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Abstract

It is now known that many properties of the objects in certain combi-
natorial structures are equivalent, in the sense that any object possessing
any of the properties must of necessity possess them all. These properties,
termed quasirandom, have been described for a variety of structures such
as graphs, hypergraphs, tournaments, Boolean functions, and subsets of
Z,, and most recently, sparse graphs. In this paper, we extend these ideas
to the more complex case of graphs which have a given degree sequence.

1 Introduction

During recent years there has been increasing interest in investigating the fol-
lowing phenomenon. For a given finite collection C' of “objects”, suppose we
have some probability distribution given on C'. Typically, there are many prop-
erties which are satisfied by most (or almost all) of the objects in C' as seen
in [4]. It turns out, however, that in many cases there is a large subclass @ of
these properties which are strongly correlated, in the sense that any object in
C which satisfies any of the properties in () must in fact necessarily satisfy all
the properties in (). Such properties are called “quasi-random”. Specific cases
where this behavior is investigated can be found in [15, 16, 21] (for graphs),
[12, 13, 17, 19] (for hypergraphs), [14] (for tournaments), [18] (for sequences),
[25] (for permutations) and [20] (for sparse graphs), for example.

In this paper we will take C' to be the class G,,(d) of all graphs on n vertices
having some given degree sequence d. This is rather different from the classical
model of a random graph, in which all vertices have the same expected degree.
Special cases of such graph families include the so-called power law graphs in
which the number of vertices of degree k is proportional to &~ for some positive
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real 5. Such graphs arise in a variety of applications such as Web connectivity
[5, 6,9, 24, 26, 28, 29|, communication networks [1, 3], biological networks [22],
collaboration graphs [27], etc.

In this paper, we will introduce a class of quasi-random properties for G, (d)
and establish quantitative bounds on the strength of correlation between these
properties. In particular, these results generalize and strengthen those in [20,
21].

2 Notation

We will consider graphs G = (V, E) where V' denotes the set of vertices of G
and E denotes the set of edges of G. (For undefined graph theory terminology,
see [33].) Our graphs will be undirected, having no loops or multiple edges. We
will let |V|, the cardinality of V, be denoted by n.

If {z,y} € E is an edge of G, we say that  and y are adjacent, and write
this as ¢ ~ y. The neighborhood nd(z) of a vertex x € V is defined by

nd(z):={y eV :y~zxin G}.

For z € V, the degree d, of x, denotes |nd(z)|. The degree sequence d = d¢ of
G is given by

d=(d,:z€V),
or equivalently, d can be viewed as a mappingd : V — ZTU{0}. For X,Y C V,

define
e(X,)Y) = {(z,y):zeX,yecYand z ~y}|.

For X C V, define vol(X), the volume of X, by

vol(X) = ) d,.

zeX

A walk P = Py(z,y) from z to y is a sequence P = (xg,x1,...,x;), where
x9 =x,x¢ =y and z; ~ x;41 for 0 < ¢ < t. Such a walk is said to have length
t. Here we do not require all x;’s to be distinct. If all x;’s are different, we say
the walk is a path.

In this paper, we consider graphs with every vertex having positive degree.
The weight w(P) of such a walk P is defined to be

wP)= ] L

o<i<t i

(thus, both endpoints are excluded in the product). If P has length 1 (and
therefore is an edge of G), then w(P) is defined to be 1.



A circuit C of length ¢ is a sequence of t vertices (x1,x2,...,xs) where
T~ Tir1,1 <i<t,and z; ~ 1. (We remark that in this definition, a circuit
can be viewed as a rooted closed walk.) The weight w(C) of such a circuit is

defined by
1
w(C) = ] —

1<i<¢

The weighted adjacency matriz M = M(G) is an n X n matrix with rows
and columns indexed by V', defined by

1 .
M) = | Vs ST (1)
0 otherwise.

Note that M can be written as M = I — £ where [ is the identity matrix and £
denotes the (normalized) Laplacian (see [11]). The eigenvalues of M are denoted
by p;,0 <i <n — 1, indexed so that

L=po > |p1| > |p2| = ... > |pp—1]

using the Perron-Frobenius theorem. Note that pg = 1 has as its eigenvector

(V dz)zeV-
Finally, define for X, Y CV,and t > 1,

@(X,Y)= Y w(P)

PcP:(X,Y)

where P;(X,Y") denotes the set of all walks of length ¢ between z € X andy € Y.
This is a weighted version of the number of walks of length ¢ between X and Y.
Note that e;(X,Y) = e(X,Y). In particular, e; (V,V) = }__ d, = vol(G). It is
not difficult to check that for ¢ > 1, we have e;(V, V) = vol(G).

3 The quasi-random properties

In this section we will state various properties that the G € G,,(d) might satisfy.
Each of these properties will depend on a parameter e, which we will always
assume to satisfy 0 < € < 1. The closer ¢ is to 0, the more the graph in question
behaves like a random graph with respect to the property in question, that is,
the more the value of the corresponding parameter is closer to its expected value
for a random graph in G, (d).

DISC(e):

For all XY CV,
vol(X)vol(Y)

|€(X,Y) - VOI(G)

| < e vol(G).



DISC; (e):

For all XY CV,

vol(X)vol(Y)

ler(X,¥) = vol(G)

| < e vol(G).
Note that DISCy (¢) is just DISC(e).

EIG(e):

With the matrix M = M(G) = (M(z,y))z,ycv as defined in (1) and with
eigenvalues satisfying

L=po 2> |p1l 2 |p2| 2 ... > |pn-1l,

we have
|pil <e forall i>1.

TRACEQt (6)2

The eigenvalues of M satisfy

S <e

i>1
CIRCUIT,(e):

The weighted sum of the ¢-circuits Cy in G satisfies

Y w(C)-1l<e

C:t—circuit
We will prove the following implications in Section 4:

Theorem 1 Fort > 2, the following implications hold.



2t :
LN

CIRCUITy <= TRACEy —— EIG —— DISC o= Disc,

S
7 1-t
“(‘ \ “36 (_,2

TRACE 51,0 DISC,

Here the notation A = B is shorthand for A(e) = B(d). We say A implies
B, denoted by A = B, if for every > 0, there exists a > 0 such that A(a) =

B(B).

There are several one-way implications in the above figure. A natural ques-
tion is which, if any, of the reverse directions hold for any of these implications.
In Section 5, we will give counterexamples which show that EIG # Traces; for
any t > 1.

In Section 6, we introduce an additional property U;. Then we show that
if a graph satisfies U; 1 for some ¢ > 2, then DISC = CIRCUIT,;. Using
property U, we will prove the following result.

Theorem 2 If G satisfies U;_y for some t > 2, then CIRCUITy;, TRACE,,,
EIG, DISC, DISC,, DISC,; are all equivalent.

4 The implications

Lemma 1 EIG(e) = DISC(e).

Proof: For S CV, define

0 otherwise.

fol@) = {\/@ ifzes,

Then, for X,Y CV,
e(X,Y) = (fx, Mfy)
where (f,g) = >, cy f(7)g(x) denotes the usual inner product.

fx = Z a;p;

(3

where the ¢;’s form an orthonormal basis of eigenvectors with

Now, write

dy

Po(v) = vol(G)’




for all v € V. Hence,

<fX,¢o>
z;( \/VOI

vol(X)
vol(G)

fr = Zbi¢¢-

apg =
Similarly, we write
Thus,
(fx, Mfy) =
Therefore,
vol(X)vol(Y)
XYy - ———=
[e(X, Y) wl@) |

by using EIG and the Cauchy-Schwarz inequality where || -

aogby + Z pia;b;

i>1

vol(X Vol
Vol Z pla’b Z

IN

<

1> piaibi|

i>1

max [ ( D a2 1bal)?

i>1
ellfxIl fy
vol(X)vol(Y)
e vol(G)

norm. Therefore, the proof is complete.

In a similar way, we prove

Lemma 2 EIG(e) = DISC,(¢?)

forany t>1.

Proof: In this case we observe that for X,Y C V,

et(X,Y) =

(fx,M"fy)

(using the notation of Lemma 1). Thus, writing

fx = Zaﬂﬁz‘;fy = Zbi¢i;

i>1

|| denotes the Lo-
(|



we find

e\ vol(X)vol(Y) te o\t
|(fx, M" fy) Tl@) | [(fx, M" fy) — pyaobol
< maXIml > laibil
i>1
< I?§1X|Pi| LAl
< éy/vol(X)vol(Y)
< € vol(G)
and Lemma 2 is proved. |

Lemma 3 CIRCUITs(e) <= TRACE;(e).

Proof:  Let C3,(u) denote a rooted 2¢-circuit with starting and ending point u.
Then,

M uu) = 3 w(C5(w)).

3 (u)
Thus, the trace of the matrix M?! can be expressed as:

Tr(M*) = Z Z (O3 (u

v O3 (w)

Z w(C'gt).

Cay

On the other hand, the same trace can be evaluated using eigenvalues:
(M) = > i
1+ Z pit.

i>1

Thus, we have

| Y w(Cs) —1] = |Tr(M*) —1]
Cat
- T
i>1
and Lemma 3 is proved. (|

Lemma 4 TRACEy(¢) = EIG(e!/?!), for any t > 1.



Proof: By hypothesis, we have
S =Y <
i i>1

Therefore
max |p;| < /2,
i |pz| S

Lemma 5 TR,ACEQt(é) — TRACE2t+2 (6)

Proof:  Since |p;| <1 for all ¢, we have

Zp?t+2 < Zp?t <e

i>1 i>1

by hypothesis.
Lemma 6 Fort > 1, DISCy;(e) = DISC,(v/€).

Proof: For X CV,

e2¢(X, X) Z u

z,x'€X
= Z ey
y
By applying DISCo;(€) to ea (X, X), we have

Z et(an)z < VOI(X)2 +e VOI(G)

; d, — vol(G)
Note that
D ey, X) =e(V,X) = Y dy = vol(X).
Y zeV
Therefore,
dyvol(X) 5 1
g(et(an) - T(G)) @
_ ey, X)? vol(X)  vol(X)?
= Zy: 0, VTG T e
ei(y, X) vol(X)
B ; dy vol(G)
< e vol(@)



by (2) and DISCy(¢). But

S (erly, x) — O L

g vol(@) Y
dyvol(X) 5 1
> D) =S g,
vol(X) 1
> (;(et(y, X) —dy vol(@) )) ZyGY dy
= <€t(Y, X) - W) frel¥)

by applying the Cauchy-Schwarz inequality. Thus,

vol(Y)vol(X)

[ X) - —0@

| < e vol(Y)vol(G)

< Ve vol(G).
This is exactly DISCy(+/€). O

Lemma 7 For any t > 1, DISC;(¢) = DISCy41(6+/€).

Proof:
For X,Y CV,
vol(X)vol(Y)
- < .
[, ¥) = E o < e vl©) 3)
Consider ¥ v
e (X,Y) = Z %‘
Define J
S1i={z€V:ie2,Y)> wol(G) (vol(Y) + v/e vol(G@))}.
Thus,
1(S (Y
3 el Y) = e, Y) > “’(ll)(vc;’)() + /e vol(Sy).
z€S; vo
Hence, by (3) applied to X = S; and Y,
vol(S1) < Ve vol(G). (4)

In the same way, if we define Sp := {z € V : &(z,Y) < V(ﬁlﬁ(vol(Y) -
Ve vol(@))}, then
vol(S2) < Ve vol(G). (5)



Now,

vE€S1USo veES1US2

€t+1(X:Y)=( DY )e(Xv)f(”Y)

For the first sum, we have

3 dwaed) 5 e(fj’”)VOfE’G)<vol(Y>+\/€vol(G>>
vgS1USa v vES1US> !

< ¥ eX,0) o) + Ve vol(G))

vol(G)
vol(X)vol(Y)

vol(G) + Ve vol(G)

and

y dXvaly) oy ef’“)mfg@(vol(m—ﬁvol(G))
v S1USs vES1US v

3 ©X0) (1Y) — Ve vol(@))

oS, vol(G)
(vol(X) — vol(S1) — vol(S2))
vol(Q)
(vol(X) — 24/€ vol(@))
vol(G)

vol(X)vol(Y)
@) 3v/e vol(Q),

Y%

v

(vol(Y) — v/e vol(G))

vV

(vol(Y) — v/e vol(G))

by using (4) and (5). Thus,

e(X,v)e (v,Y)  vol(X)vol(Y)
e @ | SO

For the second sum, we have

e(X,v)e(v,Y dyei(v,Y
) ( ziv( )S ) (v,Y)

v

vES1US> vESIUS,

e(S1US2,Y)

(vol(S1) + vol(S2))vol(Y)

- vol(G)
24/e vol(G)vol(Y)

- vol(@)

2v/e vol(Y) + € vol(G)

3/e vol(G).

+evol(G) by DISC,(e)

+ e vol(G)

IA

10



Putting these two estimates together, we obtain

vol(X)vol(Y)

leen(0Y) = —0@)

| < 6Vevol(G)
which is DISCt+1(6\/E) (I
Lemma 8 For any integers s and t, DISCs and DISC; are related as follows:

(i) If s <t, then DISC,(e) => DISC,(36€'/2" "),
As a special case, DISC(e) = DISCt(3661/2t71),

(ii) Ift < s < 2%t for some k, then DISCy(e) = DISCt(361/2k61/22kt+k_s).

Proof: (i) follows from Lemma 7, i.e.,

DISC,(e) = DISC,(36¢)
= DISC,,(36€'/?)
= DISC,(36¢/2" ")

To prove (ii), we have, from (i) that
ki
DISCy(¢) = DISCyi, (36642 ™"

Now apply Lemma 6 £ times to get the desired implication. O

By combining Lemmas 1 to 8, we have proved all the implications in Theorem
1.

5 Separation of properties

In this section we give an example showing that at least one of the implications
in Theorem 1 cannot be reversed. Whether this is true of the others is not
known at this point.

Fact 1 For anyt>1,

for any 6 = d(e).

11



Proof: Choose t > 1 and let G = G(n) be a random regular graph with n
vertices and vertex degree n'/*. Thus, M = M(G) has

_ 1/n't ifu~o,
M(u,v) = { 0 otherwise.

It was shown in [23] that the eigenvalue distribution of M (G) for a random
graph G with a given expected degree distribution satisfies the semi-circle law
if the minimum degree is greater than a power of logn. As a consequence, if
1=po > |p1| > |p2| > ... > |pn—1]| are the eigenvalues of M, then

1) o= 1 +o0(1))2/nt,
(2) If N(z) denotes the number of p; with p; < 2x/n'/?!, then

N@) _q +o(1))% /1 V1= adu,

n

In particular, for z = 1/2, we have

N(1/2) V3 08045,

SO~ o)(C 4 Y

Thus,

1 .
D P 2 2(n = N(1/2)(—75)* 2 0.391.
i>1

Hence, for any ¢ > 0, G satisties EIG(¢), provided n > ng, but G does not satisfy
TRACE(0.39).

It would be interesting to know if some of the other possible implications
hold. For example, does DISC = EIG ?

Recently, Bilu and Linial [7] proved the following partial implication for
regular graphs:

For a d-regular graph G on n vertices, if for all XY C V,
d
e(X,Y) - —|X] Y]] < adV/|X] Y, (6)

then |p1| = O(a(log(1/a) + 1)).

The above property in (6) was introduced by Thomason [31] in the context
of what he called (p,«)-jumbled graphs. Of course, this property is quite a bit
stronger than DISC. Properties of random graphs based on this concept (without
the equivalence relations) are often referred as the pseudo-random properties.
The reader is referred to [30, 32] for discussions on pseudo-random graphs.

Butler [10] combines the methods in [7] and [8] to prove the following :

12



For a graph G with no isolated vertices, if for oll X, Y C V,

e(X,Y) — W < ay/vol(X)vol(Y),

then |p1|" < 18a(1 — 5 log ).

For t = 1, this is the best possible (up to a constant) by considering a class
of regular graphs constructed by Bollobds and Nikiforov [8]. In their example,
the graphs have a = Cn~/6 and |p;| > calogn for some constants ¢ and C.

6 Reversing the implications

It is clear from the examples in the preceding section that in order to establish
some of the reverse implications, e.g., DISC = CIRCUIT5;, we will have to make
further assumptions for the G € G, (d). One such condition is the following:

dody
vol(G) -~

For t > 1, a graph satisfies U;(C) if for all z,y € V, e;(z,y) < C
We will think of C' as a large positive real. We note that for ¢ = 1 and for
G with minimum degree an, the property U;(C) is automatically satisfied for

C >1/a?.

Note that for a d-regular graph, U; implies that n < Cd’ or, equivalently,
the volume of the graph is of order at least n'™1/t.

Lemma 9 For anyt>1,

U,(C) = Uyt ().

Proof: Observe that

€t+1($,y) = Z w

The lemma is proved. d



Theorem 3 If G satisfies Us—1(C) for some t > 2, then
DISC(e) => CIRCUITs(n)

where n = 2C"C%e/§ 4+ 2C%(C" 4+1)%6 +20v/6 + 126 + 16C"*6%/% +8C"2 53/, with
C' = [C/84], and § = max{\/e,36¢'/2" "}. (Note thatn — 0 as e — 0.)

Proof: We are going to consider the sum
1 dudy |5
4, ) = vol(G))

u,veV
where, as usual, V = V(G).

Since G satisfies DISC(e€) by hypothesis, then by Lemma 8, G also satisfies
DISC;_1(8) where § > 36€!/2 " i.e.,
vol(X)vol(Y)

e (&Y) = —0)

| <6 vol(G)

forall X, Y CV.

We here choose § = max{+/e,36¢'/2 " }. For a fixed vertex u, we partition the
vertex set V into the sets W; = W;(u),0 < i < C’, as follows. (To simplify the
notation, we use W; instead of W;(u) below.)

dydy

= 0< e 1/4
Wo {v:0<e—1(u,v) <46 VOI(G)}’
d,d d,d
_ . 1/4 u Wy < 1/4 u Wy
W] {’U ) VOI(G) <S et,l(u,v) <20 VO](G) },
d,d d,d
Wy = {v:20"/4 2 <ep g
2 {v vol(G) < -1 v) <30 Tres

and, in general,
dyd, dudy )
vol(G) vol(G)

for 0 <i < C' = [C/§**]. Since e;_1(u,v) < Cdyd,/vol(G) by U;_(C), the
W; form a partition of V.

W, = {v:ig*/* < e (u,v) < (i +1)6'/*

Since

dyd, dyd,
<8t 2

;i C D lep— — ot/
Wi € Av:lem(uv) —i0 720 vol(G)

then

dyd dyd
B _ ~§1/4 u v 51/4 u vy
|U§V(et v 0) =Gy < EXV:V vol(G)

_ a5t/ duvol(W) 17 duvol(W5)

and | ey (u, W;) vol(G) | ol(G) (7

14



Since ), e;—1(u, W;) = e;—1(u, V) = d,, then

d, vol(W;)
51/4 —d,
| Z vol( ) |

d,,vol(WW,
|Z oL/t vol(G Zet 1(u, W;) |
(W,
61/4 uVO
Z vol(G

o4, (8)

IN

Now, for each i, if vol(W;) > v/§vol(G), then define X; = X;(u) and X! = X/(u)
as follows:

Xio= {use(o, W) < d\:]cil((g/))(l\/g)}.

If vol(W;) < v/6vol(G) then define X; = X! = (). Also define
= [ J{Wi : vol(W;) < Vévol(G)}.

Thus,
vol(W}) < C'Vvol(G)

since there are just C' possible values of i.

By DISC(e), we have
vol(WW;)vol(X5;)

. X)) — <
| e(W;, X;) vol(G) | <evol(G),
but from the definition of X;, we have
VOl(Wl)VOI(XZ) VOI(XZ)VOI(WZ)
| e(Wi, Xi) oG |2 Ve vol(G)
Vovol(G)vol (X;)

>
> Vo vol(@)
= ¢ VOl( z)

Therefore,
vol(X;) < €/6 vol(G).

A similar argument shows that

vol(X}) < e/d vol(G)

15



as well. Consequently, for each u, we consider
Xo= | J{XiuX] W g Wi}
and we have
vol(X,) < 2C"¢/d vol(G). (9)

For v ¢ X, we have, from the definition of X,

e(Wiv) = dy— > e(Wi,v)

Wi Wz
< di- Y (l—ﬁ)d”vv(ilg")
Wigws
— A (1 \/g)d”(VOI(Cjil?GV)OI(W;))
= ﬁdv+(1—\/5)vi’(l)§(vg’?dv
< \/de+(1—\/5)c'\/i"l(2g;)dv
< (C'+1)Vod,. (10)

We now begin considering the sum,
1 dydy 5
zu:zv: dudv (et(uav) VOI(G)) -

1 dydy
Z( Yo+ )dudet(u,v) i)

u veEX, vZX,

For the first sum, we use property Uy(C) and Lemma 9 to obtain the following
estimate:

1 dudy 1, dudy
—— - <
Z}; 4., @) - o) S zu:; 0.4.¢ G
5 vol(Xy,)
vol(G)

2C'C%¢/s (11)

IN

16



by (9). For the second sum we have

dudv 2
22 dud, d (eeu:0) = Sy

u vZ€X,

_ er 1(u,2)e(z,v) dudy
B Z Z dy d Z d. _vol(G))

u vEX,
Z Zetluz zv)_dualv)2
vol(G)

u vEX, zeWx 2EW

dudy

IA

U vgX, zeWr ~ 2gWr

For the first sum just above (without a factor of 2), we have

1 er1(u,2)e(z,v
Sy L (Z <d><>)

u vgXy 2EW*

u

1 Cd,d.e(z,v)
=% o (5 )

<

u vgX zeEWr

by Ut_l(C),

Y C*d;, (e(W;,v))?

— e dyd,vol(G)?

C?*(C" +1)%4d,d,

<
- Zu:vg); vol(G)?2 by (10)
< CHC'+1)%.

For the second sum above, we have

Z Z < Z et_l(u,di)e(Z,U) ~ V((Z;f(de)>2

@ vgXu e

dud, \*

) zu:;; (W%V%ZV:V - 1UZ ZU)_VOI(G)>
gagﬁﬁﬁ“ﬁ

since |A —a| <b= (A - B)? <2((a— B)? +b?) and inequalities in (7).

17

> dud < > et*l(u’dw)%( > etfl(“adi)e(z,v) _

vol(G)

)



For the second sum we have

SY Ay z“v‘;”“ :

u vE€X, “”W@W

dye(W;,v) o
GY S s i,

w vg Xy uv *

(> du (1+\/5)%(W"))2 by def. of X,

< 6;; Qudy ' 2, vol(G) vol(G)
dudy \°
= 5;; dd <1+\/g)vol(G>
< V6430 (13)

(upper bounded by the sum over all u and v).
Finally, for the first sum we have
ZZ <Z 215/dezv) dudv)2
u vEX, W;gWz zeW; vol(G vol(G)

_ L i/ due(Wi,v) _ dyd, ?
= Z Z dyd, <W2ZI:/V vol(G) vol(G)>

u vgXy

i6Y4d dyvol(Wy)  dudy \°
- _
B 211,:11;(: << Wigws vol((7)? vol(G))
1/4 2
Z 8 dold vvol(W, )\/5> > by the def. of X,,
Vi
Wi g W,
iV Ad, dyvol (W) dyd,
< _
S 22 <2( e ae)
Lo Ewicws 64 d,, d,vol (W) 2 N Z i51/4dudvvol(W,~)\/g ?
vol(G)? Wiz vol(G)?

dydyd'/* C251 /4 dydy51/2\ 2 C'dyd, 534\ ?
de (+(% <G>> () 2 (Rae) )
by (8), def. of W} and the fact that i < C’,
< 4V +4C"182 120782, (14)

Now, we have to put everything together.

18



First observe that

1 dudy
Z dyd, (et(u,v) - VOI(G))

u,veEV
1 2 et(uvv) dudv
= -2
d. e =2 ) vol(G) T D vol(G)?
u,veV u,veV u,veV

\%
- Z w(CQt) - 2€t(1(’G)) + 1
Clat 2t —circuit VO

= Z ’U)(Cgt) -1

(o4 2t —circuit

(using e;(V, V) = vol(G)) so that the preceding results, including inequalities
(11), (12), (13) and (14), give

Y w(Ca) 1]

(a4 2t —circuit

1 dyd,

= Y —(ewv) - )?
L2, dud, vol(G)
< 20'C%/6 4 2C%(C" + 1) + 4(V3 + 38) + 4(4V5 + 4C" 6% + 202 5%/?)
< 20'C%€/8 4 2C%(C" +1)%6 4 20V/6 + 120 + 16C" 6%/ + 8C"5%/2.
This proves Theorem 3. (|

Corollary 1 If G has minimum degree an, then

where 1 depends only on €, a and t.

Theorem 4 If G has minimum degree an for some constant «, then CIRCUI T,
TRACE,;, EIG, DISC, DISC,, DISC; are all equivalent for t > 2.

7 Concluding remarks

We can summarize the main theorems in the following:
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z izt 5 5
6
CIRCUITzféTRACEZ — EIG — DISC __% DISC,

E
Ut—1 i
€ 5=
Uf_1 36¢€

TRACE 51,0 DISC,

We should note that if for our degree sequence d, we choose all d; to be
(approximately) equal, so that the G € G(d) are (approximately) regular, then
our results specialize to the case of sparse random graphs considered in [20],
except that here we get explicit functions of ¢ (as opposed to the expressions
with o(1) terms occurring in [20]). What are other properties which might be
included in Theorem 17 Can condition U;_; be replaced by a weaker condition
to allow DISC = CIRCUITS5; to be proved? We hope to return to this in the
future.

Acknowledgement: The authors thank Steve Butler for careful readings of
the paper. His many comments made substantial improvements to the proofs.
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