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1. INTRODUCTION

In this paper, we are concern with upper bounds of eigenvalues of Laplace operator on compact
Riemannian manifolds and finite graphs. While on the former the Laplace operator is generated by
the Riemannian metric, on the latter it reflects combinatorial structure of a graph. Respectively,
eigenvalues have many applications in geometry as well as in combinatorics and in other fields of
mathematics.

We develop a universal approach to upper bounds on both continuous and discrete structures
based upon certain properties of the corresponding heat kernel. This approach is perhaps much
more general than its realization here. Basically, we start with the following entries:

1. an underlying space M with a finite measure y;

2. a well-defined Laplace operator A on functions on M so that A is a self-adjoint operator in
L?(M, i) with a discrete spectrum;

3. if M has a boundary, then the boundary condition should be chosen so that it does not disrupt
self-adjointness of A and is of dissipative nature;

4. a distance function dist(z,y) on M so that |Vdist| < 1 for an appropriate notion of gradient.

Let A\;,i = 0,1,2,--- denote the i-th eigenvalue of —A so that 0 = Mg < Ap < -+ < N\ < -
Then one of our results states that for any pair of disjoint subsets X,Y C M

4 ([ 2uM \?
A< ! 1

U= Tst(x, v)2\ 08 ,/MXMY> )

We want to emphasize that validity of (1) does not depend on any a priori assumption on M

which would restrict its geometry except compactness. A similar inequality holds in general for the
difference A\; — Ao for any i > 1.

Let us note that the most non-trivial term in (1) is a logarithm on the right hand side. In fact, the
logarithm comes from a Gaussian exponential term which enters normally heat kernel upper bounds.
A similar inequality for A\; can be proved involving distances among k disjoint sets by constructing
cutoff functions (close to the indicators of the sets X,Y ) and by using them as trial functions in
the minimax property of the eigenvalues.

Let M denote now a graph with a combinatorial Laplacian. We will prove the following inequality.
For any two vertex subsets X,Y of a graph on n vertices which is not a complete graph, we will
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relate A\; to the least distance between a vertex in X to a vertex in Y as follows:
log —~M4
X pY
dist(X,Y) < | — Y220 (2)

log ﬁ

where A = A if 1 — A1 > A1 — 1 and A = 1 — (A,—1 — A1)/2 otherwise. Note that, in general
A > A1/2. Here, for example, uX can denote the sum of degrees of vertices of X and dist(X,Y)
denotes the length of a shortest path joining a vertex in X and a vertex in Y. This is best possible
within a constant factor for expander graphs with degree k and A = O(1/v/k). In general, we have
log —~M4
A< log — < | Xy
1—2A dist(X,Y)

for any two subsets X,Y of the vertex set of the graph. We note the inequality (2) generalizes an
earlier result in [2] (also see [4]):

1 -1
diamM < %1)
10g —
Special cases of (2) for regular graphs were investigated by Kahale in [7]. For subsets X;, i =

0,1,---,k, the distance among X; is defined to be the least distance dist(X;, X;) for i # j. We will
generalize (2) by relating Ay to the distance among k + 1 subsets of the vertex set. Namely,

pXi #Xj

log \/ uxix)

min dist(X;, X;) < max | ———F—+
k

where ) = A\, if 1 — A\ > A1 — 1 and X, =1 — (Ay—1 — Ag)/2, otherwise.

In the next Section we prove our main results for the continuous case of manifolds. The discrete
cases for graphs will be considered in Section 2 with similar but different and simpler proofs. A
more general setting will be considered in [10].

2. EIGENVALUES ON MANIFOLDS

Let M be a smooth connected compact Riemannian manifold and A be a Laplace operator
associated with the Riemannian metric i.e. in coordinates x1, x2, ...z,

1 «— 9 o Ou
_ iy

4,j=1

where g* are contra-variant components of the metric tensor and g = det ||g;;|| and u is a smooth
function on M.

We admit that the manifold M has a boundary M. If this is the case, we introduce a boundary
condition

B
au—f—ﬁa—Z:O (3)

where a(z), f(z) are non-negative smooth functions on M such that a(z)+ 5(z) > 0 for all x € OM.
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For example, both Dirichlet and Neumann boundary conditions suit these assumptions. We note
that

1. the Laplace operator with the boundary condition (3) is self-adjoint and has a discrete spectrum
in L?(M, i), where yu is the Riemannian measure;
2. the condition (3) implies
u— <0
v
where v is the outer normal field on M.

Let us introduce also a distance function dist(z,y) on M x M which may be equal to the geodesic
distance, but in general we shall not assume so. Other than being a distance function the function,
dist(z,y) must be Lipschitz and, moreover, for all x,y € M

|Vdist(z,y)| < 1.

Let us denote by ®; the eigenfunction corresponding to the i-th eigenvalue A; and normalized in
LM, i so that {®;} is an orthonormal frame in L?(M, u).

Theorem 1. Suppose that we have chosen k+ 1 disjoint subsets X1, Xo, ... Xk+1 of M such that the
distance between any pair of them is at least D > 0. Then for any k > 1

2
1 4
)\k — )\0 D2 max(log W) (4)

We remark that, for example, if either the manifold has no boundary or the Neumann boundary
condition has been chosen the first eigenvalue is 0 and the first eigenfunction is the constant

.
O_—TM

An immediate consequence of Theorem 1 is that for any k& > 1

2
A< 2uM )

= D? Z#J w/quuX

Proof of Theorem 1: The proof is based upon two fundamental facts about the heat kernel p(z, y, t)

being by definition the unique fundamental solution to the heat equation
0
a—?u(x,t) — Au(z,t) =0

with the boundary condition (3) if the boundary M is non-empty. The first fact is the eigenfunction
expansion

p(z,y,t Ze M@, (1) D (y) (5)

exp(—lj—: - /\Ot) (6)

and the second is the following universal estimate:

/X/Yp(a:,y,t)f(:c)g(y)u(dz)u(dy) §</X fzfng)

Nl=
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which is true for any functions f,g € L?(M, u) and for any two disjoint Borel sets X,Y C M where
D = dist(X,Y).

An inequality of type (6) appeared first in the paper by B.Davies [5] and [8] (on page 73). It was
improved in [6] by introducing the term —MAot in the exponent on the right-hand side of (6). The
previous papers treated slightly different situations (for example, without a boundary) and this is
why we will show at the end of this Section how to prove (6).

Let us explain first the main idea behind the proof of the Theorem 1 in a particular case k = 2.
We start with integrating the eigenvalue expansion (5) as follows

I(f,g)E/X/Yp(w,y,t)f(:v)g(y)u(dx)u(dy) =Ze‘“/Xf<I>i/Yg<I>i (7)
=0

Let us denote by f; the Fourier coefficients of the function f 1x with respect to the frame {®;} and
by g; - that of ¢ 1y. Then

o0
I(f.9) = e ™ fogo + > e figi > e fogo — e M f 1|2 [lg 1y |2 (8)
=1

where we used the fact that

oo o0 oo %
D e Mg < 6_’\1t<z ff2912> <e M| f Lxlallg 1y 2.
i=1 =1 =1

By comparing (8) and (6) we get

D2

exp(—( = o) Lzl 1yla = fogo ~ 1 Ll 1ylaexaf -5 ) o)
Let us choose t so that the second term on the right-hand side (9) is equal to one half of the first
one (here we take advantage of the Gaussian exponential since it can be made arbitrarily close to 0
by taking ¢ small enough):

D2
21f 1xl2llg 1vll2
fogo

t =
4log

For this ¢, we have
1
exp(— (A = Ao))[lf Lxll2llg 1y [z = 5 fogo

which implies
2|l f 1x]l2llg 1y]l2
fogo

1
/\1 — )\0 S ; 10g
and after substituting the value of ¢, we have

2
i(log 2|l f 1x]l2llg 1Y||2>
D? fogo

Finally, we choose f = g = ®( and taking into account that

foz/Xf@o:/beﬁ,

I el =( [ 93)" = Vo

A1t — o <

and
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and similar identities hold for g we obtain

1 4 2
TR (P
D2\ [ 95 [, @3

Now we turn to the general case k > 2. Let us consider a function f(x) and denote by ff the i-th
Fourier coefficient of the function f 1x; i.e.

fl= re.
Xj
Let us put also in analogy to the case k = 2

Ilm(f,f)=/X/ p(z,y,t) f(2) f(y)p(dz) p(dy),

then we have the upper bound for Ij,,(f, f)

2
Bin (1) < 15 el L aesof =27 = ) (10)

while we rewrite the lower bound (8) in another way:

k—1
Lo (f, ) 2 e f S+ e ML — e F 1 [l2]lf 1x,l2 (11)
i=1
Now we want to kill the middle term on the right-hand side (11) by choosing appropriate I and m.
To that end, let us consider k +1 vectors f™ = (f", f3",---, fi"y),m=1,2,--- ,k+1in R*~! and
let us supply this (k — 1)-dimensional space with a scalar product given by

k—2
(v, w) = Z viwze N+t
=0

We suppose that we have chosen a value of ¢ from the very beginning so ¢ will not vary (although
the optimal value of ¢ will be found later). Let us apply the following elementary fact: out of any
k+ 1 vectors in (k — 1)-dimensional Euclidean space there are always two vectors with non-negative
scalar product (see the end of this section for the proof). Therefore, we can find different I, m so
that (f', f™) > 0 and due to that choice we are able to cancel the second term on the right-hand
side (11).

Comparing (10) and (11) we get

o . D2
OIS Lol Tl < A = 1 Ll Lol -7 (12)

Now, similar to the case k = 2 we choose t so that the right-hand side is at least % fifem. Since t
must be independent on [, m we put simply
D2
t = min -
I#m 4log 20 1x, ||l2|'\7{1 1xmll2
foj[)

and obtain from (12)

1 2\f 1 1
b0 < Liog 21 Ll Ll
t fofo
whence (4) follows by substituting ¢ from above and by taking f = ®¢. O
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Now we will prove two auxiliary facts used in the course of the proof of Theorem 1.

Lemma 1. For any two Borel sets X, Y C M and for any functions f,g € L*(M, ;1) we have:

J frososmomanar=([ ) (-5 59

where D = dist(X,Y).

Proof of Lemma 1: Let us put

u(z,t) = /Yp(w,y,t)g(y)u(dy)

then u(x,t) is a solution to the heat equation u; = Au with the initial data u(z,0) = g 1y and with
the boundary condition (3). As was shown in [6], for any Lipschitz function &(z,t) such that for all
zeMt>0

1
+ §|V|§ <0

the integral
62)\015 / u2e£(m,t)u(dx)
M

is a decreasing function of ¢. Actually, this was proved for the Dirichlet boundary value problem but
the proof used only that

Ju
— <0
Yoy =
that is true in our setting.
Let us put
d*(x)
t =
@t = 5 g

where d(z) = dist(z,Y) and € > 0. Then
em“t/ u?(z,t)ef @0 u(da) < / u?(x,0)e8®0 (da)
b's M

or, taking into account that u(z,0) =g 1y, |y =0, and £|x > and letting € — 0 we get

2(t+ )

/X u?(z, t)p(de) < exp(—l;—: - 2)\0t) /YgQ(:v)u(d:v).

Finally, we obtain upon an application of the Cauchy-Schwarz inequality

/ / oy, 1) (2)g (W) u(dr)u(dy) = / u(, 1) f () ()
XJY X

() ([, )
() () ol

Now let us prove the next geometric lemma.

what was to be proved. O
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Lemma 2. Let E be an n-dimensional Euclidean space and vy, va, - -+, Upyo be n+2 arbitrary vectors
in E. Then there are two of them, say, v;,v; (where i # j ) such that (v;,v;) > 0 where (-,-) denotes
the scalar product in E.

Proof of Lemma 2: For n = 1 this is obvious. Let us prove the inductive step from n — 1 to
n. Suppose that for each pair of the given vectors their scalar product is negative. Let E’ be a
hyperplane orthogonal to v, 12 and let v;" be a projection of v; on E’;i = 1,2, ...n+ 1. We claim that
(vi',v;") < 0 provided i # j. Indeed, since (v;, vp12) < 0 (where we assume ¢ < n+ 1) all vectors v;
lie on the same half-space with respect to E’ which implies that each of them is represented in the
form

v; = v + aze
where a; > 0 and e is a unit vector orthogonal to E’ and directed to the same half-space as all v;.
Hence, we have

0> (vi,v5) = (v — aze,v;’ —aje) = (v;',v;") + aa,

whence (v;’,v;") < 0 follows. On the other hand, by the induction hypothesis out of n + 1 vectors
v/;i =1,2,..n+ 1 in the (n — 1) -dimensional space E’ there are two vectors with non-negative
scalar product. This contradiction proves the lemma. O

3. EIGENVALUES ON GRAPHS

Let G denote a graph on vertex set V(G) and edge set E(G). For a vertex v, the degree of v is
denoted by d, and for a subset X of V(G), we define the volume of X to be

reX
The Laplacian of the graph is defined to be
1 if x =v;
Y Q—— if © ~
L(z,y) = dady Her~y
0 otherwise

Suppose L has eigenvalues \g =0 < Ay < --- < \,_; where n = |V(G)|. Then

> lf@) = f)l?

r~y

Zz f2($)dw

/\1 = inf
7

where f ranges over functions satisfying

Z f(z)d, = 0.

Let T be an n x n function with the (z,z)-entry of value d,. Then T'/?1 is the eigenfunction
associated with eigenvalue 0 where 1 denotes the function with all entries 1. It is not difficult to see
that Ay < 1 for any graph which is not a complete graph and 1 < A\,_; < 2. More discussions on
the eigenvalues \; can be found in [3]. Let X denote the complement of X in V(G).
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Theorem 2. Suppose G is not a complete graph. For XY C V(G), we have

log uXp¥
dist(X,Y) < XY (13)
log -1
g T—x

where A= X if 1 = A1 > A1 — L and A =1 — (A1 — A1) /2 otherwise.
Proof: For X C V(G), we define

1 fzeX
fx(z) = { 0 otherwise

If we can show that for some integer ¢ and a polynomial p;(z) of degree t,

(T2 fy, p(L) (T2 fx)) >0

then there is a path of length at most ¢ joining a vertex in X to a vertex in Y. Therefore we have
dist(X,Y) < t.

Let a; denote the Fourier coefficient of T2 fx, i.e.,

n—1

TV fx = Z a;p;

i=0

where ¢;’s are eigenfunctions of £. In particular, we have

<T1/2fX,T1/21>
(TV/21, T1/21)
- ﬂTlﬂl

uV

Similarly, we write

n—1
T2 fy =3 b
=0

We choose

(1—Z)t ifl—)\lz)\n_l—l;

pi(z) = { (()‘1"‘7;‘”*1) —2)t  otherwise

Since G is not a complete graph, A\; # A,_1 and

(M) < (1 =N
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foralli=1,---,n — 1, therefore we have

(T2 fy,pi(L)T2fx) = aobo + Y pe(Ni)aib;
>0

> agbo — (L= N[> a? ) 07
i>0 >0

o opXpY _(1_)\)t\/MXNXMYNY

N4 uV

Note that
St = e - AL
i>0 e
uX X
N4

If we choose
X Y
pnX pyY

log
t> 1
log T—x

we have

(T2 fy , p(L)TY2 fx) > 0

Therefore we have
dist(X,Y) <t¢. O

To improve the inequality in some cases, we use the same approach as in [4] by considering the
Chebychev polynomials of the first kind.

TO (Z) = 1,
Ti(z) = =z,
Tiy1(z) = 22T(z) — Ty—1(z), for integer t > 1.

Or, equivalently,
T;(z) = cosh(t cosh™(2)).

In the place of p;(£), we will use S;(L£) where

Tt()\1+>\nj72z)
St({E) = An—1—a

An—1+A
L(x==)

Then we have

= An—1+A
2€A1An1] T,(32=250)
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Suppose we take
-1 uXpuY
. cosh ‘/—HXMY
= hfl An—1+A1
cos S ———
Then we have
(TY? fy SUL)TY 2 fx) >0

Theorem 3. Suppose G is not a complete graph. For XY C V(G), we have

—1 uXpyY
cosh™ " 4/ XY

-1 An—1+M1
cosh S w———

dist(X,Y) <

We can easily derive isoperimetric inequalities by using (13). These isoperimetric inequalities are
generalizations of the inqualities concerning vertex or edge “expansion” in Tanner [9] and in Alon

and Miller [1] for regular graphs.
For a subset X C V, we define the s-neighborhood of X by

Ns(X) ={y : dist(z,y) < s, for somez € X}
(13). Theorem 2 implies the following result which gives a

Suppose we choose Y =V — N4(X) in
lower bound for the expansion of the neighborhood.

uX
+ (1 - E5)(1 - N2

uNy (X)) >

=[x
<[5

Theorem 2 can be generalized for the case of relating the distance of k + 1 disjoint subsets of

vertices and the eigenvalues \;. The line of proof is quite similar to that in Section 2.
-+ k, we have

Theorem 4. Suppose G is not a complete graph. For X; C V(G),i = 0,1,
log 1/7“)5’:“&
(Xi, X;) < max o VXX

min dist na: T
1] i#£] 10g T—x,

where Ng = A if 1 = X\ > A1 — L and N =1 — (A\—1 — M) /2 otherwise.

Proof:
There exist two distinct subsets in X;’s, denoted by X and Y, satisfying
k-1
(T2 fy p(L)T2fx) > agbo+ Y pe(Ni)aibi + Y pe(Ni)aib;

i=1 i>k

pX Y VX pX Yy

—— —(1=X)

% uv
by using Lemma 2 and by associating to each X a vector (p;(A1)"2ay,- -+, ps(Ae—1)*/?ax_1) where

fx =2 ai;.
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