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In recent years, a variety of graph optimization problems have arisen in which the graphs
involved are much too large for the usual algorithms to be effective. In these cases, even
though we are not able to examine the entire graph (which may be changing dynamically),
we would still like to deduce various properties of it, such as the size of a connected com-
ponent, the set of neighbors of a subset of vertices, mapping usage patterns, assessing
the performance of software/hardware and dealing with a variety of security and reliability
issues. An area of recent interest in the Internet research community is to measure and mon-
itor various aspects of the Internet, such as its performance, or its topological structure. We
consider the problem of inferring network topology from very non-intrusive measurements,
such as the delay of packets sent between pairs of network monitoring nodes.

Here, we focus on several fundamental problems in combinatorial algorithms, which
we call distance realization problems. The measured delays between network monitors can
be thought of as distances between the nodes in a graph. We investigate the problem of
reconstructing the entire graph based on a certain subset of distances. Our algorithms are on
a project, “Independent Monitoring for Network Survivability” at Telcordia Technologies.
Similar projects have been actively pursued by various research groups [3, 10, 11, 20],
especially on the statistical and visualization aspects. In addition to the applications to
Internet tomography, the distance realization problems that we discuss here turn out to have
a large number of applications in computational biology (e.g., constructing phylogenetic
trees from genetic distances among living species), classification, etc. [1, 2, 13].

Here we will formulate several versions of this problem, mention the relevant results,
both new and old, and discuss their algorithmic implications.

First, we give some definitions. For a matrix D with rows and columns indexed by S,
we say D has a realization if there is a graph whose node set contains S, and D(u, v) is the
distance between u and v. It is easy to see that a matrix D has a realization if its entries
are non-negative and satisfy the triangle inequality.

D(u, v) + D(v,w) ≥ D(u,w).(1)

It turns out [18] that this necessary condition is also sufficient (as indicated by the example
above). We say that D is a distance matrix for S if D(u, v), u, v ∈ S, is non-negative and
satisfies (1).

Problem 1: For a given distance matrix D on a set S of terminal nodes, find a graph G
which is a realization of D so that the total sum of all edge lengths of G is minimized.

The above problem was first proposed by Hakimi and Yau [18] in 1965 who also gave
an algorithm which will lead to the solution for the special case that the realization of
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the distance matrix is a tree. Since then, an extensive literature has developed for this
problem. Special attention has been given to the case of tree realizations, i.e., when the
graph that realized the distance matrix is a tree. Necessary and sufficient conditions for
a distance matrix realizable by a tree were given in several papers [2, 13, 23, 22, 24]. An
O(n2) time algorithm for testing and constructing a tree realization from a distance matrix
was described in [12].

For a (general) distance matrix, it is not too hard to show that an optimal realization
(i.e., the realization having the minimum total length) exists [14]. It was shown in [14] that
an optimal realization can have at most n4 nodes if the number of terminal nodes is n. On
the other hand, there are some examples of optimal realizations of a distance matrix on
n terminals which have at least n2 vertices. Therefore there is a finite (but exponential)
algorithm to find an optimal realization for a given distance matrix. Various heuristics
are discussed in many papers [18, 5, 21, 24, 25, 26]. However, solutions to this problem
seem to be elusive, and, in fact, computing optimal realizations for distance matrices with
a small number of terminal nodes is already quite complicated. Indeed, Althöfer [1] showed
that the problem of finding optimal realizations of distance matrices with integral entries
is NP-complete. We here will provide additional evidence pointing to the difficulties in
approximating the optimal realization. In [7], it is shown that there are distance matrices D
and D′ on n terminal nodes satisfying D(u, v) ≥ D′(u, v), but where the optimal realization
of D′ has total edge length much larger than that of D. In fact, the ratio of the respective
sums of edge lengths can be as large as a factor of n.

Because the realization problem seems hard even to approximate, we introduce a number
of more robust variations and generalizations: For a given distance matrix D on a set S of
terminal nodes, a graph G is said to be a weak realization of D if
(i) the node set of G contains S,
(ii) the distance between u and v in G is greater than or equal to D(u, v) for all u, v in S.

Problem 2: For a given distance matrix D on a set S of terminal nodes, find a weak
realization of D so that the total sum of all edge lengths of G is minimized.

It is not hard to show that if a distance matrix D dominates another matrix D′ (i.e.,
D(u, v) ≥ D′(u, v)), an optimal weak realization of D has total edge length no smaller than
that of D′.

For a given distance matrix D on a set S of terminal nodes, a graph G is said to be a
rooted weak realization of D if
(i) the node set of G contains S,
(ii) the distance between u and v in G is greater than or equal to D(u, v) for all u, v in S,
(iii) there is a special node v∗ in S, called the root, and the distance between u and v∗ in G
is equal to D(u, v) for all u, v in S.

Problem 3: For a given distance matrix D on a set S of terminal nodes and a special node
v∗ of S, find a rooted weak realization of D so that the total sum of all edge lengths of G is
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minimized.

As it turns out, both Problems 2 and 3 are NP-complete [7]. Approximation algorithms
are given for both Problems 2 and 3, which are within a small constant factor of the
optimum.

We remark that the weak realization problems are similar to but different from the
so-called Steiner tree problem which also has an extensive literature [19].

Euclidean Steiner tree problem: Given n points in the plane (or, in general, R
n), find the

shortest tree connecting the n points (where this tree may have additional points as vertices).

Graph Steiner tree problem: For a given graph and a subset S of nodes, find the shortest
tree containing nodes in S.

Both of the above Steiner problems are NP-complete [16]. These Steiner problems are
different from the distance realization problems since the host graph is unknown for the
distance realization problems.

There is yet another related version of the realization problem which has more detailed
inputs. It has also come up in the applications to Internet tomography:

Problem : Suppose we are given a set S of terminal nodes and a set E of edges. Each pair
of terminal nodes, u and v are associated with a subset of edges which are in a shortest path
joining u and v in the host graph. (In other words, an incidence matrix of edges and pairs
of nodes is given.) The goal is to determine the host graph (i.e., to describe the adjacencies
of its nodes and edges).

The above problem turns out to be a special case of the problem of determining the
graphical construction of a matroid. This problem was solved by Tutte in his seminal papers
[28, 29]. Indeed, there is a polynomial time algorithm of order O(n2m) for graphs with m
edges and n terminal nodes [4, 15].

Some related problems have similar flavor as various topics in extremal graph theory.
For example, for a family F of graphs, it is desirable to find a minimum universal graph
which contains all graphs in F as subgraphs [8, 9]. Suppose the host graph G is unknown,
but we are given a subset of vertices S, the distance matrix DS restricted to S, and all rooted
weak realization Tv for all nodes v in S. The problem of interest is to find a universal graph
that contains all Tv and has the minimum total length.
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