the phase
transition of the giant component, the diameters and other invariants in the
massive graphs.
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