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Abstract

For an induced subgraph S of a graph, we show that its Neumann eigenvalue g
can be lower-bounded by using the heat kernel Hy(x,y) of the subgraph. Namely,

)\S Z l 1Df Ht(xuy)\/a

2t zGSyES A /dy

where d, denotes the degree of the vertex x. In particular, we derive lower bounds
of eigenvalues for convex subgraphs which consist of lattice points in an d-dimensional
Riemannian manifolds M with convex boundary. The techniques involve both the (dis-
crete) heat kernels of graphs and improved estimates of the (continuous) heat kernels
of Riemannian manifolds. We prove eigenvalue lower bounds for convex subgraphs of
the form ce?/(dD(M))? where € denotes the distance between two closest lattice points,
D(M) denotes the diameter of the manifold M and ¢ is a constant (independent of the
dimension d and the number of vertices in .S, but depending on the how “dense” the
lattice points are). This eigenvalue bound is useful for bounding the rates of conver-
gence for various random walk problems. Since many enumeration problems can be
approximated by considering random walks in convex subgraphs of some appropriate
host graph, the eigenvalue inequalities here have many applications.

1 Introduction

We consider the Laplacian and eigenvalues of graphs and induced subgraphs. Although an
induced subgraph can also be viewed as a graph in its own right, it is natural to consider
an induced subgraph S as having a boundary (formed by edges joining vertices in S and
vertices not in S but in the “ host ” graph). The host graph then can be regarded as a
special case of a subgraph with no boundary.

This paper consists of three parts. In the first part (Section 2-5), we give definitions and
describe basic properties for the Laplacian of graphs. We introduce the Neumann eigenval-
ues for induced subgraphs and the heat kernel for graphs and induced subgraphs. Then we
establish the following lower bound for the Neumann eigenvalues of induced subgraphs.
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where the detailed definitions for the eigenvalue Ag, the heat kernel H; and the degree d,
will be given later.

In the second part (Section 6-9) of the paper, we focus upon convex subgraphs. Roughly
speaking, a convex subgraph has vertex set consisting of lattice points in a Riemannian
manifold with a convex boundary. Our plan is to use the (continuous ) heat kernel of the
convex manifold to lower-bound the (discrete) heat kernel of the induced subgraphs. To
this end, we will derive an improved estimate for heat kernels of Riemannian manifold with
convex boundary. Although this result is heavily motivated by the discrete problems, it
is of independent interest as well. As we shall see, the discrete problems often contain
additional variables, such as the number of vertices. The (continuous) heat kernel estimates
in the literature usually involve constants depending (exponentially) in the dimension of the
manifold. The dimension of the manifold are intimated related to the number of vertices.
Consequently, such lower bounds are often too weak and too small for applications in discrete
problems. In Section 9, we derive estimates with constants independent of the dimension
using and strengthening a theorem of Li and Yau [9] for lower bounds of the heat kernel
of a convex manifold. Under some mild conditions (e. g. the lattice points are “dense
enough”), we can use the results in the continuous case to obtain eigenvalue bounds for

convex subgraphs:
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where € denotes the distance of two closest lattice points, d is the dimension of the manifold
M that S is embedded into, D(M) denotes the diameter of M and ¢ denotes an absolute
constant (see Section 9 for details). Usually, the maximum degree k of the convex sub-
graph is about d. The diameter D(S) of the convex subgraph S is between D(M)/e and
VdD(M)/e. So, we have a lower bound for Ag of the form ¢/(kD(S))? for a general graph
and of the form ¢/kD(S)? for some graphs.

As >

In the third part of the paper (Section 10), we discuss the relationship of Neumann
eigenvalues to random walk problems. In particular, we introduce the Neumann random
walk in an induced subgraph of a graph. We also generalize all the results to weighted
graphs with loops. The eigenvalue lower bound then can be used to derive upper bounds
for the rate of convergence for these random walks.

In the last section, we briefly discuss the applications of random walk problems to
efficient approximation algorithms. In particular, we discuss the classical problems of ap-
proximating the volume of a convex body and also the problem of sampling matrices with
non-negative integral entries having given row and column sums. We will use our eigen-
value inequalities to derive polynomial time upper bounds for the sampling problem which



can then be used to derive efficient approximation algorithms for the enumeration problem.
Since many sampling and enumeration problems often involve families of combinatorial
objects which can be regarded as vertices of convex subgraphs of some appropriate host
graphs, the eigenvalue bounds and the methods we describe here can be useful for many
problems of this type. There are many recent developments [8, 11, 12] in approximating
difficult counting problems by using the methods of random walks. The heat kernels and
eigenvalue bounds in this paper offers a direct approach for bounding the eigenvalues. A
number of applications in this direction will be discussed in [5].

We remark that in this pape we mainly consider Neumann eigenvalues because of the
relationship with random walks. Results on Dirichlet eigenvalues will be described in a
separate paper with different applications.

2 Preliminaries

We consider a graph G = (V, E) with vertex set V' = V(G) and edge set E = E(G). Let
d, denote the degree of v. Here we assume G contains no loops or multiple edges (the
generalizations to weighted graphs with loops will be discussed in Section 6). We define the
matrix L with rows and columns indexed by vertices of G as follows.

dy ifu=w,
L(u,v) =¢ =1 if u and v are adjacent,
0 otherwise.

Let T denote the diagonal matrix with the (v,v)-entry having value d,. The Laplacian £
of G is defined to be
L=T"12L71/2,

In other words, we have

1 if u=wv,
1
L(u,v) = — if u and v are adjacent,
’ dyd,
0 otherwise.

The eigenvalues of £ are denoted by 0 = A\g < A\ < --- < A\y—1. When G is k-regular (i.e.,
d, = k for all v), it is easy to see that

1
=I--A
£ k

where A is the adjacency matrix of G.



Let g denote a function which assigns to each vertex v of G some complex value g(v).
Then

(9, Lg) (9,T~Y2LT~1/2g)
(9,90 (9, 9)

<Tl/2f7 T1/2f>

> (F(w) — £(0))
- e ey

S duf(v)?

where f satisfies g = T/2f and the inner product is just (fi, f2) = 32, f1(z) fa(z).

Let 1 denote the constant function which assumes the value 1 on each vertex. Then
T'/21 is an eigenfunction of £ with eigenvalue 0. Also,

> (f(u) = f(v))?
GRS )

Z(f(u) — f(v))?
Zd

9(w) _ 9(v) 2
. ;f«au Vi,

glTi21 Y g(v)?
v

Various facts about the \; can be found in [6]. In particular, an eigenfunction g having the
eigenvalue A satisfies, for all v € V(G),

1 g(w) _g(u)

£g(v) = \/E - (M_\/@):)‘g(v)

u~v

= 1nf sup

3 The Neumann eigenvalues of a subgraph of a graph

Let S denote a subset of the vertex set V(G) of G. The induced subgraph on S has vertex
set S and edges {u,v} of E(G) with u,v € S. We will often denote the induced subgraph
on S also by S. There are two types of boundaries of S. The edge boundary, denoted by
08, consists of edges with one endpoint in S and the other endpoint not in S. The (vertex)
boundary of S, denoted by 65, is defined by 65 = {v € V(G) : v ¢ S and {u,v} € E(G) for



some u € V(G)}. Let S’ denote the union of edges in S and edges in 9S. For a vertex z in
0S5, we let d/, denote the number of neighbors of z in S. We define the Neumann eigenvalue
of an induced subgraph S as follows:

Y (fl@) - )
As = inf tey}es’

f Z f2(x)d:c

D ves F(@)da=0 zes

>, (fl@) = fw)?

= inf sup {opies
Foe Y (fla) =)y

€S

In general, we define the i-th Neumann eigenvalue Ag; to be

> (fl2) = f)?

As,i =inf sup tryes —
P ped S (@) — f@)Pd,

€S

where (), is the subspace spanned by functions ¢; achieving Ag ;, for 0 < j < k. Clearly,
As,0 = 0. We use the notation that Ag1 = Ag.

From the discrete point of view, it is often useful to express the Ag; as eigenvalues of a
matrix Lg. To achieve this, we first derive the following facts:

Lemma 1 Let f denote a function f: SUJS — R satisfying (4) with eigenvalue X\. Then
f satisfies:

(a) forz e S,
Lf(z)= Y (f(&) = f(y)) = Af(2)da,

y
{zy}es’

(b) for x € 48,
Lf(z)=0

This is the so-called Neumann condition that x € 05 satisfies
Y. (fl@)~fly)=0
{gc,yz]{eas

or, equivalently,



(¢c) for any function h: SUMS — R, we have

Y h@Lf(x)= Y (h(x)—h()) (f(z) = fy)

zeS {z.y}es’

We remark that the proofs of (a) and (b) follow by variational principles (cf. [6]) and
(c) is a consequence of (b).

Using Lemma 1 and equation (4), we can rewrite (4) as follows by considering the
operator acting on the space of functions {f : S — R}, or the space of functions {f :
SUS — R and f satisfies the Neumann condition}.

> fla)Lf(x)
Asg = inf res (5)

! 2(2)d,
hs SO

> 9(x)Ly(z)

gl Y g(a)?
z€eS

glTt/21 <9, 9>S

where L is the Laplacian for the host graph G and (f1, f2)s = Z fi(z) fa(x).
€S
For X C V, we let Lx denote the submatix of L restricted to columns and rows indexed
by vertices in X. We define the following matrix N with rows indexed by vertices in SUJS
and columns indexed by vertices in S.

0 ifreSandz#y,
= 1
N(z,y) g fredsyesands~y,
0 otherwise.

Further, we define an |S| x |S| matrix
L =T YV2N*Lg sgNT /2
where N* denotes the transpose of N.

It is easy to see from equation (5) that the \g; are exactly the eigenvalues of Lg.



4 The heat kernel of a subgraph

Suppose for a graph G and an induced subgraph .S of n vertices of GG, we write the Laplacian
of S in the form:

n—1
L=Ls= Z AiP;
=0

where P, is the projection of £ to the i-th Neumann eigenfunction ; of the induced subgraph
S. The heat kernel Hy of S | for t > 0, is defined to be the following n x n matrix:

Ht — Z e_)\it})i
7
— e—tﬁ

t2
= I—t£+§£2—...

In particular, Hy = I. In the special case that S is taken to be the vertex set of G, H;
is the heat kernel of the host graph G.

For a function f: SUJS — R, we consider

Flt,z) = Y Hlz.y)f(y) (6)

yeSUsS

= (Hif)(2). (7)
Here are some useful facts about F' and H;.

Lemma 2

(i) F(0,2) = f(x)
(ii) Forx € SUGS,

S Hiwy)h/dy = Vi,

yeSUSS

(ili) F satisfies the heat equation

oF
i —LF



(iv) For any vertex x in 0.5,

=

LF(tx) = 3 ( ) Flty),
Yy

Y
{z,y}

=

(v) For any function G : R x V — R, we have

G(t,z) Gy, Ftz) Fty)
{:c,yZ}ES’( Vi V4 )

NP~ ):%G(t,:n)ﬁF(t,x)

Proof: (i) is obvious and (ii) follows by considering the function T/21 as the function f
in (6):

> Hiwyhfd, = (HTY1)(@)

= T1/21(x)
_ v
To see (iii) we have
OF 0
W = &Htf
— 9 —tL
= ae f
= —LF

The proof of (iv) follows from the fact that all eigenfunctions ¢; with corresponding F;
in (6) satisfy (iv).

To prove (v), we have

S G(tx)LF(tx) = Y F(t,a)T Y*LT7V2F(t,x)

zeSs zeS

B G(t,x) B
x| xS A

B G(t,x) F(t,x) B F(t,y)
T vk | 2 S

by using (iv).



Lemma 3 For all x,y € SUJS, we have Hy(x,y) > 0.

Proof: For a fixed y, we define H(t,z) = Hy(x,y). Let x denote the characteristic function

1 if H(t,z) <0,
0 otherwise.

X(H(t,r)) = {
We consider

d
E Z H2(t,33‘)X(H(t,l‘))
xeSUsS
B d N
= 2 Z H(t,l‘)aH(t,!E)—F Z H(t7x)aX(H(tv$))
xeSUsS xeSUSS
= I+1I

We deal with I and II separately.

d
r= Y il
H(t,x)dtH(t,:E)
z€SUSS

= - Z H(t,z)LH(t,x)
z€eSUIS
H(t,z) H(t,y)

S D L
{z,y}es’ \/—x \/_y
0

IN

since LH(t,x) = 0 for x € 5. Also, we have

d
II = 2 —
> Htr) ()
xeSULS
= 0
since 4y (H(t,z)) =0 if H(t,z) # 0.

Therefore we have

> H(ta)x(H(t,z) < > H*0,2)x(H(0,z)) =0
z€SUSS zE€SUS(S)

This implies x(H¢(z,y)) = 0 and Lemma 3 is proved.



5 An eigenvalue inequality

In this section, we will prove the following inequality involving the eigenvalue Ag of an
induced subgraph S with a heat kernel Hy(z,y).

/\Szizinfm
2txeSy€S \/a;

To do so, we consider a given function f: SUJS — R, and we define

H=3" Ht<x,y>\/dmdy<%3 - Fﬁ;l—j)f. ®)

yes

where F(t,x) = H; f(z). By using Lemma 2 (ii), we have

=" Hy(z,y)\/do/dy f*(y) — F*(t,z) (9)

yes

By summing over x in S, we obtain

Sglat) =3 Hy(w,y)y/do/dy f2(y) = Y F2(t, )

zeS reSyeSs zeS

Using Lemma 2 (i),(ii), (iv) and (v), we get

dogltx) = Y fAy) - FA(tz)

zeS yeS zesS

= _/t%-ZF2(s,x)ds
= —Z/ZFSJJ , ) ds

z€S
= /ZFS:EEst)d
z€S
— 9 ! Z ( (s,x)_Fs,y) ds (10)

0 ages Vo \/—y

We claim that for any ¢ > 0, we have
F(t,.%') F(t7y) 2

| @) fW)
Fact 1: {m/z}es,( L NGD ) _{x7§es/(\/£ \/@)

10



To see this, we consider

F(t,x)

d
=7 2 VT

x€eSUSS

d
=2 > EF(t,x)EF(t,w)
xeSULS

IN
o

Therefore

>

{z,y}es’

= Z (

{zy}es’

>
{z,y}es’ \/_m \/_y

Thus, Fact 1 is proved.

F(07$) - F(Ovy))2

V. /4y

f(:L')_M)2
Vi a4,

Substituting the inequality of Fact 1 into (10), we obtain

F(s,x)

_ F(s,y)

Yotta) =2 ¥

)2ds

Vdy

fx) ()
<oy (WS,
{z,y}es’ \/@ \/@

In the other direction, we consider the lower bound:

Zg(t7x) =

z€S zeSyes

Z Z Ht(way) \ dxdy(% - \/@ )2

AV

8

o[

N
e}

wnHh

=
—
“2%

N
S—
ﬁ‘
< 8
N—————

<
20
=5
DS
|
g
7
8 8
N—
S—
[\V)
QL
<

Y
N
Q e <
ms m
nrHh

Ht(wa y)@)
vy

11

(12)



Combining (11) and (12), we have

f@)  fy)» o Hy(z,y)Vdy
N T

up =
c f(y) 2t
y;g( \/d—y - C)2dy

For the definition in (3), the left-hand side of the above inequality is exactly Ag. There-
fore we have proved the following:

Theorem 1 The Neumann eigenvalue Ag for an induced subgraph S satisfies

v Ly Bl
2t :(:ESyES \/d_y

6 Bounding eigeinvalues using the heat kernels

In this section, we will discuss various techniques of using the eigenvalue inequality in
Theorem 1. To lower bound Ag, one approach is to find some other function to serve as
a lower bound for H;. We will describe several sufficient conditions for establishing lower
bounds for H;.

Let k denote a function
k:RxV xV —=R

For convenience, we will sometimes suppress the variable y and write
k(t,z) = k(t,x,y)

for a fixed y. Suppose k satisfies the following three conditions (A), (B) and (C), for a fixed
e>0andt>0.

(A) %k‘(t,:n) < —Lk(t,z) + ek(t, )
(B) k(¢'yz,2) =1 and k(€/,z,y) =0 for z,y € S and = # y.

(C) For all z € 65, /
3 (k\(jf) B k(t;f/)) <0

12



Theorem 2 Suppose S is an induced subgraph with the heat kernel Hy. If k satisfies (A),(B)
and (C) for fized € and for all t > 0, then for x,y € S, we have

Ht($7y) 2 k(t7$7y) e_Et

Proof: Suppose we define R
h(t7 z, y) = EEth(x7 y)

Then we have

0

Eﬁ = ¢h—Lh (13)
Using (B), we find:
t a .
/0 s Zezsh(t —s,x,2)k(s,z,y)ds
= Y [h(0,2,2) - k(t, z,y) — h(t, 2, 2) - k(0, z,y)]

= k(t7x>y) _?l(txay)
Therefore, for fixed z and y in .S, we have

~

_h(t7$7y) + k(t7x7y)

es
t a R =N 8
é [) ZS’(&h(t - S,ZE,Z) ' k(st)y) + h(t - S,ZE,Z) : &k’(s,z,y)]ds
S

[by (13)]

Z EziAz(t —s,x,2) k(s,z,y) — Z h(t—s,x,z) - LEk(s,z,y)| ds

z€S zeS

[by (A)]
Since the Neumann condition implies

L,(t—s,z,2)=0

13



for z € 05, the above sum is equal to

/ [ Z Eh s,x,z)-k(s,z,y)—Zﬁ(t—s,x,z)'ﬁzk(s,z,y) ds

zeSUSS zeS

~ ~

_ /t[ Z (h(t—s,x,z) _ h(t—s,x,zl)) . (k‘(s,z,y) - k‘(S,Z’,y))
0 (22)es’ Vi d Vd, dyr

— Zh —s,x,2) Lk(s,z,y)]ds

zeS

—8,1,2) k(s,zy) k(s,2,y)
/ Z Z - )ds
2€688 z'eS \/@ dz
{2,2'}eS’

<0

where the last inequality follows from the fact that & > 0 and the last term
Z k(872’7y) . k(S z y)
ZIES \/@ dZ/

{z,2'}eSs’

s < 0 by using condition (C). Therefore we have

h(t,z,y) > k(t,z,y)
as desired. The proof of Theorem 2 is complete.

We now consider a modified version of (B). For some € > 0,

(B k(¢,x,z) =1 and k(¢,z,y) < €’ \/dpd, for x,y € S and = # y.

Theorem 3 Suppose S is an induced subgraph with the heat kernel Hy. If k satisfies
(A),(B’) and (C) for fized €,€', €’ and for all t > €, then for x,y € S, we have

Hy_o(z,y) + "\/dody > k(t, z,y) e

Proof: We follow the proof of Theorem 2. By (B’), we have:

t 9 .
, Bs Z h(t — s,x,2)k(s, z,y)ds
€ z€8
= Z[E(O,a;, 2) - k(t, z,y) — h(t — €,2,2) - k(¢ 2,y)]
zesS
> k(t,z,y) — h(t —€,z,y) —e”Zh — €z, 2)\/dyd,
> k(t,z,y) —h(t—€,z,y) — ¢ "\ oy €€ e(t=¢)

14



by using the fact that Z Hy(z,y)\/dy = Vd,. Therefore, for fixed = and y in S, we have
y
_/ﬁ(t - 6/7 x, y) + k(t, x, y) — 6//\/m€6(t_el)

t ~
< /6/ % Zezzqh(t —s,x,2)k(s, z,y)ds

~

t —~
< /6/ ;(%h(t —s,x,2) - k(s,z,y) + h(t —s,z,z) - %k‘(s,z,y)]ds

¢ N .
< / Z[ﬁzh(t - S,x,Z) ' k(S,Z,y) - Eh(t - S,Z’,Z)k(S,Z,y)

€ zeS

+h(t— s, z)%k(s, z,y)|ds [by (13)]

t - -
< / [ Z Loh(t—s,x,2) k(s,z,y) — Z h(t — s,x,2) - L k(s,2z,y)| ds

z€SUSS z€eS
[by (A)]

~

[t h(t—s,z,2) ht—saz2). kis,z,y) k(s,2,y)
- /e’ [{z z’Z}ES’( \/E dr ) . ( \/d—z dr )

~

- Z h(t —s,z,2) - L k(s,z,y)|ds

z€eS

t ﬁ(t—s,x,z) k‘(s,z,y) k:(s7zlyy)

= — 2 — ds

/e’ zgs v, ( % V. . )
{2,2'}eSs’

<0
Therefore we have

Ht—e’(gja y) + 6” d:vdy > k(t7 z, y)e—et

Next, we consider the following variation of condition (A):

(A) %k(t,x) < —Lk(t,z) + ;—gk(t,x) for ¢ satisfying tg >t > €.

Theorem 4 Suppose S is an induced subgraph with the heat kernel Hy. If k satisfies
(A),(B’) and (C) for fized to, €, € €’ and for all to > t > €. Then for z,y € S, we

15



have
Hto_gl(x,y) 1+ d:cdy > (1 . e”)k(to,x,y) 6—360/6

Proof: We consider the following function
h(t,z,y) = 30/ (02 =0 f (4 4))

Then we have

0 - 3¢ - -
—h = ———h—Lh
ot (to + 2¢’ — t)2

(14)

The following calculation is similar but slightly different to that in the proof of Theorem

3. For t satisfying to > t > €, we have
_l_l(to — El’x’y) + k‘(to,:l?,y) e /—dmdyd2€()/5/

/tanh —s,x,2)k(s,z,y)ds

z€eS

: _ —
é \/6"0 ;(%h(to - 87$’ Z) : k:(sy Z7 y) + h(to B S, x’ Z) ‘ %k(s’ Z, y)]ds

to 3€o -
/ Z S,LL',Z) -k‘(s,z,y) _7h(t0_37$¢z)k(svzay)
¢ z€S (26/ + 8)2

+B(t0 -85, Z)%k:('s’ Zs y)]ds

to €0+
< [ SlLaRlto — 5.w.2) - ks, 229) — it — 5, 2)k(5,229)

z€eS

+h(ty — s, z)ask:(s,z,y)]ds

2€SU0S z€8

t _ _
S/O [ Z ﬁzh(to—s,x,z)-k‘(s,z,y)—Zh(to—s,x,z)-ﬁzk(s,z,y) ds

-y (h(to_s’x’z)_h(to—s%z')).(k(i’/;—’y)_k(s’j’,y))

!

€ {Z,Z’}ES/ \/@ dz’

- Zh —s,x,2) - Lk(s,z,y)]|ds

z€eS

16



—s,x,2) k(s,z,y) k(s,2,y)

- [ p Hepnd 5 Hetn) Hesi,
€ zes8 2'es - dz
{z,2'}eS’

<0

Therefore we have
Hto—e’(x, y) + 6” dwdy 2 kj(t’ IE, y)e—350/5/
and Theorem 4 is proved.

We consider another variation of condition (C):

, k(t,z) k(t,2')|  ek(t,z)Vde
(@) Z N vl E R
{z,z'}es’

forx € S.

Theorem 5 Suppose k satisfies (A’), (B’) and (C’) for fized to,€o,€',€” and all t satisfying
to >t >¢€. Then, we have

2deq e /el
Hyy—o(2,y) + €\ /dody > (1 — \/t_) |tolrn;|n<6 k(s,z,y)e 30/
provided for some ¢ > 1, ey /'ty < 1/4 and fortg >t > ¢,
c/
Z k -5, Z (S7Z7y) S ?k‘(t,x,y) (15)

z€08

forx,yes.

Proof: Suppose the contrary. Following the proof of Theorem 4, we have

h(to — €, 2,y) — k(t,z,y) + €'\/dad, >0/ |
to h(tg — s, x h(to — s, @, 2) k(s,2,y) k(s 2,y)
< _ d
< [y s <le = = s

z€468

IA
[a))
i\
\
o
D‘
O
|
k)
8
K
??‘
=
»
™
oY
QL

We consider

X = sup

17



We have, by using (15)
\h(t — €, z,y) — k(t,z,y) + e”\/dmdye?’ﬁo/ew

to
< 6l/ Z ’h S,x,Z)—k(t0—37$72)‘+k(t0—8,$,2>]k(8,2,y)d8
zEJS

to
< / > ac ~ (X + Dk(to, 7,y)ds

€6S

9 X 4+ Dk(to, 2,)

\/_

Therefore we have

<

2c /
) min k(s, x,y)e 30/

B \/t_) [to—s| <€’

Hyy—o(z,y) + €’\/dydy > (1

and Theorem 5 is proved.

7 Convex subgraphs embedded in a manifold

In previous sections, we considered general graphs. In the remainder of this paper, we
will restrict ourselves to special subgraphs of homogeneous graphs that are embedded in
Riemannian manifolds. Such a restriction will allow us to derive eigenvalue bounds for
graphs using known results for eigenvalues of Riemannian manifolds. The restricted classes
of graphs still include many families of graphs which arise in various applications in enu-
meration and sampling. Roughly speaking, our plan here is to modify the heat kernels
of the Riemannian manifolds with convex boundary which can then serve as lower-bound
functions of k(t,z,y) in Section 3.

We start with some definitions. Let I' = (V, E)) denote a graph with vertex set V' = V(T")
and edge set E = E(I'). We say that I' is a homogeneous graph with an associated group
‘H acting on V if the following two conditions are satisfied:

(i) for any g € H, {gu,gv} € E if and only if {u,v} € E,

(ii) for any two vertices v and v, there is a g € H such that gu = v.

Thus I' is vertex-transitive under the action of H and the vertex set V' can be identified
with the coset space H/Z where Z = {g € H : gv = v} , for a fixed vertex v, is the isotropy
group. We note that a Cayley graph is the special case of a homogeneous graph with 7
trivial. The edge set of a homogeneous graph I' can be described by an edge generating set
K C H such that each edge of T" is of the form {v, gv} for some v € V, and g € K. We also
require the generating set K to be symmetric, i.e., g € K if and only if g~! € K.
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We will first defined a simple version of a lattice graph. Suppose the vertices of I' can
be embedded into a Riemannian manifold M with a distance function p such that

w(z, gz) = pu(y, g'y) < p(z,y) (16)

for any g,¢' € K and z,y € V(I'). Then T is called a simple lattice graph. We say that T is
a lattice graph if for a vertex z, every lattice point in the convex hull formed by gx,g € K
is adjacent to x.

An induced subgraph on a subset S of a lattice graph T is said to be convez if there is a
submanifold M C M with a convex boundary dM # ¢ such that S consists of all vertices
of I' in the interior of M. Furthermore, suppose that M is d-dimensional and we require
that all d-dimensional balls centered at a vertex z of S of radius €/2 are contained in M.

Example 1: We consider the space S of all m xn matrices with non-negative integral entries
having column sums ¢y, ... ,¢,, and row sums r1, ... r,. First, we construct a homogeneous
graph I' with the vertex set consisting of all m x n matrices with integral (possibly negative)
entries. T'wo vertices v and v are adjacent if they differ at four entries in some submatrix
determined by two columns 4, j and rows k, m satisfying

Uik = Vi + L, U5 = Vi — 1, Wiy = Vim — 1, Ujm = vjm + 1

It is easy to see that I' is a homogeneous graph with the edge generating set consisting of
all 2 x 2 submatrices 1 _i . Obviously, I' can be viewed as being embedded in the
mn-dimensional Euclidean space M = R™". In fact, I" is embedded in the submanifold M
of the (mn —m —n+ 1)-dimensional subspace containing the vertices of I'. M is determined

by
Yoy =n
j
Yy =a
7

1
JZU = —5

It is easy to verify that S is a convex subgraph of the lattice graph I'.

Remark 1: In [3], the authors consider a “strongly” convex subgraph S of a homogeneous
graph. An eigenvalue bound was derived by using an entirely different approach. Namely,
the following Harnack inequality was established for an eigenfunction f of S and for any
vertex x,

>_(F(x) = [(y))* < 8X max f(y)

y~zx

This can be used to show




where k is the maximum degree of T" and D denotes the diameter of T. The differences
between the two definitions of convexity can be described as follows: In [3], a strongly convex
subgraph T requires that for any two vertices v and v in T, all shortest paths joining u and
v in the homogeneous graph must be contained in T'. Here, the convexity condition requires
the embedding of the subgraph into a Riemannian manifold with a convex boundary. We
remark that various applications involving random walks on graphs which can often be
interpreted as occurring in convex subgraphs (but not strongly convex subgraphs) of some
appropriate homogeneous graph. For example, the convex subgraphs mentioned in Example
1 are not strongly convex.

8 Bounding the discrete heat kernel by the continuous heat
kernel

Let S denote a convex subgraph of a lattice graph I' with edge-generating set K. Let
M denote the associated d-dimensional manifold M with a convex boundary and let u
denote the distance function on M. In this section, we restrict ourselves to the case of
convex subgraphs of simple lattice graphs so that the discussions are simpler but contain
the essence of the general case.

Let h(t,x,y) denote the heat kernel of M and suppose u(t,z) = h(t,x,y) satisfies the
heat equation

(A — %)u(t,:n) =0

with the Neumann boundary condition
0
au(t,:n) =0 (17)
where A denotes the Laplace operator of the form

82
A - Zai’jalEi 8:Ej

i,J

and a; ; depends on the edge generating set K as described later in (19). We remark that
the convexity condition (17) is later on used to give heat kernel estimates. Our results can
be applied to subgraphs corresponding to manifolds with weaker convexity conditions as
long as the heat kernel estimates for manifolds can still be derived.

We assume that p(z,gz) = € for all x € V(I') and g € K. To proceed, we define the
function k(t, x,y) which will be used later with Theorem 2.

k(t7$7y) =< / h(62 t7$ - Z,y)(,D(Z)dZ
M
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where ¢ is a bell-shaped function (such as a modified Gaussian function exp(—c’|z/¢[?) )
with compact support, say, {|z| < €¢/4}, and which satisfies

1 /gp(z)dz = c3 (cqe)?

where ¢3 and ¢4 are chosen so that the above quantity is within a constant factor of the
volume of the Voronoi region R, = {y : u(y,z) < u(y,z) for all z € I'N M}, for a vertex
x. So, k(t,z,y) can be approximated by h(cot,z,y)U or

/ h(cat, z,y)dz (18)
Ry
when t is not too small. by using the gradient estimates of h in the next section. Here U

denotes the maximum over x of the volume of R,.

In order to use Theorem 2, we need to verify conditions (A’), (B’) and (C’). First we
want to show:

0 €0
R < — —

for tg >t > € = d/log volS. where ¢y = %;d. Here we suppress y and write k(t,x,y) =
k(t,z). Note that we have

0 0
ak‘(t,aﬁ) = /M Eh(CQ t,x — 2)p(z)dz

= cl/ co Ah(cg t,x — 2)p(2)dz
M
Also,

Ch(tz) = hit,z)— di S k(t.y)

€T Yy~

= / Lh(cat,x — 2)p(2)dz
M

Here we use the convention of identifying a vertex with the associated point in the d-
dimensional manifold M. For simplicity, we write gz = g + . (Formally we should use an
appropriate mapping o from V to M so that o(gx) = o(g) + o(x). For a fixed g € K, we
consider the two terms in the sum involving ¢ and ¢~ ':

[p(y) =y + 9] +lpy) —ely—9)] = —lely+g) — e+ ley) — ey —9g)

which can be approximated by the second partial derivative in the direction of g scaled by
a factor of €2. Therefore the Laplace operator involves coefficients a;;'s depending on the
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edge generating set K. Namely, the Laplace operator A satisfies

82
A = ZCL 7]m (19)

7]

2d 0?2
= K 20

Here we use K* to denote a subset of K so that at most one of @ and o' is in K* for each
a in K. The edge generators should be “evenly distributed” in the sense that the matrix
(a;;) satisfies

le < (am-) < CQ[

for some constants C'y and Cy where I denotes the identity matrices. By choosing

262
cg = —
274

we have

lcoAh + Lh| < coet K Z|

Note that in the Taylor series expansion, the 8%35 terms cancel since the generators g and

g~ ! are simultaneously in K. After substituting for g—;lh, we get

eotAh + 1] < 2D

where ¢5 depends on C7 and Cs.

For the general case of lattice graphs (without the condition that u(z,gx) = € for all
vertex x and edge generator g), the Laplacian of the lattice graph is related to the Laplace-
Beltrami operator as follows:

2d Z € 2 0?
IS ad 5.2
5 )
82
- Z . O0x; Ox;

7]

where € = min{u(z, gx) : ¢ € K}. Then, we have

cs < min{Cy,Cy '}
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Hence, we have

%k(t,a:) + Lk(t,z) < Cchi§4d /M h(ca t,x — 2)p(z)dz
_ Ci;dk(z&, )
And,
O pta) + Lhitw) < kit )
ot t2
where ¢y = caeld,

c2

To establish (B’) for ¢ < /d/log vol S and €” = ¢’ /(volS |K|), we can choose ¢; so that
k(€ ,z,x) = c / h(caé,x — 2,2)p(2)dz = 1
M
and for x # y, we use the heat kernel estimates in Theorem 8 and 9 (proved later), to get

]C(El,ﬂj‘,y) = /M h(CgEl,ﬂj‘ - Z,y)(p(Z)dZ
62

< eXP(—@)k(Ela!E,!E)
c//

<

- ol S

We remark that we can make ¢’ arbitrarily small by adjusting ¢ in €.

To prove (C’) , we need to show that

K| k(t
Z k(t,2,y) — k(t, 2, y) < al \\/g,a:,y)

T
{z,z'}eS’

where €; = ed/+/co|K|. The above inequality follows from that fact that |u(x,2’)| = € and
the following estimate for the gradient of the heat kernel which will be proved later in the
next section:

VAl 2, y) < ca%hu,x,y)
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We consider

IN

IN

IN

Z k(t,z,y) — k(t,2',y)

x/
{z,2'}eSs’

c1 Z: /[h(@t, x,y — 2) — heat, ',y — 2)]p(2) dz

z
{z,2'}eS’

cle@/ |Vh|(cat, z,y — 2)p(z) dz

d
cle\/@/ﬁh(@t,:ﬂ,y —2)p(z) dz
evdy d

t
NG k(t,z,y)

Now, we need to estimate Z k(t — s,z,2)k(s, z,y). First we consider

IN

IN

IN

z€08
’k(ta z, y) -U h(ta z, y)’
|1 /h(czt,a:,y — 2)p(2)dz — h(cat, z,y)cr /cp(z)dz\
¢ / |h(cat, z,y — z) — h(cat, z,y)|p(z)dz

c1 /e]Vh\(czt,x,y — 2)p(z)dz

h(cat,x,y — 2)p(z)dz

We will use the fact that |k(¢,z,y) — U h(t,x,y)| is small when cat is large.

Now we consider Z k(t — s, x,2)k(s, z,y) for a fixed s. Without loss of generality, we

z€08
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may assume that s < ¢/2. We have

Z k(t — s,z,2)k(s, z,y)

z€08
< Z Uh(CQ(t—s),a;,z)cl/h(czs,z—z/,y)cp(z/)dz/—i- lo.t.

z€08
< U h(ca(t — ), 2,2 — 2 )h(cas, 2 — 2/ y)p(2)d2' + l.o.t.

ZIEUZEBSUZ
< Uih(CQt,x,y) + lo.t.
Cgt

<

€
Z k(¢ Lot
v (t,z,y) + lo

Here [.0.t. denotes a small fraction of the first term. From Theorem 5, we have

2ce )
77 ) min k(s 2.y) = | K Jeop(~3c0/€) (20)

where H is the heat kernel of the convex subgraph S.

Hy(z,y) = (1 -

In [9], Li and Yau proved the following lower bound for h.

Theorem [Li-Yau]: Let M denote a d-dimensional compact manifold with boundary OM .
Suppose the Ricci curvature of M is nonnegative, and if OM # ¢, we assume that OM 1is
convex. Then the fundamental solution of the heat equation with the Neumann boundary
condition %u(t,x) = 0, satisfies

—p*(z,y)
(4—€t

h(t,z,y) > exp

C
By (V)

for some constant C depending on d and €. Here, B,(r) denotes the volume of the inter-
section of M and the ball of radius r centered at x.

However, the above version of the usual estimates for the heat kernel can not be directly
used for our purposes here since the constant C' is exponentially small depending on d. A
more careful analysis of the heat kernel is needed. We will give a complete proof of the heat
kernel estimates in a general terms in the next section. The proofs are partly based on the
proofs in [9] and both the upper and lower bound estimates are given.

To lower-bound the discrete heat kernel, we will use the following lower bound estimates
for the (continuous) heat kernel which will be proved later in Section 6. For any o > 0,

(1+a)™ exp—(l + ) (z,y)

h(t,z,y) > (21)

~ 4By (\/ot)

at
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We choose

(8% =
aCQtQ = D2(M)

where D(M) denotes the diameter of M. (We may assume D(M) > 1). Therefore, by using
(21) we have

Cr
h(cato, T >
(207 7y)_’l)OlM
Also,
e 30/ < const.
and

h(t1,z,y) < const. - h(ta, x,y)
if t1 > t9/2 and |t; — t2| < €. Using (20), we have

bto—¢\29) = e [ her (to— €)oo= 2 )e(z)ds
C1C8

— wol M Jyr
CgU
vol M

o(z)dz

>

where ¢’s denote some appropriate absolute constants. We then have

CgU

H >
t(x7y) = vol M

From 1, we then have

Z ing Hy(z,y) exp(—3eq/€)

ye
> €S
Aoz 2t
> Co U ’S’
- twvolM
S co €2 1
= @& D(M)?

where U denotes the volume of the Voronoi region and r denotes the ratio of U|S|/vol M.
As a consequence, we have proved the following:

Theorem 6 Let S denote a convexr subgraph of a simple lattice graph I' and suppose S is
embedded into a d-dimensional manifold M with a convex boundary and a distance function
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w. Suppose for any edge {u,v} of S we have pu(u,v) = e. Then the Neumann eigenvalue A
of S satisfies the following inequality:

[\

coTE
A> ——
= d2D(M)?

where ¢ is an absolute constant (depending only on I' and is independent of S), K is the
set of edge generators of the lattice graph,

and U denotes the volume of the Voronoi region.

To get a simpler lower bound for A, we note that the diameter D(S) of the convex
subgraph S and the diameter of the manifold are related by

D(M) <e D(5) (22)
Therefore, we have the following:
Corollary 1 Let S denote a convex subgraph of a simple lattice graph and suppose S is

embedded into a d-dimensional manifold M with a convex boundary. Then the Neumann
eigenvalue Ag of S satisfies the following inequality:

co T
A> —
— d2D?(S)
where
Ul
-~ wol M’

D(S) denotes the (graph) diameter of S, K denotes the set of edge generators and cg is an
absolute constant depending only on the simple Lattice graph.

For the general case of the lattice graphs, we have the following:

Theorem 7 Let S denote a convex subgraph of a lattice graph and suppose S is embedded
into a d-dimensional manifold M with a convex boundary and a distance function . Let
K denote the set of edge generators and suppose € = min{u(z,gx) : g € K}. Assume that

2d 2d € 02
R S Y s
€ K| &z wlx,g7)” g
82
- Zai’jal‘i 8:Ej
27]
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and
le § (am-) § CQ[

where I is the identity matriz.
c5 < min{Cy,Cy '}

Then the Neumann eigenvalue A of S satisfies the following inequality:

2

CoTe€e
A>
= d2D(M)?

where
US|
~ wol M
U denotes the volume of the Voronoi region, and cq is an absolute constant satisfying

co < Comin{Cy, Cz_l}

for an absolute constant Cy.

Remark 2: The constant Cjp can be roughly estimated with a value of 1/100.

Remark 3: For a polytope in R?, we can rescale and choose the lattice points to be dense
enough to approximate the volume of the polytope. For example, if we have

C e < Dy(M)/d (23)

where D; denote the diameter of M measured by the L; norm and C is some absolute
constant, then the number of lattice points provides a good approximation for the volume
of the polytope. This implies that » > ¢ for some constant ¢. The above inequality (23)
can be replaced by a slightly simpler inequality:

C d< D(S)

for some constant C. These facts are useful for approximation algorithms for the volume of
a convex body which will be discussed in the next section.

Remark 4: There are many graphs G that can be embedded in a lattice graph such that
the diameter of G satisfies
Vd D(M)

D(G) ~ ———

€
For such graphs, Theorem 6 implies a somewhat stronger result:

cor
A> ———
= 2D(G)2

where 7 is as defined in Theorem 6.
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9 Estimates for the continuous heat kernel

In this section, we will analyze the (continuous ) heat kernel. We remark that there is a large
literature on the estimates of the heat kernel. However, in such estimates, the dimension d
is usually taken as a constant and the approximations are often crude. Here, we will give
upper and lower bound estimates which are quite sharp in a general setting. The methods
here are partly based on the proofs in [9]. It is anticipated that these estimates can be
useful for many other problems as well. We will first prove an upper bound for the heat
kernel. This bound will be used later for establishing the lower bounds.

Throughout this section, we use the following notation:

Let M denote a d-dimensional compact manifold with boundary dM. Suppose the
Ricci curvature of M is nonnegative, and if OM # ¢, we assume that M is convex. The
fundamental solution h of the heat equation satisfies the Neumann boundary condition
Du(t,z) =0 for x € OM.

Theorem 8 For any a >0 and t > 0,

hit,z,y) < (1+a)® ByY2(Ja(2+a)t) B, *(Vat)
— 1 (z,y) 3 1 )

200 +02 POt a0

exp

Proof. We follow from the proof of Theorem 3.1 on p. 175 of [9] with the value for a, 7 and
0 in [9] to be a = 1,7 = 0,0 = 0, in order to derive the following inequality:

ht,z,y) < (14 a)? B7Y2(S)) BY2(Sy) exp (2 p(z, S, (1 + a)t))
exp (p(y, S1,at)) exp (p(x, S1, (1 + 2)(1 + a)t))

Here we choose S and Sy as follows:

S1 = By,(Vat), S = By(y/a(2 + a)t)

Then )
2 p(y, Sz, (2 + a)t) < 3
- 1
p(l’,Sl,at)) S Z
We define W to be
p2 (x, 2)
W = p(z,S1,(1+2a)(1 +a)t) = inf :

zeBy(vVat) 4(1 + 20)(1 + @)t
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If z € By(vat), then we have

Weos M@z a
T 41+ 20)(1 +a@)?t 414 2a)(1 + @)?

If x ¢ By(vat), then u(z,y) > vat and
(u(z,y) — Vat)®

W >
T 414+ 2a0)(1 4+ a)t
Since
() — vty > @)
’ T 14«
we have
2
W 1z, y) N 1

T 414+ 20)1+ )2t 41+ 2a)(1+ @)

Therefore, from Theorem 3.1 (ii) in [9], we have

ht.zy) < (L+a)! ByV?(\Ja@+a)t) B (Vat)

—u2(x,y) 3 1
o0+ POt i raaase)

exp

as claimed.
Before proceeding to prove the lower bound, we need the following assumption:

e By(Vat) < By(vVat) < e By(Vat) (24)
for some constant cy;. We note that the above assumption holds for ¢;1 = 1 if at is larger
than the square of the diameter of M.

Theorem 9 For any o > 0, t > 0, and o satisfying o > cda,

(L+a) 22 (—(1 + a)uz(%y))

P
4B, (/%) dat

h(t,z,y) >

provided (24) holds.

Proof:
Using (24), we have

hit,zy) < ¢ 2(1+a) By V(a2 + a)t) B, V2 (Vat)
2

p=(z,y) 3 1 )

200+ POt a0 1 0)

exp
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Since

/h(t,w,y)dy =
we have
1 < / h(t, z,y)dy
p(a,y)<Vot
ten 21+ a)? By V2 (yJa(2 + a)t) By V2 (Vat)
3 1 (2, y)
ot I 20 5 a))/u(m,y)zmexpzl(l +20)(1 + )2t
< / h(t,z,y)dy
wz,y)<Vat
ten 21+ @) By V2 (/a2 + a)t) By Y2 (Vat)
3 1 o0 —r?
° dB
(G a0+ a))/m T el
Assume for r9 > rq, the following holds:
B(r2) _r2
B(rl) -rm

we obtain

00 _7,,2
B
/m I 20) 1 T oz o)

1 o0 —r? r B(r)
S itz ta)? /\/_tewp4(1+2a)(1—|—oz) roar
< B(vat) / —r? T_2d r
= 2(1+2a)(1 +a)?y/a 41+ 2a)(1 + )2t 1/t
< B(Vat) / —r? g r2
T 41+ 20)(1 + )2V 41 +2a)(1+a)?t
- 2B(\/@)\/\1/?(1+a erp(—r)rd x

4(1+2a)(1+a)2

Therefore we have

1/2(1+a) Bx_l/Q( a2+ a)t) B;l/Z(\/a)

(3 + ! )/OO ex —r dB(r)
P T A0 2000+ ) Jua P+ 20)(1 + )%t
12 (14 a)™/TF2a

11

Va
3 1 0
eacp(z + 2007 a)) i exp(—7)\/Td T

4(142a) (14a)?

IN
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We choose o > cda so that the above term is no more than 1/2. Hence

1
h(t,z,y) > =
/u(x,y)<\/3( ) 2
But
h(2t,x,x):/ R (t, x,y).
M
Hence
hetaa) > [ W(t,2,y)
wz,y)<Vot
> B ([ h(tay)?
wz,y)<Vot
> 1
= 4B,(Vot)
This implies
1
h(t,z,z) >

4B.(\/%)

By the Harnack inequality in Theorem 2.3 in [9], we have

233
u(,y))

t
h(ty,z,z) < h(h;%?ﬁ(i)dﬂ eacp(4(t2 —11)

(25)
for t5 > t1. Hence for any « > 0, we have
—d/2

—(1 +Oé)u2(:v,y))

z,z)(1 + «)

t
Tra e
(1+a)_d/2 ex (_(1_‘_@)”2(3372/))

4B, (/%) dat

This completes the proof of Theorem 9.

We will also need estimates for the gradient of h. First, we will prove a useful Fact.

Theorem 10 For any r > 0 and o > 0, we have

1 d
Vh|%(t, z, d<—+—/ R2(t, x,2)d
/Bym‘ (e, 2)de < (Com ) By ((1+0)r) (8,2, 2)dz

Proof: We start with the following inequality which was established on page 163, as Theorem
1.3 of [9] (for the special case of 7 =0 = 6 = q).

d
[VRI? < by + ol
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Therefore we have
2 2 2 d 2 2
[PV < [ ROz 2w e+ o [ 2, 2)d
= /,02(z)h(t,x,z)Ah(t,:r,z)dz + %/pQ(z)hQ(t,:E,z)dz

Here we define

and

We note that
/ P2(2)h(t, z, ) Ah(t, z, 2)dz
- / P2(2)| VA2t 2, 2)dz — 2 / Pty 2, 2)V p(2)Vh(t, z, 2)dz
_ /yvpy%?(t,x,z)dz

Hence, we have

[PEIVHE Gz 2)as < [V + 2P, )i

Therefore,

1 d
Vh2(t, x, d<—+—/ B2(t, 7, 2)d
/B R S () [ R )

Theorem 11 For o > 0,a > 0,

1 d
|Vh|(t,z,y) < 3(1+ a)Zd(m + g)mh((l +a)t,z,y)

if r2 < a?t and o < 1/d.

Proof: For a fixed z, we consider f(t,y) = |Vh|(t,z,y). Let p be defined as in Theorem 9.
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We have
Fltw) ~ [ £t 2t~ 11,2 )0l
= A;%/fwﬂma—aawm@dz@
= /:/[Af(&z)h(t — 5, 2,9)p(2) — f(5,2)(AR)(t — 5, 2,y)p(2)] dz ds
N /tt / [f (5, 2)A(h(t = s,2,9)p(2)) = f(s,2)(AR)(t — 5, 2,y)p(2)] dz ds

— /tt/f(S, 2)[2Vh(t — s,2,y)Vp(z)) + h(t — s,2,y)Vp(2)] dz ds

1
- [ P2Vl = 5.29) + = [ F(s.2)h(t — 5.2,9)] dz ds
t By((1+0o)r 071" JBy((1+0)r)

To complete the proof, it suffices to establish upper bounds of

iﬂ”Mﬂ+aﬁxw)

1
1 2d
(1+a) (027*2 + 2t

for the following three items separately, under the assumption that t — ¢; = at.

@ | ey S, 2)hlE—b,29) d,

(b) / f(s 2)Vh(t —s,z,y) dz ds
t1 ar By( 1+0’

/1 o2 /By (140)r) (s,2)h(t — s, 2,y)] dz ds

First, we consider (a)

2
</ f(tbz)h(t —tl,Z,y)dZ>
By((1+0)r)

< / f2(t1,2) dz / h2(t_t17z7y) dz
By((1+0)r) By((1+o0)r)
1 d
< (= 4 = h2 2t —
— (0-27=2 + 2t)~/<By((l+0')r) (t17gj>z) dz h( (t tl)vyvy)

1 d di12 / (1 + O-)lu(yv Z)2
M1+« 1+« —_— 2(t —t
(G o)+ )P+ o)ty [ eop —— dz h(2(t = t1),,y)

Here we use the Harnack inequality (25) for upper bounding h(s, z, z). Using the assumption
that
r? <a(t—t)

34



we have

2
</ f(t1, 2)h(t — t1, Z7y)d2’>
By((1+0)r)

< ((,217,2 ;t)(l +a) W (1 + a)tr, 2, ) By((1 + o)r)h(2(t — t1),y,y)

1 d / 1
= (027"2 + 2_t)(1 + a)dhz((l )t @ y) By((L+o)r)(1 + a)d 2By( 2a(t —t1))
S (gg + )+ @M1 + )t )

Therefore we have

/ f(t1,2)h(t — t1, 2z,y)dz
((A+o)r)

1 d.1/2 d

2,2 + 2t) (14 a)*h((1 + a)ty,z,y)
1 d.1/2 2d

2,2 + 2t) (I+ a)**h((1 4+ a)t,x,y)

(
<

To bound (b), we have

/ / f(S 2)Vh(t —s,z,y) dz ds
t By((140)r

—$)1/2
< (t—1t1) (/ #2(s0,2) dz)*/? (/ / VEA(t - s,2,y) dz ds)*/?
or By ((1+0)r) t1 7 By((1+0)r)

— /
(t ;;)1 2(021r2 i 2td)l/2h((1 +a)so, ,y) By((1+0)r)

t
(/ / Vh2(t —s,2,y) dz ds)l/2
t1 J By((1+0)r)

It can be checked that

t
/ / th(t —8,2,y) dz ds

t1 By (1+0’

// — d )h2(t—sz ) dz ds
t1 JBy(1+0)r 027’2 t— 4

2
(14a)r (14 o) exp W‘Z_s)
ds d B
/ / 0'27‘2 s) Bg( at —s)) s u(4)

- (14+o0)r ) 1 qn—3 1 qn—3 p
L o e e e Y
1 1

ao?r? (aft —to))/?-1

IN

IN

< (1 +a)d
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Since t — t; = at, 1> < «?t we have

t
/ i/ f(s,2)Vh(t —s,z,y) dz ds
t1 OT JBy((140)r)
1

d 1
< 172 d
- (0-27»2 + 2t) (1+Oé) h((1+a)t17x7y)
1 d 1/2 2d
< _
- (0-27»2 + 2t) (1 + Oé) h((l + a)t,x,y)

Very similar arguments are used for upper bounding (c):

to1
t—
/tl o?r? /By((1+0)r) fo 2t = ,7,y) d ds
R P
5.9 80, 2) dz h(t —s,z,y) dz ds
o?r? ( By((1+0)f)f (s0,.2) d2) t1 J By ((1+0)r) ( 2 )

1 2d
—z+ )1+ (1 + o)t ,y)

(

As a corollary of Theorem 11, by choosing o = é and 72 = ot, we have

Corollary 2
d
’Vh‘(t7x7y) < th(t7x7y)

for some constant c.

10 Neumann eigenvalues and random walks

This section consists of four subsections: First, we give a brief discussion on random walks
and, especially, on the associated weighted graphs. Then, we generalize the Laplacian, and
heat kernels for weighted graphs and induced subgraphs. All results in previous sections
can be extended to the weighted graphs. Finally, we will illustrate the relationship between
the eigenvalues of the Laplacian and the rate of convergence of the corresponding random
walk.

10.1 Random walks on graphs

In a graph G, a walk is just a sequence of vertices (vo,v1,- - ,vs) with {v;_1,v;} € E(G),
for 1 < i < s. A random walk is determined by the transition probability m(u,v) =
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Prob(x;4+1 = v|z; = u) which is independent of i. Clearly, for each vertex u

Zﬂ(u,v) =1

v

For any initial distribution f : V — R with Z f(v) = 1, the distribution after k steps is
v

just fPF (in the notation of matrix multiplication by viewing f as a row vector where P
is the matrix of transition probability). The random walk is said to be ergodic if there is a
stationary distribution m(v) satisfying

lim fP*(v) = m(v)

S§— 00

Necessary and sufficient conditions for ergodicity are (i) irreducible, i.e., for any u,v € V,
there exists some s such that P*(u,v) > 0; (ii) aperiodic, i.e., ged {s : P%(u,v) > 0} = 1.
The problem of interest is to determine, from any initial distribution, the number of steps
s required for P® to be close to its stationary distribution.

In particular, we say the ergodic random walk is reversible if
m(u)(u,v) = 7(v)7(v,u)

An alternative description for a reversible random walk is given by considering a weighted
connected graph with edge weights

w(u,v) = w(v,u) = w(v)r(v,u)/c

where ¢ is the average of m(v)7(v,u) over all (v,u) with 7(v,u) # 0. A random walk in a
weighted graph has as transition probability

w(u,v)
dy

m(u,v) =

where d,, = Y, w(u, z) is the (weighted) degree of u. The two conditions for ergodicity are
equivalent to (1) connectivity and (ii) that the graph is not bipartite. We remark that an
unweighted graph has w(u, v) either 0 or 1. A typical random walk has transition probability
1/d, of moving from a vertex v to one of its neighbors. The transition matrix P = (7 (u,v))
satisfies

fPw) =3 iﬂu)

u~v

for any f:V(G) — R. In other words,

P(u,v) = { 1/d, if u and v are adjacent,

0 otherwise.
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It is easy to check that
P=T"'A=T"Y%1-L)T"?
where A is the adjacency matrix.

For an induced subgraph S of a graph G, we consider the following random walk: The
probability of moving from a vertex v in S to a neighbor u of v is 1/d,, if wis in S. If w is
not in S, we then move from v to each neighbor of w in S with the (additional) probability
1/d,d,, where d], denotes the number of neighbors of u in S. The transition matrix P for
this walk, whose columns and rows are indexed by 5, is defined as follows:

1 1
PO =Y S f) Y s (26

z¢S

The stationary distribution is d,/ Z d, at a vertex v. The eigenvalues p; of P are closely

related to the Neumann eigenvaluesu As,; as follows:
pi=1—Ag;
In particular, we have
p=p1=1—-As1=1-Xg (27)
This can be proved by using the Neumann condition as follows:

Yo F@) = fW)*+ X (fla) — f(v)*/d

T~y TrzZAy
o _ z,yes z,YyE€S,z¢S
I—p lI}f Z P)d,
€S
Do (f@) = F)?+ 30 Dol (=) = (X fW)?)/d,
s #515
- f Z f2($)dm
z€eS
Do (@) = f@)?+ 30 D (@) - (=)
> inf xm,geys ¢S ggg’
-7 > F(a)ds
TES
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T~y 28 ;rvz
> inf TYes €5

! Z f2($)dm

€S
> (fl@) = f()?

= inf {ry)es

! Z f2(33)dw

€S

where f ranges over all functions f: 65 US — R satisfying

> flz)=0

z€eS

and for x € 45
Y. (fl@) = fy)=0
yeS,y~ax
The inequality (27) is quite useful in bounding the rate of convergence of random walks and
the rapid mixing of markov chains.

Suppose S is an induced subgraph of a k-regular graph. The above random walk can
be described as follows: At an interior vertex v of S, the probability of moving to each
neighbor is equal to 1/k. (An interior vertex of S is a vertex not adjacent to any vertex not
in S.) At a boundary vertex of v € §S, the probability of moving to a neighbor u of v is 1/k
unless u is not in S and, in this case, the (additional) probability of 1/(kd],) is assigned for
moving from v to each neighbor of u in S. The stationary distribution of the above random
walk is just the uniform distribution.

For the general case for random walks, we need to generalize the definitions for Laplacian
and heat kernels to weighted graphs and subgraphs.

10.2 Eigenvalues for weighted graphs and subgraphs

A weighted undirected graph G with loops allowed has associated with it a weight function
w:V xV —RTU{0} satisfying

w(u,v) = w(v,u)

and
w(u,v) > 0.

We note that if {u,v} ¢ F(G) , then w(u,v) = 0. Also w(v,v) can be positive. For
unweighted graphs, they are just the special case of taking the weights to be 0 or 1.
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The degree d,, of a vertex v is just:

d, = Z w(u,v).

u

We generalize the definitions of previous sections so that

dy —w(v,v)  ifu=w,
L(u,v) =1 —w(u,v) if u and v are adjacent,
0 otherwise.

In particular, for a function f: V — R, we have

Lf(x)= Y (flx)— f(y)w(z,y)

y
{zyres’
Let T denote the diagonal matrix with the (v, v)-th entry having value d,,. The Laplacian

of G is defined to be
L=T"Y2L7 12

In other words, we have

1— @ if u=wv,
L(u,v) = —w(g’f if u and v are adjacent,
0 otherwise.

Therefore, by using the generalized version of L and L, the previous definitions for the
eigenvalues for an induced subgraph S can still be utilized:

> (f@) = fy) w(u,v)

{z.y}es’

As =  inf (28)
5 fiyieo %, (@)
> f(@)Lf(x)
i e sy
S f@da=0 =,
g (9, Lg)s

g1lT/21 (g, 9)s

The Neumann condition is then

> (fl@) = fy)w(z,y) =

Yy
{z,y}e€dsS
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for x € §S. We can define the heat kernel for weighted graphs in the same way as in
Section 4. All the proofs in previous sections work in similar fashion and we obtain the
same eigenvalue inequalities for weighted graphs:

Theorem 12 In a graph with edge weights w(x,y), fort > 0, we have

g > i Z inf M
thesyes \/@

10.3 Eigenvalues and the rate of convergence

In a random walk with the associated weighted connected graph G, the transition matrix
P satisfies
1TP=PT1=T1

and therefore the stationary distribution is exactly T'1/volG where vol(G) = 3, dz. We
want to show that when k is large enough, for any initial distribution f : V — R, fPF
converges to the stationary distribution ¢y = T1/vol(G). Suppose we write

fT72 =3 ai;

where ¢; denotes the eigenfunction associated with A;.

We have
I£P* = aogo || = |IfT2(I - L)*TY? — T1/vol G|
= 130 = N) e T
i#0
< (@ =N A
S e—S)\

where A= X\ if 1 — A1 > A\,_1 — 1 and A =2 — \,_1, otherwise.

So, after s > (1/X)log(1/e) steps, the Lo distance between fP® and its stationary
distribution is less than e.

Although A occurs in the above upper bound for the distance between the stationary
distribution and the s-step distribution, in fact, only A; is crucial in the following sense.
Note that A is either A; or 2 — A\,,_1. Suppose the latter holds (when A,—; —1 > 1 — \q).
We can consider a modified random walk on the graph G’ formed by adding d, loops to
each vertex v. The new graph has Laplacian \j = A\;/2 < 1 which follows from equation
(28). Therefore,

I-XN>1-X_,>0
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The convergence bound for the modified random walk becomes (2/\1) log(1/e€).

A stronger notion of convergence is measured by L; or the relative pointwise distance
which is defined as follows (also see [12]): After s steps, the relative pointwise distance
(r.p.d.) of P to the stationary distribution 7(z) is given by

A(S) — Hml%X |P8(y7:()$; 7T($)|

It is not difficult to show [6] that

A(t) < e—h/2 vol G

- ming d,
So, if we choose t such that
S 2 1 vol G
s> —log———
-\ & eming d,

then after s steps, we have A(s) <e.

10.4 Applications on random walks and rapidly mixing Markov chains

Many combinatorial and computational problems involve enumerating families of combina-
torial objects. Such enumeration problems are often difficult and are widely believed to be
computationally intractable (e. g., the class of the so-called #P-complete problems [14]).
An alternative approach is to consider approximation algorithms. In this direction, there
has been a great deal of progress in recent years in developing efficient approximation al-
gorithms by using sampling algorithms. Roughly speaking, if we can generate a “random”
member of the family in polynomial time, then a polynomial approximation algorithm for
the enumeration problem can be obtained, provided that certain technical conditions are
satisfied (see [12]).

A sampling algorithm can often be described in terms of a random walk on a graph.
Namely, the vertex set of the graph consists of the combinatorial objects which we wish to
sample. The edges are usually determined by some “local ” rules. For example, from each
vertex, we define its neighboring vertices by choosing some simple transformations of the
object. The random walk can then be described by its transition matrix P where P(u,v)
denotes the probability of moving from vertex u to its neighbor v at each step. The problem
of interest is to determine how many steps are required to move from a starting vertex to
eventually reach a “random” vertex. In other words, how fast can an initial distribution
converge to the stationary distribution by repeatedly applying the transition rules? A good
bound of the rate of convergence often leads to polynomial approximation algorithms for
the original enumeration problem.
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To demonstrate the use of Theorem 6, we consider a classical problem of computing
the volume of a convex body in d-dimensional Euclidean space. Although this problem is
known to be computationally difficult, there have been a great deal of progress in obtaining
randomized approximation algorithms based on the first polynomial time (O(d?7)) algorithm
by Dyer, Frieze and Kannan [8] (also see [11]). The main part of the algorithm is basically
a random walk problem on the lattice points inside of the convex body. There have been
a series of papers improving the volume algorithms with complexity lowered to O(n’logn)
[10]. The eigenvalue inequality of Theorem 5 provides a more direct way of bounding the
eigenvalues and the rate of convergence of the random walks.

Another example is the problem of random walks on matrices with non-negative integral
entries having given row and column sums, arising in connection with exact inferences of
contingency tables and their probability distributions (see [1, 7]). This problem can be
reduced to a problem of bounding eigenvalues of convex subgraphs of the homogeneous
graphs as described in Example 1. The diameter of the convex subgraph for contingency
tables with given row and column sums can be easily evaluated and is bounded above by
the sum of all column sums minus the maximum column sum. Using Theorem 6, for n x n
tables with column and row sums equal to s, the eigenvalue A can be upper-bounded by
—5=3, provided s is at least cn?. Therefore, a random walk on the subgraph converges in
cn3s? steps. More details on the contingency table problem can be found in [5].

In a subsequent paper [5], a variety of sampling and enumeration problems will be ex-
amined. By using the eigenvalue inequality established in Theorem 6, the upper bound
for the convergence of the random walks on the corresponding convex subgraphs can of-
ten be improved by a factor of a power of n which then sometimes can lead to a better
approximation algorithm.
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