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Abstract. We analyze a network coloring game which was first proposed by Michael Kearns and others
in their experimental study of dynamics and behavior in social networks. In each round of the game,
each player, as a node in a network G, uses a simple, greedy and selfish strategy by choosing randomly
one of the available colors that is different from all colors played by its neighbors in the previous round.
We show that the coloring game converges to its Nash equilibrium if the number of colors is at least
two more than the maximum degree. Examples are given for which convergence does not happen with
one fewer color. We also show that with probability at least 1 — d, the number of rounds required is

O(log(n/9)) .

1 Introduction

We perform a theoretical study of the following coloring game on networks. In the coloring game, there is
an associated network G, and each player is associated with a vertex in this network. Each player has a set
of available strategies or colors; the payoff of a player is 1 if he plays a color different from the color played
by any of his neighbors in GG, and 0 otherwise. The goal of each player is to maximize his payoff, and we are
interested in the behaviour and strategies of the players as a function of the network structure.

Our study is motivated by the fact that graph-coloring problems arise as natural formalizations of many
conflict-resolution problems in practice. An example due to [7], is a scenario where faculty members wish
to schedule classes in a limited number of classrooms, and must avoid conflicts with other faculty members.
This can be modelled as a coloring problem, where the faculty members represent vertices, classrooms
represent colors, and any two faculty members who have classes with overlapping times are connected by an
edge. However, in this scenario, typically there is no centralized agency which assigns classrooms to faculty
members, players coordinate among themselves to decide on a non-conflicting assignment, and it is also
unreasonable to lay down a distributed protocol and expect the players to abide by the rules of this protocol.
As a result, a game-theoretic formulation is an appropriate model for this scenario. A second example of a
scenario where a game-theoretic formulation is appropriate is when players are employees in an organization,
and colors are skills, and employees attempt to perfect skills that are different from the skills possessed by
other employees in their department.

An experimental study of various coloring games was initiated by [7], which reports on behavioral experi-
ments on human subjects who are incentivized to play the coloring game on specified networks. Comparisons
were made among several different types of networks of moderate sizees. In addition, examples were given
to illustrate the difficulties in analyzing the dynamics of large networks in which each node takes simple and
selfish steps. The paper [7] has attracted much attention and pointed to the need for theoretical analysis,
although there has not been any other prior work in this specific direction to the extent of our knowledge.

In this paper, we model the coloring game as a game played on a network over multiple rounds. We study
the dynamics of the game when the players play a very simple, greedy strategy. At each round, each player
picks a color uniformly at random from the set of colors unused by any of his neighbors in the previous
round, and plays this color. We note that this is the best response myopic strategy [1] for the coloring game.
We say that the coloring game converges, when the color played by each player is different from the color
played by any of its neighbors. This is a Nash equilibrium of the coloring game, because no player has an



incentive to change his strategy under this configuration. We are interested in the time taken by the players
to converge, when each player adopts the greedy strategy.

Our main result in this paper is that for a coloring game played on a network on n vertices with maximum
degree A, if the number of colors available to each vertex is A + 2 or more, and if each player plays the
greedy strategy, then the coloring game converges in O(logn) steps with high probability. Our result is also
accompanied by a lower bound, in which we show a graph and a starting assignment of colors, such that, if
the number of colors available to each vertex is A+ 1, and if each player plays the greedy strategy, then, the
coloring game does not converge. Our upper bound holds even in the presence of non-participating vertices,
which maintain the same color throughout the game. This indicates that if sufficient number of colors are
available, then, even in the game-theoretic scenario, even when the players play a simple greedy strategy,
convergence to the nash equilibrium is very rapid. In fact, this convergence bound is even comparable to
the convergence bound for distributed protocols for graph coloring, which require the nodes to follow a
distributed protocol and cooperate with each other (e.g., see, for example, the work of Luby[9]).

Related Work

The problem of graph coloring has a long history, and there is a lot of literature on centralized as well
as distributed algorithms for this problem. The network coloring game has been studied experimentally by
Kearns et. al.; however, to the best of our knowledge, this game has not been analyzed theoretically. On the
experimental side, a number of behavior experiments with human subjects were conducted on the coloring
game by Kearns, Suri, and Montford [7]. In their experiment, a group of human subjects were assigned to
vertices of a graph, and were asked to play the coloring game for some amount of time. Each subject has
access to the colors of their neighbors, and did not have any knowledge about the structure of the rest of the
graph. Three graphs were studied — a cycle, a cycle with chords, as well as a random preferential attachment
graph. In the experiment, the subjects found it more difficult to color the preferential attachment graph in
their allotted amount of time.

In general, finding the minimum number of colors required to color a graph, even in a centralized manner,
is NP-Hard [3], as well as hard to approximate [8]. Coloring a graph when the number of available colors is
more than its maximum degree can be easily done in linear time by a centralized algorithm; however, the
same problem becomes more challenging when the algorithm is required to be distributed.

There has also been a line of work on distributed graph-coloring. Luby [9] provides a distributed algorithm
which finds a coloring of a graph in O(logn) rounds, when the number of available colors is A + 1 or more.
Notice that here A is the maximum degree of any vertex in the graph. [2] also provide theoretical as well as
experimental results on a simple algorithm for coloring a graph in a distributed manner in O(logn) rounds
when the number of available colors is A + 1. Both Luby’s algorithm and the algorithm of [2] require each
node to communicate to its neighbors its status, which indicates whether this node has any conflicts with
its neighbors or not. In contrast, our scenario is purely game-theoretic : our algorithm does not require any
cooperation among the vertices, and will succeed even if some nodes do not participate in the game.

Another line of work which is relevant to ours is the literature on Markov Chains for randomly sampling
colorings of a graph. In this case, the goal is to bound the mixing time of a Markov Chain on colorings of a
graph G. Pioneering work in this field was done by Mark Jerrum [6], who showed a way to randomly sample
colorings of a graph G with maximum degree A in O(nlogn) time when the number of colors available is
at least 2A + 1. This was later improved by Vigoda [10], who could randomly sample colorings from graphs
of degree A, when % colors were available. Hayes and Vigoda [5] showed a better bound for triangle-
free graphs when the number of colors needed was min(A + O(1),O(logn)). Finally, it was shown in [4]
that colorings from planar graphs can be sampled in O(nlogn) time when the number of colors is at least
A/loglog A.

A Summary of Our Results

We consider the coloring game played on a graph . Before we state our results, we need to define the
following concepts.



The Coloring Game In the coloring game, each vertex in G represents a player. Each player has a set
of k available strategies or colors; the payoff of a player is 1 if he picks a color different from the colors
picked by his neighbors in G, and 0 otherwise. The game is played in rounds; each round, the players choose
their strategies simultaneously. It is assumed that the players only have a local view of G, which means that
they only know who their neighbors are, and the colors picked by their neighbors, and they do not have any
knowledge of the rest of the graph G.

Greedy Strategy In this paper, we study the dynamics of the coloring game when each player has a local
view and plays the greedy strategy. A player is said to play the greedy strategy if, in each round, he picks a
color uniformly at random from the set of colors unused by any of his neighbors in the previous round. We
note that this is the best response myopic strategy for the coloring game.

Convergence of the Coloring Game The coloring game is said to converge if, for every vertex v in G,
the color chosen by v is different from the color chosen by all its neighbors. We note that when the coloring
game has converged, none of the players have any incentive to change their strategy.

Participants in the Coloring Game We say that a vertex v in graph G is a participant in the coloring
game on G if v plays according to the greedy strategy, otherwise we say that v is a non-participant. An
instance of a coloring game on a graph GG which has non-participant nodes, is said to converge, if, for every
participant vertex v in G, the color chosen by v is different from the color chosen by all its neighbors.

The main result of this paper can be summarized by the following theorem.

Theorem 1. Let G be any graph on n vertices, and let A be the maximum degree of any vertex in G. If the
number of colors available to each vertex is at least A+ 2, and if each player plays the greedy strategy, then,
for any starting assignment of colors, the coloring game on G converges after at most O(log(%)) rounds with
probability at least 1 — 6.

In addition, we show that if there exists a set S of non-participant vertices, such that any vertex v € S
has a fixed color throughout the game, then, the convergence time of the game is still at most O(log(”%w))

round.

Corollary 1 Let G be any graph on n vertices, A be the maximum degree of any vertex in G, and S be a
set of non-participant vertices. If the vertices in S do not change their color throughout the game, and the
number of colors available to each vertex is at least A+ 2, and if each player plays the greedy strategy, then,
for any starting assignment of colors, the coloring game on G converges after at most O(log(n%m)) rounds
with probability at least 1 — 9.

We show that when the number of colors is A+ 1, there is a graph G and a starting assignment of colors
such that the greedy strategy does not converge.

Theorem 2. There exists a graph G and a starting assignment of colors C such that if the number of colors
is A+ 1, and if each player plays the greedy strategy, the coloring game on G never converges.

2 Several Lemmas

We use c:(u) to denote the color played by player u at round ¢, and N (u) to denote the set of neighbors of
u in G. We say that player u at round ¢ has a conflict if

Jv e N(u), ci(u) =c(v)

At any time ¢, we use number of conflicts to mean the number of vertices v which have a conflict. We observe
that if a vertex u has no conflict at time ¢, then c;y1(u) = ¢;(u). We use k to denote the number of colors
available and A to denote the maximum degree of the graph G over which the game is played.

We use the following lemma which is a minor variant of Markov’s inequality.



Lemma 1. Let X be a random variable such that 0 < X < M. Then, for any a,

M — E[X]
PriX <a] < ———.
l a < M —a
We observe that if a vertex v has no conflict at time ¢, then at round ¢ + 1, v does not change its color;
moreover, no neighbor of v picks color ¢;(v), and after round ¢ 4 1, v still has no conflict. Thus we have the
following lemma.

Lemma 2. If a vertex v has no conflict at time t, then it has no conflict at any subsequent time.

The main idea behind the proof of Theorem 1 is to show that if we consider any two successive rounds
of the coloring game, then, the conflict at each vertex is resolved with constant probability. We note that
considering the game over two successive rounds is essential; in a single round, it is possible that a player

1

has as little as (1 — H)A chance of getting its conflict resolved.

The main step in the proof of Theorem 1 is the following lemma.

Lemma 3. Consider an instance of the coloring game played on a graph G, with mazximum degree A, in
which each node has k color choices, where k > A + 2. If, after round t, some vertex v in G has a conflict,
then, there exists some constant ¢ such that

Pr[v has no conflict after roundt + 2] > ¢

Proof. For vertex v, Let M denote the neighbors of v which do not have a conflict after round ¢. We define

F= UuEM{Ct(u)}

and let f = |F|. Then, the number of choices available to v in rounds ¢ + 1 as well as ¢t + 2 is at most k — f.
However, since t is any arbitrary round, the number of colors available to v after round ¢ can possibly be
much less.

The proof of this lemma proceeds in two steps. First, we show in Lemma 4 that after round ¢ + 1, with
constant probability, the vertex v has at least k% color choices. Next, we show in Lemma 5 that, given

that v has % color choices after round ¢ + 1, with constant probability, v has no conflict after round ¢ + 2.

Combining these two facts, we get a proof of the lemma.
After round ¢, for any color i € [k], we define the random variable Y; as follows:

(1)

0 otherwise

v — {1 if cpy1(u) # i, for all u € N'(v)

Let Y = Zie[k] Y;; thus Y is the number of colors available to vertex v after round ¢ + 1.

For any v € N (v) \ M, we let x(u) be the set of colors available to vertex w after round ¢. Further,

let p, = Wlu)l For u € M, we define x(u) = {¢;(u)}, and p, = 1. Note that if u € N (v) \ M, p, is the

probability with which vertex u picks a fixed color available to it during round ¢+ 1. Also, as kK > A+ 2, each
vertex u € N (v) \ M has at least two color choices available, and therefore |x(u)| > 2. We are interested in

the probability that Y > kg—f. We show the following lemma.

Lemma 4.

k;f)>i

Pr(Y > >
25



Proof. From the definition of Y;, we can write that:
Prvi=1)= [ = (-pu)
{ueN (v)liex(u)}
The expectation of Y can therefore be estimated as:

E(Y)=) I1 (1—pu)

i€[k] {ueN (v)iex(w)}

> Z H (1—pu)

i€[k]\F {ueN (v)\M|iex(u)}

The second step follows by the definition of F' and M. As, for each u € N'(v) \ M, |x(u)| > 2, we can use
the inequality 1 — x > e~3% for 0 <z< % to write:

E(Y) > Z e~ % ZiueN(w\Miiex(u)} Pu
i€[k]\F
Using the convexity of the exponential function,

1

E[Y] > (k _ f)efgﬁ Zie[k]\F Z{ug}\/(u)\zvmex(u)}pu

Observe that

> > Pu< Y pux(u)

i€[K]\F {ueN (v)\M|iex(u)} ueN (v)\ M

and therefore, we can write that:

k—
> (k= etz
The final step follows from the fact that [{u € N(v) \ M}| < k — f — 2. To complete the lemma, we now
use Lemma 1, which is a variant of Markov’s inequality. (|

Now we analyze the dynamics in round ¢ + 2 given that ¥ > %.

For any color i € [k], we define variables Y; as follows:

5 1 if cppo(u) # i for all uw € N(v)
Yi= {O otherwise (2)

Let Y = Zie[k] Y;. We are interested in the probability of the event that Y > ’ng

Lemma 5.
k— L S

7e9 6 7 T 42e°

Proof. We define M to be the set of vertices in A (v) which have no conflicts after round ¢ + 1, and F as
the set U, oy {ci+1(u)}. Note, by Lemma 2, that M D M and |F| > |F|. Further, we let f = |F|. Also we
define H = [k] \ Uyenr(v){ct+1(u)}. Thus H is the number of colors available to v in round ¢ + 2. Obviously,
|H| < k — f; given that Y > 520 || > 2L > h2f

For any u € N'(v) \ M, we define Y(u) as the set of colors available to vertex u after round ¢ + 1, and p,
< Tespectively. For u € M, we define x(u) = {ct41(u)} and p, = 1. We can write:

Pr(Y > / v >

as




Pr(¥; = 1) = (1- )
{ueN (v)|iex(u)}

Similar to the proof of Lemma 4, we can write:

f/]: Z H (1—Pu)

i€lk] {ueN (v)liex(u)}

ZZ H (1_ﬁu)

i€H {ye N (v)\Mick(u)}

As, for each u € N'(v) \ M, |x(u)| > 2, we can write:

3 B .
E(Y) > § e 2 L (ueN (w\Niex(u)} Pu
ieH

Using the convexity of the exponential function,

6 ~ .
-7 Yien Z{u,eN(u)\z\4\z‘e>z(u)} Pu

(k= fe

_3
2

E[Y] >

| =

Observe that

> > Pu< Y, BuX(u)

i€H {yeN (v)\M|iex(u)} weN (v)\M

and therefore, we can write that:

BI7] > (k- e} 77 Buvionm oo
1 = k—f
> (k- fle? >
- 6 (k f)e —_ 669
The lemma now follows by an application of Lemma 1. O

Now, given that the event ¥ > —f occurs, there is a set C of 2= colors, such that the conflict of v is

7 9 7 9 v
resolved if it picks a color from C in round ¢ + 2. Since v picks one out of at most k — f colors, given the

event Y > ’“7 4, v has no conflict after round t + 2 with probability at least 42 55 Combining this with the
probability of occurrence of the event Y > k f , Lemma 3 follows for ¢ = 1051069. O

3 Proofs of the main theorems

First we prove Theorem 1.
Proof. (Of Theorem 1) For a vertex v, and a time ¢, we define random variables X, (t) as follows:

1 if vertex v has a conflict after round ¢
0 otherwise

x.(0 = {
From Lemma 3, for any vertex v, for some constant c,

Pr(X,(t+2)=1X,(t)=1)<1—c¢ (4)



Using Lemma 2, for any 7,

T

Pr(X,,(2r) = 11X,(0) = 1) = Pr((") X,(20) = 11X,(0) = 1)

1=1
T i—1
= [ Pr(x,(20) = 1] ) Xu(24) = 1)
i=1 j=1
S 1 _ C)T S e CcT
Plugging in 7 = %log(%), we get, for any vertex v € G,
)
Pr(X,(27) = 0[X,(0) = ) > 1 - = (5)
The theorem follows by applying an union bound over all vertices in G. ]

Proof. (Of Corollary 1) All steps and lemmas in the proof of Theorem 1 remain valid except that we use
n — |S] in place of n. O

It remains to prove Theorem 2.

Proof. (Of Theorem 2) Let G be a cycle of length 5, and let V = {vy,...,v5}. Let k = 3, and suppose the
initial configuration is (c(v1), c(va), c(vs), c(va), c(vs)) = (1,0,2,2,0). Then, only vz and vs4 have conflicts. If
vy and vy follow the dynamics, then, in the next round, ¢(vs) = ¢(vs) = 1. This again causes them both to
have conflicts, so in the following round, ¢(vs) = ¢(vs) = 2, and we have a cycle in the dynamics. ]
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