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1 Introduction

We consider the relationship between eigenvalues and the log-Sobolev constant for the Laplace oper-
ator on smooth compact Riemannian manifolds and for finite graphs. We will establish Logarithmic
Harnack inequalities which can be used to derive lower bounds for log-Sobolev constants.

Logarithmic Sobolev inequalities first arose in the analysis of elliptic differential operators in
infinite dimensions. Many developments and applications can be found in several survey papers
[1, 9, 12]. Recently, Diaconis and Saloff-Coste [8] considered logarithmic Sobolev inequalities for
Markov chains. The lower bounds for log-Sobolev constants can be used to improve convergence
bounds for random walks on graphs [5, 8]. The problem of bounding log-Sobolev constants tends to
be harder than estimating eigenvalues. Logarithmic Harnack inequalities provide a direct approach
for estimating the log-Sobolev constant. We will derive lower bounds for log-Sobolev constants for
Riemannian manifolds and for large classes of graphs.

The continuous and discrete cases have a very similar flavor but they also have their natural
differences. In this section, we will describe a unified approach and leave the detailed descriptions
and definitions in Sections 2 and 3. We will give self-contained proofs for both manifolds and graphs.

For a smooth, compact, connected Riemannian manifold M, we let V denote the gradient with
the associated Laplace-Beltrami operator A. The logarithmic Sobolev inequality is of the following
form:

[ 1vr@Pza [ Fasre )
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for a function f : M — R satisfying /|f|2 = vol M. The log-Sobolev constant is the largest «
satisfying (1) for any function f defined on M.

We will show that the function f on M achieving the log-Sobolev constant « satisfies the following
logarithmic Harnack inequality:

[VFI? + af?log 2 < asup(f?log f?) (2)
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provided that M has non-negative Ricci curvature. The inequality in (2) is similar to the Harnack
inequality except for a logarithmic factor. It can be used to derive the following lower bound for
log-Sobolev constants for d-dimensional compact Riemannian manifold M (A similar inequality was
proved by Deuschel and Stroock [7] by a different method):
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where D(M) denotes the diameter of M and A; is the first eigenvalue of the Laplacian.

For a graph G = (V, E) with Laplacian £, the log-Sobolev constant a can be expressed as follows:

Y (@) = f)?

. {z,y}€FE

= inf
103" f2(w)dy log f(x)

zeV

(0%

(4)

where f ranges over all nontrivial functions f : V' — R satisfying Z f3(x)d, = vol G and d,

denotes the degree of x. The function f achieving the log-Sobolev constant a satisfies:

> (f&) = f(y) = ad. f(x)log f*(z) (5)

Yy~
where y ranges over all y adjacent to x, denoted by y ~ .

For the discrete case, we can only establish the logarithmic Harnack inequality for Ricci flat
graphs (which are defined later in Section 3).

SO (@) = F@)* < 6ad, sup () log ()1 + T log £(2). (©

y~z

For a graph G with isoperimetric dimension ¢ and isoperimetric constant ¢s (see the definition
in Section 5) and with the assumption that G is a k-regular Ricci flat graph, we can use (6) to show
that

C/

- } (7)
kD2§1ogd’ k( vol G)2/9

a > min{

where D denotes the diameter of G, ¢ denotes an absolute constant, and ¢’ depends on the isoperi-
metric constant.

The above results on logarithmic Harnack inequalities and can be extended to manifolds with
convex boundary and for strongly convex graphs with Neumann and Dirichlet boundary conditions.
This will be described in Section 6.

Since a random walk on a graph G on n vertices approaches stationarity after order loglogn/«a
steps, the above lower bounds for the log-Sobolev constant « immediately implies a convergence
bound of order (loglogn)kD? if the isoperimetric dimension is bounded.



2 On a compact Riemannian manifold

Let M be a smooth connected compact Riemannian manifold and A be a Laplace operator associated
with the Riemannian metric, i.e., in coordinates z1, g, ...xy,
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where g% are contra-variant components of the metric tensor, g = det ||g;;|| and u is a smooth
function on M. The Laplace operator with the boundary condition is self-adjoint and has a discrete
spectrum in L?(M, i), where u is the Riemannian measure;

If the manifold M has a boundary OM, we consider either Dirichlet or Neumann boundary
conditions. The boundary condition implies u% < 0 where v is the outer normal field on OM.

We also consider a distance function dist(z,y) on M x M which may be equal to the geodesic
distance, but in general does not have to be. Other than being a distance function, the function
dist(z,y) must be Lipschitz and, moreover, for all z,y € M, |Vdist(z,y)| < 1. Suppose f satisfies

|f|> = vol M and f achieves the log-Sobolev constant. That is,
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We may assume that the function f achieving « is non-negative (since we can use |f| and the ratio
above is not increased.)

By Lagrange’s method, we have

2(flog f2+2f) [ |Af)?
28l A +af= (8)
1 log 2 ( / S log 12)?
M M

for some constant c¢;. After substituting for @ and simplifying, we get

—Af —a(flog f>+2f) +cof =0. (9)
After multiplying (9) by f and integrating over M, we have

/M V12— a/M fAlog f2+2) 4 co /M f?=o.

This implies ca = 2a. Therefore we obtain from (9) that Af = —af log 2 which was also proved in
[10].

Theorem 1 If f achieves log-Sobolev constant o and f? = vol M, then [ satisfies
M

Af = —aflog f2. (10)



One of the consequences of (10) is f(z) # 0 for all . To see this, we note that f € L for any
p > 1 since /|Vf|2 < 0o and /f2 = volM. Hence, Af € L? for any p > 1 and fo7 € LP for

any p > 0. By a standard bootstrap argument, one can then prove that f is smooth everywhere. If
f(z) = 0 and vanishes only up to finite order at x, (10) shows that f cannot be smooth. On the
other hand, if f vanishes up to infinite order at x, the unique continuity argument shows that f = 0.
Hence, we may assume f(z) > 0 for all z.

Theorem 2 Suppose M is a d-dimensional connected compact Riemannian manifold with non-

negative Ricci curvature.. If f > 0 solves (10), then we have
sup f < e¥/?

and
IVF|I2+2af?log f < adf?.

Proof: Let ¢ =log f. Then we have

A
Ap = Tf | Viog P

= —alog f* — |[Ve|?
= —2ap— Vel

by using Theorem 1. We consider ¢ = |V|? + 2ap. Let 79 denote a maximum point of ¢. Then
the derivatives ¢; satisfy ¢;(zo) = 0 and

¢ =2 pipsi + 2. (11)

j
Also,
A = 2 Z %Zj +20;(Ap); +2 Z Rijpip; + 2aAp.

Using Theorem 1 and substituting for Ap = —¢, we have
Agp = 22%23‘ - 22%@ + 2ZRij<Pi<Pj —2a¢
2
> S(Ap)P —2) it +2) Rijpip; — 200
2 9
> aéf’ - 22 Pig; +2 ZRij<Pi<Pj = 2a¢.

Since 0 > A¢(xo) at a maximum point zo and R;; > 0, we have ¢(z¢) < ad. This implies ¢(x) <
d(xo) < ad. Hence, we have
IVl + 20 < ad

which is equivalent to
IVFI2+2af?logf <ad f2

Suppose yo is a maximum point of f. Then we have V f(yo) = 0 and
U = sup f(y) < e/,
y

Theorems 1 and 2 will be repeatedly used for establishing the following logarithmic Harnack in-
equality:



Theorem 3 Suppose M is a compact Riemannian manifold with non-negative Ricci curvature and
the function f solves (10). Then we have

[VFI* + af?log f* < asup(f?log f?).

In particular, we have
IVf? < aU?logU? + a/e

where U = sup f > 1 and e is the base of the natural logarithm.
Proof: We consider
F=|Vf?*+af?log f?

Let x¢ denote a maximum point of F. Then the derivatives F; satisfies F;(z¢) = 0.

F, =23 fifii+2af filog f2+2af fi. (12)
J

Al = 22 i2j+2ij(Af)j+22Rijfifj+2a|Vf|2logf2

+4a|Vf|? + 20f Aflog f2 + 20|Af* + 2af Af.
Using Theorem 1 to substitute for Af, we have
AF = 2> f}—2a|Vf|’log f> —4a|Vf[* + 2> Ri;fif;
+2a|Vf|?log f2 + 4|V f|? — 202 f21log? f2 + 2a|V f|> — 2% f% log f2.

After cancellations, we have

AF = 2) f2+42) Rijfif; — 222 f*log® 2 + 20|V f|* — 207 f* log f2. (13)
ij

We may choose a frame such that f; = 0 for ¢ > 1. Since Fj(z¢) = 0, we conclude from (12) that if

fi#0,
2f11 + 20f log f2 + 2af = 0.

This implies

fi = o f*(log? f* + 21og f? + 1).
Substituting into (13), we obtain

AF >2Y " f2+2Y Rijfif;+2°f*log f* + 2a|Af|?
i,j#1

When R;; > 0, this inequality cannot hold at xp. Hence Vf = 0 at xyp and we conclude that

F(z) < Flao) = asup(f?log 2).
In particular, we have

IVf? < aU?logU? —i—o<osuglzzlogz2 < aU?logU? + a/e.
<z<

This completes the proof for Theorem 3. O



Theorem 4 The log-Sobolev constant o of a smooth connected compact manifold with non-negative
Ricci curvature in d-dimensions satisfies

AL 1
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where D(M) denotes the diameter of M and A1 is the first eigenvalue of the Laplacian.

Proof: Let f denote the function achieving o and / f? = vol M. We consider two possibilities:
M

Case 1: sup|f — 1| < 3. We consider f = 1+ g. By Theorem 1, we have Af = —af log f2. We
consider

—9Ag = ag(1+ g)log(1 + g).
This implies

/IVgl2 = a/ g(1+ g)log(1 + g)?

M M

2(1+Ba [l lox(1 + o)

< 2(1—1—6)04/ g°. (14)

M

IN

A

On the other hand, from the definition of eigenvalues we have

(f o2

25 2
[ 19a = gt

Since / 2= / (1+g)* = vol M, and sup |g| < 3, we have
M M

1/ 5 3
— g== g° < — vol M.
/M 2 Jm 2

This implies

/M|Vg|2zx</ﬁlg2—({foﬁ—g;> 2= [ &

Together with (14), we have
1 32
a>—o(1——
2(1+75) 4
Using known eigenvalue lower bounds on d-dimensional smooth compact Riemannian manifold, we
have

)1

const.

“= D)




Case 2: sup |f — 1| > . From Theorem 2, we have
Vlog fI? < a(d - 2log ).

There is a path y so that f(v(0)) = 1 and either f(y(1)) =1— 8 or f(v(1)) = 1+ 3. In both cases,
we can assume that the length of + is no more than the diameter D(M) of M. In the former case,

we have
/ |V log f|
~

i+ Ji—Tig=p) < [l |
Vd++/d—2log(1 - ) V\/W<\/ap(z\4)

—log(1 - p)

IN

A

In the latter case, we have

Vd - \/d—2log(1 + B) < \JaD(M).

VaD(M) > min —2log(1 — f) 2log(1 + 3)
- Vd+\/d—2log(1 —§) Vd+\/d—2log(1 +75) )

If we choose = 1, then in Case 1, we have o > 3A1/16 and in case 2,

Hence,

2log 2 log 2
> > .
Vd+ /d—=2log2 Vd

Note that we can choose any 0 < 8 < 2. In particular, 8 = e — 1 will give

VaD(M)

(A1
(0% mm|\ —, ——-= .
= 8¢’ dD(M)?
0

We remark that we can consider log-Sobolev constants and logarithmic Harnack inequalities for
manifolds with convex boundary. In fact, the proofs in Theorems 1-4 can be carried out in the
same way for Laplace operators with Dirichlet and Neumann boundary conditions as long as the
maximum points are interior points of the manifolds. This is indeed the case when we have convex
boundary (or even weaker conditions). We also remark that the factor of d in Theorem 4 is necessary
as shown by examples such as d-dimensional balls (see [12]).

3 Log-Sobolev constants for graphs

Let G denote a graph with vertex set V' and edge set E. For a function f : V(G) — R, we define

Lf(x) = (f(x) = f(®)) (15)
It is easy to see that

(L) =) (fl@) = f()? (16)



where Z denotes the sum over all (unordered) adjacent pairs. Here (f, g) Z flx ) denotes
Ty
the standard inner product in R™.

For a graph G, the log-Sobolev constant « of G is defined as:

where the infimum ranges over all nonzero functions g satisfying
Z ¢ (x)d, = Z dy = vol G

and d, denotes the degree of = in G.

Theorem 5 For a graph G, suppose f : V — R achieves the log-Sobolev constant and Z fA(z)d, =

x
vol G. Then f satisfies, for any vertex z,

Lf(x) = af(z)d, log f*(x).

Proof: The proof is basically the same as in Theorem 1. We also use Lagrange’s method, by taking
the derivative with respect to f(z):

2(f (w)dq log f2(x) + 2f (2)ds) Y (f(z) — f(y))?
2L f(x) B oy ¢ enf(a) =
Zf )log f(x) Zf )d,, log f*(x))’

(18)
for some constant ¢;. After substituting for «, the above expression can be simplified:
Lf(z) — a(f(x)log f*(z) + 2f(x)) + c2 f(z) = 0. (19)
After multiplying (19) by f(«) and summing over all 2 in V, we have

> (f@) = fy —aZf J(log f2(x) +2) +c2 »_ f3(x) =

This implies c2 = 2. Therefore we obtain from (19) that
Lf(z) = af (z)dq log f*(x).
4 Logarithmic Harnack inequalities for graphs

Let G = (V, E) denote a graph with vertex set V = V(G) and edge set E = E(G). For a vertex v,
the neighborhood N (v) of v consists of v and vertices adjacent to v. We say G has a local k-frame



at v if there are mappings n1,--- ,nx: N(v) — V satisfying
(1) G is k-regular;

(2) w is adjacent to n;u for every u € V and 1 <i < k;

(3) miu # mju if i # j.

A graph G is said to be Ricci flat if G has a local k-frame and
Unimgv =Jnimiv
J J

for any ¢ and v.
For example, a homogeneous graph associated with an abelian group is Ricci flat [6].

We will prove the following logarithmic Harnack inequality for Ricci flat graphs.

Theorem 6 In a Ricci flat G, suppose a function f: V(G) — R satisfies

Lf(x) = [f(x) = f(y)] = akf(x)log f*(x).
y~T
Then the following inequality holds for x € V(G), and for U = sup, | f(y)| > 1:
Z[f(:t) — f(9)]? < 6kamax{U?log U%(1 + %log2 U?),1}.

Yy~

Proof: We define p(z) = Z[f(:z:) — f(y)]? and we consider

y~z

Lp(w) = 323 AU @) = f))* = [Flniw) = f(ngmia))?}
= =2 D @) = flyw) = S ) + [ (nymea)]?
+2 Z Z[f(x) = f(niz) — f(miw) + f(nymiz)|[f (x) — f(n;)]

Let X denote the second term above. Then we have

X =2 Z Z[f(:v) = f(njz) = f(mix) + f ()] [f () = £ ()]
= 2 Z{Z = f(niw) + [ (ninz)[31f (x) = f ()]
+2 Z Z (njmix) = f(minja))]1f (@) — f(njz)]
= 2akz x)log f*(w) — f(n;z) log f*(njw))(f(x) — f(n;x))

+2ZZ (mjmix) = f (nme))Lf (@) = f ()]



Since G is Ricci flat, Z (nymix) — f(min;x)) = 0 and therefore

Lp(z) < X = 2akZ x)log f2(x) — f(njz)log f*(n;x))(f(z) — f(n;)).

Now we consider

Lf*(@)log f(x) = D [f*(2)log f(x) = f(njz)log f*(nj)]
= 2JZ F@)[f (@) = f(n;a)]log f*(x)
—Z x)log f2(x) — f(njx) log f*(njx)](f(x) — f(nz))
+Zf @)[log f*(x) —log f?(n;)]

= 2kaf (z) log f*(2)
- Z x)log f*(x) — f(njx)log f*(njx)](f(2) — f(n;z))

+Zf x)[log f?(x) —log f?(n;x))-
We will need to upper bound
Z (@) f(njz)[log f*(x) — log f*(n;)].
K k

This can be done by maximizing Z ab;(log a? —log bf) subject to Z b; = ka — akaloga®. We can
i=1 =1
then use Lagrange’s method. The maximum is achieved when all b’s are equal. Thus

Zf 2)[log f*(x) — log f*(n;)]

IN

kf( )(f(2) — af (z) log f(2)){log f(x) — log(f(2) — af (z) log f*(x))*}
< 2kaf*(z)log f(x).

Also, we consider a lower bound for

> U/ (@)log f2(x) = f(njw) log [*(nm;)|(f (2) = [ (n;2))-
k
We can use the Lagrange method again for minimizing Z{(a loga® — b;logb?)(a — b;) —2(a — b;)*}

=1
k

subject to Z b; = ka — akaloga®. Therefore we have
i=1

> _lf(@)log f2(x) = f(n;z)log f2(nm))(f(x) = f(njz)) = 2> (F(@) = f(njz))?

nj

> ko f2(x)|log® f2(x)).

10



Combining the above arguments, we have, for any positive o, the following:

LY [f(x) = f(njo)] + oakf? ()

J

IN

400’ f2(z)log f2(x) + (o — 1)a® f2(x)| log® f2(z)]
—2(0 = 1)) (f(x) — f(n;2))*.

J

IN

doa” f*(x)log f2(x) — (0 = 1) Y _[f(x)log f*(x) — f(n;x) log f*(n;a))(f (x) — f(n;x))

Now we consider a vertex v which achieves the maximum value over all z € S, for

>_[f(@) = fnj@)]* + oakf? (@) log f(x).
We have ]
0 < L) = fno)l* +oaf*(v)
40;2f2(:r) log f*(x) + (o = 1)a” f(2)| log® f(x)]
—2(0 = 1) (f(2) = f(m;2))?

J

IN

This implies

200k

SUIF) = fp)? < 22

J

J(0)log f*(0)(1 + 7 log? /*(v))

for o > 1. Therefore for every x € V', we have

D_[f(@) = flnyw)]* + ok f? (x) log f2()
20
= ka(o -1

7 aup £2(0)log 2(0)(1 + & log £2()

+0)f2(v) log f2(v)(1 + T log £2(v)

< ka

for any o > 1. For U = sup|f(x)| > 1, we have

2
z +Ul max{U?log U?(1 + %log2 U?),1}.

> [f (@) = f(n;z))? < ko

J

The proof of Theorem 6 is complete.

By taking ¢ = 2 in Theorem 6 we have

Corollary 1 In a Ricci flat graph G, suppose a function f: V(G) — R satisfies

Lf(z)=>_[f(x) = f(njz)] = akf(z)log f*(x).

J

11



Then for all x € V(G)
Zj:[f(:c) — f(n;2))? < 6ak max{U2log U2(1 + %1og U?),1}

provided sup,, f(y) > 1.

5 Consequences of logarithmic Harnack inequalities for graphs

Theorem 7 In a connected Ricci flat graph G = (V, E), suppose a function f : V — R satisfies
the logarithmic Harnack inequality and Z f*(z)d, = vol G. Then the log-Sobolev constant o of G

satisfies
1

1
32kD?’ 24kD?log U2 )
where U = sup, | f(2)], k denotes the degree and D denotes the diameter of G.

a > min(

Proof: We consider the following two cases:

Case 1: sup|f — 1| < 1/2. The proof for this case is almost identical to that of Case 1 of the proof
of Theorem 4. We omit the proof here and we have

A
a>—1.

The following eigenvalue lower bound for a Ricci flat graph is given in [6]:

1
> .
M 2 giD?

Therefore we have
>
“ = 32kD2

Case 2: sup|f — 1] > 1/2. We consider vertices zg, yo satistying f(xo) = ¢ and f(yo) = 1. The
existence of yg is guaranteed by the fact that

> F(v)ds = vol G.

Let P = (9 = vo,v1,--+ ,vs = yo) denote a shortest path joining z¢ and yg. Clearly, s < D. We
consider the case that f(zg) = sup f and U?logU? > 1. The other case can be dealt with in a
similar way. Using the logarithmic Harnack inequality, we have

(f(vi) = f(vi41))® < 6akU?logU?

s—1
Z(f(vl) — f(viz1))? < 6aksU%logU? < 6akDU?log U?.
i=0

12



On the other hand, we have

i(f(vi) — f(vi1))? > %{Z(f(vi) — fvir1))}?

=0 =0

Y Y
~
8
S
S~—
I
s
—~
<
S
S~—
S~—

[ V)

Y
|

Together we have
> .
= kD2 og U2

1
For the case of f(zo) <1 or U2?logU? < 1, the proof for a > AR D2
and will be omitted. This completes the proof of Theorem 7. 0

is quite similar and we can

The eigenvalue lower bound given in (20) is sharp and the factor of k is necessary for some
homogeneous graphs [6, 4] ( for example, the graph with vertex set Z, x Zy and edge generators
(a,b),a € Z,,b € Zs.) It is not difficult to show that the log-Sobolev constant is bounded above by
A1/2 (see [8]). As a consequence of Theorem 6, for a homogeneous graph the lower bounds for the
log-Sobolev constant and the eigenvalue \; can differ by at most a factor of log? U.

The factor of logU can be bounded for certain graphs in terms of an isoperimetric invariant for
graphs. We say a graph G = (V, F) has isoperimetric dimension ¢ with isoperimetric constant ¢s if
for any subset X of V with vol X < vol G/2, the number of edges leaving X satisfies

|E(X,X)| > ¢s( vol X)171/°,

For a vertex v in a graph G and an integer r, the - neighborhood of v, denoted by N,.(v) is defined
by N, (v) ={u €V : d(u,v) < r} where d(u,v) denotes the distance between v and v. A graph with
isoperimetric dimension § has growth-rate (¢, d) in the following sense [4]:

vol N,.(v) > er®

where r < D and D denotes the diameter of G. It is not hard to show that a graph with isoperimetric
dimension ¢ has growth-rate (¢, d) where ¢ depends only on the isoperimetric constant ¢s. However,
graphs with growth-rate (¢, §) do not necessarily have isoperimetric dimension § (see [4]) and do not
in general have good eigenvalue lower bounds. For graphs with isoperimetric dimension J, we will
show that log U is bounded above by 4 logd.

Theorem 8 For a Ricci flat graph with isoperimetric dimension §, let f denote a function achieving
the log-Sobolev constant o with sup,, f(x) = U. Then we have either

> a
~ k( vol G)%/9
or

logU < c3dlogé

where k denotes the degeree and constants c1,co depend only on the isoperimetric constant.

13



Proof: Let P denote a shortest path with vertices xg, - - ,x5 where f(z¢) = U and f(zs) < 1. To
upper bound U, we consider the ball B, = {y: d(xo,y) < r}. And we consider

1

L2\/604k:10gU2

1.
Using Corollary 1, for y € B,, we have

U—fy)

Z[f(iﬁi—l) — f(@)]

i

sU~/6aklog U?

IN

IA
vo|

Therefore we have )

U
vol G > > f*(x)dy > — Vol B
rEB;

This implies

U? vol G vol G
— < <
4 ~ vol B, = ¢s%

Substituting for s, we have

2
a®/? vol G > m (21)
We consider two subcases:
Subcase (a): e
(log U2)d/2 =1
Then (21) implies /
c
= k(vol G20
where ¢/ = (4¢)~2/%61.
Subcase (b): "
(log U2)5/2 <1
This is equivalent to
logU < gloglog U2
Thus
logU <6 logé
O

Combining Theorems 7 and 8, we have

14



Theorem 9 In a Ricci flat graph G with isoperimetric dimension 8, the log-Sobolev constant o
satisfies

Cl

c
( vol G)2/¢° kD2510g5}

where k denotes the degree of G, ¢ depends only on the isoperimetric constant, and ¢’ is an absolute
constant.

a > min{

6 Logarithmic Harnack inequalities for subgraphs

The definition for the log-Sobolev constant for a graph G can be easily generalized to induced
subgraphs with boundary conditions. Let S denote a subset of vertices in a graph G and let S*
denote the set of edges with at least one endpoint in S. Let §.5 denote the vertex boundary of S.
The log-Sobolev constant ag for the induced subgraph S with Dirichlet boundary condition can be
defined as follows:

Y. (f@) = f) way

o = inf {my}es” (22)

f f2(z) vol S
f2(:1c)dm log ——F——
mezv > )

z€S

where f ranges over all nontrivial functions f: S UJ§S — R satisfying f(y) =0 for y € §S.

Also, the log-Sobolev constant a,g for the induced subgraph S with Neumann boundary condition
can be defined as follows:

> (@) = f) way

{z,y}es*

o = inf
f#c 2 fQ(I) vol S
fe(x)d; log =—"r——

:E;/ Z f2 (2)d.

zES

(23)

where f ranges over all non-constant functions f : S UJS — R. Many methods for bounding log-
Sobolev constants for graphs can be extended to the log-Sobolev constant for certain subgraphs as
well.

Here we state the corresponding theorems on logarithmic Harnack inequalities for certain sub-
graphs. The proofs are quite similar to the boundaryless case and will be omitted.

Theorem 10 In a k-reqular Ricci flat graph G, consider a strongly convex subgraph S of G. Suppose

a function f: SUGJIS — R satisfies the Dirichlet or Neumann boundary condition and achieves the

log-Sobolev constant. Also, assume Z f2(x)d, = volS. Then the following inequality holds for all
zeS

Do @) — FW)]? < 6hasup f(2) log f()(1 + T log f(2)).

Yy~

r€eS:
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Theorem 11 Let S denote a strongly convex subgraph of a connected Ricci flat graph. Suppose a
function f 1V — R satisfies the Dirichlet or Neumann boundary condition and achieves the log-
Sobolev constant «. Also, assume Z f*(x)d, = vol S. Then the log-Sobolev constant o of G

zeS
satisfies
1

1
32kD?2’ 24k D2 log U2 )
where U = sup, |f(2)|,, k is the degree, and D denotes the diameter of S.

a > min(

Here we used the fact that a k-regular Ricci flat graph or a strongly convex subgraph has the

eigenvalue bound A\; > 502
is necessary for some homogeneous graphs) [6]. Based on the fact of o < A\;/2 and as a consequence
of Theorems 6 and 10, the log-Sobolev constant and the eigenvalue \; can differ by at most a factor

of logU.

and this lower bound is sharp up to a constant factor (the factor of k

For graphs with isoperimetric dimension §, similar to Theorem 10 the following lower bound for
« holds in terms of 4.

Theorem 12 Let S denote a strongly convex subgraph of a Ricci flat graph with isoperimetric di-
mension §. Suppose a function f :V — R satisfies the Dirichlet or Neumann boundary condition
and achieves the log-Sobolev constant. Then the log-Sobolev constant o of G satisfies

c c

k( vol S)8/2’ /€D2510g6)7

a > min(

where k is the degree, and D denotes the diameter of S, and c is a constant depending only on the
isoperimetric constant and ¢’ denotes some absolute constant.
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