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1 Introduction

One of the earliest problems in geometry is the isoperimetric problem, which was considered by the ancient
Greeks. The problem is to find, among all closed curves of a given length, the one which encloses the
maximum area. Isoperimetric problems for the discrete domain are in the same spirit but with different
complexity. A basic model for communication and computational networks is a graph G = (V, E)) consisting
of a set V of vertices and a prescribed set E of unordered pairs of vertices. For a subset X of vertices, there
are two types of boundaries:

o The edge boundary O(X)={{u,v}€F : ue X,veV\ X}

o The vertex boundary §(X)={veV\X : {v,u} € E for some u € X}.

Numerous questions arise in examining the relations between 9(X),d(X) and the sizes of X. Here the
size of a subset of vertices may mean the number of vertices, the number of incident edges, or some other
appropriate measure defined on graphs.

In this paper, we will survey spectral techniques for studying discrete isoperimetric inequalities and the
like. In addition, a number of applications in extremal graph theory and random walks will be included.

This paper is organized as follows:

Section 1 A brief introduction and an outline are given.

Section 2 Definitions and notations of the combinatorial Laplacian and normalized Laplacian are intro-

duced as well as the historical matrix-tree theorem.
Section 3 Enumeration of spanning trees using eigenvalues of the combinatorial and normalized Laplacians

Section 4 Complimentary to the isoperimetric inequalities is the discrepancy inequalities. Instead of track-
ing the number of edges leaving X, discrepancy inequalities provide estimates of the edges remaining

in X. Here we give several versions of discrepancy inequalities for general graphs.



Section 5 The usual Cheeger inequality is for bounding the edge boundary. Here we also consider vertex

boundaries and their generalizations.

Section 6 FEigenvalues are related to the diameter of a graph, i.e., the maximum distance between any
two vertices. We will give several eigenvalue inequalities for bounding the diameter and the distance

between two or more subsets both for graphs and manifolds.
Section 7 We consider discrete Sobolev inequalities which include Cheeger inequalities as a special case.

Section 8 Harnack inequalities, which provide pointwise estimates for eigenfunctions, can be established

for certain convex subgraphs of homogeneous graphs.

Section 9 The heat kernel of a graph contains all the spectral information about the graph. For example,

the heat kernel can be used to deduce bounds for eigenvalues of certain induced subgraphs.

Section 10-14 The containment or avoidance of specified subgraphs, such as paths, cycles and cliques of
given sizes are central themes in classical Ramsey and Turdn theory. Our focus here is to derive such
extremal graph properties as direct consequences of spectral bounds. The applications include the
forcing of long paths and cycles, universal graphs for trees, chromatic numbers and list chromatic
numbers, and the Turdn numbers, as well as random walks involving the enumeration of contingency

tables.

In the applicational sections, there are some overlaps with the study of the so-called (n,d, \)-graphs (i.e.,
regular graphs on n vertices having degree d with all but one eigenvalue of the adjacency matrix bounded
above by A). Such graphs are extensively examined in many papers by Alon [4] and others [46, 60]. There
is a recent comprehensive survey by Krivelevich and Sudakov [46] on (n,d, A)-graphs. Here we deal with
general graphs with no degree constraints.

Throughout the paper, we consider only finite graphs. The reader is referred to the book by Woess [63],
which explores isoperimetric properties and random walks on infinite graphs. There is a close connection
between discrete isoperimetric inequalities and their continuous counterpart, as evidenced in Section 7 to 9.
Isoperimetric inequalities for Riemannian geometry have been long studied and well developed (see [12, 64]).
As a result, one of the earlier approaches on discrete isoperimetric inequalities focuses on discretizations of
manifolds [35, 42]. Another approach is to study graphs with group symmetry [58] or random walks on finite
groups [36]. In this paper, we consider general graphs and our approach here is from a graph-theoretic point

of view.



2 Combinatorial and normalized Laplacian

One of the classical results in graph theory is the matrix-tree theorem by Kirchhoff [43], which states that
the number of spanning trees in a graph is determined by the determinant of a principle minor of the
combinatorial Laplacian. For a graph G with vertex set V and edge set F, the combinatorial Laplacian L is

a matrix with rows and columns indexed by vertices in V' and can be written as
L=D-A

where D is the diagonal matrix with D(v,v) equal to the degree d, of v and A is the adjacency matrix of G.
If G is a simple graph with no loops or multiple edges, A(u,v) = 1 if u and v are adjacent or else A(u,v) = 0.
In this paper, we restrict ourselves to simple graphs although most of the statements and results can be
easily carried out to general graphs or weighted graphs.

The combinatorial Laplacian has its root in homological algebra and spectral geometry. We can write L

as
L = BB* (1)

where B is the incidence matrix whose rows are indexed by the vertices and whose columns are indexed
by the edges of G such that each column corresponding to an edge e = {u,v} has an entry 1 in the row
corresponding to u, an entry —1 in the row corresponding to v, and has zero entries elsewhere. (As it turns
out, the choice of signs can be arbitrary as long as one is positive and the other is negative.) Also, B*
denotes the transpose of B. Here B can be viewed as a “boundary operator” mapping “l-chains” defined
on edges (denoted by C7) of a graph to “O-chains” defined on vertices (denoted by Cp). Then, B* is the
corresponding “coboundary operator” and we have

B

C1 Gy

B*
This fact can be used to give a short proof of the matrix-tree theorem as follows: For a fixed vertex v, let
L’ denote the submatrix obtained by deleting the vth row and vth column of L. Since L = BB*, we have
L' = ByB§ where By denotes the submatrix of B without the vth column. By the Binet-Cauchy Theorem
[53] we have

det ByBj = ) _ det By det B
X

where the sum ranges over all possible choices of size n — 1 subsets X of E(G) and Bx denotes the square

submatrix of By whose n — 1 columns correspond to the edges in X and whose rows are indexed by all the



vertices except for v. Standard graph-theoretical arguments can be used to show that |det Bx| = 1 if edges
in X form a tree and 0 otherwise. Thus, det By B is exactly the number of spanning trees in G, as asserted
by the matrix-tree theorem.

Geometrically, the combinatorial Laplacian L can be viewed as the discrete analog of of the Laplace-
Beltrami operator, especially for graphs that are the Cartesian products of paths, for example. For a path
Vg, V1, - - -, U and a function f that assigns a real value to each v;, the combinatorial Laplacian can be written

as :

Lfw) = Y (f() = f(w)

Lf(wi) = (f(vi) = f(vi-1)) = (f(vig1) = f(vi))
= Vf(vi,vic1) = Vf(vig1,v:)
= Af(v)

for 0 < i < n. Here we use the following notation:

For an edge {u,v}, Vf(u,v) = f(u)— f(v).
For a vertex v, Af(v) = Z(f(v) — fw).
VAR =D"(f(w) = f@)* = (£, Lf).

u~v
where u ~ v means {u,v} € E(G). Note that V f(u,v) can be viewed as the first derivative in the direction
of the edge {u,v} and Af(v) can be regarded as the sum of second derivatives over all directions along the
edges incident to v. The so-called Dirichlet sum is just ||V f||? as indicated above.

Since L is self-adjoint as seen in (1), its eigenvalues are non-negative. We denote the eigenvalues of L of
a graph G on n vertices by

O=09<o01<...<0p1.

One of the main approaches in spectral graph theory is to deduce various graph properties from eigenvalue
distributions. In order to so so, it is sometimes appropriate to consider the normalized Laplacian £, especially

for diffusion-type problems such as random walks.
L =D Y2Lp~1/?

Here we preclude isolated vertices in order to guarantee that D is invertible, an inconsequential constraint

in practice. For regular graphs L and L are basically the same (up to a scale factor). However, for general



graphs, it is often advantageous to utilize the normalized Laplacian. We denote the eigenvalues of £ of G by
0=X <A <...< 1.

To compare £ and L, we note that
o (FLS) : {9, Lg) : [Vgl?
A1 = inf = inf = inf —
' fleo (£f) T Se@d.=o (9,Dg)  Ta(xd.=0 (g, Dg)

where ¢y denotes the eigenfunction associated with eigenvalue 0 of £ and g = D~/2f. In contrast,

SV 7 N /i

= 1 = 1 .
S, f@=0 (f,f) =, f@=0 |If]?

From the above equations, we see that £ is the Laplace operator with the weight /measure of a vertex taken

to be the degree of the vertex while L is the corresponding operator having all vertices with weights equal.
The combinatorial Laplacian is simpler, but the normalized Laplacian is sometimes better for capturing

graph properties that are sensitive to degree distributions.

3 Eigenvalues and spanning trees
We consider separately the cases for the combinatorial Laplacian and normalized Laplacian.

3.1 Eigenvalues of the combinatorial Laplacian and spanning trees

The number of spanning trees, denoted by 7(G), can be related to the eigenvalues of L in the following

folklore theorem: For completeness, we briefly describe the proof here.

Theorem 1 For a graph G on n vertices , the number of spanning trees 7(GQ) is :
1
7(G) = - H g
i#0

where o; are eigenvalues of the combinatorial Laplacian L.
Proof: Consider the characteristic polynomial p(z) of the combinatorial Laplacian L.
p(x) = det(L — zI).

The coefficient of the linear term is exactly
- H ;.
i#0
On the other hand, the coefficient of the linear term of p(x) is —1 times the sum of the determinant of n

principle submatrices of L obtained by deleting the ith row and ith column. By the matrix-tree theorem,

the product [, 200 18 exactly n times the number of spanning trees of G. O



3.2 Eigenvalues of the normalized Laplacian and spanning trees

Theorem 2 For a graph G with degree sequences (d,), the number of spanning trees 7(G) is

I, d,
ZU dU

where \; are eigenvalues of the normalized Laplacian L.

T(G) = ngo )\z

Proof: We consider the coefficient of the linear term in
P(x) = det(L — =I).

We have

—J[ri=-> detz,

i#0 v
where L, is the submatrix obtained by deleting the row and column corresponding to v. From the matrix-tree

theorem, we have

_detL, _7(G)
det L, = TS det £, = T
Thus we have
II,d
G) = =2 TLz0M
(@) S g, i
as desired. 0

4 A discrepancy inequality
For a graph G and a subset X of vertices in G, the volume vol(X) is defined by

vol(X) =) " d,

veX

where d, is the degree of v. We note that for a simple graph G, the degree d,, of v is the number of neighbors
of v in G. We will denote the volume of G by vol(G) =}, d..

For two subsets X and Y of vertices in G, we write
e(X,Y) ={(z,y) rz € X,y €Y, {z,y} € E(G)}.

Eigenvalues can be used to estimate e(X,Y’), as summarized in the discrepancy inequalities in this section.



4.1 A general discrepancy inequality

Theorem 3 For a graph G and two subsets of vertices X and Y, we have

vol(X)vol(Y \/ vol(X)vol(X)vol(Y)vol(Y)
vol(Q) | vol(G)

|6(X7 Y) -
where the normalized Laplacian has eigenvalues \;, and = max;-o |1 — Al

Proof: We consider the characteristic function of X.

1 ifueX,
x(u) = { 0 otherwise.

Then we can write
G(X, Y) = <wX; AwY>

(x, DV*(I — L)DY?yy)

= apby + Z aibi(l

i#0

where DV2)x = > aidi, DY)y = >, bioi, and the ¢;’s are orthonormal eigenfunctions of £ associated
with A;. In particular, ¢o(v) = /d,/vol(G) and agby = vol(X)vol(Y)/vol(G). Thus

vol(X)vol(Y)

XY -G

|e(X,Y) — aobol
= Y abi(l-\)
i#0

5\2|albz|

i#0

A Z a? Z b?
\ 70 70

\/Vol )vol(X)vol(Y)vol(Y)
vol(G)

IN

IN

as desired. O

4.2 Discrepancy inequalities using combinatorial Laplacians

The discrepancy inequalities using eigenvalues of the combinatorial Laplacian are more complicated. We will
give several versions of the discrepancy inequalities depending on the intersection of subsets X and Y. We
will use the fact that an eigenfunction of L associated with eigenvalue 0 is the all 1’s function (but it is in

general not an eigenfunction for A).



Theorem 4 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. Then for any two subsets X andY of vertices in G,

the number e(X,Y") of edges with one endpoint in X and the other in'Y satisfies

(XY~ LX| Y] +d| XY | —vol(X nY)| < LV/IXT 0 - XDV Itn = Y]
n n

The proof of Theorem 4 will be given later. We will first state several immediate consequences of Theorem

4.

Theorem 5 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d —o;| < 0 fori # 0. Then for any two disjoint subsets X andY of vertices

in G, the number e(X,Y) of (ordered) edges with first endpoint in X and the second endpoint in'Y satisfies

e, Y) = 211 1| < 2 yIRT G XDVIG - 7). ©)

Corollary 1 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. For two disjoint subsets X and Y each with at least

On/d vertices in G, there is at least one edge joining a vertex in X to a verter in'Y .
Proof: 1If e(X,Y) = 0, we have, by substituting into (2),

d 0 = =
VXTIV < —/1X] V]

which is impossible for | X|, |Y| > 6n/d. O

By setting Y to be the complement of X in (2), we have the following:

Corollary 2 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. Then for a subset X of vertices and its complement

X, the number e(X, X) of (ordered) edges with first endpoint in X and the second endpoint in X satisfies

d—0 d+0

—— X X[ <e(X,X) < X[ 1X].

n
By setting Y = {v} in (2), we have the following:
Corollary 3 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i #0. Then for all vertices v, we have

" _(d-6)<d, <—
n—1 n—1

(d+6) <d+9.

0]



Using Theorem 5, we will prove the following;:

Theorem 6 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. Suppose that vertex v has l, loops. Then for a subset
X of vertices in G, the number e(X, X) of ordered pairs corresponding to edges with both endpoints in X

satisfies

< Z1x1 (n - 1x1/2)

d| X|? d| X
|€(X,X)— %4’(% - Zlv)
veX

Proof: Let x = |X| and X’ denote a subset of X of size ' = |x/2]. We apply Theorem 5 on X’ and X \ X’

and we have

e(X/,X\X’) — %L%J (g‘l < Q\/{E’(n Nz -2 (n—-z+a).
Since
x—2 ) )
(x/_l)(e(X’X)_Zlv): Z e(X', X\ X",
veX X'CX,| X |=x'
we have
(%_i)c%&X)—§2+4§§_§:h) = 3 dX@X\XU—<%:i>éMx—D
T n no = T . .

= | Y xxvx)- 43

X'CX,|X|=a

(i)%Vﬂm—xmx—ﬂXn—x+ﬂy

Therefore we have

d 5 dx (z) 0
R - < z Z Iy — ! _ _ /
(X X) = TP+ (=) S G VP o) 4D
veX x'—1
20
< = —x/2
< a2
as desired. O

Corollary 4 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;] < 0 for i # 0. Then for a subset X of vertices in G, the number
e(X) of edges with both endpoints in X satisfy

_dxf(x| -1

2e(X) -

< Z1x| (- 1x1/2)



Corollary 5 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;] < 0 for i # 0. Then an independent subset in G can have no more

than 6n/d + 1 vertices.

It remains to prove Theorem 4.
Proof of Theorem 4: Let p;, i =0,...,n—1, denote orthonormal eigenvectors of the combinatorial Laplacian.
The eigenvalue associated with ¢; is o;. Then for i = 0, ¢g = 1/y/n where 1 is the all 1’s vector. Suppose

we write

n—1
Yx = E aipi,
1=0

n—1
by = ) bigs.
i=0

Here, let I denote the identity matrix. We consider

e(X.Y)+dXNY| = (Yx,(A+d)y)
= (Wx, (D= L)) +d{¢x, Py)
= vol(XNY) =Y oiaibi+dY_ abi

i£0 i
= vol(X NY) = (d— oy)aib; + dagbo.
i#0
We note that
X
ap = (Px,¢0) = |_\/7_L|’
Y
b = {urion) = .
Thus, we have
d
e(X,Y)+dXnY| = vol(XNY)=> (d—ai)aib; + —| X[ [Y].
n

i#0

10



Hence,

(X, V) - 21X Y[+ dX 0 Y] —vol(X N Y) | < S (d—ovaibi
" i#0
< 0 labi|
i#0
< 0 Zabe?
i#0  j#0
< 03/ lexll? — ad) (v |2 — b3)
o VX = [XPY](n —[V])
- n
as claimed. 0

In the preceding proof, if we use d’ = (01 + 0,—1)/2 in place of d, then we have the following:

Theorem 7 Suppose that in a graph G with n vertices, the combinatorial Laplacian has eigenvalues 0 =
00 < 01...<0p_1. Then for any two subsets X and Y of vertices in G, the number e(X,Y’) of edges with

one endpoint in X and the other in'Y satisfies

/

d n—1 —
X, Y) = TIX| Y]+ d [ X0V | —vol(xX nY)| < P XTIV IG - )

where d' = (0,,—1 + 01)/2.

5 Cheeger inequalities

In a graph G = (V, E) and a subset X of vertices, we define several versions of neighborhoods and boundaries.

e The neighborhood N(X) is defined to be
NX)={v:veXorv~ue X}

where v ~ u means {u, v} is an edge.

e The exact neighborhood T'(X) is just
I'X)={v : v~ue X}

e The vertex boundary 6(X) of a subset X of vertices is 6(X) = {v € X : v ~u € X} In general, for an
integer k > 1, the k-neighborhood Ny (X) of X is defined to be Ni(X) = N(Np—1(X)) and No(X) = X.
The k-boundary 5 (X) is just Ng(X) \ Ne—1(X).

e The edge boundary 9(X) is O(X) = e(X, X). where X is the complement of X.

11



5.1 Isoperimetric inequalities for edge boundaries

The edge boundary is closely related to the discrete Cheeger’s constant, which is defined as follows (see

15, 13]).

_ 10X
he = 1§f min{vol(X), vol(X)}’

The eigenvalues of the normalized Laplacian are related to Cheeger’s constant by the discrete Cheeger

inequality:
2

h
QhGZ)qZ?G.

Clearly, this implies
10(X)] M
>
vol(X) he 25

if vol(X) < vol(X). For subsets with given cardinality, a slightly stronger lower bound is as follows:

Lemma 1 For a graph G and a subset of vertices X with vol(X) < vol(G)/2, we have

vol(X)

LI STIR w0

vol(X) —

A1
> —
= 2
where A\ is the least non-trivial eigenvalue of the normalized Laplacian of G.

The proof follows from the definition of A; and can be found in [13]. Along the same line, the following holds

for the combinatorial Laplacian.

Lemma 2 For a graph G on n vertices and a subset of vertices X with | X| < n/2, we have

O] g 1

o1
> -
[ X| — n)72

where o1 1s the least non-trivial eigenvalue of the combinatorial Laplacian of G.

We note that the Cheeger inequality used in Lemma 1 can be slightly improved (see [13]).

2hg > A >1—4/1—h2,

Another characterization of the Cheeger constant h¢ of a graph G can be described as follows (see [13]):

Z (@
hg = mf sup (3)

ceR Z |f —C|dm

zeV

where f ranges over all functions f : V' — R which are not identically zero.

12



A variation of (3) seems to be particularly useful, e.g., for deriving isoperimetric relationships between

graphs and their Cartesian products [24].

SOIf) = fw) X
. T~y
hg > }?&fo Z e > §hc
zeV

where f: V(G) — R satisfies Z f(z)d, = 0.
€V

5.2 Isoperimetric inequalities for vertex boundaries

We will prove the following basic isoperimetric inequality:

Theorem 8 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. Then for any nonempty subset X, the boundary §(X)

of X satisfies
B L
(X 76+ d?[X|/(n—[X])

Proof: 'We use Theorem 4 and choose Y = V(G) \ X \ 6(X). Since e(X,Y) = 0, we have

g|X| | < 9\/|X|(n—|XTIL)IY|(n—IY|).

Thus,
EIX[ Y] < 21X+ 6D ]+ [6(X))).

This implies

d2 _ 92
62

(XY

IN

BEONIXT+ Y]+ [6(X)])

IA

|0(X)] n.

Therefore,

2 2
T IX] (- X] =150 < 16(X)

which is equivalent to

d2—92 d2—92
- — < —X)).
S IX (= 1XD) < 180010+ S (X))

13



Finally, we have
P o (2 =6 - X))
| X| T 02n+ (d? - 62)|X]|
(d? — %) (n — |X])
9 (n — 1X|) + IX]
d* — 62
02 + d?X|/(n — | X])

as claimed. O

As an immediate consequence of Theorem 8, we have the following three corollaries:

Corollary 6 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d—o;| < 6 fori # 0. For any subset X with | X | < nf?/d?, the neighborhood

N(X)=XUd(X) of X satisfies
[N (X)) d?

x| >(1+ 0(1))9—2.

Corollary 7 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. For any subset X with |X| < n0?'/d*, the t-
neighborhood Ny(X) = N(N¢—1(X)) of X satisfies

[N:(X)] d?

X 2 1+ o)

Corollary 8 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 for i # 0. For any vertex v, we have

_ 2t—2 _ p2t—2 2 2
a) =z CENE e . @

In particular, for 8 = o(d), we have

d2t— 1 1 d2

o(v) > (1 +0(1))92t—,2(1 - n(e—g)t_l)-

Proof:  For the case of t = 1, inequality (4) follows from Corollary 3. For ¢ > 1, inequality (4) is proved by
using Corollary 6 and 7.
Remark 1: The isoperimetric inequality for regular graphs by Tanner [61] and Alon [4] is a special case of

Theorem 8.

6 Diameter-eigenvalue inequalities

In a graph G, the distance between two vertices v and v, denoted by d(u,v), is defined to be the length
of a shortest path joining u and v in G. The diameter of G, denoted by D(G), is the maximum distance

14



over all pairs of vertices in G. Although the diameter is a combinatorial invariant, it is closely related to
eigenvalues. In [14], the following relation between the diameter and eigenvalues holds for regular graphs
(except for complete graphs).

()

D(G)S[ log(n — 1) W

log(1/(1 = A))
Here, Ais A= if 1 =X\ > X1 — 1.

6.1 Eigenvalues and diameters

Inequality (5) can be generalized to all graphs by using the combinatorial Laplacian [19].

Theorem 9 Suppose a graph G on n vertices has eigenvalues 0 < o1 < ... < 0,-1. The diameter of G
satisfies
log(n — 1)
D(G) < On—1+01
log ———
Op—1 — 01

We note that for some graphs the above bound gives a pretty good upper bound for the diameter. For
example, for k-regular Ramanujan graphs, we have 1 — A\ = A\,_; — 1 = 1/(2Vk — 1), so we get D <
log(n — 1)/(2log(k — 1)), which is within a factor of 2 of the best possible bound.

The bound in (5) can be further improved by using the Chebyshev polynomial of degree ¢t. We can then
replace the logarithmic function by cosh™! (see [19]) :

D(G) < {M—‘ .

COSh71 On—1+01
On—1—01

6.2 Distances between two subsets

Instead of considering distances between two vertices, we can relate the eigenvalue \; to distances between
two subsets of vertices. For two subsets X, Y of vertices in G, the distance between X and Y, denoted by
d(X,Y), is the minimum distance between a vertex in X and a vertex in Y7 i.e., d(X,Y) = min{d(z,vy) :

z € X,y € Y} In [31], the distance between two sets can be related to eigenvalues as follows:

Theorem 10 Suppose G is not a complete graph. For X, Y C V(QG),

volXvolY’
(X, V) < log \/ LoTx VoI

— An—1+A1 . (6)

15



6.3 Higher order eigenvalues and distances among many subsets

For any k > 1, we can relate the eigenvalue Ay to distances among k + 1 distinct subsets of vertices [31].

Theorem 11 Suppose G is not a complete graph. For X; C V(G), i =0,1,--- , k, we have

10g VOIX,; VOIXJ'
. \/ volX; vol X ;
mind(X;, X;) < max | ————

if 1 — X > A1 — 1.

We note that the condition 1 — A\ > A,—1 — 1 can be eliminated by modifying A;: For X; C V(G),

10g [volX; volX]
. volX; vol X ;
mind(X;, X;) < max | ————F—

1=0,1,--- ,k, we have

i i# | log bR
if Mg # Ao1.
Another useful generalization is the following: For X; C V(G), i =0,1,--- ,k, we have

IOg /volX; vol)(z‘7
. . volX; volX;
mind(X;, X;) < min max -

itj 0<j<k i#j 1ng
n—j—1—Ak—j

where j satisfies A\p—; # An—j—1.

6.4 Eigenvalue upper bounds for manifolds

The above discrete methods can be used to derive new eigenvalue upper bounds for compact smooth Rie-
mannian manifolds [21, 22]. Let M be a complete Riemannian manifold with finite volume and let £ be
the self-adjoint operator —A, where A is the Laplace operator associated with the Riemannian metric on
M. Or, we could consider a compact Riemannian manifold M with boundary and let £ be a self-adjoint
operator —A subject to the Neumann or Dirichlet boundary conditions.

The operator £ = —A is self-adjoint and has a discrete spectrum in L?(M, u), where p denotes the
Riemannian measure. Let the eigenvalues be denoted by 0 = Ao < A1 < A9 < ---. Let dist(z,y) be a

distance function on M x M which is Lipschitz and satisfies
|Vdist(z,y)| < 1

for all z,y € M. For example, dist(z,y) may be taken to be the geodesic distance, but we don’t necessarily

assume this is the case.

16



Using very similar methods as in the discrete case, it can be shown that (see [21]):
For two arbitrary measurable disjoint sets X and Y on M, we have

1 (nM)*\?
M<——o (141 .
1S Ts(x,Y)? ( s Xy

Moreover, if we have k + 1 disjoint subsets Xg, X1, -+, X} such that the distance between any pair of them
is greater than or equal to D > 0, then we have for any & > 1,

1 (nM)*
A < —(1 4 suplog —~—
g DQ( i;élj) & uXi pX;

)2

Although differential geometry and spectral graph theory have a great deal in common, there is no
question that significant differences exist. Obviously, a graph is not “differentiable”, and many geometrical
techniques involving high-order derivatives could be very difficult, if not impossible, to utilize for graphs.
There are substantial obstacles for deriving the discrete analogs of many of the known results in the contin-

uous case. Nevertheless, the above result is an example of mutual fertilization that shed insight to both the

continuous and discrete cases.

7 Sobolev constants and Sobolev inequalities

The characterization of the Cheeger constant is basically the Rayleigh quotient using the L;-norm both in

the numerator and denominator. In general, we can consider the so-called Sobolev constant for all p,q > 0:

Spq = inf

where f ranges over functions satisfying

S 1f@) —elidy > 3 | (@) d,

Jir=cr= fisr

The eigenvalue A1 corresponds to the case of p = ¢ = 2, while the Cheeger constant is associated with the

for any ¢, or, equivalently,

caseof p=¢q=1.
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There are many common concepts that provide connections and interactions between spectral graph
theory and Riemannian geometry. For example, the Sobolev inequalities for graphs can be proved almost
entirely by classical techniques which can be traced back to Nash [64]. We will describe Sobolev inequalities
which hold for all general graphs. However, such inequalities depend on a graph invariant, the so-called
isoperimetric dimension.

We say that a graph G has isoperimetric dimension § with an isoperimetric constant c¢s if for all subsets

X of V(G), the number of edges between X and the complement X of X, denoted by e(X, X), satisfies
e(X,X) > (:C;(volX)éé;1 (7)

where vol X < vol X and c¢s is a constant depending only on 6. Let f denote an arbitrary function

f:V(G) — R. The following Sobolev inequalities hold [25].

(i) For0>1, > |f(u) = f(0)] = exmin(Y_|f(v) = m|s71d,) T

u~v

(i) For6>2, (3 If(u) = f(0)[*)? = cxmin(Y_ |(f(v) — m)*dy)=

where a = % and ¢, co are constants depending only on cs.

The above two inequalities can be used to derive the following eigenvalue inequalities for a graph G (see

[25]):

IN
o
Q

it vol
> e ;

>0

>\k 2 C/(

)%
vol(G)
for suitable constants ¢ and ¢’ which depend only on § and c¢s. In a way, a graph can be viewed as a
discretization of a Riemannian manifold in R™ where n is roughly equal to §. The eigenvalue bounds above
are analogs of the Polya conjecture for Dirichlet eigenvalues of a regular domain M.

2 k 2
>

> —( )"

A
k wy, vol M

where w,, is the volume of the unit disc in R".
In a later paper [23], the condition in (7) is further relaxed. It was shown that if in a graph G = (V, E),
any subset X C V satisfies
e(X, X) > e(vol(X))0-1/3

for vol(X) < ¢y, then the Dirichlet eigenvalue A, (S) for the induced subgraph S satisfies

Ak(S) Z CI(VOIk(S) )2/6
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where ¢’ depends on § and ¢, provided |S| > k > %VOI(S).
An interesting question is to deduce the isoperimetric dimension or inequalities such as (7) from an
arbitrarily given graph. In [23], we examine certain sufficient conditions on graph distance functions and

their modifications for deriving (7).

8 Harnack inequalities

A crucial part of spectral graph theory concerns understanding the behavior of eigenfunctions. Intuitively,
an eigenfunction maps the vertices of a graph to the real line in such a way that edges serve as “elastic bands”
with the effect of pulling adjacent vertices closer together. To be specific, let f denote an eigenfunction with
eigenvalue \ in a graph G (or for an induced subgraph S with nonempty boundary). Locally, at each vertex,

the eigenfunction stretches the incident edges in a balanced way. That is, for each vertex x, f satisfies

> (@) = f) = A (2)do.
Yy

y~x
Globally, we would like to have some notion that adjacent vertices are close to one another. In spectral
geometry, Harnack inequalities are exactly the tools for capturing the essence of eigenfunctions. There
are many different versions of Harnack inequalities (involving constants depending on the dimension of the
manifold, for example). We consider the following inequality for graphs.
A Harnack inequality:

For every vertex x in a graph G and some absolute constant ¢, any eigenfunction f with eigenvalue X satisfies

- D(0) = S < Ama ().
y~w
However, the above inequality does not hold for all graphs in general. An easy counterexample is the graph
formed by joining two complete graphs of the same size by a single edge. Nevertheless, we can establish a
Harnack inequality for certain homogeneous graphs and their “strongly convex subgraphs”.

A homogeneous graph is a graph I" together with a group H acting on the vertices satisfying:
1. For any g € H,u ~ v if and only if gu ~ gv.
2. For any u,v € V(I') there exists g € H such that gu = v.

In other words, I' is vertex transitive under the action of H, and the vertices of I' can be labeled by cosets

H/I where I = {g : gv = v} for a fixed v. Also, there is an edge-generating set K C H such that for all
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vertices v € V(') and g € K, we have {v,gv} € E(I'). A homogeneous graph is said to be invariant if K is
invariant as a set under conjugation by elements of K, i.e., forall a € K, aKa™ ! = K.
Let f denote an eigenfunction in an invariant homogeneous graph with edge-generating set K consisting

of k generators. Then it can be shown [26] that

§ 2 ((e) = fa))? < 8xsup ().

a€K
An induced subgraph S of a graph T is said to be strongly convex if for all pairs of vertices u and v in S, all
shortest paths joining v and v in I" are contained in S. The main theorem in [26] asserts that the following
Harnack inequality holds.

Suppose S is a strongly convex subgraph in an abelian homogeneous graph with edge-generating set K
consisting of k generators. Let f denote an eigenfunction of S associated with the Neumann or Dirichlet
eigenvalue X. Then for all x € S, x ~y,

|f(z) = f(y)I? < 8kAsup f2(2).
zES
(The detailed definition of Neumann or Dirichlet eigenvalues of an induced subgraph will be given in the
next section.)
A direct consequence of the Harnack inequalities is the following lower bound for the Neumann or Dirichlet

eigenvalue Ay of S:
1

AL > D2
where k is the maximum degree and D is the diameter of S. Such eigenvalue bounds are particularly useful
for deriving polynomial approximation algorithms when enumeration problems of combinatorial structures
can be represented as random walk problems on “convex” subgraphs of appropriate homogeneous graphs.
However, the condition of being a strongly convex subgraph poses quite severe constraints, which will be

relaxed in the next section.

9 Heat kernel eigenvalue inequalities

In a graph G, for a subset S of the vertex set V = V(G), the induced subgraph determined by S has edge
set consisting of all edges of G with both endpoints in S. Although an induced subgraph can also be viewed
as a graph in its own right, it is natural to consider an induced subgraph S as having a boundary. For
an induced subgraph S with non-empty boundary, there are, in general, two kinds of eigenvalues — the

Neumann eigenvalues and the Dirichlet eigenvalues — subject to different boundary conditions.
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For the Neumann eigenvalues, the Laplacian £ acts on functions f : S UdS — R with the Neumann
boundary condition, i.e., for every x € 65, > s, . (f(z) — f(y)) = 0.

For the Dirichlet eigenvalues, the Laplacian £ acts on functions with the Dirichlet boundary condition. In
other words, we consider the space of functions {f : V' — R} which satisfy the Dirichlet condition f(z) =0
for any vertex z in the vertex boundary 4.5 of S.

The Neumann boundary condition corresponds to the Neumann boundary condition for Riemannian
manifolds: %(f) = 0 for = on the boundary where v is the normal direction orthogonal to the tangent
hyperplane at . Neumann eigenvalues are closely associated with random walk problems, whereas the
Dirichlet eigenvalues are related to many boundary-value problems (Details can be found in [13]). In the
remainder of this section, we will focus on Neumann eigenvalues and the heat kernel techniques to obtain
eigenvalue lower bounds. In the literature, there are many general formulations for discrete heat kernel in
connection with the continuous heat kernels [34, 40]. Here we define a natural heat kernel for general graphs.

Let ¢; denote the eigenfunction for the Laplacian corresponding to eigenvalue \;. We now define the

heat kernel of S as a n X n matrix

H = > P
— L
t2
= [—tLt L+

where £ = > A\, P; is the decomposition of the Laplacian £ into projections on its eigenspaces. In particular,

we have Hy = I, and for F(x,t) = Z Hy(z,y)f(y) = (Hef)(z) with F(z,0) = f(z), F satisfies the heat
yeSUsS
equation
or _
ot
By using the heat kernel, the following eigenvalue inequality can be derived, for all ¢ > 0:

1 Vdy
As > — inf Hy(z,y) .
2t xezsyes \ /dy

One way to use the above theorem is to bound the heat kernel of a graph by the (continuous) heat kernel

—LF.

(8)

of Riemannian manifolds. We say T' is a lattice graph if I" is embedded into a d-dimensional Riemannian
manifold M with a metric p such that e = u(z, gz) = p(y, g'y) for all g, ¢’ € K and z,y € V(T'). An induced
subgraph on a subset S of a lattice graph T is said to be convez if there is a submanifold M C M with a
convex boundary M # () such that S consists of all vertices of T' in the interior of M. Furthermore, we
require that for any vertex x, the Voronoiregion R, = {y: u(y,z) < p(y, 2z) for all z € I' N1 M} is contained
in M.
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One additional condition is needed here. Basically, ¢ has to be “small” enough so that the count of
vertices in S can be used to approximate the volume of the manifold M. Namely, let us define

_ Uls|
~ vol(M) )

where U denotes the maximaum volume of a Voronoi region. Then the main result in [28] states that the
Neumann eigenvalue A; of S satisfies the following inequality:

CT’E2

I ——

'S 2D2(M)
for some absolute constant ¢, which depends only on I', and D(M) denotes the diameter of the manifold M.
We note that r in (9) can be bounded below by a constant if the diameter of M measured in L; norm is at

least ed. The applications on random walks in Section 14 will use the above eigenvalue inequality.

10 Paths and cycles

One of the major theorems in studying the paths of a graph is a result of Pésa [57] (see [54], Problem 10.20,
for an elegant solution).
Pésa’s Theorem

In a graph H if every subset X of vertices with | X| < k satisfies
10(X)] = 2[X| -1,
then H contains a path with 3k — 2 wvertices.

Theorem 12 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the

combinatorial Laplacian satisfy |d — o;] < 6 for i # 0. Then G contains a path of at least

262
(1- m)n — 2 vertices.

Proof: To deduce the existence of a path of (52__39922n — 2 vertices, it suffices to show that we have §(X) >

2|X| —1 for any subset X with cardinality at most
d? — 36

P
X< 3@ o

by using Pésa’s Theorem. From Theorem 8, we know that

16(X)] & — ¢

> .
X T 02+ d%z0/(n— o)
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After substituting for zy, we have

Theorem 12 is proved. O

Theorem 13 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 6 for i # 0. If d** > n* =1 then G contains a cycle of length
2k + 1, if n is sufficiently large.

Proof: 'We consider 6;(v) = {u : d(u,v) =1i}. In a paper [38] by Erdds et al., it was shown that if a graph
G contains no cycle of length 2k + 1, then for any 1 < ¢ < k the induced subgraph on d;(v) contains an
independent set S of size at least |J;(v)|/(2k — 1). From Theorem 6, we have

d|S|(|S] = 1) < 26]5|(n — |S]/2).

This implies that

20n
< —.
S1< =

(Here we use the fact that # > v/d.) Hence, we have |6;(v)|/(2k — 1) < 26n/d.
Since 8 = o(d), by Corollary 8, we have

d2k—1 1 d2

51(0)] = (1+ 0(1) S5 (1 = — (5507,

Thus, we have
2(2k — 1)6n d?k-1 1,d*, ,
— = (1+ 0(1))9%—,2(1 - ﬁ(g_g)t )-

This implies that

d2k
n>(1+ 0(1))W

which is a contradiction to the assumption that n < d?* /621, O
In [45] Krivelevich and Sudakov showed that a d-regualar graph on n vertices is Hamiltonian if the

eigenvalues of the combinatorial Laplacian satisfy

(loglogn)?

d—oi| <
[d—oil < C1og n(logloglogn)

for ¢ # 0 and for some constant c. The method is a modified version of Posa’s technique developed by
Komlés and Szemerédi [44] for examining Hamiltonian cycles in random graphs. By using the discrepancy
inequalities and the isoperimetric inequalities in previous sections, the above result can be extended to

general graphs as well.
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11 Universal graphs for trees of bounded degrees

There is quite a literature on so-called “wniversal graphs” that contain all trees on n vertices or other
families of graphs such as trees with bounded degree [5, 8, 16, 20, 39]. One of the main avenues in the study
of universal graphs is the connection with expanding properties of the graph. Friedman and Pippenger [39]
proved the following beautiful result:

Theorem [39] Suppose that H is a graph such that for every subset X of vertices with |X| < 2n—2, X has
exact neighborhood T'(X) ={u:u ~ v € X} satisfying

L] = (k + 1)]X].

Then H contains every tree with n vertices and maximum degree at most k.

Here we will prove the following slightly stronger result the proof of which will be given later.

Theorem 14 Suppose that H is a graph such that for every subset X of vertices with | X| < 2n — 2 has
boundary 6(X) satisfying
0(X)] = k| X],

then H contains every tree with n vertices and maximum degree at most k.

As an immediate consequence of Theorem 14, we have the following:

Theorem 15 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d—o;| < 0 fori #0. Then G contains all trees with mazimum degree k and

having at least
d* — (k+1)6*

k1)@ = 92)71 + 1 vertices.

2 2
Proof: To deduce the existence of a tree having at least t = %n + 1 vertices and degree bounded

above by k it suffices to show that we have §(X) > k| X| for any subset X with size at most

d? — (k +1)62

= - e

n=z <2t—2

by using Theorem 14. From Theorem 8, we know that

[0(X)] S d? — 92
|X| - 62 +d220/(n—20).
After substituting for zy, we have
eI
| X
Theorem 15 is proved. O
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Corollary 9 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d — o;| < 0 fori # 0. If 0 = o(d), then G contains all trees with mazimum

degree k and having at most

(+o)5rg

vertices, if n is sufficiently large.

It remains to prove Theorem 14. The proof is quite similar to that in [39]. For completeness, we sketch
the proof here.
Proof of Theorem 14: Suppose that T is a tree on m vertices with maximum degree at most k. For an

embedding f: V(T) — V(H), we define the excess C(f, X) for X C V(H) by

C(faX) = A(faX)iB(faX)
where  A(f,X) = [XU4X)\f(V(T))|
and  B(f,X) = Y (k-degrf '(x))

rzeX

where degr f~'(z) denotes the degree in T of the vertex u that is mapped to = under f, or degrf~1(z) is
zero if no such u exists. Since the maximum degree in the tree is k, B(f, X) > 0. An embedding f is said

to be good if for every X C V(H) with | X| < 2m — 2, we have
C(f,X) > 0. (10)

Instead of proving Theorem 14, We will show a stronger statement:

(*)  Suppose that H is a graph such that for every subset X of vertices with | X| < 2m— 2 has neighborhood
I'(X) satisfying |6(X)| > k| X]|.

Suppose that S is a tree on m vertices and maximum degree at most k. Furthermore, we assume that S has
a good embedding in H. Then a tree T formed by adding any leaf to T also has a good embedding.

We will prove (*) by induction on m. Clearly, (*) holds for the case of S consisting of one single vertex.
Suppose (*) holds for any tree on m vertices having maximum degree k. We now consider a tree T’ obtained
from S by adding a leaf v and the incident edge {v,w}. Suppose f is a good embedding for S. By the
definition of being good, for each g € (f(w)) \ f(V(S)), we can extend f to be an embedding f, for T by
mapping v to g. We want to show that there is some good extended embedding f,.

Suppose to the contrary that no extended embedding f, is good. For every g € 6(f(w)) \ f(V(5)), there
is a subset X, of V(H) such that C(f,, Xy) < 0. We have

C(fy, Xq) <0 < C(f, Xy NV(S)).
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Note that
C(fg, Xq) = C(f, Xg) —e(g, X UIX) +e(f(w), X) +e(q, X),

where ¢(z,Y) is 1 if x € Y and 0 otherwise. Therefore, we have g ¢ X, f(w) ¢ X,4, g € §(X,) and
C(f, Xg) =0.

We say that X is critical under f if C(f, X) = 0. We need the following facts, some of which have the
same proofs as those in [39)].
Fuact 1: Suppose that X is critical under f and |S| <m — 1. If | X| < 2m — 2, then | X| <m — 1.
Proof: We have

0 = CfX) = [XUsX|—[V(S)] - kIX]

v

(k+1)|X|—(m—1)— k| X]|

Y

| X|—(m—1).
Fact 2: The excess C(f,-) is submodular:
Clf,XuY)+C(f,XNY) <C(f,X)+C(f,Y).

Fact 3 If X, Y C V(H) are critical under f so that |X|,|Y] < m — 1, then X UY is critical under f and
[XUY|<m-1

Now we return to the proof of Theorem 14. For every g € 6(f(w)) \ f(V(S)), X is critical under f and
| X4 < 2m — 2. By Fact 1, | X4| < m — 1. Furthermore, we consider X* = Uy X, which by Fact 3 is critical
under f and |X*| <m — 1. Now consider X' = X* U f(w) and C(f, X’). Since f is a good embedding of S
and | X'| < m, we have C(f, X’') > 0.

For every g € 6(f(w)) \ f(V(S)), we have g € X* U §(X*) which implies A(f, X’) = A(f, X*). However,
B(f,X') = B(f,X*) + B(f, f(w)) since f(w) ¢ X, for every g. Thus, B(f,X’) < B(f,X"), and we have
C(f,X*) < 0. This contradicts the assumption that f is good. We conclude that there is an extended

embedding f, which is good, and the proof of Theorem 14 is complete. O

12 Chromatic numbers and list chromatic numbers

One of the basic topics in graph theory is graph coloring. For a graph G, the chromatic number x(G) of
G is the least integer m so that each vertex can be assigned one of the k colors such that adjacent vertices
have different colors. In the past ten years, there has been a great deal of work on extensions of chromatic

numbers. In a graph G, suppose each vertex is associated with a list of k colors. A proper coloring assigns
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to each vertex a color from its list so that no two adjacent vertices have the same color. The list chromatic
number x;(G) is the least integer k so that there is a proper coloring for any given color lists of length k.

Clearly, we have
X(G) < xi(G).
We will use the following theorem by Vu [62]:
Vu’s Theorem : Suppose a graph G has mazimum degree d. If the neighborhood of each vertez in V(G)
contains at most d*/f edges, for some d* > f > 1, then

d

(6) < Kte

for some constant K.

Theorem 16 Suppose that a graph G with n vertices has average degree d and the eigenvalues o; of the
combinatorial Laplacian satisfy |d—o;| < 6 for i # 0. Then the chromatic number x(G) and the list chromatic

number x;(G) satisfy
d

log(min{4, 7})

Proof:  From Corollary 3, we know that the maximum degree is at most d + #. Using Corollary 4, any

<x(@) < x(G) < O( )-

subgraph on d + 0 vertices can have at most

2
n

edges. So, we can use Vu’s Theorem by choosing f satisfying

1 d 26

f n + d’
and therefore

d—i—f))
log f
d

- O(log(min{g, g}))'

In the other direction, we can establish a lower bound for x(G) as well as x;(G), by using Corollary 5

xi(G) = O(

again. Namely, an independent set in G can have at most 6n/d vertices. Therefore

d

<x(@) < xil@) = Oy
d’ 0

).

SSIESH

27



13 Turan numbers

A celebrated result in extremal graph theory is Turdn’s Theorem which states that a graph on n vertices
containing no K;11 can have at most (1 — 1/t + o(1))(}) edges. Sudakov, Szabé and Vu [60] consider a
generalization of Turdn’s Theorem. A graph G with e(G) edges is said to be ¢-Turdn if any subgraph of G
containing no K;y; has at most (1 — 1/t 4+ o(1))e(G) edges. In [60], it is shown that a regular graph on
n vertices with degree d is t-Turan if the second largest eigenvalue of its adjacency matrix A is sufficiently
small. Their result can be extended to general graphs by using the isoperimetric and discrepancy inequalities

[17].

Theorem 17 Suppose a graph G on n vertices has eigenvalues of the normalized Laplacian
0=X <A <...<M\y_q with A= max;zo |1 — ;| satisfying

1

A= ol (Gl G

(11)

where vol;(S) = > o g dL.
Then, G is t-Turdn fort > 2, i.e., any subgraph of G containing no K11 has at most (1+1/t+0(1))e(G)

edges where e(G) is the number of edges in G.

14 Random walks and contingency tables

A walk is a sequence of vertices w = (vg, v1, -+, vs) such that {v;_1,v;} is an edge. A Markov chain can be
viewed as a random walk, defined by its transition probability matrix P, where the probability of moving
from u to v is P(u,v). Clearly, P(u,v) > 0 only if (u,v) is an edge. Also, >-, P(u,v) = 1. For a weighted
graph with edge weights w,, , > 0, a typical transition probability matrix P can be defined as

P,

Wy
w = .
§ Wy z
z

For any initial distribution f: V — R, the distribution after one step of a random walk is just

fP W) = 3 ) (12)

Here we treat f as a row vector. The distribution after k steps is f P*(v).
In the terminology of Markov chains, a random walk is said to be ergodic if there is a unique stationary
distribution 7 satisfying 7P = 7. Necessary conditions for the ergodicity of a random walk on a graph with

n vertices are irreducibility ( i.e., no 0 submatrix of P of size k x (n — k) for any k) and aperiodicity, (i.e.,
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g.cd. {s : P*(u,v) >0} =1). As it turns out, these necessary conditions are also sufficient. An ergodic

Markov chain is said to be reversable if for any two vertices v and v, we have
m(u)P(u,v) = w(v)P(v,u).
A reversible Markov chain can be studied as a weighted graph as follows [13]:
Theorem 18 The following three statements are equivalent:
(a) A Markov chain with transition probability matriz P is ergodic and reversible.
(b) The weighted graph defined by edge weight w,, , = 7(u)P(u,v) is connected and non-bipartite.

(c) The weighted graph defined by edge weight wy, = w(u)P(u,v) has one eigenvalue 0 and all other

eigenvalues greater than 0 and strictly less than 2.

It can be easily shown that the stationary distribution 7 satisfies

dy
m(v) = vol(G)’

A natural question of interest is what is the rate of convergence to the stationary distribution. The answer
to this question again lies in the eigenvalues of the associated graph.

In the study of rapidly mixing Markov chains, the convergence in the Lo distance is rather weak since it it
does not require convergence to the stationary distribution at every vertex. A strong notion of convergence
that is often used is measured by the relative pointwise distance (r.p.d). After s steps the relative pointwise

distance of P to the stationary distribution ¢(x) is given by

Another notion of distance for measuring convergence is the so-called it total variation distance:

A = E (P*(
TV(S) AICII‘ELX yénva()é) || ya ( ))”
1
= — PS - .
2 yev(e) > (PP (y,2) — ()|
zeV(Q)

It is easy to see that Ay (s) < $A(s). Thus a convergence upper bound for A(s) implies one for Ay (s).
The rate of convergence of a random walk on a graph on n vertices depends on the spectral gaps, A; and

2 — An—1. However, the gap 2 — \,_1 can often be circumvented by considering a modified random walk, so-
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called lazy walk. For a transition probability matrix P, a C-lazy walk is defined by the transition probablity

matrix Pg, for some C' < 1:

C’—l—% ifu=nwv,

PC(U7U) - { P(u,v)

Tro otherwise.
The value for C' is often chosen to be 1/2. Suppose we choose
o 0 if A1 >2— A1
N w otherwise.

Then we have the following:

Theorem 19 Suppose that a graph G on n vertices has Laplacian eigenvalues 0 = A\g < A\p < ... < A1

Then G has a lazy random walk with the rate of convergence of order A~!log( vol(G) ) where A\ = Ay if

ming d
vol(G)
ming d

2> A+ A1 and X = 21 /(A1 + Au—1) otherwise. Namely, after at most t > A\~ (log(

)+ ¢) steps,
we have

At) <e ‘.

For random walks on groups or, equivalently, on graphs defined by groups, the eigenvalues of the Laplacian
can often be evaluated exactly using group representation theory. For example, various applications in
card shuffling, are associated with graphs with vertex set the symmetric group S, and edge set defined by
permutations corresponding to the allowable shuffling moves. There are extensive surveys and books [36, 58]
on this subject. Here, instead, we consider two applications for general graphs.

Logarithmic Sobolev inequalities The upper bound for the rate of convergence in Theorem 19 can
sometimes be further improved by using the log-Sobolev constant « defined as follows [37]:

; Dany (F (@) = f(y))*way

= in
12032, f2(x)d, log LR

a(G) = «

where f ranges over all nontrivial vectors f : V — R.

Then we have the following [18]:

Theorem 20 For a weighted graph G with log-Sobolev constant «, there is a lazy walk satisfying

A(t) < e?=°
provided that
1 vol(G) ¢
t> —logl -
o 8% min, d, A

where X is as defined in Theorem 19.
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Enumerating contingency tables As an application of the eigenvalue inequalities in Section 9, we consider
the classical problem of sampling and enumerating the family S of n x n matrices with nonnegative integral
entries and given row and column sums. Although the problem is presumed to be computationally intractable
(in the so-called # P-complete class), the eigenvalue bounds in the previous section can be used to obtain a
polynomial approximation algorithm. To see this, we consider the homogeneous graph I' with the vertex set
consisting of all n x n matrices with integral entries (possibly negative) with given row and column sums.

Two vertices u and v are adjacent if v and v differ at just the four entries of a 2 x 2 submatrix with entries
Uik, = Vig + 1, Ui = vjk — 1, Uim = Vim — 1, Ujm = vjm + 1.

The family S of matrices with all nonnegative entries is then a convex subgraph of T
On the vertices of S, we consider the following random walk. The transition probability P(u,v) of moving
from a vertex u in S to a neighboring vertex v is % if v is in S, where k is the degree of I'. If a neighbor v of
u (in T') is not in S, then we move from u to each neighbor z of v, z in S, with the (additional) probability
1

- where d;, = [{z € S: 2z ~wvinT'}| for v € S. In other words, for u,v € S,

wuv wuz
P(u,v) = + E w
( ) ) du dvdlz zZv
z¢S
UNZVNZ

where w,,, denotes the weight of the edge {u,v} (wy, = 1 or 0 for simple graphs) and d,, = Z dyy. The

u~v
stationary distribution for this walk is uniform. Let p denote the second largest eigenvalue of P. It can

be easily checked that 1 — p > A1(S), where A;(S) denotes the first Neumann eigenvalue of the induced
subgraph S of T'. In particular, if the total row sum (minus the maximum row sum) is > ¢’ n?, it can be

shown (see [27]) that A (S) > where D is the diameter of S. This implies that a random walk converges

DT
to the uniform distribution in O(k?D?(logn)) steps. (In some cases, the factor logn can be further reduced
by using logarithmic Sobolev inequalities and logarithmic Harnack inequalities (see [37, 13]).)

It is reasonable to expect that the above techniques can be useful for developing approximation algorithms

for many other difficult enumeration problems by considering random walk problems in appropriate convex

subgraphs. Further applications using the eigenvalue bounds in previous sections can be found in [31].

15 Concluding remarks

1. In this paper, we mainly deal with simple graphs. For a weighted graph G' with edge weight w,, ,, we
define d, = >, wu,p and e(X,Y) = > cx ,cy Wu,- Then the isoperimetric inequalities in Sections 4 and 5

still hold.
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2. We consider three families of graphs on n vertices:
F1 = {d — regular graphs that are (n,d, \) — graphs},
F> = {graphs satisfying |average degree — o;| < 6 for i # 0},
F3 = {graphs satisfying |1 — \;| < A for i # 0},
where the o;’s are eigenvalues of the combinatorial Laplacian and \;’s are eigenvalues of the normalized
Laplacian.
Clearly, we have

F1C Fy

if A=246. Also
Fo C F3

if @ is X times the average degree . Hence, the isoperimetric inequalities involving eigenvalues of the normal-
ized Laplacian have stronger implications than that of the combinatorial Laplacian. For applications using
eigenvalues of the combinatorial Laplacian, it is natural to ask if the same results hold for the normalized
Laplacian. For example, is it true that graphs in F3 are Hamiltonian provided that X is small enough?

3. Graph theory has 250 years of history. In the very early days, graphs were used to study the structure
of molecules and in particular, the eigenvalues of graphs are associated with stability of chemicals [9]. In
recent years, many realistic graphs that arise in Internet and biological networks can be modeled as graphs
with certain “power law” degree distribution [1, 2, 3]. Again, eigenvalues come into play since random
graphs with given expected degrees are shown to have eigenvalue distribution as predicted [32, 33]. In this
paper, we discuss only a few applications of isoperimetric inequalities. It would be of interest to find further
applications especially for power law graphs.

Acknowledgement: The author wishes to thank Robert Ellis and Josh Cooper for careful reading and

making many valuable suggestions for an earlier draft of this paper.
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