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Abstract

We study four augmentations of ring networks which are intended to enhance a ring’s ef-
ficiency as a communication medium significantly, while increasing its structural complexity
only modestly. Chordal rings add “shortcut” edges, which can be viewed as chords, to the
ring. Ezxpress rings are chordal rings whose chords are routed outside the ring. Multi-rings
append subsidiary rings to edges of a ring and, recursively, to edges of appended subrings.
Hierarchical ring networks (HRN’s) append subsidiary rings to nodes of a ring and, recur-
sively, to nodes of appended subrings. We show that these four modes of augmentation are
very closely related.

e Planar chordal rings, planar express rings, and multi-rings are topologically equivalent
families of networks, with the “cutwidth” of an express ring translating into the “tree-
depth” of its isomorphic multi-ring, and vice versa.

e Every depth-d HRN is a spanning subgraph of a depth-(2d — 1) multi-ring.

e Every depth-d multi-ring M can be embedded into a d-dimensional mesh with dilation
3, in such way that some node of M resides at a corner of the mesh.

e Every depth-d HRN # can be embedded into a d-dimensional mesh with dilation 2,
in such way that some node of H resides at a corner of the mesh.

In addition to demonstrating that these four augmented ring networks are grid graphs, our
embedding results afford us close bounds on how much decrease in diameter is achievable
for a given increase in structural complexity for the networks. Specifically, we derive upper
and lower bounds on the optimal diameters of N-node depth-d multi-rings and HRN’s, that
are asymptotically tight for large N and d.
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1 Introduction

Ever since the earliest uses of networks for communication and computation, there has been
serious interest in ring networks because of their structural simplicity and (modest) fault toler-
ance. Of course, this interest has been moderated by the large diameter and small (bisection)
bandwidth of rings. It was natural, therefore, to seek ways to augment a ring network in a
manner that enhances the network’s efficiency as a communication medium—by increasing its
bandwidth and decreasing its diameter significantly—while increasing its structural complexity
only modestly. This paper is devoted to studying four avenues for such augmentation, each
of which adds “shortcut” edges to a ring in a specific way; all four of the resulting network
families are still the object of active study to this day—both by theoreticians and by system-
designers.! We begin by exposing certain basic structural properties of the four families, proving
that their constituent networks are “essentially” equivalent in communication power and are
“almost” grid-graphs, i.e., subgraphs of high-dimensional meshes. We then apply the exposed
structure to the question of how much decrease in diameter one can achieve via each type
of ring augmentation for a given increase in the structural complexity of the augmentation,
deriving asymptotically tight upper and lower bounds on diameter-decrease as a function of
augmentation complexity.

The remainder of this section is devoted to filling in the gaps of the preceding paragraph
in a way that prepares the reader for our study. In Section 1.1, we formally describe the ring
augmentations of interest. In Section 1.2, we preview our main results in a way that precisely
defines the preceding paragraph’s terms “essentially” and “almost.” In Section 1.3, we suggest
why a predominantly theoretical study such as ours is relevant to those who design and build
systems. Finally, in Section 1.4, we discuss the literature on which our work builds.

1.1 Four Ring Augmentations

Our four modes of augmentation all start with the N-node ring network R, which has node-
set Zy ¥ {0,1,...,N — 1} and edge-set {(i,i + 1 mod N) | i € Zy}. Of the names we use for
our four families of augmentated rings, “chordal ring” and “hierarchical ring network” appear

in the literature, while “express ring” and “multi-ring” are, to our knowledge, new here.

1.1.1 Chordal Rings

A chordal ring augments a ring network by adding “shortcut” edges that can be viewed as
chords of the ring. Chordal rings were among the earliest proposed cost-efficient interconnection
networks for parallel architectures [3], and they continue to be studied in this context, especially
in regard to the problem of diameter reduction; see, e.g., [4, 8, 25]. Fig. 1 depicts a chordal
augmentation of Roj.

!Citations which bear out this claim accompany the networks’ formal definitions in Section 1.1.



Figure 1: A chordal augmentation of the 21- Figure 2: An express ring that is isomorphic
node ring Roy. to the chordal ring of Fig. 1.

1.1.2 Express Rings

An express ring is not a new network topology, but rather a drawing of a chordal ring which
routes the “shortcuts” around the exterior of the ring (in either the clockwise or counterclockwise
sense), thereby turning each chord into an arc of the ring. Express rings constitute the simplest
instance of both the express interconnection networks of [11] and the “hop”-enhanced optical
communication networks of [12, 15, 16, 17, 18, 23, 31]. In deference to the latter sources, we
henceforth use the word hop to refer ambiguously to an arc of an express ring or an edge of the
underlying ring. The express ring in Fig. 2 is a drawing of the chordal ring in Fig. 1.

An important structural characteristic of an express ring R is its (circular) cutwidth, i.e., the
maximum number of hops that “cross over” any ring edge, counting the edge itself. Formally,
if R has N nodes, then its cutwidth is

;gzzlx|{(j,k) € Hops(R) | j <iand k > i+ 1mod N}|. (1.1)
i€Zn

In order to understand this definition, one must keep in mind that circular cutwidth is a
characteristic of a drawing, since an express ring is itself a drawing. Hence, as is reflected in
(1.1), one measures the cutwidth of an express ring by scanning hops in their clockwise sense
(whence the “mod N” in (1.1)). Thus, for instance, the express ring in Fig. 2 has cutwidth 5,
because, e.g., in the drawing, the hop that connects nodes 0 and 14 crosses over the ring-edges
(15,16), (16,17), (17,18), (18, 19), (19, 20), (20, 1) and not over any other ring-edges.



Note. Cutwidth models important network resources, such as (depending on con-
text): the bandwidth requirements of the underlying ring’s various links; the number
of distinct frequencies that the underlying ring’s links must support; the sizes of the
switches that control the wires that cross “above” the express ring’s nodes.

Of special interest in our study are express rings that admit cutwidth-c¢ drawings in which
hops never cross. For brevity, we call such networks cutwidth-c noncrossing express rings.

1.1.3 Multi-Rings

A multi-ring (MR, for short) is obtained from a ring network by appending at most one sub-
sidiary ring to each edge of the ring and, recursively, to each edge of each subsidiary ring. (Each
edge of an MR thus belongs to either one or two subrings; in the latter case, one subring is the
“child” of the other in the tree of rings created by the recursive appendages.) MR’s thus are
one possible realization of a “tree of rings.” MR’s capture the essential structure of the SONET
(Synchronous Optical NETwork) MR’s [10] that are important in the realm of communication
(especially telephonic) networks. Fig. 3 depicts an MR that is isomorphic to the express ring
of Fig. 2.

Figure 3: An MR that is isomorphic to the ex- Figure 4: A hierarchical ring network that is a
press ring of Fig. 2. spanning subgraph of the MR of Fig. 3.

Since our complexity-preserving transformations of MR’s to and from express rings (in
Section 2.1) have some subtlety, we now define MR’s in some formal detail. The node-set of a
depth-d MR M consists of d pairwise disjoint sets, V1, Vs, ..., Vy; each V; comprises the level-i
nodes of M. The edges of M are specified implicitly as follows.



e The induced subgraph on the level-1 node-set V7 is the (unique) level-1 ring of M.
In Fig. 3: V4 = {0,7, 14}.

e The level-2 node-set V5 is a disjoint union of some number ky < |V;| disjoint sets,
Vo1,Voo,...,Vo,.

— Each set V5 ; is associated with a distinct pair of nodes w3 j, vz ; that are adjacent in
the level-1 ring of M,

— the induced subgraph of M on each node-set V3 ;U {us ;,v2;} is a level-2 ring of M.
IIl Flg 3: Vg,l = {4,6}, V2,2 = {11, 13}, V273 = {18,20}

e For each level i > 2, the level-i node-set V; is a disjoint union of some number k; <
|Vi—1| + ki—1 disjoint sets, Vi1, Vio,..., Vig,-

— Each set V;; is associated with a distinct pair of adjacent nodes u;j,v;; from a
level-(i — 1) ring of M. At least one of u; j, v; ; must be an element of V;_1; the other
could belong to a lower-index V.

— The induced subgraph of M on each node-set V; j U {u; j,v; ;} is a level-i ring of M.

In Fig. 3:

Va1 ={1}; Va2 = {5}; V33 = {8}; Vau = {12}; V35 = {15}; V36 = {19}.
Va1 = {3}; Vao = {10}; Vi3 = {17}.

V51 ={2}; Vs2 ={9}; V53 = {16}.

An important structural characteristic of an MR is its (tree-)depth, i.e., the number of levels
of recursive appending of subsidiary rings. Easily, the depth of an MR is its number of levels,
i.e., the number of sets V.

Note. The depth of an MR most obviously represents the number of decision points
needed to route messages within the network. Less obviously, it is also a measure of
the network’s tolerance to edge-faults. It thus represents a tradeoff of routing ease
for fault tolerance and routing distance.

1.1.4 Hierarchical Ring Networks

A hierarchical ring network (HRN, for short) is obtained from a ring network by appending
at most one subsidiary ring to each node of the ring and, recursively, to each node of each
subsidiary ring. (Each node of an HRN thus belongs to either one or two rings; in the latter
case, one ring is the “child” of the other.) HRN’s are thus an alternative to MR’s as a possible
realization of a “tree of rings.” As with MR’s, the (tree-)depth of an HRN; i.e., the number of
levels of the recursive appending of subsidiary rings, is an important structural characteristic.
HRN’s have been studied extensively in the context of shared-memory multiprocessors and have



actually been implemented in such machines [9, 26, 28, 30]. Fig. 4 depicts a depth-3 HRN which
is (isomorphic to) a spanning subgraph of the MR of Fig. 3.

The reader can easily adapt the formal description of MR’s in Section 1.1.3 to a formal
description of HRN’s. The key difference is that, with an HRN #:

e Each set V; ; is associated with a distinct node u; ; € V;_1;

e the induced subgraph of # on each node-set V; ; U {u;;} is a level-i ring of .

In Fig. 4:
Vi =4{0,7,14}.

Vg,l = {1,4}; V2,2 = {8, 1]_}; Vg,g = {]_5, ]_8}

Va1 = {2,3}; Vap = {5,6}; Va3 = {9,10}; V34 = {12,13}; V35 = {16,17}; V35 =
{19, 20}.

1.2 Our Main Results
1.2.1 Qualitative Results

Our study of augmented ring networks begins in Section 2 with two sets of structural results.

Topological equivalences. In Section 2.1, we establish strong relationships among our four
families of augmented ring networks, which show them to be essentially equivalent in commu-
nication power.

1. Let R be an augmented ring within one of the following three families: the family C of
noncrossing chordal rings; the family E of noncrossing express rings;? the family M of MR’s.
In each of the other two families, there exist augmented rings that are (graph-theoretically)
isomorphic to R. More importantly, key structural parameters can be preserved under this
isomorphism: For each cutwidth-c noncrossing express ring, there is an isomorphic depth-c
MR, and vice versa.

2. Every depth-d HRN is (isomorphic to) a spanning® subgraph of a depth-(2d — 1) MR.

Embeddability results. In Section 2.2, we prove that every depth-d MR M-—hence, any
cutwidth-d noncrossing express ring—can be embedded into the positive orthant of the d-
dimensional lattice* (the d-lattice, for short) with dilation 3, in such way that some node of

*Easily, the families C and E comprise all and only outerplanar graphs [20].

8A spanning subgraph of a graph G is one that shares the same set of nodes as G.

*As usual, the d-dimensional lattice is the infinite analogue of the d-dimensional mesh, having nodes (lattice
points) that are d-tuples of (positive and negative) integers and adjacencies between nodes that differ by precisely
+1 in precisely one coordinate. The positive orthant of the lattice is the induced subgraph on the set of lattice
points whose entries are all nonnegative.



M resides at the origin of the orthant. Using an even simpler embedding, we prove that every
depth-d HRN # can be embedded into the positive orthant of the d-lattice with dilation 2, in
such way that some node of A resides at the origin of the orthant.

1.2.2 Quantitative results

In Section 3, we study diameter-structure tradeoffs for augmented rings. In Section 3.1, we
build on the results of Section 2 to derive asymptotically tight bounds on the diameters of
HRN’s and MR’s, as functions of their depths.

e Let pg(IN) denote the radius of the smallest d-dimensional ¢;-sphere that contains > N
lattice points. (Equivalently, pg(IV) is the smallest integer k such that > N points of the
d-lattice reside within distance k of the origin.)

o Let A((iHRN) (N) (resp., ASZMR)(N )) denote the optimal diameter of an N-node depth-d

HRN (resp., an N-node depth-d MR).

Note that when d = 1, an N-node MR or HRN consists of a single ring, so that
MR HRN
AMO(N) = AT (V) = [N/2).

For each fixed dimensionality d > 1, we derive the following upper and lower bounds, that are
asymptotically tight for large d and N.

2y (N) (1 —o(1)) < ATV, AN < 204(N).

Further, we show that for any fixed d, pg(N) = %Nl/d(d!)l/d(l + 0(1)), whence, for any fixed
d,
2 2/ANVA(@/A(1 - o(1)) < ATV (), AM(V) < NY@)A(1 + o(1)).

Our equivalence results readily extend these bounds to the diameters of cutwidth-d noncrossing
express rings and chordal rings.

In Section 3.2, we settle the natural question of how our diameter-structure tradeoff—worded
in terms of express rings—changes when we allow hops to cross. We prove that the bounds of
the tradeoff weaken by at most a factor of 2; i.e., allowing hops to cross can at best halve the
diameters of cutwidth-c express rings. Simple examples show that the factor 2 is best possible.

1.3 The “Practical” Import of Our Results

Topological equivalences. The overriding significance of the topological equivalences we
establish in Section 2.1 is their establishing fundamental ties among the four essentially disjoint,
active, contemporaneous bodies of literature that are devoted to our four ring augmentations;



our bibliography gives one but a peek into these literatures. These results are, thus, kindred
to the several known structural equivalence results® for butterfly-related networks; see, e.g.,
[5, 13, 24]. To our knowledge, our results are the first of this type for ring-related networks.
More importantly than just obviating wasted work, the merging of these literatures can give
one access to nonobvious efficient algorithms for important tasks. We exemplify this claim via
two simple, closely related scenarios.

e In scenario 1, we are given an MR in its real-life incarnation as a SONET network.
We wish to devise an efficient circuit-switching algorithm that establishes point-to-point
connections in the network in a way that makes optimal use of available bandwidth. In
contrast to “real” SONET networks as described in [10], we allow both clockwise and
counterclockwise routing of messages.

e In scenario 2, we wish to route messages within an optical HRN using as few frequencies
as possible.

Although it is not obvious a priori, the algorithm developed in [14] for (in our terminology)
converting chordal rings to express rings of minimum circular cutwidth is readily adapted (e.g.,
using our equivalence results) to efficiently solve both of these problems optimally.

Embeddability results. The most obvious lesson from our embedding results is that MR’s
and their kindred networks can be “packed” tightly into high-dimensional meshes. This tight
packing leads directly (but not obviously) to the diameter-structure tradeoffs that we establish
for augmented rings in Section 3. More subtly, both the tightness of our embeddings and the
dimensionalities of their target meshes expose and elucidate certain behavioral relationships
between augmented rings and meshes, along the lines of those reported in [19]. In a different
direction, our embeddings lead to efficient emulations of augmented rings on other networks,
directly via mesh-embeddings such as those in [21], and indirectly via complicated emulation
algorithms such as those in [22]. Finally, the embeddings expose a nonobvious grid-like structure
in augmented rings, which implies a variety of unexpected algorithmic and structural properties,
as described in [7, 32].

1.4 A Survey of Related Work

We have already cited numerous sources that relate to our study either in object of study
(augmented ring networks) or general focus (proving the “equivalence” of network families);
however, we know of no prior technical results that relate directly to our new qualitative results.
Further, we present the first upper and lower bounds for the diameter-structure tradeoff for MRs
and HRNs that are asymptotically tight. The following sources relate to our diameter-structure
tradeoffs for express rings (hence, for MR’s).

® Behavioral equivalence results are known for many other network families; see, e.g., [2, 22, 29].



Several papers study diameter-cutwidth tradeoffs for hop-augmented networks. Notable
among these are [23], whose journal version inspired our study of such tradeoffs, and [18, 12],
which were done contemporaneously to and independently of our study. The former two sources
study unidirectional express paths: start with a path, and add hops that decrease the maximum
left-to-right hopping distance from the left end of the path to any other node. We find in [18]
an exact determination of the minimum such distance for any cutwidth-c N-node unidirectional
express path. Although the bounds of [23] are less definitive than those of [18], their regular
upper-bound construction is of interest when express links (hops) are weighted with a delay
function which increases with the length of the hop.

In an invited talk in March, 1997 [1], we presented an early version of the current results,
providing the first nontrivial diameter-structure tradeoffs for augmented ring networks. We
showed there that

4—th1/d —d/2 < %pd(N) < AMR(Ny < 2 ViGN, (1.2)
These bounds are within constant factors, when d is “small,” say when d < %logz N. Im-
portantly, this work introduced a new lower-bounding technique—an early version of Theorem
2.4—based on embedding depth-d MR’s into the d-lattice. Subsequently, the bounds in (1.2)
were improved in [12]: the upper bound was decreased by a constant factor, and the lower
bound was increased, by adapting the grid-embedding technique of [1], so that ASZMR)(N ) was
determined to within a factor of 2 for all N and all d:

pa(N) < ATV, Al(N) < 2p4(N). (1.3)

Independently of [12], we improved the bounds in both (1.2) and (1.3), deriving the asymp-
totically tight upper and lower bounds for both MR’s and HRN’s that we report in Section
3.

One finds in [31] a survey of the “state of the art” on diameter-structure tradeoffs, including
the few that are known for augmented networks other than paths and rings.

2 Exposing the Structure of Augmented Rings

This section is devoted to establishing the qualitative results described in Section 1.2.1. Infor-
mally, in Section 2.1, we show that the four ring augmentations of interest are “essentially”
equivalent in communication power. Then, in Section 2.2, we show that MR’s (hence, also
noncrossing chordal rings and express rings) are “almost” grid-graphs [32].

2.1 Topological Equivalences

In the following results, “linear time” is measured relative to the number of edges in the subject
network.



We begin by noting the obvious topological equivalence of chordal rings and express rings.
The only issue of interest here is the ease of orienting the chords of a chordal ring in a way that
minimizes the cutwidth of the resulting express ring.

Theorem 2.1 ([14]) In linear time, one can transform any planar drawing of a chordal ring
into a planar drawing of an isomorphic express ring of minimum cutwidth, and vice versa.

Proof Sketch. (a) To transform any express ring to an equivalent chordal ring, simply ignore
the (clockwise, counterclockwise) senses of the arcs, and route them inside the ring. (b) One
finds in [14] an efficient algorithm for transforming a chordal ring to an equivalent express ring
having minimal cutwidth. (A slightly simpler but less efficient algorithm appears in [27].) =

We turn next to the more challenging equivalence between express rings and MR’s.

Theorem 2.2 In linear time, one can transform any planar cutwidth-c drawing of an exrpress
ring into a drawing of an isomorphic depth-c MR, and vice versa.

Proof. We prove the claimed equivalence via a pair of explicit transformations which facilitate
keeping track of the cutwidth-depth correspondence.

Transformation ER — MR. Let R be any express ring that is presented via a cutwidth-c
planar drawing. We transform R into an isomorphic depth-c MR by “turning it inside out”
while decomposing it into ¢ shells: shell 1 will be a subring of R, while each other shell will be
a set of subsidiary subrings. The subrings within each shell #k will turn out to be the level-k
subrings of R’s isomorphic MR. The decomposition proceeds as follows.

Shell 1 of R is the subring formed by the hops of R that are “exposed,” in the sense of not
being contained within any other hop of R. The level-1 node-set of R comprises the nodes of
the shell-1 ring.

In Fig. 2, shell 1 comprises the three-node ring
(0 7« 14).

Shell 2 of R is obtained by focusing, in turn, on each hop of shell 1. Say that (u,v) is such
a hop, but that nodes v and v are not adjacent in the ring underlying R. Then there is a path
in R that connects nodes u and v and that uses hops that become “exposed” when the hops of
shell 1 are removed. The intermediate nodes of that path become one of the level-2 node-sets
Vo ; of R; and, that path, plus hop (u,v), becomes one of the subrings of shell 2.

In Fig. 2, shell 2 comprises the three subrings
04670, (T11-13-1447), (14 18+ 20« 0+ 14).
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In general, shell i + 1 of R is obtained by focusing, in turn, on each hop of shell ¢ that
contains at least one node from node-set V; & U, Vij- Say that (u,v) is such a hop, but that
nodes u and v are not adjacent in the ring underlying R. Then there is a path in R that
connects nodes u and v and that uses hops that become “exposed” when the hops of all shells
k < i are removed. The intermediate nodes of that path become one of the level-(i41) node-sets

Vit1,j of R; and, that path, plus hop (u,v), becomes one of the subrings of shell 7 + 1.

In Fig. 2, shell 3 comprises the six subrings

01+ 44<0), 4564, (T8 11<17),
(1112613 & 11), (1415 18 & 14), (18 < 19 > 20 > 18);

shell 4 comprises the three subrings

(13+4<1), 8+ 1011+ 8), (154 17 <> 18 <+ 15);
shell 5 comprises the three subrings

(12<3<1), 8910+ 38), (15416 < 17+ 15).

One can directly read off from these subrings the sets Vi,..., Vs enumerated in
Section 1.1.3.

We have, thus, constructed an MR whose nodes and edges are, respectively, the nodes and
hops of the express ring R. In particular, our running example has constructed the MR of
Fig. 3 from the express ring of Fig. 2.

Transformation MR — ER. The easiest way to perform this transformation proceeds in two
steps. First, trace the obvious hamiltonian cycle in a given MR, making all unused edges into
chords of the ring obtained from the trace. Then, apply the algorithm of [14] to transform the
resulting chordal ring into an express ring. The problem with this approach is that one must
proceed carefully if one wants a depth-d MR to produce a noncrossing cutwidth-d express ring.
We choose, therefore, to use an iterative transformation that allows us perspicuously to keep
track of the parameter d in both the MR and the express ring.

We begin with a depth-d MR M and transform it into an isomorphic express ring by
successively “collapsing” its subsidiary rings. We begin with the level-1 ring of M. Make all of
its edges level-1 tentative edges of the express ring R4 that we are constructing. In general,
we look at each tentative edge in turn. When we are looking at a level-i tentative edge (u,v):
if there is no level-(i + 1) ring that contains edge (u,v), then we make this a final edge of R rq;
if there is a level-(i + 1) ring (u +> w1 <> wy & -+ & wy <> v & u) that contains edge (u,v),
then we make this edge a final arc between nodes u and v, and we incorporate under this new
arc the path (w; <> wy > -+ > wy), with each edge of the path being a level-(i 4+ 1) tentative
edge of Raq. When no tentative edges remain—which must happen since each tentative edge is
scanned just once before being converted to a final entity (edge or arc), we shall have produced
an express ring R4 whose nodes and hops are, respectively, the nodes and edges of M. This
recipe constructs the express ring in Fig. 2 from the MR in Fig. 3. |

Our final structural result exposes the relationship between HRN’s and MR’s.

11



Theorem 2.3 In linear time, one can add edges to a depth-d HRN that transform it into a
depth-(2d — 1) MR. Hence, the former network is a spanning subgraph of the latter.

Proof. Let us be given a depth-d HRN . We proceed in a manner reminiscent of transforma-
tion MR — ER of Theorem 2.2, to transform # into a noncrossing cutwidth-(2d — 1) express
ring £(H). We then invoke transformation ER — MR of Theorem 2.2 to transform £(#) into
the desired depth-(2d — 1) MR. Fig. 5 may make the following procedure more intuitive.

Figure 5: Folding H’s subsidiary subrings recursively within its root subring.

We begin with the level-1 cycle (vip <> vi1 < -+ ¢ vi,—1) of H. For each j €
{0,1,..., k1 — 1}, we “fold” the sub-HRN #; ; rooted at node v;; under the cycle-edge be-
tween vy ; and v1 1 mod k, as follows. We place the nodes vy j,v1,51,v1,52,. .- s V1, ky j—1 of the
level-1 cycle of H; ; (which, of course, is a level-2 cycle of #) in that order between nodes vy j
and v1,j41 mod k, and add edges that connect:

e node v ; to node vy 1;
e cach node vy j to its clockwise neighbor vy j x41;

e node V1,51, —1 to node V1,541 mod ki -

Of course, all of these edges, save the very last, are edges of H. We then recursively fold the
sub-sub-HRN’s rooted at these new nodes under the appropriate edges of this cycle.

The indicated folding process clearly produces a noncrossing express ring £(H) which con-
tains #H as a spanning subgraph. The initial ring (level 1) of # contributes 1 to the cutwidth
of £(H). Each successive level of folding lays down a subring of A in a way that contributes 2
to the cutwidth of £(#). In the end, therefore, £(#) has cutwidth 2d — 1.

A direct application of transformation ER. — MR of Theorem 2.2 now produces the desired
depth-(2d — 1) MR. [

The transformation of Theorem 2.3 produces the MR of Fig. 3 from the HRN of Fig. 4, via
the express ring of Fig. 2.

12



2.2 Augmented Rings as Grid-Graphs

We show now that the networks of interest are “almost” grid-graphs, in the sense of being
embeddable into high-dimensional grids with small dilation. We use the standard notion of
graph embedding [6]: one embeds a guest graph G into a host graph # via a one-to-one
mapping of nodes of G to nodes of H, together with a compatible routing of edges of G along
paths in H; the dilation of the embedding is the length of the longest path of H used to route
an edge of G. We strengthen the applications of our embeddings by insisting that some node
of the guest augmented ring reside at a corner of the host grid.

Theorem 2.4 FEvery depth-d MR M can be embedded into the positive orthant of the d-lattice
with dilation 3, in such a way that some node of M is mapped to the origin of the lattice.

Proof. We embed the given M into the positive orthant of the d-lattice via the following
strategy, which avoids interference among M’s subrings.

e We number the dimensions of the d-lattice starting from 1, from left to right and allocate
dimension i € {1,2,...,d} of the lattice to the level-i subrings of M.

e We embed M’s (unique) level-1 subring in the familiar interleaved ring-into-path pat-
tern along dimension 1, so that, up to parity, one “half” of the ring-nodes occupy even-
numbered lattice nodes while the other “half” occupy the interleaved odd-numbered lat-
tice nodes.

e We embed M'’s level-i subrings in an interleaved pattern, so that for ¢ > 1, the (at most)
two level-i rings incident to each level-(i — 1) node of M use disjoint, alternating sets of
lattice nodes along dimension 3.

We now supply details of the node-mapping component of our embedding, allowing the simple
edge-routing to be specified implicitly.

Embedding M’s level-1 subring. The familiar dilation-2 embedding of a ring in a path
proceeds as follows. Letting the ring have nodes (in clockwise order) vg,v1,...,v,—1, we take
an n-step “walk” along dimension 1 of the lattice, starting at the origin (0,0). During the ith
step of the walk, where 0 < i < n, we visit node (i, 6) of the lattice. When i is even, we deposit
node v;/5 of the ring at this node; when i is odd, we deposit node v, ;9] of the ring at this
node; cf. Fig. 6.

Embedding M’s level-k subrings, k£ > 2. Let us focus on an arbitrary level £ > 2. Each
level-k subring R of M contains two adjacent nodes of one of M’s level-(k — 1) subrings, which
we call the anchors of R. By induction, we assume that the anchors of each level-k subring lie
on a line “parallel” to one of the axes of the d-lattice; this is certainly true of the level-1 ring.
If a level-k subring R has n nodes, then we prepare to embed it as follows.
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—-€— along dimension 1 —

Figure 6: The embedding of M’s level-1 subring.

Path reservation. Letting m = |(n — 2)/2|, we reserve a path of length 3m emanating

from each anchor node, in the positive direction of and “parallel” to the dimension-k axis of
the d-lattice. We view this path as consisting of m three-node bozes, as depicted in Fig. 7.

1: 2: m:
< |o][1lf2]] e |[o][tlf2]] e |[o][1][2]

Figure 7: A length-m path emanating from an anchor node.

Subring labeling. We return now to the structure of M. We label all level-k subrings with
the “colors” {0,1,2} in such a way that no two like-colored level-k subrings share an anchor
node. This is possible since each node of each level-(k — 1) subring is incident to at most two
level-k subrings.

Note. We can “almost” color the subrings with two colors; we need the third color
only when the number of subrings is odd, and each subring is adjacent to two others
(so that the subrings form a complete “daisy”). However, we actually make good
use of the third color, even when it is not needed for subring discrimination.

We next label each non-anchor node of each level-k subring as either “outgoing” or “incoming”
in the following way. We traverse all of the level-k subrings that emanate from a given level-
(k — 1) subring R/, by traversing R' in a clockwise sense and traversing each of its level-k
subrings as it is encountered for the first time. During this traversal of an n-node level-k
subring, we label the first [(n — 2)/2] nodes “outgoing” and the remaining |(n — 2)/2] nodes
“incoming.” Our embedding will place at most one “incoming” node in each of the boxes we
have reserved, and up to two “outgoing” nodes, in the manner we describe now.

Subring embedding. We are now finally ready to embed the level-k subrings of M. Let
us focus on a subring that was assigned color £ € {0,1,2}. If this ring has even length, then
we embed its nodes in the boxes emanating from its anchor nodes, using the node labeled « in
each box (see Fig. 7). Our coloring regimen assures that “adjacent” subrings will not conflict
with one another. If the subring has odd length n, then we modify the preceding embedding by
placing the “outgoing” nodes [(n —2)/2] — 2 and [(n — 2)/2] — 1 (counting outward from the
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anchor node) in the same box. One of these nodes will be placed in the node labeled & in the
box; the other will be placed in the node that is not used by the “incoming” node of the other
subring that shares this anchor node. While the dilation of the embedding is not affected by
the relative positions of “outgoing” nodes [(n —2)/2] — 2 and [(n — 2)/2] — 1 in their shared
box, the traversal of the embedded MR may be facilitated if node [(n — 2)/2] — 2 is placed
closer to the anchor node.

Validation and analysis. It should be clear from our construction that the described “embed-
ding” (we have yet to show that it is, indeed, a valid embedding) has dilation 3. What we must
verify is that the described node-assignment is one-to-one, i.e., that we have never assigned
two nodes of M to the same lattice point. To the end of this verification, let us consider the
potential sources of collisions.

Adjacent level-k subrings. If two level-k subrings are incident on the same anchor node,
then they share the path of boxes emanating from that anchor. However, our node-assignment
reserves the path for “outgoing” nodes of one of the subrings and for “incoming” nodes of the
other. Since

e the two subrings are labeled with distinct colors,

e every lattice-node occupied by an “incoming” node has the same color as the “incoming”
node’s subring,

e every lattice-node occupied by an “outgoing” node has a color distinct from the color
assigned to “incoming” nodes,

it is clear that these two level-k subrings never collide in the embedding.

1: 2: mAa:
‘anchor#lofsubringA‘ ~ @ @ R @

1: 2:

mp:
‘anchorofsubringB‘ > @ @ R TR @

1: 2: MA:
‘anchor#2ofsubringA‘ ~ @ @ R @

Figure 8: A portion of the interleaving of subrings A and B in the embedding.

Interleaved level-2 subrings. The only other potential collisions arise from level-2 sub-
rings that are embedded in an interleaved fashion that arises from the interleaving of the nodes
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of the level-1 subring. The situation is depicted schematically in Fig. 8. Now, the only potential
for collision in this picture arises when m4 = mp, in which case subrings A and B want to
“turn” (from “outgoing” to “incoming” or vice versa) at the same place along the path, hence
are going to cross one another. We claim that this crossing can cause no collisions. To wit, if
subrings A and B share an anchor, then they are adjacent, hence cannot collide by our earlier
reasoning about colors and labels. Alternatively, if the subrings do not share an anchor, then
subring B will end up on a lattice-path that is distinct from subring A’s two lattice-paths once
it “turns.” Once again, the “turn” cannot cause collisions.

We conclude that the described embedding is valid, hence verifies the claim of the theorem.
|

The MR — ER transformation of Theorem 2.2 allows us to adapt the embedding algorithm
of Theorem 2.4 to cutwidth-d noncrossing express rings, yielding the following.

Corollary 2.1 Every cutwidth-c noncrossing express ring € can be embedded into the positive
orthant of the c-dimensional lattice with dilation 3 in such a way that some node of £ is mapped
to the origin of the lattice.

We close this section with the HRN analogue of Theorem 2.4.

Theorem 2.5 Every depth-d HRN H can be embedded into the positive orthant of the d-lattice
with dilation 2, in such a way that some node of H is mapped to the origin of the lattice.

Proof Sketch. Our embedding strategy follows that of Theorem 2.4, with the following sim-
plification. Since every subring of an HRN has only one anchor node, each level-£ such subring
can be laid out in the kth dimension of the d-lattice with dilation 2, as in Fig. 6, in the same
way that an MR’s level-1 subring is laid out in the proof of Theorem 2.4. [ |

3 Diameter-Structure Tradeoffs for Augmented Rings

This section is devoted to to establishing the quantitative results described in Section 1.2.2.
In Section 3.1, we bound the decrease of ASHRN)(N ) and AEJMR)(N ) with increasing depth
d, thereby simultaneously bounding the diameter of a noncrossing express ring with increasing
cutwidth. In Section 3.2, we show that our diameter-cutwidth tradeoff for express rings weakens
by at most a factor of 2 if we allow hops to cross; and, we present a simple example to show

that this factor is best possible.
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3.1 A Diameter-Depth Tradeoff for HRN’s and MR’s

In this section, we study diameter-depth tradeoffs for HRN’s and MR’s. Clearly, for d = 1,
an HRN or an MR is just a ring, so that ASZHRN)(N) = ASZMR)(N) = |N/2|. Since we cannot
derive precise expressions for the optimal diameters of HRN’s and MR’s when d > 1, we settle

for asymptotically tight upper and lower bounds for general A((iHRN)(N ) and A((iMR)(N ).

We establish the overall strategy of our bounding technique by deriving the simpler bounds
one finds in [12], before we turn to our tighter bounds in Theorem 3.1.

Lemma 3.1 ([12]) For any N and d,

pa(N) < AFTO(N), AMN) < 2p4(n).

Proof. We derive the bounds for HRN’s, the argument for MR’s being similar.

The upper bound. We construct an N-node depth-d HRN H by packing the d-lattice with
N nodes as densely as possible, i.e., in a manner that minimizes the maximum distance from
the origin. By definition, the ¢;-distance of any of the packed nodes from the origin is < pg(V).
Now we add edges to the packed nodes which turn them into the HRN H. We add an edge
between any two nodes u and v such that: u resides at a lattice-point of the form (Z, ¢, 6), while
v resides at one of w’s “neighbors” of the form (Z,c =+ 1,0). Adding these edges creates a tree
that is embedded into the d-lattice with unit dilation. The diameter of the tree is < 2p4(V),
since any node can reach the origin via a path of length < pg(N). Finally, we add non-tree
edges to close the tree-paths into rings, thereby creating the HRN 7. Since the non-tree edges
can only shorten distances within H, we conclude that H’s diameter is < 2p4(N).

The lower bound. Let H be any N-node depth-d HRN. Consider the breadth-first (hence,
shortest-path) tree 7T [u] rooted at an arbitrary node u of H. Note first that 7[u] can be laid
out in a path with cutwidth d, since it is a subgraph of H. Next, invoke the result from [12]
that shows how to embed 7 [u] into the d-lattice with unit dilation, in such a way that node
u is mapped to the origin of the lattice. Under this embedding, some node of 7 [u] must be
embedded at a distance > pg(IN) from the origin. It follows that pz(IN) is a lower bound on the
diameter of H. [

We now craft a more sophisticated lower-bound argument which closes the factor-of-2 gap
between the upper and lower bounds of Lemma 3.1. The key to our argument is the following
estimate for pg(IN'), whose proof is presented in Appendix A.

Lemma 3.2 For any fized d, pg(N) = %Nl/d(d!)l/d(l +0(1)).

We turn now to our diameter bounds.
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Theorem 3.1 For any fized dimensionality d,

27Hlpg(N)(1 = o)) < AGEVN), AFTV(N) < 204(N).

Proof. Retaining the upper bound of Lemma 3.1, we now prove our tighter lower bound for
HRN’s, leaving the easy adaptation of the bounding argument to MR’s to the reader.

Let # be any N-node depth-d HRN, and let Vi = {v1,v9,...,v;} be the node-set of H’s
level-1 subring. Each node v; € V; belongs to a sub-HRN #; of H, of depth < d — 1. Note that
all of H;’s other nodes (if there are any) come from higher-level subrings of H. We consider
two cases.

Some #; is “big”. Say first that some H; € {#H1,Hz2,...,Hr} has at least N1-1/d) podes.
By Lemma 3.1, the diameter of H; is at least pg_1 (N1~1/(29)); by Lemma 3.2, therefore,

pd_l(Nl—l/(2d)) N(2d—1)/(2d(d—1)) ((d _ 1)!)1/(d—1)(1 + 0(1))
pa(N) B N/d(d)H/4(1 4 o(1))

Q(Nl/@d(d*l)))
2(1 —o(1)).

(AVARI

It follows that the diameter of #, which is clearly no smaller than that of #;, is at least
204(N)(1 - o(1).

All #H; are “small”. Say next that each H; € {H1,Ho,...,Hy} has fewer than N1-1/(2d)
nodes. By the pigeon-hole principle, there must exist an ! € {1,2,...,k} such that the cumula-

tive number of nodes in H;, 11, ..., Hiyx o is at least N/2. Further, since each #; is “small,”
def

there exist subgraphs L = H;UH;41U---UH; and R = Hj 1 UM 2 U UMy 42 of H, each
of which has > %N (1 — o(1)) nodes. Importantly, for any pair of nodes, u from L and w from
R, the shortest path between v and w in #H crosses edge (v;,v;+1) of H’s level-1 ring. Consider
now the breadth-first subtree 7[v;] of H, that is rooted at node v;. Since T [v;] can be laid out
in a path with cutwidth d, it can be embedded into the d-lattice with unit dilation [12]. Since
L has > 2N (1 — o(1)) nodes, there exists a node u of L whose shortest path to v; has length
> pa(3N(1 — o(1))); analogously, there exists a node w of R whose shortest path to v;;; has
length > pg(3N(1 — o(1))). Since the shortest path from u to w in % must pass through edge
(vj,vj4+1), the distance between u and w—hence the diameter of #—can be no smaller than
2pa(XN(1—0(1))) + 1. We use Lemma 3.2 to bound this quantity relative to pg(N) as follows.

pa(L/ON(1 —o0(1)) _ ((L/4N(L — o(1)))** (d))/4(1 % o(1))
pa(N) NA(d1)A(1 £ o(1))

> 27%(1-0(1)). (3.1)

It follows from (3.1) that the diameter of # is no smaller than 2'=1/(24) p,(N')(1 — 0(1)), as was
claimed. -
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3.2 The Impact of Noncrossing Hops

The chordal rings and express rings that we have studied here are unconventional due to our
insistence that chords and hops, respectively, not cross. We show now that this structural sim-
plification cannot cost us more than a factor of 2 in diameter. This factor cannot be decreased
in general. To wit, any unit-diameter N-node express (resp., chordal) ring is isomorphic to an
N-node clique, which is not outerplanar for any N > 4 [20].

Theorem 3.2 Any N-node cutwidth-c express ring R in which arcs are allowed to cross can
be transformed to a crossing-free cutwidth-c N-node express ring R’ such that

Diameter(R') < 2 - Diameter(R).

Proof. We produce ring R’ from ring R in two stages. First, we replace R by a cutwidth-c N-
node express ring R"” whose hops form a tree (whose edges may cross). Specifically, we obtain
R" by choosing an arbitrary node v of R and growing a breadth-first spanning tree of hops
outward from v. Each path within R” constitutes a walk up the tree to its root v, then down
the tree to the desired destination. Since R” is a shortest-path spanning tree of R, it follows
that Diameter(R") < 2 - Diameter(R). Next, we perform a series of transformations on R" to
eliminate all crossings of hops—without increasing either diameter or cutwidth. We eliminate
crossings starting with the edges/hops that emanate from the root of the tree, and proceeding
steadily down toward the leaves. Since each transformation replaces (at least) one offending
hop with a shorter hop, no “uncrossing” step can create a new crossing; this fact guarantees
that our algorithm terminates. Our “uncrossing” algorithm is the analog for bidirectional trees
of the similarly motivated algorithm in [18]—which has many fewer cases since its trees have
each nonroot node lying to the right of its parent.

We describe our algorithm by specifying how it “uncrosses” two arbitrary crossing hops
(a,c) and (b,d) while never increasing the level of any node, i.e., the node’s distance from the
root. With no loss in generality (since the hops cross), assume that nodes a, b, ¢, and d appear
in that order in a clockwise traversal of the ring. Our primary breakdown into cases considers
how hops (a,c) and (b, d) are oriented relative to the root of the spanning tree.

Case 1. level(a) < level(c); level(b) < level(d); see Fig. 9(a). We branch on the relative levels
of nodes a and b.

Case 1l.a. level(a) < level(b). Eliminate hop (b, d); add hop (c,d); see Fig. 9(b).
Case 1.b. level(a) > level(b). Eliminate hop (a,c); add hop (b, ¢); see Fig. 9(c).
Case 2. level(a) > level(c); level(b) > level(d). This case is clearly symmetric to Case 1.

Case 3. level(a) < level(c); level(b) > level(d); see Fig. 10(a). We branch on the relative levels
of nodes a and d.

Case 3.a. level(a) < level(d). Eliminate hop (d, b); add hop (e, b); see Fig. 10(b).
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(a) a b c d

(b) a b c d

(c) a b C d

Figure 9: Resolving a Case-1 crossing.

Case 3.b. level(a) > level(d). This case is symmetric to Case 3.a.

Case 3.c. level(a) = level(d). Eliminate hops (a,c) and (b,d); add hops (a,b) and (d, ¢);
see Fig. 10(c).

Case 4. level(a) > level(c); level(b) < level(d); see Fig. 11(a). We branch on the relative levels
of nodes b and c.

Case 4.a. level(b) > level(c). Eliminate hop (b, d); add hop (¢, d); see Fig. 11(b).
Case 4.b. level(b) < level(c). This case is symmetric to Case 4.a.

By the time we reach the leaves of the spanning tree, we shall have transformed the express
ring R"” to the express ring R’ which has no crossing hops and which has diameter no greater
than that of R". [ |
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(a) a b c d

(b) a b c d
— T\ =
(c) a b c d

(@) a b c d

(b) a b c d

Figure 11: Resolving a Case-4 crossing.
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Estimating p;(N): The Proof of Lemma 3.2

We estimate the number of lattice points in a d-dimensional /;-sphere S, 4 of radius p. Note

d
first that each orthant of the sphere has ( -;—p) lattice points. Since there are 2% orthants,

. d+ . . . . . .
S,,4 contains no more than 2d< d p) lattice points. We can improve this estimate by using
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the inclusion-exclusion principle to subtract out points that appear in the pairwise intersection

d d -1
of the quadrants. We thereby find that S, ; contains at least 2d< Zp) — 2d_1d< j{_p 1 )

points, since there are d2¢~! pairs of intersecting quadrants, and each intersection contains

d -1
< —cil_fl ) points.

We now use our upper and lower bounds on the number of lattice points in S, 4 to derive
upper and lower bounds on pg(N). By definition of pg(n), for all d and N,

d+pa(N) -1 _1,(d+ pa(N)—2 d+ pa(N)
2d( dd )—2d1d< ;_1 ><N§2d< ; )

Manipulating the lefthand side of the above inequality, we obtain

d+ pa(N) —1 d? d+ pa(N)
2d< d )(1_2(d+pd(N)—1)> <N s 2d< d )

Bounding the lefthand and righthand sides of the above inequality, we obtain

2d(pd(;'v))de—d2/pd(N) <N < 2d(pd(d]'v))ded2/pd(N)‘

It follows that pg(N) = 1N/4(d)/4(1 £ o(1)). n
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