Coupling on-line and off-line analyses for random
power law graphs

Fan Chung *f Linyuan Lu

Abstract

We develop a coupling technique for analyzing on-line models by using
off-line models. This method is especially effective for a growth-deletion
model which generalizes and includes the preferential attachment model
for generating large complex networks that simulate numerous realistic
networks. By coupling the on-line model with the off-line model for ran-
dom power law graphs, we derive strong bounds for a number of graph
properties including diameter, average distances, connected components
and spectral bounds. For example, we prove that a power law graph gen-
erated by the growth-deletion model almost surely has diameter O(logn)
and average distance O(loglogn).

1 Introduction

In the past few years, it has been observed that a variety of information networks
including Internet graphs, social networks and biological networks among others
[1, 3,4, 5,18, 19, 22] have the so-called power law degree distribution. A graph is
called a power law graph if the fraction of vertices with degree k is proportional
to kiﬁ for some constant 8 > 0. There are basically two different models for
random power law graphs.

The first model is an “on-line” model that mimics the growth of a network.
Starting from a vertex (or some small initial graph), a new node and/or new
edge is added at each unit of time following the so-called preferential attachment
scheme [3, 4, 19]. The endpoint of a new edge is chosen with the probability
proportional to their (current) degrees. By using a combination of adding new
nodes and new edges with given respective probabilities, one can generate large
power law graphs with exponents 3 greater than 2 (see [3, 7] for rigorous proofs).

Since realistic networks encounter both growth and deletion of vertices and
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edges, here we consider a growth-deletion online model that generalizes and
includes the preferential attachment model. Detailed definitions will be given
in Section 3.

The second model is an “off-line” model of random graphs with given ex-
pected degrees. For a given sequence w of weights w,,, a random graph in G(w)
is formed by choosing the edge between u and v with probability proportional
to the product of w,, and w,. The Erdés-Rényi model G(n,p) can be viewed as
a special case of G(w) with all w;’s equal. Because of the independence in the
choices of edges, the model G(w) is amenable to a rigorous analysis of various
graph properties and structures. In a series of papers [10, 11, 12, 22], vari-
ous graph invariants have been examined and sharp bounds have been derived
for diameter, average distance, connected components and spectra for random
power law graphs and, in general, random graphs with given expected degrees.

The on-line model is obviously much harder to analyze than the off-line
model. There has been some recent work on the on-line model beyond showing
the generated graph has a power law degree distribution. Bollobds and Riordan
[7] have derived a number of graph properties for the on-line model by “coupling”
with G(n,p), namely, identifying (almost regular) subgraphs whose behavior can
be captured in a similar way as graphs from G(n, p) for some appropriate p.

In this paper, our goal is to couple the on-line model with the off-line model
of random graphs with a similar power law degree distribution so that we can
apply the techniques from the off-line model to the on-line model. The basic idea
is similar to the martingale method but with substantially differences. Although
a martingale involves a sequence of functions with consecutive functions having
small bounded differences, each function is defined on a fixed probability space
Q). For the on-line model, the probability space for the random graph generated
at each time instance is different in general. We have a sequence of probability
spaces where two consecutive ones have “small” differences. To analyze this,
we need to examine the relationship of two distinct random graph models, each
of which can be viewed as a probability space. In order to do so, we shall
describe two basic methods that are not only useful for our proofs here but also

interesting in their own right.

e Comparing two random graph models — We define the dominance of one
random graph model over another in Section 4. Several key lemmas for

controlling the differences are also given there.

e A general Azuma inequality — A concentration inequality is derived for

martingales that are almost Lipschitz. A complete proof is given in Section



5.

The main result of this paper is to show the following results for the random

graph G generated by the on-line model G(p1, p2, p3, pa, m) with p1 > ps,pa >

P4, as defined in Section 5:

1.

Almost surely the degree sequence of the random graph generated by
growth-deletion model G(p1, p2, ps, p4, m) follows the power law distribu-
tion with exponent 8 = 2+ (p1 + ps)/(p1 + 2p2 — ps — 2p4).

. Suppose m > log' ™ n. For py > p3 + ps, we have 2 < 3 < 3. Almost

surely a random graph in G(p1, pe, ps, pa, m) has diameter ©(logn) and
average distance O(%). We note that the average distance is
defined to be the average over all distances among pairs of vertices in the

same connected component.

Suppose m > log' ™ n. For py < ps + ps, we have 3 > 3. Almost surely
a random graph in G(p1, p2, ps, pa, m) has diameter ©(logn) and average

distance O(llgig) where d is the average degree.

Suppose m > log' ™ n. Almost surely a random graph in G(p1,p2, 3, s, M)
has Cheeger constant at least 1/2 + o(1).

Suppose m > log' ™ n. Almost surely a random graph in G (p1, p2, ps, pa, m)
has spectral gap A at least 1/8 + o(1).

We note that the Cheeger constant hg of a graph G, which is sometimes called

the conductance, is defined by

_IBAA)
min{vol(A), vol(A)}

where vol(A) = > ., deg(z). The Cheeger constant is closely related to the

spectral gap A of the Laplacian of a graph by the Cheeger inequality

2hg > A > hi /2.

Thus both hg and A are key invariants for controlling the rate of convergence

of random walks on G.

2

Strong properties of off-line random power
law graphs

For random graphs with given expected degree sequences satisfying a power law

distribution with exponent §, we may assume that the expected degrees are



1
w; = ci” -1 for i satisfying ig < ¢ < m + i9. Here ¢ depends on the average
1
degree and iy depends on the maximum degree m, namely, ¢ = %dnﬁ ,ig =

d(8—-2) \g—1
()’
Average distance and diameter

Fact 1 ([11]) For a power law random graph with exponent S > 3 and av-
erage degree d strictly greater than 1, almost surely the average distance is

(14 0(1)) iZig and the diameter is ©(logn).

Fact 2 ([11]) Suppose a power law random graph with exponent 3 has aver-
age degree d strictly greater than 1 and mazimum degree m satisfying logm >

logn/loglogn. If 2 < 8 < 3, almost surely the diameter is ©(logn) and the
loglogn

log(1/(8-2)) *

For the case of B = 3, the power law random graph has diameter almost

average distance is at most (2 + o(1))

surely O(logn) and has average distance O(logn/loglogn).
Connected components

Fact 3 ([10]) Suppose that G is a random graph in G(w) with given ezpected
degree sequence w. If the expected average degree d is strictly greater than 1,
then the following holds:
(1) Almost surely G has a unique giant component. Furthermore, the volume
of the giant component is at least (1 — \/% +0(1))Vol(G) ifd > 2 =1.4715. .,
and is at least (1 — #ﬁgd +0(1))Vol(G) if d < 2.

1

(2)  The second largest component almost surely has size O(727).

Spectra of the adjacency matrix and the Laplacian
The spectra of the adjacency matrix and the Laplacian of a non-regular
graph can have quite different distribution. The definition for the Laplacian

can be found in [8].

Fact 4 ([12]) 1. The largest eigenvalue of the adjacency matriz of a random
graph with a given expected degree sequence is determined by m, the mazx-
imum degree, and cz, the weighted average of the squares of the expected
degrees. We show that the largest eigenvalue of the adjacency matriz is
almost surely (1 + o(1)) max{d, /m} provided some minor conditions are
satisfied. In addition, suppose that the k" largest expected degree my, is
significantly larger than d?. Then the k' largest eigenvalue of the adja-
cency matriz is almost surely (14 o(1))\/my.

2. For a random power law graph with exponent 3 > 2.5, the largest eigen-

value of a random power law graph is almost surely (1+o0(1))\/m where m



is the mazimum degree. Moreover, the k largest eigenvalues of a random
power law graph with exponent B have power law distribution with expo-
nent 20 — 1 if the mazimum degree is sufficiently large and k is bounded
above by a function depending on B, m and d, the average degree. When
2 < 3 < 2.5, the largest eigenvalue is heavily concentrated at cm>=P for

some constant ¢ depending on (8 and the average degree.

8. We will show that the eigenvalues of the Laplacian satisfy the semi-circle
law under the condition that the minimum expected degree is relatively
large (> the square root of the expected average degree). This condition
contains the basic case when all degrees are equal (the Erdés-Rényi model).
If we weaken the condition on the minimum expected degree, we can still
have the following strong bound for the eigenvalues of the Laplacian which
implies strong expansion rates for rapidly mizing,

4 log?

max |1 — M| < (14 o(1))— 4 90 log7n
7 \/E Wmin

where w is the 6$pected average degree, Wmin 8 the minimum eﬂfp@Ct@d

degree and g(n) is any slow growing function of n.

3 A growth-deletion model for generating ran-
dom power law graphs

One explanation for the ubiquitous occurrence of power laws is the simple growth
rules that can result in a power law distribution (see [3, 4] ). Nevertheless,
realistic networks usually encounter both the growth and deletion of vertices
and edges. Here we consider a general on-line model that combine deletion

steps with the preferential attachment model.

Vertex-growth-step: Add a new vertex v and form a new edge from v to

an existing vertex u chosen with probability proportional to d,,.

Edge-growth-step: Add a new edge with endpoints to be chosen among
existing vertices with probability proportional to the degrees. If existing
in the current graph, the generated edge is discarded. The edge-growth-

step is repeated until a new edge is successfully added.
Vertex-deletion-step: Delete a vertex randomly.

Edge-deletion-step: Delete an edge randomly.



For non-negative values p1, p2, p3, p4 summing to 1, we consider the following
growth-deletion model G(p1,p2, ps, pa):
At each step, with probability p;, take a vertex-growth step;
With probability po, take an edge-growth step;
With probability ps, take a vertex-deletion step;
With probability p4 = 1 — p; — p2 — ps, take an edge-deletion step.
Here we assume p3 < p; and py < p2 so that the number of vertices and
edge grows as t goes to infinity. If p3 = ps = 0, the model is just the usual

preferential attachment model which generates power law graphs with exponent

0=2+ mem' An extensive survey on the preferential attachment model is
given in [25] and rigorous proofs can be found in [3, 13].

This growth-deletion model generates only simple graphs because the mul-
tiple edges are disallowed at the edge-growth-step. The drawback is that the
edge-growth-step could runs in a loop. It only happens that the current graph
is a completed graph. If this happens, we simply restart the whole procedure
from the same initial graph. With high probability, the model generates sparse
graphs so that we could omit the analysis of this extreme case.

Previously, Bollobas considered edge deletion after the power law graph is
generated [7]. Very recently, Cooper, Frieze and Vera [14] independently con-
sider the growth-deletion model with vertex deletion only. We will show (see
Section 6) the following;:

Suppose p3 < p1 and pgy < p2. Then almost surely the degree sequence of the
growth-deletion model G(p1, p2, ps,ps) follows the power law distribution with

the exponent
B=2+ D1+ D3 .
P1+2p2 —p3 — 2pa
We note that a random graph in G(p1, p2, p3, pa) almost surely has expected

average degree (p1 + p2 — p4a)/(p1 + p3). For of p;’s in certain ranges, this value
can be below 1 and the random graph is not connected. To simulate graphs with
specified degrees, we consider the following modified model G(p1, p2, p3, p4, M),
for some integer m which generates random graphs with the expected degree
m(p1 + p2 — pa)/(p1 + p3).
At each step, with probability p;, add a new vertex v and form m new edges
from v to existing vertices u chosen with probability proportional to d,,.
With probability po, take m edge-growth steps;

With probability p3, take a vertex-deletion step;

With probability py = 1 — p; — p2 — ps, take m edge-deletion steps.

Suppose ps < p1 and py < p2. Then almost surely the degree sequence of

the growth-deletion model G(p1, p2, p3, pa, m) follows the power law distribution



with the exponent [ the same as the exponent for the model G(p1, p2, p3, pa).
P11+ p3

P1+ 2p2 — p3 — 2py

Many results for G(p1,pe, ps,ps, m) can be derived in the same fashion as for

G(p17p27p37p4)' Indeeda G(plaPQap3ap4) = G(plaPQap3;p4v ]-) is usuauy the
hardest case because of the sparseness of the graphs.

B=2+

4 Comparing random graphs

In the early work of Erdés and Rényi on random graphs, they first used the
model F'(n,m) that each graph on n vertices and m edges are chosen randomly
with equal probability, where n and m are given fixed numbers. This model
is apparently different from the later model G(n,p), for which a random graph
is formed by choosing independently each of the ('2’) pairs of vertices to be an
edge with probability p. Because of the simplicity and ease to use, G(n,p) is
the model for the seminar work of Erdds and Rényi. Since then, G(n,p) has
been widely used and often been referred to as the Erdés-Rényi model. For
m = p(g), the two models are apparently correlated in the sense that many
graph properties that are satisfied by both random graph models. To precisely
define the relationship of two random graph models, we need some definitions.

A graph property P can be viewed as a set of graphs. We say a graph
G satisfies property P if G is a member of P. A graph property is said to
be monotone if whenever a graph H satisfies A, then any graph containing H
must also satisfy A. For example, the property A of containing a specified
subgraph, say, the Peterson graph, is a monotone property. A random graph
G is a probability distribution Pr(G = -). Given two random graphs G; and
G2 on n vertices, we say G1 dominates Ga, if for any monotone graph property
A, the probability that a random graph from G; satisfies A is greater than or
equal to the probability that a random graph from G satisfies A, i.e.,

Pr(G; satisfies A) > Pr(G; satisfies A).

In this case, we write G; > G5 and G4 < G;. For example, for any p; < pa, we
have G(n,p1) < G(n,p2).

For any ¢ > 0, we say G1 dominates Gy with an error estimate e, if for
any monotone graph property A, the probability that a random graph from G,
satisfies A is greater than or equal to the probability that a random graph from
G, satisfies A up to an € error term, i.e.,

Pr(G; satisfies A) 4+ ¢ > Pr(G2 satisfies A).



If G1 dominates Go with an error estimate € = €,, which goes to zero as n
approaches infinity, we say (G is almost surely dominates Go. In this case, we
write almost surely G; = G5 and G2 = G;.

For example, for any 6 > 0, we have almost surely

G(n, (1 - 5)%) < F(n,m) < G(n, (1 + )~
2

We can extend the definition of domination to graphs with different sizes
in the following sense. Suppose that random graph G; has n; vertices for i =
1,2, and n; < ny. By adding ny — ny isolated vertices, the random graph G
is extended to the random graph G with the same size as Ga. We say Ga
dominates G; if Go dominates GY.

We consider random graphs that are constructed inductively by pivoting at
one edge at a time. Here we assume the number of vertices is n.
Edge-pivoting : For an edge e € K, a probability ¢ (0 < ¢ < 1), and a
random graph G, a new random graph G’ can be constructed in the following
way. For any graph H, we define
(1-¢)Pr(G=H) ifeg E(H),

Pr(G'=H) = {Pr(G:H)+qPr(G=H\{€}) if e € E(H).

It is easy to check that Pr(G’ = -) is a probability distribution. We say G’ is
constructed from G by pivoting at the edge e with probability q.
For any graph property A, we define the set A, to be

A.={HU{e}|H e A}
Further, we define the set Az to be
As ={H\ {e}|H € A}

In other words, A, consists of the graphs obtained by adding the edge e to the
graphs in A; Az consists of the graphs obtained by deleting the edge e from the
graphs in A. We have the following useful lemma.

Lemma 1 Suppose G’ is constructed from G by pivoting at the edge e with
probability q. Then for any property A, we have

Pr(G' € A) = Pr(G € A) + q[Pr((AN Ae)e) — Pr(AN Az)].
In particular, if A is a monotone property, we have
Pr(G' € A) > Pr(G € A).

Thus, G' dominates G.



Proof: The set associated with a property A can be partitioned into the fol-
lowing subsets. Let A; = AN A, be the graphs of A containing the edge e, and
Ay = AN Ag be the graphs of A not containing the edge e. We have

Pr(G' € A)
= Pr(G' € A;) +Pr(G’ € As)
= Y PG =H)+ > Pr(G =H)

HeA, HeA,
= Y (Pr(G=H)+qPr(G=H)\{e})
HEA;
+ > (1-q)Pr(G=H)
HEA,
= Pr(G € A;) +Pr(G € A3) + qPr(G € (41)5)
—qPr(A42)

= Pr(Ge A)+qPr((ANA.)e) — Pr(AnN 4z)).
If A is monotone, we have Ay C (A;)s. Thus,
Pr(G' € A) > Pr(G € A).
Lemma 1 is proved. O

Lemma 2 Suppose G is constructed from G; by pivoting the edge e with prob-
ability qi, for i = 1,2. If ¢ > q2 and G1 dominates G2, then G} dominates
GS.

Proof: Following the definitions of A, and letting A; and As be as in the proof

of Lemma 1, we have

Pr(G, € A)
= Pr(Gz € A) + @2[Pr(Gs € (A1)z) — Pr(Gs € As)]
= Pr(Gs € A)+ ¢ Pr(Gz € ((41)e \ A2))
> Pr(Gi € A) +q1 Pr(Gy € ((A1)e \ A2))
= Pr(Gi € A) + q1[Pr(G1 € (A1)e) — Pr(G1 € A)]
= Pr(G] € A).
The proof of Lemma 4.2 is complete. O



Let G; and G2 be the random graphs on n vertices. We define G; U G5 to

be the random graph as follows:
PI‘(Gl U G2 = H) = Z PI‘(Gl = Hl) PI‘(GQ = HQ)
H{UHy=H
where H;, Hy range over all possible pairs of subgraphs that are not necessarily
disjoint.
The following Lemma is a generalization of Lemma 2.
Lemma 3 If G1 dominates Gs with an error estimate €1 and Gy dominates

G4 with an error estimate e, then G1 U Go dominates Gz U G4 with an error

estimate €1 + €5 .

Proof: For any monotone property A and any graph H, we define the set
f(A, H) to be
f(A,H)={G|GUH € A}.

We observe that f(A, H) is also a monotone property. Therefore,
Pr(Gi UGy € A)
= > > Pr(Gi=H)Pr(Gy=H,)

HeA HiUHy=H
= ) Pr(Gi=Hy)Pr(G; € f(A Hy))
H;

> ZPT(G1 = Hy)(Pr(Gy € f(A, Hy)) — €2)
Hy

> PI‘(Gl UGy € A) — €2.
Similarly, we have

PI‘(Gl UGy € A) > PI‘(Gg UG, € A) — €1.

Thus, we get
PI‘(G1 UG, € A) > PI‘(Gg UGy € A) — (61 + 62),
as desired. Ol.
Suppose ¢ is a sequence of random graphs ¢(G1), #(Gz), ..., where the in-

dices of ¢ range over all graphs on n vertices. Recall that a random graph G is
a probability distribution Pr(G = -) over the space of all graphs on n vertices.
For any random graph G, we define ¢(G) to be the random graph defined as
follows:

Pr(¢(G)=H)= > Pr(G=Hy)Pr(¢(Hy) = Hy).

H{UH;=H

10



We have

Lemma 4 Let ¢1 and ¢o be two sequences of random graphs where the indices

of ¢1 and ¢o range over all graphs on n vertices. Let G be any random graph.

If

Pr(G € {H|¢1(H)dominates ¢o(H )with an error

estimate €1}) > 1 — ea,

then ¢1(G) dominates ¢2(G) with an error estimate €1 + €a.

Proof: For any monotone property A and any graph H, we have

Pr(¢1(G) € A)
> Y Pr(G=H)Pr(¢i(Hi) = Hy)

HeA HiUHy=H

= ZPr(G = Hy) Pr(¢1(Hy) € f(A, Hy))

Hy

> Y Pr(G = Hi)Pr(¢o(Hy) € f(A H1)) — €1 — €
Hy

> Pr(¢2(G) € A) — (e1 + €2),

as desired, since f(A, H) = {G|GUH € A} is also a monotone property.  O.
Let G1 and G4 be the random graphs on n vertices. We define G7 \ G to

be the random graph as follows:

Pr(Gi\Gy=H)= >  Pr(Gy=H)Pr(G, = Hy)
H\H>=H

where Hi, Hy range over all pairs of graphs.
Lemma 5 If G dominates Gs with an error estimate €1 and Go is dominated

by G4 with an error estimate €3, then G1\ Go dominates G3 \ G4 with an error

estimate €1 + €3 .

Proof: For any monotone property A and any graph H, we define the set
W(A, H) to be
B(A,H) = {GIG\ H € A}.

11



We observe that (A, H) is also a monotone property. Therefore,

PI‘(Gl \ GQ S A)
= > > Pr(Gi=H)Pr(Gy=Hy)

HEA H,\Hy=H
= ZPr (Ga = Hy) Pr(Gy € (A, Hy))

Y

ZPr Ga = Hy)(Pr(Gs € (A, Hy)) — 1)
> (Gg\GQEA)—El.

Similarly, we define the set §(A, H) to be

0(A, H) = {G|H \ G € A}.

We observe that the complement of the set §( A, H) is a monotone property. We

have
PI‘(Gg \ Gy € A)
= Z Z PI‘(Gg = Hl) PI‘(GQ = Hg)
HEA H\\Hy=H
= ZPr (Gs = H,)Pr(Gy € (A, Hy))
> ZPr Gs = Hy)(Pr(Gy € 6(A, Hy)) — €3)
> (Gg\G4EA)—62.
Thus, we get
Pr(GiUG2 € A) > Pr(Gs UGy € A) — (€1 + €2),
as desired.

A random graph G is called edge-independent (or independent, for short) if
there is an edge-weighted function p: E(K,,) — [0, 1] satisfying

= Hpex H(l_pe)'

ecH eZH

For example, a random graph with a given expected degree sequence is edge-
independent. Edge-independent random graphs have many nice properties, sev-

eral of which we derive here.

12



Lemma 6 Suppose that G and G’ are independent random graph with edge-
weighted functions p and p’, then G U G’ is edge-independent with the edge-
weighted function p” satisfying

pr = pe + D), — pepl..

Proof: For any graph H, we have

Pr(GUG' =H) = Y  Pr(G=H)Pr(G = Hy)

H{UH>=H

= > I pa I 20 T] O =pe) JT =50
HUH>=H e1 €H; e2€H> esZH es ¢ Ho

= H (1 - pe)(l _p/e) H (pe(]- _p/e) + (1 —Pe)Ple +pep/e)
e¢H ecH

= JI# = JJ-2).
ecH e¢H

O

Lemma 7 Suppose that G and G’ are independent random graph with edge-
weighted functions p and p’, then G\ G’ is independent with the edge-weighted
function p” satisfying

Py =pe(1—pl).

Proof: For any graph H, we have

Pr(G\G'=H) = Y Pr(G=H)Pr(G = H,)

Hi\Hy=H

= > I v I 2 T] O =pes) J] 0 =pL)
Hi\Hy=Hei1€H; ex€EHo esHy esZHa

= [l =p0) [T - pe - pepl)
ecH eZdH

= plx [T —=p)).
ecH eZH

O

Let {pec}ecr(x,) be a probability distribution over all pairs of vertices. Let

G1 be the random graph of one edge, where a pair e of vertices is chosen with
probability p.. Inductively, we can define the random graph G,, by adding one
more random edge to G,,—1, where a pair e of vertices is chosen (as the new
edge) with probability p.. (There is a small probability to have the same edges
chosen more than once. In such case, we will keep on sampling until we have

13



exactly m different edges.) Hence, G,, has exactly m edges. The probability
that G, has edges ey, ..., en is proportional to pe,Pe, -« - Pe,,. The following
lemma states that G,, can be sandwiched by two independent random graphs

with exponentially small errors if m is large enough.

Lemma 8 Assume p. = o(L) for all e € E(K,). Let G’ be the independent
random graph with edge-weighted function p., = (1 — d)mp.. Let G” be the
independent random graph with edge-weighted function p] = (1 + 6)mp.. Then

—6%m/4

G dominates G with error e , and G, is also dominated by G” within

. _ 52
an error estimate e=% ™/%,

Proof: For any Graph H, we define
fH) =17 pe
ecH
For any graph property B, we define
f(B) =" f(H).
HeRB

Let Ck be the set of all graphs with exact k edges.

Claim : For a graph monotone property A and an integer k, we have

f(ANCy) _ f(ANCiya)
f(Ck) f(Cri1)

Proof: Both f(ANCy)f(Cry1) and f(A N Cri1)f(Cr) are homogeneous
polynomials on {p.} of degree 2k + 1. We compare the coefficients of a general

<

monomial
2 2
Pe, " Pe,Peryr " " Peat—ria

in f(ANCk)f(Cry1) and f(AN Crt1)f(Cr). The coefficient ¢; of the mono-
mial in f(ANCy)f(Cky1) is the number of (k—r)-subsets {e;,, €5y, ,€i,_, } of

€rily--,e2k—ryt1 satisfying that the graph with edges {e1, ..., e, iy, €00, -, €5}

belongs to Ag. The coefficient co of the monomial in f(A N C)f(Cky1) is the
number of (k — 7+ 1)-subset {e;,,€s,, - ,ei_, .} of eqq1,..., eap_ry1 satisfy-
ing that the graph with edges {e1,...,er, €, €5, - €4, _,., } belongs to A 1.
Since A is monotone, if the graph with edges {e1,...,€r,€;,,€i,  , €, _, } be-
longs to Ay then the graph with edges {e1,...,er,€i,€iy, - ,€4,_,,, } must
belong to Aiy1. Hence ¢; is always less than or equal to ¢o. Thus, we have

FLANCr) f(Cryr) < FIAN Cryr) f(Ch)-

14



The claim is proved.

Now let p, = % = (14 0(1))(1 — 6)mpe, or equivalently, % =
(1 —d&)mp.. 4
Pr(G' € A) = > Pr(G' € ANCy)
k=0
< Y PG € ANCy) + Z Pr(G' € Cy)
k=0 k=m-+1
= (1-pl) Z((l — 8)m)* f(A N Ck) + Pr(G’ has more than m edges)
e€E(Ky) k=0
< (1-pl) Z((l — 6)m)kf(Ck)% Pr(G’ has more than m edges)
e Bl pre f(Cm)
ANCy -
< % H (1-p. Z f(Ck) + Pr(G’ has more than m edges)
F(Cm) e€E(K,) k=0
A
= i C Z Pr(G" € Ck) + Pr(G’ has more than m edges)
ANCn
< % + Pr(G’ has more than m edges)

= Pr(G,, € A) + Pr(G’ has more than m edges)

Now we estimate the probability that G’ has more than m edges. Let X, be
the 0-1 random variable with Pr(X, =1) = p.. Let X =3 X.. Then E(X) =
(I4+o0(1))m(1 —§). Now we apply the following large deviation inequality.

2

Pr(X — E(X) > a) < e 2EE)a/3),

We have

Pr( X >m) = Pr(X —E(X)>(1+o0(1))ém)
< o o)) sr=rEmars
< 6752?77,/2.

For the other direction, let p! = % = (1+0(1))(1 + §)mpe, which
vy

implies 57 = (14 &)mp..
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Pr(G" € A) = Y Pr(G" € ANCy)

> zn: Pr(G € ANCy)

= I Z (1 +8m)F(AN )

= Tlo-r) ;;((1 AL
> LSS - é)n«l +oym)FF(C)
- f(j‘?(LC Z Pr(G' € Cy))

> LAOCm) b has less than m edges)

f(Cm)
= Pr(G, € A) — Pr(G” has less than m edges)

Now we estimate the probability that G” has less than m edges. Let X, be
the 0-1 random variable with Pr(X. = 1) = p//. Let X = >"_X.. Then E(X) =
(I14+o0(1))m(1 + ). Now we apply the following large deviation inequality.

2

Pr(X — E(X)<a)<e X0,

We have
Pr(X <m) = Pr(X—E(X)<(1+o0(1))ém)
< _(1+0(1))2(1+5)m
< 6—52?’71/3.
The proof of Lemma is completed. O

5 (General martingale inequalities

In this subsection, we will extend and generalize the Azuma inequality to a mar-
tingale which is not strictly Lipschitz but is nearly Lipschitz. Similar techniques
have been introduced by Kim and Vu [20] in their important work on deriving
concentration inequalities for multivariate polynomials. Here we use a rather

general setting and we shall give a complete proof here.

16



Suppose that Q is a probability space and F is a o-field. X is a random
variable that is F-measurable. (The reader is referred to [17] for the terminology

on martingales). A filter F is an increasing chain of o-subfields
{0,Q}=FoCcHLC---CF,=F,

a martingale (obtained from) X associated with a filter F is a sequence of
random variables Xg, X1, ..., X, with X; = E(X | F;) and, in particular, X, =
E(X) and X,, = X.

For ¢ = (c¢1,¢2,...,¢,) a positive vector, the martingale X is said to be
c-Lipschitz if | X; — X;_1| < ¢; for i =1,2,...,n. A powerful tool for controlling
martingales is the following:

Azuma’s inequality: If a martingale X is c-Lipschitz, then

2

Pr(|X — B(X)| < a) <2 T

where ¢ = (¢1,...,¢p).

Here we are only interested in finite probability spaces and we use the fol-
lowing computational model. The random variable X can be evaluated by a
sequence of decisions Y7, Y5, ...,Y,. Each decision has no more than r outputs.
The probability that an output is chosen depends on the previous history. We
can describe the process by a decision tree T'. T' is a complete rooted r-tree with
depth n. Each edge uv of T is associated with a probability p,, depending on
the decision made from u to v. We allow p,,,, to be zero and thus include the case
of having fewer than r outputs. Let €2; denote the probability space obtained
after first 7 decisions. Suppose €2 = ,, and X is the random variable on 2. Let
i £ — €; be the projection mapping each point to its first ¢ coordinates. Let
F; be the o-field generated by Y1,Ys,...,Y;. (In fact, F; = 7~ 1(2%) is the full
o-field via the projection ;.) F; form a natural filter:

{0,Q=FyCcFHC---CF,=F.

Any vertex u of T is associated with a real value f(u). If u is a leaf, we define

f(u) = X (u). For a general u, here are several equivalent definitions for f(u).

1. For any non-leaf node w, f(u) is the weighted average over the f-values of
the children of .

flu)= Zpuvif(vi)7

where v, vs, ..., v, are the children of w.

17



2. For a non-leaf node u, f(u) is the weighted average over all leaves in the

sub-tree T}, rooted at wu.

= Y p)f)
v leaf wn T,

where p,,(v) denotes the product of edge-weights over edges in the unique

path from u to v.

3. Let X; be a random variable of 2, which for each node u of depth i, as-
sumes the value f(u) for every leaf in the subtree T,,. Then Xg, X1,..., X,
form a martingale, i.e., X; = E(X,, | ;). In particular, X = X,, is the

restriction of f to leaves of T.

We note that the Lipschitz condition | X; — X;_1| < ¢; is equivalent to

[f(u) = f0) < e

for any edge uv from a vertex u with depth ¢ — 1 to a vertex v with depth 3.
We say an edge uv is bad if |f(u) — f(v)| > ¢;. We say a node u is good if
the path from the root to u does not contain any node of a bad edge.
The following theorem further generalizes the Azuma’s Inequality. A similar

but more restricted version can be found in [20].

Theorem 1 For any cy,ca,...,cn, a martingale X satisfies

2

Pr(|X — E(X)| < a) < 2¢ 2Tl + Pr(B),
where B is the set of all bad leaves of the decision tree associated with X .

Proof: We define a modified labeling f’ on T so that f'(u) = f(u) if u is
a good node in T'. For each bad node u, let xy be the first bad edge which
intersects the path from the root to u at . We define f'(u) = f(z).
Claim A: f'(u) = >°1_ | puv, /' (v;), for any u with children vy, ..., v,.

If w is a good vertex, we always have f'(v;) = f(v;) no matter whether v; is
good or not. Since f(u) =Y i_ Puv, f(vi), we have f'(u) = > 1| Puv, f/(v3).

If u is a bad vertex, vy, ..., v, are all bad by the definition. We have f'(u) =
f'(v1) =+ = f'(vr). Hence, Z:=1 Puv, [ (vi) = f(u) Zz=1 Puv; = f(u).
Claim B: f’ is c-Lipschitz.

For any edge uv with u of depth ¢ — 1 and v of depth ¢, If u is a good vertex,

then uv is a good edge, and
[f'(w) = f'(v)] < e

18



If u is a bad vertex, we have f'(u) = f/(v) and thus

[f'(w) = f'(v)| < e

Let X’ be the random variable which is the restriction of f’ to the leaves.
X' is c-Lipschitz. We can apply Azuma’s Inequality to X’. Namely,

2

Pr(| X' — E(X")| < a) <2 *Tiii,

From the definition of f, we have

Let B denote the set of bad leaves in the decision T" of X . Clearly, we have
Pr(u: X(u) # X'(u)) < Pr(B).
Therefore we have

Pr(|X — E(X)| <a) < Pr(X #X')+Pr(|X' —EX")|<a)

< 2 2T 4 Pr(B).

The proof of the theorem is complete. O
For some applications, even nearly Lipschitz condition is still not feasible.

Here we consider an extension of Azuma’s inequality. Our starting point is the

following well known concentration inequality (see [23]):

Theorem Let X be the martingale associated with a filter F satisfying

1. Var(X;|F;—1) < o2, for 1 <i < mn;
2. |Xi—Xi,1| SM, f0f1§i§n.

Then, we have

a2

Pr(X — E(X) >a) <e *TimoitMard),

In this paper, we consider a strenghtened version of the above inequality
where the variance Var(X;|F;_1) is instead upper bounded by a constant factor
of Xifl.

We first need some terminology. For a filter F:

{0,Qy=FoCcHLC---CF,=F,
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a sequence of random variables Xg, X1,..., X, is called a submartingale if X;
is F;-measurable and E(X; | Fi—1) < Xi—1, for 1 <i < n.

A sequence of random variables Xg, X1,..., X, is said to be a supermartin-
gale if X; is F;-measurable and F(X; | Fi—1) > X;—1, for 1 <i <n.

We have the following theorem.

Theorem 2 Suppose that a submartingale X, associated with a filter F, satis-

fies
Var(X;|Fi—1) < ¢ X1

and
X — E(X;|Fic1) <M

for 1 <i<n. Then we have

a2
Pr(X, > Xo+a) < e HFoTa(Si 60)¥Ma/3)

Proof: for a positive A (to be chosen later), we consider

E(e)\Xi ]:i—l) _ e)\E(Xi|.7:i71)E(e)\(X¢7E(Xi|.7-'1-,1))|]_-i_1)
F ) e A
= PN I B((X — BOGIF)) | Fi)
k=0
< A E(Xil Fim)+37, Ak_]!cE((Xi—E(Xvi|-7:a‘,—1)k)\-7'—7:—1)
L _ oo yh? _ 2(e¥—1-y) : )
et g(y) =23, Y = =z We use the following facts:

e g(y) <1, fory <0.

e lim, ,og(y) =1.
e g(y) is monotone increasing, when y > 0.

When b < 3, we have

gb) = QZ—!

IA
(]2
%
|

Since X; — E(X;|Fi—1) < M, we have

g(AM)

00 )\k
Z FE‘((AXz — E(X7;|.7:i_1)k)|.7:i_1) S T/\QVar(XA]-}-_l).
k=2
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We define \; > 0 for 0 < 7 < n, satisfying \;_1 = \; + Mqﬁi/\?, while \g will
be chosen later. Then
)\n S)\nfl é "'§>\07

and
Ay M
BN |Fily) < AN B(X| Fim )+ 2D N2 Var (X | Fi1)
< X+ EEPDNG Xy
— eti—1Xi1

since g(y) is increasing for y > 0.
By Markov’s inequality, we have

Pr(X, > Xo+a) < e_)‘”(XO"’a)E(e)‘”X")
— e—)\n(Xo-i-a)E(E(e)\an -T'.nfl))
< e*)\n(XoJra)E(e)\nflxnfl)
<
< e—>\n(Xo+a)E(e)\0Xo)

e~ An(Xota)+roXo

Note that
Ao = Ao =D (A= A
=1
" g\ M
= -3 % )2
=1
Ao M n
e
=1
Hence
PI'(Xn > XO + a) < 67’\H(X0+a)+)\0X0
< (o2 ) (Xo+a)+ho Xo

= oMo+ Z8PDAE (Xo+a) ST, ¢

Now we choose \g = (XO_HL)(E;L; A ERYIYES Using the fact that \gM < 3 and
inequality (1), we have

Pr(Xn > Xo+ a) < e—/\oa+z\§(Xo+a) i b 2(1—>\10M/3_)
0’2
< e 2Xota)(T7=; #)F+Ma/3)
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The proof of the theorem is finished. O
The condition of Theorem 2 can be further relaxed using the same technique

as in Theorem 1 and we have the following theorem. The proof will be omitted.
Theorem 3 For a filter F
{0,Q,=FyCcFH C---CF,=F,

suppose a random variable X; is F;-measurable, for 1 <i < n. Let By be the bad
set in the decision tree associated with X ’s where at least one of the following

conditions is violated:

E(X;|Fic1) < X
Var(X;|Fic1) < ¢ Xia
X, —EBE(X;|Fio1) < M

Then we have

2

Pr(X, > Xo+a) < ¢ NoFOTI; #FMars) Pr(B;).

The theorem for supermartingale is slightly different due to the asymmetry of
the condition on variance.

Theorem 4 Suppose a supermartingale X, associated with a filter F, satisfies,
for1<i<n,
Var(X;|Fi—1) < ¢iXi1
and
E(X;|Fi—1) — X; < M.

Then we have ,

— a
Pr(X, < Xo—a) < e ZX0E, 70T Ma75

for any a < Xj.

Proof: The proof is similar to that of Theorem 2. The following inequality still
holds.

E(e—/\qu .7:1,71) _ e_)\E(Xi|-7:1',—1)E(6_A(X11_E(Xilj:q‘,—l))|fi71)

B ) o= A
= e MNIFY Z EE((E(XHE—H — X)) Fiz1)
k=0

e AE(Xil Fi1) 43002 %E((E(Xi\fi—l)*Xi)k)\ﬁ—l)

<
< efAiE(Xi|f,-,1)+%>\2Var(xim,l)
< e—)\iXi—1+—g(>‘2M>)\2¢1‘,X1‘,—1.
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We now define A\; > 0, for 0 < ¢ < n satisfying \;_1 = A\; — @@)\?. An will
be defined later. Then we have

Ao <A << A,
and

E(e= N o~ N B Fim 1)+ 2N Var (X | Fioy)

i~1)

IN

e*/\iXi—l‘i’M)\?(ﬁiXi—l

IA

e*/\i—lxi—l.

By Markov’s inequality, we have

Pr(X, < Xo—a) = Pr(-\X,> -\ (X, —a))
S )\n(Xofa)E( 7A’!LX7L)
= MO F, )
< /\ (Xo— a)E(e n— 1X,,,_1)
<
S ex\n(Xo*a)E(ef)\oXo)
e/\n(Xo*a)f)\oXo
We note
X = M +Z(>\i71 - \)
i=1

_ S gAnM) g
= A=) TN

i=1

Y

_g()‘nM) 2 S )
An = =5 An;@.

Thus, we have

Pr(Xn < Xo— a) e/\n(Xo—a)—)\oXO

IN

oA (Xo—a)—(A— 222252 5701 6)Xo

A

e~ dnat 2E8RNT X0 ST ¢

We choose \,, = We have \,,M < 3 and

a
Xo(Xi, ¢i)+Ma/3"

Pr(X, < Xo—a) e~ At X Xo Sy b =T

IN

2
p— a
< e XXy é)+Ma/3)
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It remains to verify that all \;’s are non-negative. Indeed,

Ai = Ao
9AaM) 5 -
> = SN Y
i=1
> (1 ! A zn:qbz)
- " 2(1- A M/3)"" &=
a
= 1——
A 2X0)
> 0.
The proof of the theorem is complete. O

Again, the above theorem can further relaxed as follows:

Theorem 5 For a filter F
{0,Q=FoCcHC---CF,=F,

suppose a random variable X; is Fij-measurable, for 1 < i < n. Let By be the

bad set where at least one of the following conditions is violated:

E(X;|Fic1) > Xia
Var(X;|Fic1) < ¢ Xia
EX;|Fic1) - Xi < M

Then we have

2

Pr(X, < Xo—a) < e 200 00775 4 Pr(By),

for any a < Xj.

6 Main theorems for the growth deletion model

We say a random graph G is “almost surely edge-independent” if there are two

edge-independent random graphs G; and G5 on the same vertex set satisfying
1. G dominates G1.
2. G is dominated by Gbs.

3. For any two vertices u and v, let p% be the probability of edge uv in G;
for i = 1,2. We have

Pl = (1= o(1)pi3).
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We will prove the following;:
Theorem 6 Suppose p3 < p1, psa < p2, and logn K m < 752 . Then

1. Almost surely the degree sequence of the growth-deletion model G(p1, p2, ps, P4, M)
follows the power law distribution with the exponent

p1+ D3
p1+2p2 —p3 —2ps’

B=2+

2. G(p1,p2,p3,pa,m) is almost surely edge-independent. It dominates and is
dominated by an edge-independent graph with probability pz(;) of having an
edge between vertices i and j, i < j, at time t, satisfying:

pam j20—1 pa/i\E+2a—1 p oy s pamt?* !
o0 Tty e (LH (U= B0 i iy s B —
ij 1 (1 + 0(1))2127%1'@]'04[;/1—20( Zf Z'aja < p2$_t2P4
P1(P1+2p2—p3—2pa) and T = (p1+p2—p4)(P1 *;D3)'

where a = 2(p1+p2—pa)(P1—p3) P1+Ps3

Without the assumption on m, we have the following genernal but weaker
result:

Theorem 7 In G(p1,p2,p3,p4,m) with ps < p1, pa < p2, let S be the set of
vertices with index i satisfying

. E P
> mat T 2,
Let Gg be the induced subgraph of G(p1,p2,p3,ps, m) on S. Then we have

1. Gg dominates a random power law graph G1, in which the expected degrees
are given by
pam e

U 2paT(2ps — pa) (G — @) i@

2. Gg is dominated by a random power law graph Gs, in which the expected
degrees are given by
m t
d.

t 2pat (- — @) io

Theorem 8 In G(p1,p2,p3,ps,m) with ps < p1, psa < pa, let T be the set of
vertices with index i satisfying

. 1 91
1<K met 2a
Then the induced subgraph G of G(p1,p2, ps,ps, m) is almost a complete graph.

Namely, G dominates an edge-independent graph with p;j = 1 — o(1).
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Let n; (or 7¢) be the number of vertices (or edges) at time t. We assume the
initial graph has ng vertices and 7y edges. When ¢ is large enough, the graph
at time ¢ depend on the initial graph only in a mild manner. The number of
vertices ng and edges 7y in the initial graph affect only a lower order term to
random variables under consideration. We first establish the following lemmas

on the number of vertices and the number of edges.

Lemma 9 For any t and k > 1, in G(p1, p2,p3,p4) with an initial graph on ng
vertices, the number n; of vertices at time t satisfies

(p1 — p3)t — /2ktlogt < ny —ng < (p1 — p3)t + /2ktlogt. (2)
with probability at least 1 — t%

Proof: The expected number of vertices n; satisfies the following recurrence
relation:
E(niy1) = E(ng) + p1 — ps.

Hence, E(niy1) = no + (p1 — p3)t. Since we assume ps < p1, the graph grows
as time t increases. By Azuma’s martingale inequality, we have

a2

Pr(jny — E(ne)| > a) < 2e” 27
By choosing a = +/2ktlog?, with probability at least 1 — 3, we have
(p1 — pa)t — \/2ktlogt < ny —no < (p1 — pa)t + \/2ktlogt. (3)
(I

Lemma 10 The number 1, of edges in G(p1,p2, p3, pa, m), with an initial graph

on ng vertices and Ty edges, satisfies at time t

|E(1¢) — 10 — Tmit| = O(4/tlogt)

where 7 — @1+P2=pa)(P1—ps)

p1+p3
Proof:
The expected number of edges satisfies
2Tt
B(141) = E(re) + mp1 +mpz = p3 B(—=) — mps. (4)
t

Let C denote a large constant satisfying the following:
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2. C > 4\/@ for some large constant s.
We shall inductively prove the following inequality.
|E(1¢) — 70 — m7t| < Cmy/tlogt for t > s. (5)
When t = s, we have
|E(1) — 70 — m7s| < 2ms < Cm+/slog s,

by the definition of C.
By the induction assumption, we assume that |E () — 7o —mmt| < Cy/tlogt
holds. Then we consider

|E(Ti41) — 70 — Tm(t + 1)]

= 1B+ mpn -+ s = poB() — mpy — o — (e + 1)

= B(n) = m—rmt = 2p3B() + 2ps )

= 0 G ) =) = () - P -
S 1= G ) et 420G - G
< |B(r) = = rmi] + 23| Bl = )|+ O()

We wish to substitute ny; by nt + ng + O(y/2ktlogt) if possible. However,
E(Tt(n% - m)) can be large. We consider S, the event that |n; — ng —
(p1 + p3)t| < 4y/tlogt. We have Pr(S) > 1 — % from Lemma 9. Let 1g be the
indicator random variable for the event S and S denotes the complement event
of S. We can derive an upper bound for |E((7¢41 — 70 — 7m(t + 1))1g)| in a

similar argument as above and obtain

|[E((1e41 — 10 —™m(t + 1))1g)| < |E((1e — 710 — 7mit)1g)|

P2l = o)1)+ 0(3)- (6)

We consider each term in the last inequality separately.

1 1 1
)1s)| < 2pzmi] - |

1
2p3|E(Tt(n— —
t

(p1 — p3)t (p1 — p3)t —4y/tlogt  (p1 —p3)t
\/8p3 logt logt
= (p1 — p3)? t O t ) )

27
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Since Pr(S) < tiz and 74 < 79 + mt, we have

[E((Te41 — 7m0 — 7m(t + 1))
t+1)1s)[ + [E((ri41 — 70 — 7m(t +1))15)]
t+1))1s)| + 2m(t + 1) Pr(S)

< |E((tig1 — 710 —™m(t +1))1g)| + 2m(t + 1)7%2

= |E((7t41 — 10 — ™M

IN

|E((Tg41 — 170 — ™M

)
(t+
(
(

By inequalities (6) and (7), we have

B((resr — o — 7t + 1))
< B = o= o)1)+ (L OB o

logt 1 t 1
< |E(Tt—7'0—7mt)|+ 3)2\/ o8 +O( og 4m¥

logt o logt
< Cmy/ilogt+ (2 q/og +O( Og
- 3

< Cmy/(t+1) log(t +1).

The proof of Lemma 10 is complete. ([
To derive the concentration result on 73, we will need to bound E(7;) as the

initial number of edge 7y changes.

Lemma 11 We consider two random graphs Gy and G in G(p1,p2, ps, pa,m).
Suppose that Gy initially has 7o edges and ng vertices, and G} initially have 7,
edges and ny, vertices. Let T, and 7, denote the number of edges in Gy and GY,

respectively. If no — ny = O(1), then we have
|E(r) — E({)| < |70 — 70| + O(log ¢).

Proof: From equation (4), we have

E(ri41) = E(m)+mpm +mp2—2p3E( ) — mpa
ny
/
E(1{y1) = E(7]) +mpi +mps — 2P3E(?) mpy
t
Then,
-
E(tip1 — T/41) = B(r — 7)) — 2p B(—- — T4, (8)
¢ nt

Since both n; — ng and nj — ny, follow the same distribution, we have

Pr(n; =z) = Pr(n, = x + n{ — no) for any .
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’
We can rewrite E(;t — ) as follows.
t

B -
Ny

From Lemma 9, with probability at least 1 —

1
L) = S B(nln = 0)Prin = 2) = 3 Bl = y) Pr(n = )
t
Yy

x

< | =

1
= Z ;E(Tt|nt =z)Pr(n; = x)
- Z ;E(Tﬂné =z +ny —no)Pr(n, = x +nj — ng)
—~ z+ ngy — no

1 1
= ZP?“ nt—x( E(riny = z) — %E(Tﬂng:x—knf)—no))

T+ ng—ng
= 3 Pr(n = 2)( (Bl = ) ~ Bl = 2+ ny — o))

1 1
—(= - m)E(Tﬂnl =z +ng — o))

t2 , we have

Ine —no — (p1 — p3)t| < 24/tlogt.

Let S denote the set of = satisfying |z — no — (p1 — p3)t| < 2y/tlogt. The
probability for « not in S is at most t% If this case happens, the contribution

to E(;—*t —

’
Z+) is O(1), which is a minor term.

n

In additibn, 7{ is always upper bounded by 7} + mt. We can bound the

second term as follows.

IN

IN

1 1

|Z(; - m)E(Tﬂ"; =z +ng —ng)Pr(n; = x|
Z(l - %)E(Tun; =z +n, —ng)Pr(ng =z)| + 0(1)
€S t T+ ng = 1o t

[ng —nol >_, (75 + mt)Pr(ny = ) (1)
(no + (p1 — p3)t — 2/tlogt)(nf + (p1 — p3)t — 2y/tlogt )

Ing — nol(rg +mt)

(no + (p1 — p3)t — 2v/tlogt)(nf + (p1 — p3)t — 2y/tlogt )

0(;)-

+o(3)
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Hence, we obtain

(Z_Ty 3 Pr(ng =)

ng  ng
= Z Pr(n; = x)

zeS

(E(7elne = x) — E(r{ln; = x + ng — no)) + O(

)

]|~ 8|
&+ | =

(E(7elne = x) — E(7iln; = 2 + ng — no)) + O(

)

1
no + (p1 — p3)t + O(V/tlogt)

1
X ZPr(nt =x)(E(r¢|ny = x) — E(t{|n} = = + n{ — ng)) —l—O(;)
z€eS

1
no + (p1 — p3)t + O(v/tlogt) (Z; E(m¢|ny = x)Pr(ng = x)
1
t

—ZE(THH; =x+ny—ng)Pr(n, =z +ni—mng)) +0(=)

x

1 . 1
T not (p1 — p3)t + O(y/tlogt) (E(re) — E(r)) + O(Z)

Combine this with equation (8), we have

2p3
no + (p1 — p3)t + O(\/tlogt)

Bl =) = (1 E(r — ) +0(3)

Therefore we have

2p3 1
E(1iy1 — 7/ < |(1- E(rs — |+ 0(=
B~ )l < N = e e Bl — 7] 4 O)
1
< |E(n—m7)|+ O(;)
<
Lo
< -7 O(=
< Imno To|+; (z)
= |10 — 7| + O(logt).
The proof of the lemma is complete. O

In order to prove the concentration result for the number of edges for
G(p1,p2,ps, pa, m), we shall use the general martingale inequality. To estab-
lish the near Lipschitz coefficients, we will derive upper bounds for the degrees
by considering the special case without deletion. For p1 = «, ps = 1 — q,
p3 =ps =0, G(a,1 — ,0,0,m) is just the preferential attachment model. The
number of edge increases by m at a time. The total number of edges at time ¢
is exactly mt + 19, where 7y is the number of edge of the initial graph at ¢t = 0.

We label the vertex u by ¢ if u is generated at time i. Let d;(t) denote the
degree of the vertex i at time ¢.
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Lemma 12 For the preferential attachment model G(y,1—+,0,0,m), we have,
with probability at least 1 —t% (any k > 1), the degree of vertex i at time t
satisfies

di(t) < mk(%)l_wQ logt.

Proof: For the preferential attachment model G(vy,1 —~,0,0,m), the total
number of edge at time t is
= mt + 79.

The recurrence for the expected value of d;(t) satisfies

E(di(t + 1)ld: (1)) H )

m(2—1)
1+ o + O(

)i e).

Il
—~

The term O(fzd;(t)) captures the difference from adding m edges sequentially
to adding m edges simultaneously. We denote 6; = 1+ (2 7) +0(5z). Let X;

be the scaled version of d;(t) defined as follows.

di(t)

Xe= 1
Hj:iJrl 0;

We have
B(Xp11| X)) = E(d;(t + 1)|d;(t)) _ 0:d;(t) _x,

7 7
Hj=i+1 0; Hj:i-i—l 0;
Thus X; forms a martingale with E(X;) = X,;11 = d;(i + 1) = m. We apply

Theorem 2. First we compute

Var(X | X)) = ﬁ\/ar(di(t+1)|di(t))

j=i+1Y5

< ﬁE((dxt +1) = di(t))2]di (1))
j=i+1Yj

< TG+ (-5
j=i+1 75 t Tt

_ ﬁ(e 1)di(t)
j=i+1 Y]

B 01 Hj z+19 ;

31



Let ¢ = # We have

0, — 1

b =
61T i1 6

m(2— ,
2<T§t+3§> +O(3)

(1 + gy +0<t2>>H§-=i+1<1+ Songry) +O(#)

1 LT Ry
27t
YLt /2
1_ ¥
-6
~y - v/2
(1_§ 2-7/2"

In particular, we have

t—1 t—1 1—~/2
~ i v
Soxu-ps i
j=i+1 Jj=i+1

~ 1.

Concerning the last condition in Theorem 2, we have

Xivr = BXr|X)) = = (di(t +1) — B(d(t +1)|di(0)
Hj:i+1 93’
1
< () - di)
H;’:H—l 0;
1
< ——m
Hj:i-i—l 0;
< m

With M = m and Z] ir1 95 =~ 1, Theorem 2 gives

2

Pr(X, < m+a) < e tatma/s
By choosing a = m(klogt — 1), with probability at least 1 — O(¢t~*), we have
X: <m+m(klogt — 1) =mklogt.

Hence, with probability at least 1 — O(t=%), d;(t) < mklog t(%)l’V/Q. O
Remark: In the above proof, d;(t + 1) — d;(t) roughly follows the Poisson
distribution with mean

2 = 7)dit) = 0@~ (=/2¢=772) = O(t7/?).

2’7'15
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It follows with probability at least 1 — O(¢t=%), d;(t + 1) — d;(¢) is bounded by
%. Applying Theorem 3 with M = % and Z;;iﬂ ¢; = 1, we get

2
2

Pr(X, <m+a)<e "t

5 4+ O@tF).

When m > logt, we can choose a = v/3mklogt so that m dominates 2;“—;’ In

this case, we have

2

Pr(X, <m+a) <e *TED 4 O@R) = 0@ ).

With probability at least 1—O(t~*), we have d;(t) < (m++/3mklog t)(%)1*7/2.
Similarly arguments using Theorem 5 give the lower bound of the same order.
If ¢ survives at time ¢ in the preferential attachment model G(vy,1 —~,0,0,m),

then, with probability at least 1 — O(t~*), we have

dy(t) > (m — \/3mklogt)(§)177/2.

O
The above bounds will be further generalized for model G(p1,p2, ps, ps, m)

later in Lemma 15 with similar ideas.

Lemma 13 For any k, i, and t, in graph G(p1,p2,p3,pa,m), the degree of i at
time t satisfies:
t1—
di(t) < Ckmlogt(=)'~ Tt 9)
i

with probability at least 1 — O(tik), for some absolute constant C.

Proof: We compare G(p1,p2, p3, pa, m) with the following preferential attach-
ment model G(p1,p2,0,0,m) without deletion. At each step, with probability
p1, take a vertex-growth step and add m edges from the new vertex to the cur-
rent graph;

With probability ps, take an edge-growth step and m edges are added into
the current graph;

With probability 1 — p1 — p2, do nothing.

We wish to show that the degree d,,(¢) in the model G(p1, p2, ps, ps, m) (with
deletion) is dominated by the degree sequence d,,(t) in the model G(p1, p2, 0,0, m).
Basically it is a balls-and-bins argument, similar to the one given in [14]. The
number of balls in the first bin (denoted by a;) represents the degree of u while
the number of balls in the other bin (denoted by as) represents the sum of de-

grees of the vertices other than u. When an edge incident to u is added to the
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graph G(p1,p2, ps,pa, m), it increases both a; and ag by 1. When an edge not
incident to u is added into the graph, as increases by 2 while a; remains the
same. Without loss of generality, we can assume a; is less than as in the initial
graph. If an edge uv, which is incident to w, is deleted later, we delay adding
this edge until the very moment the edge is to be deleted. At the moment of
adding the edge uv, two bins have a; and as balls respectively. When we delay
adding the edge uv, the number of balls in two bins are still ¢; and as compar-
ing with a3 + 1 and ag + 1 in the original random process. Since a1 < az, the
random process with delay dominates the original random process. If an edge
vw which is not incident to w is deleted, we also delay adding this edge until the
very moment the edge is to be deleted. Equivalently, we compare the process
of a; and as balls in bins to the process with a; and as + 2 balls. The random
process without delay dominates the one with delay. Therefore, for any u, the
degrees of u in the model without deletion dominates the degrees in the model
with deletion.
It remains to derive an appropriate upper bound of d,,(t) for model G(p1, p2, 0,0, m).

If a vertex u is added at time 4, we label it by i. Let us remove the idle steps and

re-parameterize the time. For v = pfﬁm’ We have G(p1,p2,0,0,m) = G(v,1 —
~,0,0,m). We can use the upper bound for the degrees of G(v,1 —~,0,0,m)
as in Lemma 12. This completes the proof for Lemma 13. O

Lemma 10 can be further strengthened as follows:

Lemma 14 In G(p1,p2, ps,ps,m) with intimal graph on ng vertices and To

edges, the total number of edges at time t is
7 = 70 + Tmt + O(kmt' T2 log?/? 1)

with probability at least 1 — O(t~*) where 7 = W.

Proof: For a fixed s, s < t, we define 75(t) = #{ij € E(G)|s <1i,j <t}. We
use Lemma 13 with the initial graph to be taken as the graph G, at time s.
Then Lemma 13 implies that with probability at least 1 — O( tk%l), we have

m—T(t) <) di(t)
i<s
< ot e k1
= Z <;> mklogt
i<s
P1
C t\  21tr2)
< katlogt(—) o .
2(p1+p2) s
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By choosing s = v/t, we have
7 = 75(t) + Ot 152 mk log t). (10)
We want to show that with probability at least 1 — O(t~*/2*1), we have
|7 — E(7t)]

ITe = 75 (t)| + |E(7e) — E(7s(1))] + |7s(t) — E(7s(2))]
< O(mkt'™ T log/? t)

IN

It suffices to show that 75(t) — E(7(¢)) = O(mktl_m log®/? t).

We use the general martingale inequality as in Theorem 1 as follows: Let ¢; =
Ckm(%)km logt where C is the constant in equation (9). The nodes of
the decision tree T are just graphs generated by graph model G(p1, p2, p3, pa, m).
A path from root to a leaf in the decision tree T is associated with a chain of
the graph evolution. The value f(i) at each node G; (as defined in the proof
of Theorem 1) is the expected number of edges at time ¢ with initial graph G;
at time 4. We note that X; might be different from the number of edges of G;,
which is denoted by ;.

Let G;41 be any child node of G; in the decision T. We define f(i + 1) and

Ti+1 in a similar way. By Lemma 11, we have
[f(i+1) = f(O)] < |mig1 — 7| + O(logt) < (14 o(1))c;

We say that an edge of the decision tree T is bad if and only if it deletes a
vertex of degree greater than (1 + o(1))¢; at time i. A leaf of T is good if none
of graphs in the chain contains a vertex with degree large than (1 4 o(1))c; at
time i. Therefore, the probability for the set B consisting of bad leaves is at

most

Pr(B) <Y O(17%) =0(s™").
l=s

By Theorem 1, we have

Pr(7y(t) — E(rs(t)| > a) < 2 See? + Pr(B)

a2

o___P1
1 + Nog —
S 2¢ Zfzs(s) (P1+P2) (Cmklogt)2? 4 O(S k+1)

a2

2+

J251
3——+1L
< Qe c'c2t P1+pP2 ¢

DT
P1FP2 2k2 10g2 ¢ + O(kaJrl).

We choose s = v/t and a = V/ OOt T mk log?’/2 t. With probability
at least 1 — O(t~ /1), we have

I75(t) — E(ry(1)| = Ot~ T mk log®/? t)
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as desired. .

) let @ = P1(p1+2p2—p3—2pa)

2(p1+p2—pa)(p1—p3) and

Lemma 15 For the model G(p1,p2,ps, pa,
Iflogt < m < t7/2, we have the following.

7= p1+p2
1. For p3 > 0, and € > 0, with probability at least 1 — € no vertex born before
etf’l survives at time t.

2. If the vertex i survives at time t, then, with probability at least 1—O(t~%),
the degree d;(t) in a graph G of the model G(p1,p2, ps,ps,m) satisfies

di(t) > (m—Cy/mklogt)(l — Ci~*10g¥/? i)(g)“;

d;(t) (m + C\/mklogt)(1 + Ci~"/*log®? z‘)(f)a.
(3

for some constant C' depending on pi1,ps2,p3, and py.

IA

Proof: For a fixed t, and i < ¢, let Z; denote the number of vertices left at
time 7 with indices less than tg = etm , (i.e. born before ty.) Clearly Z;, < to.
For tg <1 <t, we have

Z; —1 with probabilit Zi
Ziy1 = { ' P Y Pa, (11)

Z; otherwise.

We wish to upper bound the expected value of Z;;1. From (3) we have

Pr(n; > (p1 — p3)i + O(y/2kilogi)) < i~ ",

We write
E(Ziv1) = E(Zial,, < —py)ivovammezs) T E(Ziv11,,5 (51 —ps)ito(y2RiTogs)
< E(Zi+11ni§(p17p3)i+0(\/Wogi)) +toPr(n; > (p1 — p3)i + O(\/ 2ki 10gl))
E(Z) ‘ —
< E(Z;) - p: - + to Pr(n; - + O(+\/2kil
= PTG i ooy T P Tl 0LV e )
< B(Z)(1- P )+ toi "

(p1 — p3)i + O(\/2kilog )
The above recursive formula of E(Z;) can be solved as follows. Let a; = E(Z;)—
t=1. If k > 3, we have
(1- b3
(p1 — p3)i + O(\/2kilog )

Since ay, < E(Zy,) < to, we get

D3 1

t
(p1 — p3)i + O(/2kilog1)

Ait1 — )ai < toiik — <0.

t—1
b3
< 1-
s e il_t[o( (p1 — p3)i + O(\/Wogi))

_ytot
< tge =to (p1-— P3)7+O( 2kilog )

= (14 o(1))toe” 5 /)
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We note that

t
In—=(1- &)hlt —Ine.
to D1
Hence,
@ < (1+o(1))tge 77 (/%)
= (1 + 0(1))€t§%67§% lnterp}m Ine
= (1+o(1))eri7s
Therefore, we have
PI‘(Zt > 0) < a+ t_
0

P1 1
< (to())enm + —

< e

This implies that with probability at least 1 — €, the number of vertices, which
are born before ty and survive at time ¢, is zero. Part 1 is proved.
Let F; be the o-algebras generated by all subsets of the probability space at

time ¢t. Under the condition that vertex ¢ survives at time ¢, we have

di(t di(t dit di(t
B+ DIF) ~ dt)+pm D g D G O
Tt Tt Uz Tt
(p1 +2p2 —2ps) D3
= (1 LA A BN, 12
(1+m o nt) (t) (12)

To see this, with probability p;, m edges from a new vertex will be added

to the graph. For this case, the probability that the vertex i is selected as an

mXy
27’1, :

endpoint of these m edges is The terms containing p. and p4 are the con-
tributions from the edge-addition step and the edge-deletion step, respectively.
The term containing ps is the contribution from the vertex-deletion. We note
that repetition in the edge-deletion-step only causes an error of minor term in
the above computation.

By Lemma 14, with probability at least 1 — O(t~*), the total number of
edges is

7 = rmt + O(kmt' ="/ *1og®/? t).

_ (p1+p2—pa)(p1—p3) _ _p
Recall that 7 = FIE and v = p1+1p2' By Lemma 9, the number ny

of vertices at time ¢ satisfies

ny = (p1 — p3)t + O(v/2ktlogt),

with probability at least 1 — t%
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Substitute 7, and n; into the recurrence forumla (12) and simplify. Thus
with probability at least 1 — O(t~*), we have

Bd:t+1)|F) = (1 +m%f_t—2p4) - ‘Z—j)di(t)
~ (U+m (p1 + 2p2 — 2p4) B ps ®

d;(t
2(tmt + O(kmt*=7/41ogt))  (p1 — p3)t + O(v/2ktlog t))
(1+ % L O og ) di(t).

Let 6, =1+ ¢ + Ct=1=7/4 for some large constant C. With probability at
least 1 — O(t~F), we have

E(di(t +1)|F;) < 0:d;(t).

Now we apply theorem 3 to random variables
X L 0
t =1, %lt).
H j=i+1 9]’

With probability at least 1 — O(t =), we have

E(Xin|F) = B(—p—di(t+1)|F)

j=i Vi

In another word, X; is nearly a submartingale. We compute

t—1 t—1

(o7 11— .
IIe = JIa+=+ci""0g*?))
j=it1 j=it1 J

< eXitin (§HCITIT M 10g2 )

ea(logt—logi)+o(i—v/4 log®/2 4)
: t
= (1+ O(i_7/4 1Og3/2 Z))(;)(y
Next we consider the variance Var(Xy41|F:).

Var(Xt+1|.7~—t) Var(dz(t + 1)|th)

t
1

< mE((di(t +1) = di(t))*|F)-
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The second moment FE((d;(t + 1) — d;(t))?|F;) consists four items, which corre-
spond to four steps —- vertex-growth-step, edge-growth-step, vertex-deletion-
step and edge-deletion-step. Recall that the graphs are always simple. We
have

di t dz t di dz t
Bt + 1)~ di)1F) < pmBD B G g B
Tt T Uz Tt

p1 + 2p2 + 2p4 D3
+
27 P1— D3

= + (1) 5di(t)

Let ¢)t = (p1+212)2+2p4 + " D3 -+ 0(1))% Then Var(Xt+1|.7-—t) < ¢tXt~

T 1—P3 t0 §=i+1 i
We have
t—1 t—1 1
20 = 00 =)
j=i+1 j=i+1 30 1li—i1 61
=1
= 0() 7i7a)
j=it1

o(1).

Let us estimate |d;(t + 1) — d;(¢)|. It is upper bounded by 1 if it takes a
vertex-growth-step or a vertex-deletion-step (with ¢ surviving). It is at most m
if it takes an edge-growth-step or an edge-deletion step. We can further lower
the upper bound by considering trade-off with probability.

For an edge-growth-step, it follows the Poisson distribution with mean

di(t)
"o
Cmklogt(£) =
2mtt + o(t)
= O(mkt " logt)
< o(tT/3).

H =

IN

By using Lemma 13 and m < t7/2, with probability at least 1 — O(t~%),
d;(t) — d;(t + 1) is bounded by 2k < %.
For an edge-deletion step, it follows the Poisson distribution with mean
H=—= —.

Tt Tt

With probability at least 1 — O(t %), d;(t) — d;(t + 1) is bounded by 2k < %.
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Therefore,

|E(d;(t + 1)|F) — di(t + 1)|

A

|E(Xt+1|ft) - Xt+1|

B H§'=i+1 0;
< 20di(t+ 1) — di(t)]
12k
< —.
Y

By applying Theorem 3 with M = % and Z;;iﬂ ¢; = O(1), we have

2
12

Pr(X; <m+a) <e *CtOrEH L Ok,

When m > logt, we can choose a = /3Cmklogt so that m dominates %

In this case, we have

a2

Pr(X, <m+a)<e 2CTFOTED L Ok = O(tH).
With probability at least 1 — O(t~*), we have
: t
di(t) < (m + /3Cmklogt)(1 + O~ *1log®? ()"

The proof of the lower bound is similar by using Theorem 5 instead. Let
0; = 1+ ¢ — Ct='~° for some large constant C. With probability at least
1 — O(3), we have
E(d;(t + 1)|F;) > 0,d;(¢).
Now we apply theorem 5 to random variables
1
t—1
[[=i1 9

With probability at least 1 — O(t =), we have

Y, = di(t).

1
E(Yi|Fe) = E(m—7 di(t+1)|7)
1= 9;

40



Hence, X, is nearly a supermartingale. We have

t—1 t—1
Mo = TIa+S-cit/0g?))
j=i+1 j=i+1 J

— 623‘;}4_1(%*0(]'_1_7/4 log3/2 7))

ea(logt—log i)—0(i~"/*10g3/2 i)

= (-0 log¥ i) ()"

S miome
(D222 t20a 4 P (1))

Similarly, let ¢} = . Then Var(Y;41|F:) < ¢1Y:, and

t0; ‘*71:1,’_*_19‘;
=1 t—1 )
Z ¢, = O Z — )
g=itl ’ J=i+1 392' Hl=i+1 ‘92
t—1 o
= O Z j—1+a)
Jj=i+1
= O(1);
and
E(d;(t+ 1)|F) —d;(t+1
|E(Yig1]Fe) = Yiga| = | E(di( Z| t) —di(t+1)]
[ljmii1 05
< 20di(t+1) — di(t)]
12k
< —
Y

By using theorem 5 with M = % and Z;;Ll ¢ = O(1), we have

2
12ka,)

Pr(X;<m—a) < e CmTE;

+0@t™F).

When m > logt, we can choose a = /3Cmklogt so that m dominates %
In this case, we have

2

Pr(X, <m—a)<e *“™ 3 4Ot %) = 01tF).

With probability at least 1 — O(t~*), we have

di(t) > (m — /3Cmklog 1)(1 — O~/ 10g?/? z‘)(%)(’).

The proof of lemma is complete. O
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7 The proofs for the main theorems

Now we are ready to prove Theorem 6 to 8.

Proof of Theorem 6: The probability that a vertex ¢ survives at time ¢ is

H (1 — @) ~ er:f,ﬂ 7(;,;1]_):?,,3)1, ~ (%)plp_gps .

Suppose i survives at time ¢. By Lemma 15, with high probability, we have

4i(t) = (14 o(1))m(5)".

P1(P1+2p2—p3—2pa)
2(p1+p2—pa)(p1—p3)
and x2 can be written by

Recall a = . The number of vertices with degree between x

> ()7

(1+o(1))(22) -1/t <i<(1+0(1))(EL)~ 1/t

~ (Byaorre — (s )L P2

m m D1
~PLTP3 (T (T2y-p41
I (i 22y
We note that
_ 2 _
P (p1+p2 —p4) _ g1,

alpr —p3) 1+ 2p2 — p3 — 2pa

The number of vertices with degree between x and x + Az is

A p-1
(1= B o) ()2 = (LR oy (1= )P,

pi1+ps

Hence, G(p1, p2, p3, p4, m) is a power law graph with exponent 5 = v v Tl

This completes the proof for item (1).
p
For tg = Lﬁtﬁj, where g(t) is an arbitrarily slow growing function, Lemma
15 implies that almost surely any surviving vertex are born after 5. To prove

M = m(4)® and 7, = mrl, for

item (2), for some fixed [ < t, we consider w; :

t>1>i>ty where 7 = &1trz—p)pr1ops);
=t p1+p3 ’

For [ = tg,...,t, let G'(p1, p2, p3,pa, m) denote the graph at time [ gener-
ated by the evolution model G(p1,p2,ps,ps, m). Now, we construct an edge-
independent random graph H' as follows. At [ = to, H' is an empty graph. By
the induction assumption, we assume that the edge-independent random graph

HJ has been constructed, for j < [.
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If at time [ + 1, we have a vertex-growth-step in G'*1(p1, p2, p3, p4, m), we
add a new vertex labeled by +1 to H;. Let F! be the edge-independent random
graph with "

pitn = (1= o()m
We define H'*1 = H' U F..
If at time [ + 1, we have an edge-growth-step in G'**(p1, p2, p3, p4, m), Let

F! be the edge-independent random graph with

wgl)wj(_l)

pij =m(l — 0(1))?7
!

for all pairs of vertices (i, ) in H'. We define H!*! = H' U F!.

If at time [ + 1, we have a vertex-deletion-step in G'*1(py, p2, p3, ps, m), we
delete the same vertex from H' and call the resulted graph H!*1.

If at time [+ 1, we have an edge-deletion-step in G'*(p1, p2, p3, pa, m), let Fall
be the random graph with uniform probability p = ‘rm; We define H!+! = Hl\Fé

Clearly, H'*! is edge-independent if H' is edge-independent.

From the above construction, for any two vertices i and j (i < j) in H', the

@

edge probability p;; satisfies the following recurrence formula.

€]

m(1 - o(1))% =1
péj with probability p; + ps.
(+1) _ ) wP
ij péj + (1= p; )m(1 - o(l))”TTlQL with probability ps
péj (1- 2_n) with probability py4
0 if either ¢ and j is deleted, or | < j

w® Oy L

Let a; = (1 — 0(1))p2m‘T’ = (1 — O(l))meWZQQ_Q and bl =
(1+0(1))pagze = (1+o(1)) 5= 1. The expected value E(p§ )) satisfies the following

recurrence formula.
Blpyg') = (1= ar =) E@) + a (13)
This implies
B(pY) = (1—amy —b)EGYY) +ais
= (I—ar1 —b)(1 = a2 — b2) B + ar—a) + ar

-1

Z aSH (1—a;—b) +E(p§j))H(1 —a;—by).

s=j+1 l=s l=j
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Before we proceed to prove that pg)
S)) by solving the recurrence in (13). We consider the following

concentrates on E (pg-)), we simplify the ex-
pression for E(p
two cases.
Case 1: a; = o(by).
For any [ < t, we have

aj la7 _ bl
IO R G

l
ay t t by’
Hence a; < ‘;—:bl = o(by).
Suppose the recurrence formula (13) has a solution in the following form
pgé) ~ CI® for all [ < ¢. By substituting into (13), we have
Cl+1)*~Cl"(1—ar—b)+ a.

Here we apply the estimation

1+ 1)° ~ 151+ 2).

l
We have
x
Clx(T +a; + bl) ~ ap,
and
pa2m
Cl® ~ ap . AT2i%5% j9q-1

Tiat+b  a+
By choosing © = 2a — 1, we have

p2m
Ar2j0j @ pam

oo+ B 27(2p2 — pa)i®j©

. l m 2a-1
Let f(I) be the difference E(pl(-j)) - mlwﬁ
an appropriate upper bound for f(I). Since both E(px)) and % are

(asymptotic) solutions of the equation (13), we have f(I+1) = (1 —a; —b;) f(1).
Hence,

. It is enough to establish

t—1

f&) = O[O —a—b)
1=
w(]) m ca—1 R
~ (m [ _ D2 J . )67 Zl‘=](a1+b1)
2’7']‘ 2’7’(2]72 — p4) 1%
~ (1 _ D2 Ej(y_le— Z;=j((ll+bl)

(2p2 —pa)’ 21 i@

Q

P2 )m jo! (j)%

(2p2 —pa) 27 i™ 't

_ pam t2e (1- E)(Z)’é—iwa—l
27(2p2 — pa)i®je ivje p2’t
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The solution of the recurrence formula (13) is

(4 (1= By ey
2p47(2p2 — pa) 1%5% pot '

W pam
b;;

If t > j, the above solution can be expressed as

Pam t2a71

2pat(2p2 — pa) 15>

Py = (1+o(1))

Case 2: b, = o(ay).
From the definition of a; and b;, there is a t; < % satisfying b; = o(a;) for all

t1 <1 <t. We can rewrite the recurrence formula (13) as
l l
1-E@E™) = (1—a —b)(1 - E@Y)) + b (14)

Suppose the recurrence formula (13) has a solution with the following form
pg-) ~1—C'lY for all | < t. We have

Cl(l + 1)y ~ C/ly(l —a;—b)+ 0.
In a similar way as in Case 1, we have

O U B BT a2
Tra+b  a  pam

We choose y = 1 — 2a and C' = Z%Tmi(’ja. Consider f(I) = E(px)) - (1-
Q%Tmiajallﬂa. From (13), we have f(I+ 1) ~ (1 —a; — b;) f(1). Hence,

IF @)l

Q

e T - — b

=t
< e Si—s, (artby)

= o(tmi®j*1 %)

Hence, the solution of the recurrence formula (13) is

2
Bp) =1 (Lt o(1) -2ty e,

()

It is sufficient to prove p.. concentrates on its expected value. Consider a

() (1+1)
P ij
on pz(-;) but not on the history pz(;.) for s < [, this implies that X; = F (pz(;.) |p§é))

is the expected value at time ¢ with initial value pl(é-) at time . X; = f(t) is the

martingale X; = E(p%) |p . ,pg-)), for l =j,...,t. Since p only depends

solution of the following recurrence formula.

Fls+1)=(1—as—b)f(s) +as,  with f(I) =p).
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We have

| X141 — X

A= ey = T (= as—by)
s=Il+1
I+1)
< Ip( P”)|
< max{a(1 - p{), bip?}.

Let ¢; = max{a;(1 — p” ) blp”)} denote the sequence ¢ for the c¢-Lipschitz con-

dition.

For the case a; = o(b;), we first get a crude upper bound for p;

P2 = 1)

Also, we have

Hence

For the case b; =

1 .
E J) (by setting

l (s)

. w, w
pj < 1=0-p)0 =[O0 -m—5)
s5=j S
o l (8), (s)
.70( ! wi w]
< - J
= 2m'a+g:jm 472
m(2a — 1) [2e—1
< (tonym—b

bipl) < bi(1+0(1))

IN

t
>
=5

Q

® _
pzj

= E(p{)) + O(

47—2 Z’aja

m(2a — 1) 2971

472 e Sla)
t
o> _ap)
I=j
2,4—3
0("1(;;:32&73) if >3
O("Ghz=—) ifa< 3
-1 (t)\2
Ot (E(p;;)?) if o> 9
Ot~ C2E(p)?) ifa<3
o(E(py))?)-
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and therefore

t
p1(;j))'

Now we prove inductively that G'(p1, p2, p3, pa, m) dominates G! within an
error estimate o(t %) (for some constant K > 2.)

For | = ty, the statement is trivial since H' is an empty graph. We now
assume that G'(p1,p2, p3, pa, m) dominates H' within error estimate o(t=).

If at time [ + 1, we have a vertex-growth-step, we define the random graph
é(H) to be the graph by adding to H' m random edges from the new vertex.
The other endpoints of these edges are chosen with probability proportional
to their degrees in H. We note that G (p1, pa, p3, pa) = &(G(p1, p2, p3,pa)).
Since G'(p1,p2, p3, pa, m) dominates H' within an error estimate o(t~%), then
G'"(p1,pa, p3, ps) dominates ¢(H') within an appropriate error term.

If at time [ + 1 we have an edge-growth-step, we define the random graph
¢(H) to be the graph resulted from adding m random edges on the vertices of H.
The endpoints of those edges are chosen with probability proportional to their
degrees in H. We note that G'*1(p1, p2,p3,p1) = ¢(G'(p1,p2,p3,p4)). Since
G'(p1, p2, p3, p4, m) dominates H' within error estimate o(t =), G"*1(p1, p2, p3, ps)
dominates ¢(G'), with a suitable error term.

If at time [+1 we have a vertex-deletion-step, it is clear that G'*1(py, p2, p3, p4)
dominates H'*! within the same error estimate as in step [.

If at time [+1 we have an edge-deletion-step, we note that G'*1(py, pa, p3, ps) =
G (p1,p2,p3,pa) \ H}. Since G'(p1, p2, p3, ps, m) dominates H' with an error es-
timate o(t %), G"*1(p1, p2, p3, pa) dominates H' \ F! = G'+1.

The total error bound is less that ¢ times the maximum error within each
step. Hence the error is o(t~%) for any constant K. The proof of one direction
for the domination is completed. The proof of the other direction can be treated
similarly except that the opposite direction of the domination is involved and
we omit the proof here. O
Proof of Theorem 7: When j > > mitl’ﬁ, we have

pam t2(y—1

T 2pyT(2pa — pa) P95

Dij

pam t2afl

2paT(2p2—p4) i*j
Since p;; can be written as a product of a function of 7 and a function of j,

Let H; be the edge-independent random graph with p;j =

H; is a random graph with given expected degrees. To calculate the expected
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degrees of Hi, we will use the fact that the probability that i survives at t is
. pr3
(14 0(1)) (£)™~7*. Hence, the expected degree of H; is

p3
_ , j P1—P3
di = Zpij (;)
jJeS
P
Z . itlfzit p2m t2a-l <]) mi-7
j=me a — <
2paT(2p2 — pa) 15> \t
pam e

2pa7(2p2 — pa) (GE — @) i

Q

Q

as claimed.

For the other direction, we note that

pam t2a71 yo j P4 1901
Dij = —— (1 +(1—=)(3)*
) 2p47_(2p2 _p4) Z(yj(y ( ( p2)(t) )
m tQa—l
< -2
2paT(2p2 — pa) %) P2
m t2a71
- 2p47‘ Z'O(jo(
Let Hy be the edge-independent random graph with p;’j = 2;17 % Clearly,

H, is a random graph with a given expected degree sequence. The proof is
similar and will be omitted. U

1

Proof of Theorem 8: When i < j < mat'~ 2, we have
24T o 012
i =1—(1 1)) ——i%j“t 7 ** =1—-0(1).
Py = 1= (1+0(1) 4L o(1)

Therefore, it is dominating and dominated by the complete subgraph. O
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