A Harnack inequality for homogeneous graphs and subgraphs *

F. R. K. Chung S.-T. Yau
University of Pennsylvania Harvard University
Philadelphia, Pennsylvania 19104 Cambridge, Massachusetts 02138
and

Institute for Advanced Study
Princeton, New Jersey 08540

Abstract

We prove a Harnack inequality for eigenfunctions of certain homogeneous graphs and sub-
graphs which we call strongly convex. This inequality can be used to derive a lower bound
for the (nontrivial) Neumann eigenvalues by 1/(8kD?) where k is the maximum degree and D
denotes the diameter of the graph.

1 Introduction

Let ' = (V, E) denote a graph with vertex set V' = V(I') and edge set E = E(T"). Suppose a group
‘H acts on V such that:

(i) for all g € H, {gu, gv} € E if and only if {u,v} € E,
(ii) for any two vertices u and v, there is a g € H such that gu = v.

Then we say I' is a homogeneous graph with the associated group H. In other words, I' is
vertex-transitive under the action of H and We can identify V' with the coset space H/Z where
Z={g€H:gv=uv}, for a fixed vertex v, denotes the isotropy group. We note that the Cayley
graph is a special case of homogeneous graphs with Z trivial. The edge set of a homogeneous graph
T can be described by an (edge) generating set K C H so that each edge of T is of the form {v, gv}
for some v € V, and g € K. In this paper we require the generating set K to be symmetric, i.e.,
g € K if and only if g7' € K.

We say that a homogeneous graph is invariant if for every element a € K, we have
aKa =K.

In other words, K is invariant as a set under conjugation by elements of K. For example, a ho-
mogeneous graph associated with an abelian group is invariant and we call the graph an abelian
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homogeneous graph. Suppose a homogeneous graph I' is associated with a nonabelian group H. If
the edge generating set K is a subgroup of H, then I is still invariant.

In a graph G, the distance d(u,v) between two vertices u and v, is the minimum number of edges
in any path joining v and v in G, and the diameter of G, denoted by D(G) is the maximum distance
d(u,v) among all pairs of vertices.

The diameter is closely related to various graph invariants. Let A denote the dominant eigenvalue
of the Laplacian of G. For a regular graph G, the Laplacian L of G is just I — %A where I is the
identity matrix, A is the adjacency matrix and G is k-regular. The eigenvalues of L are denoted by
0=X <X\ <--- < A\y—1. Many results for random walks on groups and Markov chains are based
upon the following inequality for vertex-transitive graphs [1, 2, 6].

c
AL > D2 (1)
where ¢ denotes some appropriate absolute constant, k is the degree and D denotes the diameter
of the graph. For a general graph, however, (1) does not necessarily hold. (For example, the graph
of two cliques K, joined by an edge has A < -5 and D = 3). The main result of this paper is
to generalize (1) for certain induced subgraphs of a homogeneous graph. An induced subgraph
determined by a subset S of the vertices has edge set consisting of all edges with both endpoints in
S. For convenience, we will use S to denote both the induced subgraph and its vertex set, if there
is no confusion.

An induced subgraph of a homogeneous graph can be viewed as a graph with boundary while the
“host” homogeneous graph has no boundary. In Section 2, we will define the Laplacian and Neumann
eigenvalues for an induced subgraph of a homogeneous graph. This can be viewed as the discrete
analogue corresponding to the continuous case of Neumann eigenvalues for Riemannian manifolds
with boundary (which is different from the Dirichlet eignvalues for domains with boundary, cf. [7]).

An induced subgraph S of a graph G is said to be strongly convez if, for all pairs of vertices u
and v in S, all shortest paths joining v and v in G are contained in S. We will show that for a finite
strongly convex subgraph S in an invariant abelian homogeneous graph I', an eigenfunction f with
eigenvalue \ satisfies

[f(z) = )l < Sk/\816115)|f(z)|2

where the vertices x and y are adjacent and k is the degree of I". Furthermore, the dominant
eigenvalue \g of the Neumann Laplacian of S satisfies

1
A 2 §hD )

where D is the diameter of S.

This paper is organized as follows: In Section 2, we give definitions and examples for the Lapla-
cian of a homogeneous graph, the Neumann eigenvalues of an induced subgraph of a homogeneous
graph and strongly convex subgraphs. In Section 3, we derive a Harnack inequality for eigenfunc-
tions of invariant homogeneous graphs. In Section 4, we prove a Harnack inequality for strongly
convex subgraphs of invariant abelian homogeneous graphs. In Section 5 we establish an eigenvalue
inequality using the Harnack inequality and then briefly discuss some applications of (2) in random
walks and rapidly mixing Markov chains.



2 The Laplacian, convexity and Neumann eigenvalues

Let I' denote a homogeneous graph with associated group H and an edge generating set K. Let
k = |K|. The Laplacian L of T acts on the space of functions f : V(I') — R as follows:

L) =1 32 (@) - flg2) )

geEK

and, therefore

oL = 5 @) - f)? (1)

zly
Equivalently, we have
1
L=I--A
k

where A is the adjacency matrix of I". Various properties of Laplacians and eigenvalues for general
graphs can be found in [3]

For an induced subgraph S of a homogeneous graph I', we define the boundary 65 of S by
0(S)={veV\S:v~ueS}
An induced subgraph S of a homogeneous graph I' is said to be strongly convex if the edge

generating set K satisfies the following condition:
(A): For all a,b € K , x € 65, ifax € S, bx € S, then we have b~la € K.

We note that (A) is implied by the following condition:
(B): For all pairs of vertices u and v in S, all shortest paths joining v and v are contained in S.
Clearly, the intersection of two strongly convex subgraphs is strongly convex.

Example 1: Suppose we consider a homogeneous graph I'; with vertex set

{(a1,a2, - ,a¢)} 1 a; € Z,Zai =n}. Avertex (a1, -+ ,ai, -+ , a5, - ,a) is adjacent to (a1, - - , a;+
i
1,---,a;—1,---,a;) for 1 <4,j <t. In particular, for a fixed i, we define H; = {(a1,a2, - ,as)} :
a; > 0} to be a halfplane. It is easy to see that H; is strongly convex and NH; = {(a1,az2, - ,at)} € V(I'y):

a; > 0} is strongly convex.

Let S denote a finite induced subgraph of a homogencous graph I'. We define the extension S
of S to be the graph formed by all edges {x,y} with at least one endpoint in S. We now define the
Neumann eigenvalue of the subgraph S as follows:

> (fla) = f))?
Ag = h}f {zy}es (5)

kY ()

zesS




where k denotes the degree in I and f ranges over all functions f : 65U S — R satisfying

> fl@)=0

zesS

Lemma 1: Suppose f is the eigenfunction achieving g in (5). For = € S, we have

L) = 1 S 1) — flgo)] = As (@)

geK

and for x € S, we have

> @) = flgn)] =0
jocs

The proof is by using a variational principle and will be omitted. We remark that the second
equation in Lemma 1 corresponds to the vanishing of the normal derivative at the boundary which
is usually called the Neumann condition.

We also remark that the Neumann eigenvalues are intimately related to problems arising in
random walks. In an induced subgraph S of a homogeneous graph with degree k, we define the
following random walk: The probability of moving from a vertex v to a neighbor w of v is 1/k if
wis in S. If u is not in S, we then move from v to each neighbor of u in S with the (additional)
probability 1/kd, where d,, denotes the number of neighbors of » in S. The transition matrix P for
this walk, whose columns and rows are indexed by 9, is defined as follows:

PR = 3 i)+ Y () (6)

u€S u€S
U~V U~ Z~U
z¢S

It can be easily checked that the stationary distribution is the uniform distribution. Furthermore,
the dominant eigenvalues p of P are related to the Neumann eigenvalues Ag by

1—p>Ag (7)



This can be proved by using the Neumann condition in Lemma 1 as follows:

YoU@—fw)?+ Y (f@) = f(®)*/ds

1—p = inf ;’C;eys ngé:\;és
! kY )
TES
> (flw) 2D N @) - O f)?)/d-
> inf s 5 Es ves
o kY ()
z€S
ST(f@) = fW)2+ D] () - f2(2)
L awes FESTES
> inf
! kY )
TES
> (f(@) 2D (o
> i szyNeys #55es
= ES )
z€S

> (fl@) = fw)?

inf {zyyes

f kY ()

z€eS

where f ranges over all functions f: 6S U S — R satisfying

> flz) =

eSS

The inequality (7) is quite useful in bounding the rate of convergence of random walks and the
rapidly mixing of Markov Chains. For more discussions on random walk problems and their relations
with the Neumann eigenvalue Ag, the reader is referred to [3].

3 A Harnack inequality for homogeneous graphs

We will first prove the following Harnack inequality for homogeneous graphs which are invariant.

Theorem 1 In an invariant homogeneous graph I' with edge generating set K consisting of k gen-
erators, suppose a function f: V(I') — R satisfies

= 1 Y1) - flan)] = M)

acK



Then the following inequality holds for all x € V(T'):

% > (@) = faz))? + arf?(z) <

a€EK

Aa?
S sup 12(1)

Y

for any o > 2.

Proof: We define

and we consider

Lo() = o5 30 SO{IF() — flan)? ~ [Fbw) — flaba)]’}

beK a€K

= 5 2 @)~ flax) — f(ba) + Flabo)’

beK aceK
+,f—2 Y D lf(@) = flaz) = f(bw) + f(aba)][f (x) - f(az)]
beK ac K

Let X denote the second term above and we have

X = 230 I ~ faw) — o) + flabe)] (@) — flax)]
beK ac K
= 2 @) ~ flaw) — f(b) + Fban)}F(x)  flar)
acK beK
2 SIS (Flabe) — f(baz))][F(r) ~ faw)]
a€K beK
= DS - S + 5 Y13 (fabe)  fan)][f () ~ f(a)
a€EK acK beK

Since I' is an invariant homogeneous graph, we have

> (f(abx) — f(bax)) = 0

beK
and therefore o
Lp(x) <X =23 [f(2) = flax)]?
aceK
Now we consider
Lf*(x) = % [f2(x) — f*(a)]
aeK
= 2N @)~ fan)) 1 Y [f@) — flar)?
aeK aeK
= 2)\f? J?) _% [f(x) —f(ax)]2
aeK



Combining the above arguments, we have, for any positive «, the following:
1 2 2 2 02 (a —2)A 2
L(3 Y [f(@) = f(ax)? + adf?(x)) < 200°f*(2) = == 3 [f(2) = f(aw)]

a€EK acK

Now we consider a vertex v which achieves the maximum value, over all x € S, for

£ 1) - fla)? + ()

ac K
We have
0 < LG ) - f@n)? +arfw)
ac K
< 2002 £2(0) - 222 S (10) - flan)?

This implies

: Tl - flef < 50
for o > 2. Therefore for every z € V(I'), we have
E @)~ Fan) +adf @) < 3 SOIF) - fan)? +aAf ()
acK a€EK
< 2P+ oar)
< (2 ans)
= max )

for any a > 2. The proof of Theorem 1 is complete.
By taking a = 4 in Theorem 1 we have

Corollary 1 In an invariant homogeneous graph I' with edge generating set K consisting of k
generators, suppose a function f: V(I') — R satisfies

Then for all x € V(T')
7 2 [F(@) = J(a2))” < 8Asup *(y)

a€EK



4 A Harnack inequality for strongly convex subgraphs

For strongly convex subgraphs, a similar but slightly different Harnack inequality for Neumann eigen-
values can be derived. The proof is based on the Neumann boundary condition and the assumption
that the homogeneous graph is invariant.

Theorem 2 Suppose S is a finite strongly convex subgraph in an abelian homogeneous graph T' with
edge generating set K consisting of k generators. Let f : S — R denote an eigenfunction associated
with eigenvalue A. Then the following inequality holds for x € S, a € K and ax € S':

[f(x) — f(az))® + kaAf?(z) <

for any o > 2.

Proof: We define, for z and y in S U S,

$(x,y) = [f(2) = fFW)]* + karf?(z).
For y = gz for g € K, we write
¢z, 92) = g(x).
Let {z,az} be an edge in S achieving the maximum value of ¢4(x) ranging over all g € K, z, gz € S.
Claim: ¢4 (z) < ¢q(z) for a neighbor x of z in SUJS.

Proof: We consider the following three possibilities:

Case 1: Suppose az € S and = € 6S. We have, by using Lemma 1
¢a(z) = [f(x)— f(ax)]? +ka/\f2( )

_ %Zf(bx)_ 2 4 ko= Zfbx

bew Y pew
where W = 0z NS and w = |W/|. Therefore
1 kaX
balw) < — > [f(b2) = flax)? + == >  f(bw)®

bew bew

From the definition of strongly convex subgraphs, bx is adjacent to ax for bx € W: Therefore, we
have

Bule) < 2 3 6,(00) < 6a(2)

bew



Case 2: Suppose ax € 6S and = € S.

$a(z) = [f(z) = flaz)]® + karf?(z)

= @)~ o 3 Flabn)]? + koA ()
bew’
< = 3 (@)~ Jaba)]? + keds()
beWw’
< % Z ¢ab(x)
beWw’
< ¢al2)

where W’ = daxzNS and w' = |W’|. Here we use the fact that abz is adjacent to x because of strong
convexity.

Case 3: Suppose that z,ax € §S. We define
wh {b:bx € S,bgx € S}

Wy = {b:bxe S bgx ¢S}
Ws = {b:bx ¢ S, bgx € S}

We set w; = |W;| and w = wy + wg + w3. Clearly, Wi # ) since z € W;. We will state several useful
facts before finishing the proof for Case 3.

Fact 1. bz is adjacent to both z and az for b € Ws.
Proof: Since z and bx are both in S and both adjacent to x in §.5, by strong convexity, we know
that z is adjacent to bz. Then we observe that bz and az are both in S and both adjacent to abz in
05, again by strong convexity, bx is adjacent to az.

The proofs for the following several facts are very similar to the proof for Fact 1 and will be
omitted.

Fact 2. abx is adjacent to both z and az for b € Ws.
Fact 3. b’z is adjacent to both bz and abx for b € W7 and b’ € Wh.
Fact 4. ab’z is adjacent to both bx and abx for b € W7 and b’ € W3.

Fact 5. The value of f(bx) is inbetween the values of f(z) and f(az) for b € Wa.

Proof: Without loss of generality, we assume that f(z) > f(az) and f(z) > 0. If f(bx) > f(2), then
¢(bx,az) is larger than ¢,(z), a contradiction to the maximality of ¢, (z) since bz is adjacent to az.
Similarly, if f(bz < f(az), we have ¢(x,bx) > ¢, (z), which is impossible.

In a similar way, we have the following: Fact 6. The value of f(abz) is inbetween the values of
f(z) and f(az) for b € Ws.

We are now ready to complete the proof for Case 3. Without loss of generality, we assume
wy < ws. Also we consider a subset W} C W3 with |W§| = wy and W4 = W3 \ Wj. Let = denote a



bijection between Ws and W3. We have

Palz) =

IA

IA

<

[(2) = flaa)]* + karf?(x)
1 2 2
(o 2 fo—g—e > flab)}? + karf(2)

beW,uW, bEW1UW3
o iw S (7(b0) = flabe)) + ——[ 3 f(br) = Y Jla)
beWy beWs b’ eW,
+ f(aba)) + (f(ba) — Flaba))}? + kaAf (@)
(w1 + wz w1 + w3 beZW bg;v bezm:/z b'ezm:/.g
1
(wr + w)(an gy L1 02) bezwl(f (ba) = Flabo))* + (wr ) 3 (#0w) = (b))
+Y > (f flab'z)+ > > (f flab'z)))?} + wkj‘_kw > o)
bEW: b €W bEW: b/ EWY 1 2 beWrUWs
1
o T ) gy (01 +2) ,,;Vl bnlb) + o +0x) 3 ot (o)

—I—Z Z¢bxabx Z Z¢bxabx

beWL b eW] beWs b eWy/

Pa(2)

The claim is proved.

In the remainder of this section, we let ¢(z) denote ¢, (x), if there is no confusion. From the
claim, we have

Lor) = 2 D lol) -

bEK
0

Vv

On the other hand, we consider

Lo() = %Z[qﬁ(w)—wbx)]

f(abx)) —|— a Z

beK beK

IN

| =
—
=

—~
8

~—
“ﬁ
—~
9

i
—~
g
—~
<
8

N~—

10



where

Y= M) - fla)? - (F(br) — flabe)?)
beK
= 2@~ Flax) — fbw) + flabe))(f (@) ~ flaz)
beK
2 (@)~ flaw) — (o) + flaba))?
beK
< @) ~ F00)] — S 1f(ex) ~ flab]}( ()  flar))
beK beK
< 2\[f(2) - f(ax))?

and,

z = axY[P() - f(ba)]

beK
< 200 [f(x) = fb2))f(x) = > [f(z) — f(b2)]*}
beK beK
< 20MEA(2) = ) [f(x) — £(ba))*}

beK
Therefore, we have
0 < Lo(2) < 2kad2f2(z) — Aa — 2) 3O [(2) - fa2)]?
acK

and
()~ fla) < 222 p2(2)

for ao > 2. Therefore for all x € S, g € K, gz € S, we have

[f(@) = f(gz)]? + karf(z) < [f(2) = f(az)]® + kaAf?(2)
2k

< 2P0+ kaA(2)
< (2 akf(z)
a? Nk

= max f2(y)

for any a > 2. The proof of Theorem 2 is complete.
By taking a = 4 in Theorem 2 we have
Corollary 2 Suppose S is a strongly convex subgraph in an invariant abelian homogeneous graph

' with edge generating set K consisting of k generators. Let f : S — R denote an eigenfunction
associated with eigenvalue X\. Then for all x € S,a € K, we have

[f(z) = f(az)]* < 8kAsup f*(y).
yeS

11



5 Eigenvalues and diameters

The Harnack inequality in previous sections can be used to derive the following eigenvalue inequality:

Theorem 3 The eigenvalue As of a convex subgraph S of an invariant homogeneous graph I' satisfies

1
>
As 2 gpD?

where k is the degree of I' and D is the diameter of S.

Proof: Let f denote an eigenfunction defined on 4.5 achieving Ag = A\. We can choose f such that
sup | f(z)] =1 = sup f(x)
€S zesS

Let u denote a vertex with f(u) = maxges f(x) =1 and let v denote a vertex with f(v) < 0. Such
v exists since Z f(x) =0. We now consider a shortest path P in S joining u and v. We denote

reS
P = (u=wvp,v1, - ,v =v). Since the diameter of S is D, we have t < D.
We consider "
S = Z[f(vi) — fvit1)]
=0
By Theorem 2, we have
S < 8kAD.
On the other hand, we have
t—1
S = D [f(w) — fvi)]
i=0
> L (fw)~ f)?
- D
1
> J—
- D
Therefore we obtain )
>
Az 8k D2

and the proof of Theorem 3 is complete.

We remark that eigenvalue lower bounds of the form ;757 are particularly useful for deriving
polynomial approximation algorithms for enumeration problems since many families of combinatorial
structures can often be represented as certain subgraphs of some appropriate homogeneous graphs.
Eigenvalue lower bounds then translate to upper bounds (of the form 1/Aglogn) for the rate of
convergence on the random walk problems which, under some mild conditions, can then be used
to obtain randomized approximation algorithms. We note that the condition for strongly convex
subgraph still pose quite severe constraints for some applications. In a subsequent paper [4], the
convexity condition will be further relaxed and eigenvalue inequalities similar to that in Theorem
2 are derived for large families of graphs. The main methods are by using properties of the heat
kernels and the approach is entirely different from that in this paper. Numerous applications in
rapidly mixing Markov chains are further explored in [5].
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