Random walks and local cuts in graphs
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Abstract

For a specified subset S of vertices in a graph G we consider local cuts
that separate a subset of S. We consider the local Cheeger constant which
is the minimum Cheeger ratio over all subsets of S, and we examine the
relationship between the local Cheeger constant and the Dirichlet eigen-
value of the induced subgraph on S. These relationships are summarized
in a local Cheeger inequality. The proofs are based on the methods of es-
tablishing isoperimetric inequalities using random walks and the spectral
methods for eigenvalues with Dirichlet boundary conditions.

Key words: Laplacian, local Cheeger constant, local random walk, Dirichlet
eigenvalues, isoperimetric inequality.

Mathematics Subject Classification: 05C50, 15A18, 60J10, 68R10

1 Introduction

In the study of large information networks such as Internet graphs, social net-
works or biological networks [1, 2, 4, 9], it is essential to have local perspectives
since global sweeps could be extremely expensive or logistically impossible. In
our (global) graph G, we are only concerned about a given subset S of the ver-
tices and their incident edges. In this paper we examine the problem of finding
‘good’ local cuts restricted to S (detailed definitions to be given in the next
section). Of interest is the local cut which has the minimum local Cheeger ra-
tio hg. (The local Cheeger ratio of T C S is the ratio of the size of the edge
boundary of T' and the volume of T'.)

One of the ways for controlling the Cheeger ratio of cuts in a graph G is by
using spectral methods [3]. The Cheeger constant h(G) of G is defined by
, 10(X)]
hG) = min - 1
(@) Xcv(@) min{vol (X),vol (X)} (1)
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where vol (X) denotes the sum of the degrees in X, 9(X) denote the set of
edges leaving X and X is the complement of X. Let A denote the first nontrivial
eigenvalue of the (normalized) Laplacian of G. A relationship between A and
h(G) is described by the Cheeger inequality:

h(G)?
5

2h(G) = A >

We will establish a local version of the Cheeger inequality involving a local
notion of the eigenvalues — the Dirichlet eigenvalues with Dirichlet boundary
condition (as described in Section 2). If the first Dirichlet eigenvalue with
Dirichlet boundary condition on the boundary of S is called Ag, then a local
Cheeger inequality is

h2
hs > As > 78 (2)

We will give two proofs. The first one is to establish (2) using spectral meth-
ods. The second proof for a local Cheeger ineqality with slightly weaker lower
bound (off by a factor of 2) is by using random walks. Both proofs lead to fast
algorithms for finding good local cuts that have local Cheeger ratios within a
quadratic bound of the optimum. The first algorithm takes advantage of the
corresponding eigenvector and has computational complexity of the same order
as computing the eigenvector of a matrix of size |S| x |S|. The second algorithm
uses random walks with a similar flavor as the work of Lovdsz and Simonovits [5].
The algorithm using random walks is quite robust and has a fast approximation
algorithm [8].

2 Preliminaries

Suppose a graph G has a vertex set V(G) and edge set E(G). For a subset S
of V(G), there are two types of boundary of S — the vertex boundary §(S) and
edge boundary O(S5).

0(S) = {ueV(G)\S : u~wvforsomewv e S},

(S) = {{u,v} € E(G) : ue S,vgS}.

For a single vertex v, the degree of v, denoted by d,, is equal to |§(v)| (which is
short for |§({v})].

For a subset T, the local Cheeger ratio is defined by
10(T)|
vol ()"

Note that H(T') is simpler than the way the (usual) Cheeger ratio is defined in
(1). These two definitions are equivalent when vol (T') < vol (7).

H(T)



We are concerned with a specified subset S C V(G). In the remainder of the
paper, we mainly consider local vertices (i.e., vertices in S) and local edges (i.e.,
edges incident to S). The local Cheeger constant hg is defined by

= in H(T).
o= R Ao

For a function f:V — R, suppose that we order the vertices so that
f(v1) = f(v2) = -+ = f(vn).

Let Vf(i) denote the set consisting of the i vertices with largest f-values, i.e.,
v1, V2, ...,v;. We define the Cheeger ratio with respect to f by

hy = minH(V").

It is of interest to efficiently find functions f so that the associated cuts using
f will be ‘good’. In the remainder of the paper we will consider two kinds of
functions — the Dirichlet eigenvector and the diffusion determined by random
walks. Note that the problem of finding the optimum cut achieving the local
Cheeger constant is a NP-hard problem and therefore it is desirable to have
efficient ways to find suitable functions f that can lead to local cuts with good
local Cheeger ratios as asserted by the local Cheeger inequality.

The closure of S, denoted by S*, is the union of S and 6S. For a function
f:S* = R, we say f satisfies the Dirichlet boundary condition if f(u) = 0 for
all uw € 6(5). We use the notation f € D% to denote that f satisfies the Dirichlet
boundary condition and we require that f # 0.

For f € D%, we define a Rayleigh quotient:

Ry - el - Tw)? "
> ves |f(@)2ds
where the sum is to be taken over all unordered pairs of vertices =,y € S* such
that s ~ y.

The Dirichlet eigenvalue of an induced subgraph on S of a graph G can be
defined as follows:

As = flelggR(f)

inf <f7(DS_AS)f>
rebg ([, Df)
o (9£9)
9eDjg <gvg>

<97£Sg>

=  inf 289/
9€Ds  (g,9) ’




where D is the diagonal degree matrix, A is the adjacency matrix, and the
Laplacian £ = D~Y/2(D—A)D~'/2. Tn addition, Ls denotes the submatrix of £
with rows and columns restricted to those indexed by vertices in .S. The Dirichlet
eigenvalues are the eigenvalues of Lg and Ag denotes the smallest eigenvalue of
Lg. If the induced subgraph on S is connected, then the eigenvector of Lg
associated with \g is all positive (using the Perron-Frobenius Theorem [7] on
I — Lg). In the remainder of the paper, we are mainly interested in the case
that the induced subgraph on S is connected.

3 Finding a good local cut using eigenvectors

First we prove the easy half of the local Cheeger inequality.

Lemma 1 For a subset S of the vertex set of a graph G, the local Cheeger
constant hg satisfies
hs > As

where \g s the first Dirichlet eigenvalue.

Proof: Suppose that T is a subset which achieves the local Cheeger ratio with
respect to S. Let xr be defined by

xr(v) = {

Clearly, xr satisfies the Dirichlet boundary condition. It is not difficult to verify
that

1 fveT,
0 otherwise.

hs = h(T)
_ Oy (D= A)xr)
<XT; DXT>
> As
as desired. O

The proof for the local Cheeger inequality is quite similar to and simpler
than that for the (usual) Cheeger inequality. For completeness, we include the
proof here.

Theorem 1 In a graph G and a subset S of the vertex set of G, suppose the
induced subgraph on S is connected. Then the local Cheeger constant hs and
the Dirichlet eigenvalue As are related by:

2
by 0y

hs > Mg >
S_S_2_25

where f = gD~Y2 and g is the eigenfunction of Lg with eigenvalue \g.



Proof: From the definition of Dirichlet eigenvalues, we see that the Rayleigh
quotient of f achieves A\g. We have

As = R(f)
_ 2eafv) - f(u))?
> ves [ (v)dy

) = fW)? 30, (f(0) + f(1))
Doves F20)dy 320 (f(0) + f(w))?

(X 1F2() = 2 (W)])?

v

2(Loes F20)dn)”

o (S = P
- 2 Loes F2(0)ds)”

L (S) ~ Pen)hy T dy)”
) 2(Loes F20)d)”
i

- 2

i> M

-2

O

Theorem 1 immediately leads to an algorithm for a local cut: First, compute
the eigenvector g of the Laplacian restricted to S associated with Ag. Among
the cuts with respect to f = gD /2, choose the one with the least local Cheeger
ratio. Theorem 1 guarantees that this cut is within a quadratic of the optimum.

4 Finding a good local cut using random walks

In a graph G, a typical random walk is determined by the transition probability
matrix P, defined by

L ifu~w
P - ¢ d ! ’
(u,v) { 0  otherwise.

The Perron-Frobenius Theorem implies that the random walk with respect to
P converges to the stationary distribution if G is connected and not bipartite.
Suppose we consider the lazy walk which is the random walk with transition
probability matrix P = (I+P)/2. Then the lazy walk converges to its stationary
distribution m(v) = d,/vol (G) if G is connected.

Lovész and Simonovits [5, 6] proved a strong isoperimetric inequality in their
work on computing the volume of a convex body. In particular, they considered
cuts of the following type:



For a fixed integer k£ and a fixed vertex v, order the vertices v so that the
ratios P¥(v,u)/d, are non-increasing. An LS-cut is the boundary of the set,
denoted by Sj k.., consisting of the j vertices with the largest j such ratios.

The result of Lovész and Simonivits can be described as follows!:

Theorem 2 In a connected graph G, the lazy walk after t steps satisfies the

following:
e N/E_
i - < Phoye [
Pl u,v) —7(v) < (1 < ) T
where s
Bip = inf inf 0(Sjer0)l | "

t'<t j min{vol (Sjv v),vol (Sju )}

The theorem of Lovasz and Simonovits has strong algorithmic implications.
The efficient algorithms using LS-cuts are the basis of numerous works on sparse
approximations of graphs [8] and various nearly-linear time algorithms.

The above theorem immediately implies the following;:

Theorem 3 For a connected graph G, the Cheeger constant and the first non-
trivial Laplacian eigenvalue X are related by the following:

: 1/t B h¢
2hg > A > 1-— lim (A(%)) > = >
t—oo 8 8
where Bg = infy ., B, as defined in (4) and A(t) is the relative pointwise dis-
tance Pt
A(t) = max —(u, v) —m(v) )

T )
For a subset S of a graph G, we define the local random walk by the transition
probability matrix Pg:
_ P(u,v) ifu,ves,
Ps(u,v) = { 0 otherwise.
Note that Pg = Dg'Ag = D;l/Q(I - ES)D;/Q. The function Pgs(u,v) satisfies
the Dirichlet boundary condition for the set S.

For a fixed integer k and a fixed vertex v, order the vertices u so that the
ratios Ps* (v, u)/d, are non-increasing. A local LS-cut is the boundary of the

'n the paper of Lovész and Simonovits [5], the conductance is defined for a lazy walk and
is off by a factor 2 in the definition of 3.



set, denoted by Tj 1 .5, consisting of the j vertices in S with the largest j such
ratios.

We are now ready to state three theorems that relate local random walks,
local cuts, and Dirichlet eigenvalues through local Cheeger inequalities. The
proofs will be given in the next section.

Theorem 4 In a connected induced subgraph on S in a graph G, the lazy local
walk starting from a fixed vertex v satisfies, for any integer t,

Bros i [du
Pilv,u) < (1= =85)4 [

where P = (I + P)/2 and

e 0T 09)]
) _ f f%
Btov,s tl,%tu; vol (T4 0,5)

As an immediate consequence, We have the following:

Corollary 1 In a connected induced subgraph on S in a graph G, the Laplacian
Lgs satisfies, for all u,v in S:

Lg

2
s~ 5yt < - P

t
s )
for all integers t where
ﬁt,s = i,nf 5t’,v,S~
t'<t
veS

Theorem 5 In a connected induced graph Gg, the local Cheeger constant hg
and the Dirichlet eigenvalue Ag are related as follows:

Iéh log |S log |S

where for any integer t, we let (B s denote the smallest Cheeger ratio of the
LS-cuts for lazy random walks P*(v,-), for v € S of no more than t steps.

hs > As

5 Proving local Cheeger inequalities

We first state several facts that can be used to prove Theorems 3, 4 and 5.
These facts are based on the ideas in [5]. For completeness, we give the proofs
below.

In this section, a function f : V — R is represented by a row vector. For
any square matrix M with rows and columns indexed by V and v € V', we use
the notation fM (v) to denote the entry of the row vector fM with index v.



Fact 1 In a connected graph G with vertex set V, for a function f : V — R
and any subset T' of vertices and for P = (I + P)/2, we can write

ZfDP(v) _ f-9 . [ 92

veT
where g1 and go are both column vectors with non-negative entries satisfying
91(v)

gQ(U) Vs
vol (T') — [0(T)],

VARVAN

dm
d

INIA

0
A
> ()

vol (T) + 8(T)].

Proof:
S DPw) = Y > f(u)dyP(u,v)
veT veT u
= > fd Y Pluv)+ Y flu)de Yy Plu,v)
ueT veT u€T veT
1+ P(u,v)
= fu)dy ”ET flu 71“
SED DY SYLURD)
ueT vgT
3 3 Fdt 5 Y Fluda 3 Pl v)
ueT ugT veT
f-oa+f-90
e
Note that

o) = Y du1— 3 P(u,e) = vol (T) - |o(T)|

ueT vgT
wd Y ()

> du+ Y duP(u,v) = vol (T) + [0(T).

ueT ugT veT

The following is a consequence of Fact 1.

Fact 2 In a connected graph G with vertex set V', for a function f : V —



R*T U {0} and subsets T C S of vertices and for P = (I + P)/2, we can write
> fsDsPs(v) < > fDP(v)

veT veT
_ Ioatlo
2
where g1 and g2 are both column vectors with non-negative entries satisfying
0 S g1 (’U) é dva
0 S g2 (’U) é dva

vol (T) — |9(T)],

> gi(v)
Y g2v) = vol (T)+0(T)].

For f:V — R and any positive real x < " d,, let f(x) denote

fx) = max{f-g:0<g(v)<d, forallvand Zg(v):a:}.

It is not hard to check that if f(v1) > f(ve) > -+ > f(v,) and Ele dy, <z <
Zfill dy,, then
k k

f@) = Y flode + flopa)@ =) du,).

i=1 i=1

Proof of Theorem 4:
We now consider, for a fixed integer k& and a vertex u,

Jr(v) = Lég:’ 25

Clearly,
feDsPs(v) = Pat (u,v) = frr1dy.

Fact 3 fk, as defined above, satisfies

Fori(a) < fe(z(1 = Bru)) ;L fi(@ (1 + Bra))

Proof: For any subset T of vertices, we can apply Fact 2 and obtain

S PE N uv) = Y fiDsPs(v)

veT veT
< Jr- o1 -QF fr- 92
fr(vol (T) = |0(T)|) + fu(vol (T) + |3(T)|).

- 2



In particular, by taking 7" to be the set of vertices with the j largest values of
fr+1 and y = vol (T), we have

i) = fiatvol (1)) < DO 0T FAulvol () 10T

< fk(y(l _ﬂk,u));_fk(y(]-"—ﬁk,u)) (5)

This allows us to extend the inequality (5) to all other values, say, © =
vol (T')+ad,, ., , for some o < 1, by considering the following linear combination:

frl@) < afi(vol (T)) + (1 = a) fy(vol (T))
Fe(@(1 = Brw)) + fu(x(1 + Bru))
- 2
where 77 =T U {v;41}. O
Fact 4 For nonnegative integers k,
; Bl i VT

Proof: The proof is by induction. For k = 0,

fo(du) <1 and f0($) < mingz, dy} < \/\/diu

By using the induction hypothesis and Fact 3, we have

i : 1- u 1 U
fer1(z) < (1_6%31“)k %(\/ Br+1, ‘;‘\/ + B+, )

Bl%,u k X ﬁI%Jrl,u
< - [za - B

2
< (1 _ ﬁk-i-l,u)de X

8 du

since B,y > Bri1u and (VI — 2+ V1 +2) <1—2%/8 for z € (0,1). Fact 4 is
proved. O

Since Pk (u,v) < fr(dy), Theorem 4 follows from Fact 4.

Proof of Theorem 2:
We use Fact 1 but with a different function Fj, (instead of fy):

10



where 7(v) = d,/vol (G). Clearly,
F.IIP(v) = PP (u,v) — 7(v) = Fpym(v)
where II is the diagonal matrix with entries II(v, v) = 7(v).

In a similar way as in the proof of Theorem 4 using Fact 1, it can be checked
that Fy, satisfies, for x < 1/2,

Fk(x(l - ﬁk,u)) + Fk(x(l + ﬁk,u))
2

Fra(z) <
and for 1 >z > 1/2,

Frp(z) < Fy(z — Bru(l—x)) —;—Fk(a: + Bl — 1:)).

We can then prove again by induction that

Ful) < (1— @g‘)kmm{fj’d_z oo}

This implies that

By [

P (u,v) — 7(v) < fr(r(v)) < (1 ] )" dy’

Theorem 2 is proved. (|

Proof of Theorem 5:

We consider a connected induced subgraph on S. Let T denote a subset of S
with the least local Cheeger ratio. Let Ay denote the first Dirichlet eigenvalue
for the induced subgraph on 7.

Let xr denote the characteristic function with xr(z) = 1if x € T and 0
otherwise. From the definitions, the local Cheeger ratio H(T') can be written
as the Rayleigh quotient and therefore satisfies

hs = H(T) = R(xr) = Ar.
From the definition, we also have
Ar > Ag
since T C S.
Let ¢ denote the eigenvector of Lg with all positive entries.

We consider
As

(o, (Is — %)t@ =(1- 7)t<s07<p>-

11



On the other hand, we have

Es ES
o, (Is = 22)g) = 3 pla)ls - ) w)el)
z,yeS
2 ﬂtQ,S t
< (D e@)a- T)
zeS
BtQ,S + 2
< (1—7) |S|ZSO (x)
zeS
by using Corollary 1.
Therefore we have
)\5 t tQS t
1- 25 <9)(1 — LSyt
(-2 < psi - 2o
Therefore
As B s 1/t
A N
S > -0 BE
B s Bis
— b5 1 = EESy St -1
LS (1= P e )
2
S S E Y

2
_ Pis (ellos 1SN/t _ 1)
8

Bis log|S| log |S] 5
8t +O(( t ))

Vv

as claimed. Theorem 5 is proved.
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