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Abstract

We consider the trace formula in connection with the Laplacian of a graph. This can
be viewed as the combinatorial analog of Selberg’s trace formula, which has influenced
many areas of number theory, representation theory and geometry. We start with a
general graph with any specified set of edges. Therefore the trace formula we consider is
in full generality. In particular, we consider lattice graphs, their subgraphs and higher-
dimensional generalizations. By using the analog of the Poisson inversion formula,
several hypergeometric equalities are derived.

1 Introduction

We consider a graph G = (V, E) with vertex set V = V(G) and edge set E = E(G). We
assume G contains no loops or multiple edges (the definitions can be easily generalized to
weighted graphs with loops, cf. [5]). We will mainly consider finite graphs (while an infinite
graph is viewed as taking the “limit” of a class of finite graphs). We define the matrix L
with rows and columns indexed by vertices of G as follows.

dy, ifu=vw
L(u,v) =4 —1 if u and v are adjacent
0  otherwise

where d, denotes the degree of v.

Let T denote the diagonal matrix with the (v,v)-entry having value d,. The Laplacian
L of G is defined to be

1 if u=wvandd, #0
1
L(u,v) =3 — if u and v are adjacent
’ dyd,
0 otherwise
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When G is k-regular (i.e., d, = k for all v), it is easy to see that
1
L=1—--A
k

where A is the adjacency matrix of G. In general, the eigenvalues of £ and L can be quite
different.

The eigenvalues of £ are denoted by 0 = A g < A\; < Ay < ... < A\,—1. If G is connected,
we have 0 < ;. Various properties of the \;’s can be found in [3] .

For a graph G, we consider the heat kernel Hy, which is defined for ¢t > 0 as follows:

Ht — Z e—)\it_Pi
7

i

t2
= I—tL4 5L (1)

where P; denotes the projection into the eigenspace associated with eigenvalue );. In
particular,

Hy=1.
and H; satisfies the heat equation
O0H,;
— =—LH
ot !

Here we state some useful facts about the heat kernel.

Fact 1: For any two vertices x and y, we have
Ht(‘r7 y) Z 0

Fact 2: For any two vertices x and y, we have

Hy(x,y) = Z e g ()5 (y)
J

where ¢, denotes the eigenfunction corresponding the the eigenvalue Ag of the Laplacian £
and ¢’s are orthonormal.

We omit the proofs for both facts since it can be found in [6]. Fact 2 looks hard but
it can be easily proved using the definitions while Fact 1 looks easy but its proof is quite
involved.

We remark that we can consider induced subgraphs of a graph and heat kernels with the
Dirichlet boundary condition or Neumann boundary conditions [5] . However, for simplicity
of exposition, we will deal with graphs with no boundaries in this paper.



2 The trace formula

For a graph G with heat kernel H; and eigenvalues \;, the simplest version of the trace
formula is:

Tr (Hy) =Y Hy(z,z) = Z e At (2)

In general, the heat kernel is not easy to determine. However, the trace can be computed
in polynomial time (of the same order of complexity as matrix multiplication). We remark
that a good part of spectral geometry is in estimating the heat kernel from which we
can extract various invariants of the Riemannian manifold. In a way, the trace formula
captures the essential part of the heat kernel and it can often serve the same purpose. The
combinatorial trace formula provides an effective tool to capture the major invariants and
properties of a graph just as the Selberg’s trace formula does for algebraic structures and
geometric surfaces.

If the graph is vertex transitive, (i. e. for any two verticies u and v, there is an edge-
preserving automorphism mapping v to v.) then for all v, Hy(x,z) has the same value and
thus is easier to evaluate.

Perhaps the simplest vertex-transitive graph is an n-cycle. As it turns out, the heat
kernel for an n-cycle can be deduced from the heat kernel of an infinite path. In fact, the
heat kernel H(z,z) of an infinite paths is fundamental in the sense that it can be used
to determine the heat kernels of numerous graphs such as n-cycles, n-paths P,, higher
dimensional lattice graphs and some of their induced subgraphs. The importance of the
heat kernel of an infinite path is perhaps due to the fact that it is the discrete analog of a
line which the higher dimensional Riemannian manifolds are based upon.

We will first derive the heat kernel for an infinite path. Based on it, we will derive trace
formula for cycles, paths, lattice graphs and “quotient” graphs which we will describe in
Section 6.

Before we proceed, we state a simple but useful combinatorial observation.

Lemma 1 In a k-regular graph G, suppose Wy = (vg,--- ,vs) is a walk of length s from
vertex vg, through vertices vj to vs such that v; = vjy1 or {vj,vj41} is an edge. Then the
heat kernel Hy(x,y) of G satisfies

tS

-1
g —

Hy(w,y) = > 53 _(5)"pls:7))

where p(s,r) denotes the number of walks of length s from © = vy to y = vs containing
exactly r edges.



Proof: This follows from the fact that
2
H:I—t£+5£2+~-

and L£%(x,y) is exactly the sum of weights over all walks of length s from z to y where the
weight of a path of length s containing exactly r edges is just

TT 6.0 = (S

=0

3 The heat kernel for the one-dimensional lattice graphs

First we consider the one-dimensional case. The heat kernel for an infinite path can be
viewed as taking the limit of an n-cycle, C,,. We use the notation that vertices are labeled
by integers and x is adjacent to x + 1 and x — 1.

Theorem 1 In an infinite path, the heat kernel satisfies:

2k
H(z,z) = Z %(;)k (3)

k>0

Proof: We use Lemma 1 and also we use the fact that £ =1 —Y/2 — Y ~1/2 where Y is
the cyclic operator Y (z) = 2 + 1. The coefficient of ¥ in the expansion of Hy(x,z) in (1)
is exactly 1/k! multiplied by the coefficient of Y in (I —Y/2 — Y ~1/2)*. By collecting the
coefficients term by term, Theorem 1 is proved.

From Theorem 1, we can see that H;(z, x) is exactly a confluent hypergeometric series
1F1(1/2;1; —2t) and is closely related to the modified Bessel functions I, (z). That is

Hy(z,2) = F(1/2;1; -2t) = e " Iy(—t) (4)

It is known that the above confluent hypergeometric series and the modified Bessel function
do not have a closed form formula. The usual asymptotical expansions for I, or for the
confluent hypergeometric series (e.g. [5]) do not seem to have the following useful forms as
stated in the following two theorems:

Theorem 2 In an infinite path, the heat kernel satisfies:

H;(z,z

)—ﬂ/% o d
Yy
2
7T\/¥0 1 gt



Proof: For an n-cycle, the eigenvalues of the Laplacian are

2rk k
)\kzl—coslz2sin2ﬂ—
n n
for k=0,1,--- ,n — 1. Therefore we have
1n71
. —tA
B = Jim 23
k=0
- 1 1'& . —t(1—cos 27rk)
= Jm o2 e

1 /™ 5,2
— _/ e 2t sin T I
™Jo

2 [m/2 g2
— _/ e 2t sin T I
™ Jo

\/5 V2t 6_y2 d
V= —dy
t/ I

Wf 0 1— %

For t large and a fixed, we can use the asymptotic expansion of Iy(—t):

12.32.. (2m—1)
\/_ (1+m§>:1 20)7 )

Io(=t) ~
Therefore we have

Theorem 3 When t is sufficiently large, the heat kernel of an infinite path satisfies

1

Ht(xvx) = ot

(1+0(3))

7

Next, we consider the off-diagonal terms of the heat kernel of the infinite path, that is
Ht(xv y) .

Theorem 4 In an infinite path, the hear kernel satisfies, for any integer a > 0,

_ e leta)
Hy(r, 2+ 0) = Hy(o,0 — ) = (1) 3 00 (5

>a

Proof: The proof is quite similar to that of Theorem 1. We here focus on the coeffient of
Y®in £F = (I —Y/2 —Y~1/2)F for each k.

We note that (') = 0 for integers n > m. So the sum in the statement of Theorem 4
can be taken over all non-negative integers k. Using Theorem 1, we here state the relation
of Hy(x,z+a) to a confluent hypergeometric series and the modified Bessel functions I,,(z).



Theorem 5

Hi(z,r +a) = (t/2)"/a! 1F1(1/2 + a; 1+ 2a; —2t) = (=1)%e " I,(—t)

Again the above hypergeometric series in Thereom 4 has no closed formula. The integral
similar to that in Theorem 2 is somewhat complicated. However, the asymptotical estimates
for large t >> a® have a very simple and elegant form:

Theorem 6 The heat kernel of an infinite path satisfies

2 [3 :
Hi(z,z+a) = ;/2 e 25T o9 2qpda
0

Proof: We follow the proof of Theorem 2. In an n-cycle, the eigenfunction ¢y associated
with the eigenvalue A\ = 1 — cos % for k=0,1,--- ,n—11is ¢x(j) = exp(%)/\/ﬁ. We
have

1t 2mik
. _ wika
Hi(z,x+a) = lim —Ze ko™
n—oo n
k=0
]_ ™ _ ) .
— _/ e 2t sin x+21axdx
m™.Jo
2 (3 2
= —/ e 2SI T (o5 2qudr
m™.Jo

Theorem 7 For a fized a and t >> a?, we have

a2

Hy(r,z+a) = “(1+0(-%

V2rt Vi

)

Proof: Under the assumption that a is fixed and ¢t >> a2, we use the known estimates on
Bessel functions I,(z) and J,(z) [8]:

lo(=t) = (=1)"Ja(=id),

eu(tanh a—a)

1
— (1 + O0(——
V27 tanha( (\/Vtanha))

Jy(v sech o) =

We choose
asecha = —it,
va? +t?
tanhay = ———,
a
3mi Va2 +12 —q
B i



By substituting into Hy(z, z + a), we get

a2

e 2t a
Hi(z,xz+a) = %(1—1—0(%

Using Theorem 4 and 6, we deduce the heat kernel H,(zx,y, C),)for an n-cycle:

)

Theorem 8 In the n-cycle, the heat kernel satisfies

Ht(xayacn): Z Ht(xay—l_kn)

k=—o00

Proof: Using the observation in Lemma 1, we note that all walks from x to x in the cycle
C, can be identified with walks in the infinite paths from x to = + nk, for some k. The
sum of weights from walks from z to x + nk contribute to Hy(z,z + kn). As an immediate
consequence of Theorem 4 and 8, we have the following trace formula for an n-cycle:

Theorem 9

0o 00 n—

‘(k% )(_%)k 1 ot gin? Tk
2 : 2 : (_1)n] Jrnjkl _ 52 :6 2ts o
k=0 j=—o0 ’ k=0

4 The heat kernel for k—dimensional lattice graphs

We define the lattice graph Cflk) to be the cartesian product of k copies of an n-cycle. The
infinite lattice graph P*) is just by taking the limit of Cq(zk) as n approaches infinity. We
first consider the 2—dimensional cases. For P(?), each vertex is labelled by (z,y),z,y € Z.
(z,y) is adjacent to (z + 1,y),(x — 1,y), (z,y + 1) and (z,y — 1).

)

Theorem 10 In an infinite 2—dimensional lattice graph, the heat kernel H,£2 satisfies
(2) _ a+b B\ ( 27 \(2(k—23))(=t/4)"
H b)) = (-1 E E

= Ht/2(x7 T+ a)Ht/2(y7 Y+ b)

where Hy is the heat kernel for an infinite path.

Proof: The proof follows from the fact that

1 1 1 1
Y, — = Y, — =
4ty 2

L=1- Y1_1—4 1

\



where
Yl(‘ray) = (CC + 17?/)7 YQ(‘T?y) = (‘T7y+ 1)

Using the expansion of e~ and Theorem 1, we see that H,EQ)((CC, y), (x + a,y + b)) can be
factored into Hyo(w,z +a) and Hy/s(y,y + b).

Therefore we have

Theorem 11 For two vertices u and v in a 2—dimensional lattice graph, we have

2
_ =l

L(1+O(

tm

[ — o

Vit

H (u,0) = ))

where || - || denotes the Ly—norm.
Proof: By choosing v = (x,y) and v = (z + a,y + b), Theorem 11 is a consequence of
Theorem 10 and Theorem 5.

In a similar way, we have

Theorem 12 The heat kernel for P* satisfies, for a = (ay,... ,ay), a; € Z,

Ky(a) :K%(al)...K (ak) (5)

t
k

where Ki(a) = H,(fk) (x,z +a).

Similar to the proof of Theorem 11, we have

Theorem 13

o2
e llu — o

Hgk)(u,v) = W(l + O( 7

)

5 The trace formula for lattice graphs

Let L denote a subset of ZF and we write

(L) = {an:c::cGL,nx €7}

Let P¥/L denote the graph formed from P* by identifying vertices  and z + y in (L) for
any y. Furthermore, we define

L*={y e (R/Z)" : (z,y) € Z for all z € L}

We will prove the following;:



Theorem 14 (Discrete Poisson Formula)
2t

\Pk/L\ Z Ki(y) = Z exp —EZsm ;)

ye<L> zeL* j=1

where K(y) is equal to the heat kernel Hy(x,x +y) of an infinite path and v = (x1,... ,zk).
Proof: To prove the trace formula for the graph P¥/L, the heat kernel H(z,x) are all equal
and
T) = Z Ki(y)
ye(L)

where K is defined by the heat kernel of P*.

k

We need to show that the eigenvalues of P*/L is exactly % Z sin? nxjforx = (x1,... ,7)
j=1
in L*. This can be shown by considering the eigenfunction f, for x = (z1,... ,zx) in L*,

defined as follows:

fe(y) = e2™<"Y> for y = (y1,... ,yx) € PF y € Z

It is straightforward to check that

k
Lf.(y) = ik:z (2 —2cos 2mz;) fu(y)

Ezample 1: For k =1 and L = {n}, P/L is just an n—cycle and we get

i i ( nj (kj—]jl])(_% k —— Z —2¢ sin? %

k=0j=—o00

Ezample 2: For k =2 and L = {(3,5),(4,0)}, we have

2k’ ( )k+k’ 7t(sm2 ’”Jrsm & )W)
>y 3 Z eiar i) woes) TR 2022

k=0k'=0j=—00 j/'=— k=0k'=
Ezample 3: For k=3 and L = {(1,1,1)}, P3/L is the triangular lattice and we have

PS5 () () (2 )
ki+al\ko+b]\ks+c kilkolks!

a+b+c=0k1=0 ko=0 k3=0

_ l /ﬂ- /7T e—%(sin2 z+sin? y+sin2($+y))dxdy
0 0

™
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