Excercises from Class, part 2

April 17,2008

In the following questions, A denotes the adjacency matrix, 7' denotes
the diagonal degree matrix, L denotes the combinatorial Laplacian (L =
T — A) and £ denotes the normalized Laplacian (£ = T~'/2LT~1/2). The
volume of a set S C V(G) is defined as vol(S) = Y, g do.

1.) (4/9/08) Let "V | a; = Na. Show that

2.) (4/9/08) Prove that the following ways of defining eigenvalues for the
Laplacian (or, in some cases, \;) are equivalent.

1. For ¢ an eigenvector corresponding to A
Ap = Lo

2. For f a harmonic eigenvector corresponding to A:

u~v

3. For ¢ an eigenvector corresponding to A:
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Some hints: Use problem (1) to see (7) = (8). To show, e.g. (4) = (2) try
picking an f achieving 4, and witness what happens when one takes a new
function f’ with f’(v) = f(v)+e€ (with the other entries perturbed suitably).

3.) (4/9/08) Recall that the vertices of the cube @,, can be indexed by subsets
S C [k]. If S,T C [k], show a set of orthogonal eigenvectors of (),, are given

by
¢s(T) = (=115
4.) (4/16/08) Write:

1P =l = IfT"V2(I = £)° = 1) T



Show that Iy = ¢ ¢o.

5.) (4/16/08) Recall the following definitions for the relative pointwise dis-
tance, x-squared distance and total variation distance respectively:

|P(y, x) — 7 ()]

A(s) = max

Y m(z)
P (P(y.2) — (x)?
Al(s) = er(G)\Jme;(G) ()
1 S
Ary(s) = 51/2%8&}5):06;(9)']3 (y,z) — ()]

Prove that:



