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Abstract

The Kirchhoff polynomial of a graph G is the sum of weights of
all spanning trees where the weight of a tree is the product of all its
edge weights, considered as formal variables. Kontsevich conjectured
that when edge weights are assigned values in a finite field F,, for a
prime power ¢, the number of zeros of the Kirchhoff polynomial of
a graph G is just a polynomial function of q. Stanley verified this
conjecture for some families of graphs and further proposed several
conjectures. In this paper, we derive and prove explicit formulas for
certain graphs, thus confirming Stanley’s conjectures. We also consider
several extensions and generalizations of the conjecture of Kontsevich.

1 Introduction

Let G = (V(G),E(G)) be a graph G with vertex set V(G) and edge set
E(G). We associate with each of its edge e a variable X.. The Kirchhoff
polynomial of G, denoted by Kir(G), is defined to be

Kir(G) =Y _[[ Xe.
T e

where the sum is taken over all spanning trees T' of GG, and the product is
taken over all the edges of T'. A zero of Kir(G) over a ring R is an assignment
of values in R to X, for all e in E(G) such that the Kirchhoff polynomial has
value 0. Kontsevich [5] conjectured that the number of zeros for a Kirchhoff
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polynomial of a given graph G over a finite field [y, for a prime power g, is
a ‘universal’ polynomial function in q.

This problem can be restated as follows:
Suppose that the variables {X.}.cp(e) are independently and uniformly
distributed over the finite field F;. The problem of interest is to compute
the probability function Pk(G) = Prob(Kir(G) = 0) over a field with ¢
elements, and to determine whether Pk(G) is a polynomial in ¢~1. If Pk(G)
is a polynomial in Z[g~!], we call it the probabilistic Kirchhoff polynomial of
G, and we say that the graph G is admissible over IF,,.

For example, for G = K3, the complete graph on three vertices, we use
X1, X9 and X3 to denote the variables associated with its three edges. Its
Kirchhoff polynomial and its probabilistic Kirchhoff polynomial over F, are

Kir(K3) =X1Xo 4+ XoX3+ X3X4

Pk(Ks) = Prob(Kir(Ks)=0) — é (1)

The problem of determining the probabilistic Kirchhoff polynomial for
complete graphs has been previously studied in the literature. By using the
matrix-tree theorem, it is not difficult to see that the probabilistic Kirchhoff
polynomial for a complete graph K,, over [F, is exactly the probability of an
(n —1) x (n — 1) matrix with entries in a finite field being singular. The
probabilistic Kirchhoff polynomial for K, over a finite field I, is

5]
Pk(K,) = 1 - [J(1—q %), (2)
j=1

The evaluation of Pk(K,) over a finite field F,, for odd prime power g,
can be traced to Carlitz [3] in 1954. A simple proof was later found by
MacWilliams [6] in 1969. Brent and McKay [2, Thm. 5.1, 1988] investigated
Pk(K,,) over the ring Z,,. They also evaluated ranks of random matrices
over Z,, (see[l]). Recently, Stanley [7] gave another proof for (2) using
orthogonal geometries over IF,. He also solved the problems for K, — K,
(deleting K ¢ from K,) and conjectured formulas for the probabilistic Kirch-
hoff polynomials of K,, — K3, K,,— K4, and K,, — K5. We will verify Stanley’s
conjecture by determining Pk(K,, — K,,) for general m. We will also consider
several extensions of Kontsevich’s conjecture concerning, for example, the
probability of the Kirchhoff polynomial assuming a nonzero value as well as
another direction on the probability distribution of the rank function of the
associated matrices. Further remarks, examples, problems and conjectures
are discussed in the last section.



Stembridge [8] gave a reduction algorithm for computing the probabilis-
tic Kirchhoff polynomials. His MAPLE program verified Kontsevich’s con-
jecture for all graphs with no more than 12 edges. He also proved a num-
ber of results on minimal counterexamples for the Kontsevich’s conjecture.
For example, he showed that such a minimal graph cannot be 2-connected.
This implies that outerplanar graphs have probabilistic Kirchhoff polyno-
mial (which was proved independently by one of the authors [10]).

2 Preliminaries

For simplicity, we here consider a simple loopless graph G on n vertices
(although the definitions and the theorems can be easily extended to the
general case). The combinatorial Laplacian L(G) of G is the n xn symmetric
matrix defined by

—Ze, if i#j and e has vertices v; and v;
Li;(G) =<0, if i j and there is no edge with vertices v; and v,

Y e Ze, if i=j and e ranges over all edges incident to v;.

The i-th reduced Laplacian Li(G) is the matrix L(G) with its i-th row and
i-th column removed. The classical matrix-tree theorem states (see [4, 9]):

Kir(G) = det(L;(G))

for any 7 (independent of the choice of 7). Thus, any n x n symmetric matrix
M can be associated with a reduced Laplacian of some graph G as follows:

The graph G has the combinatorial Laplacian B{ Z], where u = —M - 1,

u* is the transpose of u, z = —u*-1, and 1 is the column vector (1,1,... ,1)*.
We say a graph G is strongly admissible over a field F if for any integer
r, the probability

p(r,G) = Prob(rank(f)(G)) =)
is a universal polynomial function in 1/|F|.

Remark 1: For a graph on n vertices, we have

Pk(G) =1-p(n—1,G).



Remark 2: For a strongly admissible graph G, it is natural to consider the
following generating function:

H(G)(X) =) p(r,G)X" (3)

=Y Prob(rank(L(G)) =7) - X"

A graph G is strongly admissible over a field F with ¢ = |F| if
H(G)(X) € Z[g'][X] (4)

We will use the stronger inductive assumption of strong admissibility to
derive the probabilistic Kirchhoff polynomials in the next section.

3 Strongly admissible graphs

An apex of a graph is a vertex which is adjacent to every other vertex.
Stanley [7] gave a recurrence equation for graphs with two or more apexes.
For the family K, — K,,, he conjectured formulas for Pk(K, — K,,) for
m = 3,4,5. Here we will derive an explicit expression for Pk(K,, — K,,) for
general m, by proving the following stronger results.

Theorem 3.1 If G has an apex and is strongly admissible, then the graph
formed by adding apexes to G is also strongly admissible.

Theorem 3.2 Suppose G' is strongly admissible over a field F, with m
vertices and at least one apex. Let M denote a reduced Laplacian of G' and
q denote |F|. Then the graph G on n vertices formed by adding n—m apezes
to G’ satisfies

Pk(G) =
m m—r ‘ \_%J |
1 — Z Prob(rank(M)=r) H (1-— q*"+m+z) H (1— q*23+1)
r=0 i=1 j=1

In particular, we have the following result for graphs K,, — K,,.

Theorem 3.3 For 2 < m < n, the graph K, — K, is strongly admissible
over a field F with the probabilistic Kirchhoff polynomial satisfying:



Pk(K, — K,,) =1 —

Ln—2£n+7‘J

3 (T)q—mwl—q—ly TLa-amm+y. I (-a @)
r i=1 Jj=1

where g = | F|.
The proofs for the above theorems rely on a sequence of facts.

Lemma 3.1 For a symmetric matriz A with det(A) # 0, the following two
matrices are equivalent (i.e., differed by conjugation):

A O] JA 0] -
C R R

where B =B — C*A~1(C.

Proof: For P = [7C*IA*1 (}], we have PMP* = M. O

We consider the matrix

M(s.t) = [g Bg;t}

where Cj is an s X s random symmetric matrix, (with s(s + 1)/2 random
variables as entries), B is an sxt random matrix with st independent random
entries whose transpose is B*, and 0; is the t x t zero matrix. We need to
examine the probability p(s,t;r) of the matrix M(s,t) having rank r, when
all the st + s(s + 1)/2 random variables are independently and uniformly
distributed over the finite field IF,.

We consider the generating function:

s+t

fls,t) = f(s,)(X) =) pls. t;r) X" ()
r=0

which satisfies the following recurrence relation:

Lemma 3.2

f(0,t) =1
flst+1) =q7° f(s,t) + (1= ¢ ") f(s = L,1) X*



Proof: For M(s,t+1), we consider the last row and its s random variables.
With probability ¢—*, all of them are zero and we have f(s,t). Otherwise,
let w be a non-zero entry in the block B of M(s,t). We can rearrange the
matrix as follows:

° ° ° w
. ~Cs—1 B(s—1)><t f
. th(s—l) t>_<t 0
w ° 0 0

where e denotes a random variable with uniform distribution, ® denotes a
row/column of appropriate size, 0 is a row/column of zeros of some appro-
priate size, and C denotes an altered C.

We consider the submatrix L:} I(ﬂ formed by the entries in four corners
of the above matrix. Clearly, it is invertible. We can pivot on this principal
submatrix and apply Lemma 3.1. After removing the first and last rows and
columns from the above matrix, the resulting matrix is just M (s—1,t). Here
we repeatedly use a simple observation that a random variable plus some
other value is still random. Hence we have the recurrences in Lemma 3.2.

O
As an immediate result, for a complete graph K11, we have

H(Ks41) = [f(5,0)

=¢  fs-1L1)+(1-¢)f(s-10X

=l + (=g )X]f(s = 1,00+ (7" —¢7*)X* f(s - 2,0)
MacWilliams [6] has computed the rank generating function H(kK,,) ex-

plicitly. The probability p(r, K,,) that the (reduced) combinatorial Laplacian
L(K,) is of rank r can be expressed as follows:

s q2i 2s5—1 '
p(2s, K,) = g "2 H % —1 H ("' =),
=1 =0
s % 2s
—_ —_ q —i—
p(28 + 17Kn) =4q n(n=1)/2 H qui_l ’ H(qn - 1)7 (6)
i=1 =0

for all 2s5,2s+1<n —1.

From Lemma 3.2 we see that by induction each f(s,¢)(X) is a poly-
nomial in X with coefficients in Z[g~!]. The coefficient of X*** which is
the probability p(s,t;s + t) that the matrix M(s,t) has full rank, can be
expressed by the following:



Lemma 3.3

1 — Pk(Kys1) if t=0,
p(s,t;s+t) =<0 if s<t, (7)
(1 = Pk(Ks—t41)) [Tiey (1 — ¢~ 1) otherwise.

Proof: For s < ¢, we see that det(M (s,t)) is always zero. Thus M (s,t) is
never invertible.

For s > t,if M(s,t) = [CS Boxt

B* 0
has to be of rank ¢ (with probability []_,(1 — ¢~*7"~1)). We can rearrange
B by placing the invertible ¢ x t sub-block B; as follows:

] is invertible, the random matrix B¢

C1 Cy By
M(s,t) ~ |C5 Cs3 B (8)
B; B} 0

Now we apply Lemma 3.1 by pivoting on the 2t x 2t invertible matrix

[Ci Bl} Therefore we have
Ci Cy By C, 0 0
Cs C3 Bi|~|0 C3 B (9)
B3 Bf 0 0 Bf 0

where C1 is a random (s—t) x (s—t) symmetric matrix with (s—¢)(s—t—1)/2
independent random variables. Therefore C is invertible with probability
1 —Pk(Ks—¢4+1)- O

Proof of Theorem 3.1 : We consider the reduced combinatorial Laplacian
M of G’ by deleting the row and column indexed by an apex. Now, we form
the graph G by joining n —m + 1 apexes to G’. The reduced combinatorial
Laplacian of G can be written as:

f/(G): Cnfmfl B(nfmfl)xm

B* M

where C' is random symmetric of size (n —m—1) x (n —m —1), B is random
of size (n —m — 1) x m and B* denotes the transpose of B.

If M has rank r, the reduced combinatorial Laplacian f/(G) can be modi-
fied. By pivoting on the r by r invertible submatrix and applying Lemma 3.1,



we have

C‘vfn—‘vm—l B(n—m—l)x(m—r) 0
~ B* Om—r 0
0 0 M,

Cn—m-1 B(n—m—l) Xm
B* M

where C' is a random symmetric matrix, B is a random matrix of size (n —
m—1) x (m—r), and M, denote an r x r symmetric matrix of full rank. We
note that C and B are independent since by adding some value to a random
variable it is still independently and uniformly distributed.

Therefore by definition, the rank generating function of G is

H(G)(X) = Z Prob(rank M =r)f(n—m—1,m—r)X" (10)

Clearly all the coefficient of H(G) are polynomials in Z[g~!]. This proves
that G is strongly admissible. O

Proof of Theorem 3.2 : We consider the coefficient of X”~1 in (10). Using
Lemma 3.2, we have

m m—r L%J
Pk(G) =1 —Z Prob(rank(M)=r) H (1— q*"JFmH) H (1— q*2j+1)
r=0 i=1 j=1
(11)
This completes the proof of Theorem 3.2. O

As an immediate consequence of Theorem 3.2, we have proved that a
complete graph is strongly admissible.

Proof of Theorem 3.3 : The reduced combinatorial Laplacian M of G’ =
K1 p, a star on n + 1 vertices, is just a random diagonal matrix

ai
az
am

The rank generating function of M is the following:

@ =3 (M ey ezl (2

T



Therefore by Theorem 3.1, the rank generating function of K,, — K, is
H(K, — Kn)(X) = ZProb(rank M=r)fln—m-—1,m—r)X"
= Z (T)q_m”(l—q_l)rf(n—m—l,m—'r)XT

where f is defined in (5), and its expression can be found in Lemma 3.2.
Therefore, K, — K, is strongly admissible. In particular, we consider the
coefficient of X"~ ! in H(K,, — K,,) and we have

Pk(K, — K,n)
My —mtr -\ T —n+m-+i
_1_Z<r>q ! (1—(] 1) ' H(l_q * +)'(1_Pk(Kn—2m+r))
r =1
m—r Ln—2;n+rJ
_ my _mir —1\r —n+m-+i —2j+1
=1l- 1-— . 1-— . 1 _
;(Jq o)t 11 ) ]1;[1 (1-¢ %%

O

We remark that for the case of m = 3,4,5. we have exactly the same
formulas for K, — K, as conjectured by Stanley [7].

In the remainder of this section, we consider the graphs K,—K,, mo.... ms-

Theorem 3.4 For integers mi,... ,mg with ), m; < n, the graph K, —
Ky, ,... ms 18 strongly admissible over a finite field F.

Proof:
First we consider the case that n’ =14 >, m;. The reduced combina-
torial Laplacian of G' = K,y — Ky, ms,... ,m. can be described as follows:

S

0 A,

where the A’s are random symmetric matrices.
Since the A’s can be viewed as the reduced combinatorial Laplacian of
complete graphs, the rank generating function of G’ satisfies

H(G/) = H H(Kmi-i-l)'
=1

9



Since the complete graphs are strongly admissible, G’ is strongly admissible.
By Theorem 3.1, the graph G, which is formed by adding (n — 1 — > my;)
apexes to G’, is strongly admissible. O

Using MacWilliams’ results on p(r, K,) (as shown in (6)) for complete
graphs K,,’s, we can apply Theorem 3.2 to compute the probabilistic Kirch-
hoff polynomial of the graph K, — Ky, mo,... m, explicitly.

E]

4 The distribution of Kir(G)

Brent and McKay [2] proposed studying the probability of Kir(K,) = d for
arbitrary d. They observed that the distribution for Kir(XK,) = d is not
uniform over the ring Z,. In fact, for d in Z,, Prob(Kir(K,)=d) depends
on d being a quadratic residue or not. Here is the statement in [2] after
translating into our notation:

Another open problem is to determine the probability that
(for the reduced combinatorial Laplacian of K, which can be
viewed as a (n — 1) X (n — 1) random matrix A over Z,,) det(A)
mod m takes a given value d (where A is the reduced combinato-
rial Laplacian of K, which can be viewed as a (n—1)x(n—1) ran-
dom matrix over Z,,). Small examples show that this probability
depends on d. For example, if m is a prime p, r = [(n — 1)/2],
(2) is the Legendre symbol, and

P
0 if p=2 or n is even,
= 13
i {(]%‘f)(—l)’”(pl)/2 otherwise. (13)
then the probability is
1 I, (1 _
L 12 ( /p) (1+8p r) (14)

(p—1) IL(1/p?
where T, (z) = [T, (1 — 2).

No proof for (14) was given in [2]. Here we will give a proof for the general
case over a finite field:

Theorem 4.1 The Kirchhoff polynomial for K,, over a field F, satisfies

1 ) H2r(q_1)

Prob(Kir(K,) =d) = =1 T2

(I+s¢7"), (15)

10



where r = [(n — 1)/2] are as defined in (14) and s is as follows:

0 if p or n is even,
s=41 if (=1)"d is a quadratic residue in I, (16)

—1 otherwise.
where Iy (x) = Hle(l — ),

We note that the Legendre symbol satisfies (%) = (=1)"®= for p
prime, so (16) is exactly (13) when ¢ is a prime p.

We consider the distribution of Kir(K,), denoted by D,,. The probability
Prob(Kir(K,) = d) is denoted by D,,(d). Let ;D,, denote the distribution
D’ such that D'(d) = D, (j~'d). Let zero be the always-zero distribution.

Lemma 4.1 Forn > 4, we have the following recurrence:

D, = ZProb(aLl =7) jDp1+ g\ " zero

J#0
+ Z Z Prob(al,l =...=a14-1= 0, a1y = J 7& 0) . ,szn_g
t j#0
n—2 .
=(1—q¢ ")Dp1+q" " zero+ () _q¢ ) g _pDns (17
i=1 j#0

_ Here D is the uniform distribution over F* with D(0) = D(0). Ford # 0,
D(d) = (1 = D(0))/(g = 1).

Proof: For the random symmetric (n — 1) x (n — 1) matrix

ai,1 1,2 to a1n—1
a1 @22 to a2n—1
A=
ap—-1,1 Gp-1,2 °*° Qn-1n-1

we apply Lemma 3.1 to compute the determinant. We pivot with respect
to entries on the first row. The terms in (17) correspond to the following
cases:

(l) a171 7& 0.
(ii) a1 = 0,Vi.

11



(iii) All other cases are divided into subcases that a1 =+ = a1 -1 =0,
but a; s # 0. We use the fact that the minor formed by deleting the
first and the s-th rows and columns is still random symmetric.

O
Proof of Theorem 15: We will derive equation (15) by applying induction
on r = [%1]. For r = 1, we have n = 2 or 3. Clearly,D; is uniformly
distributed over F,.

Dy(d) =q ", (18)
for all d.
When n = 3, D3 can be checked directly.
—1 .
q if d=0,
D(d)=9""1 , _ay 2 .
e + (5 ) if d # 0.

Therefore for r = 1, we know that (15) is true. Now we assume that
(15) holds for r =k, i.e. n = 2k and 2k + 1. We now consider r = k+ 1. In
the recurrence (17), the first two terms are uniformly distributed over Fy,
so is the last term if n or p is even. Hence Doy o is uniformly distributed
over [Fp.

Pk(Kopio) = 1 — 22600 i g —

Doy o(d) = { o M (q=%) .
R if d #0.

This is consistent with equation (15).

-

For n = 2k + 3, we note that Dyy3(0) is Pk(Koxy3). For d # 0 and
q odd, the first two terms in recurrence (17) are uniformly distributed over
;. By the induction hypothesis, we compute as follows:

Darys(d) = (1 — g~ 1) (1 — Dapp2(0)) /(g — 1)
F @ a2 D g Do (—5724)

J#0
_ 1 Mopya(a™h)
My 1(g72)
R M |y
+q(1—q )j;(q_l)ﬂk(q_g) A+ =)
1 Togga(g™) (=DF g
q—1 Tii(g72) L+ q Ja )

12



Therefore (15) is true for r = k+ 1, i.e. n = 2k + 2 or 2k + 3. By induction,
(15) holds for all n and Theorem 4.1 is proved. O

5 Problems and remarks

There are many questions remained unsolved concerning the distribution of
the probabilistic Kirchhoff polynomials. For example, for a tree T, on n
vertices, we have

1_1_ —1\n—1 deO
Prob(Kir(T},) = d) = { (I-q7) i ,

¢ (1 —q¢ "2  otherwise.
Theorem 4.1 implies that for n even over a finite field F

Prob(Kir(K,) =d) = Prob(Kir(K,) = zd) (19)
for all z in F — {0}. For n odd,

Prob(Kir(K,) = d) = Prob(Kir(K,) = 2°d) (20)

It would be of interest to determine for which graphs (19) or (20) hold. In
general, we can ask the following question:

Problem 1: For a graph G, what is the least integer k such that
Prob(Kir(G) = d) = Prob(Kir(G) = z*d)

for any d and any non-zero x in a finite field F?

We say that a graph G has index k in F if k is the answer to the above
question. So, index(Ks,)=index(T},) = 1 and index(Ko,+1) = 2.

Here we describe a fact which is quite useful for determining the index
of some graphs: The Kirchhoff polynomial Pk(G) is homogeneous of degree
n—1if G has n vertices. When the random variables assume values in a field
F, there is an one-to-one correspondence between the assignments giving
Kir(G) = d and the assignments giving Kir(G) = 2" 'd. The mapping can
be described as follows:

(w17w27"' 7w€) (:thwaa"' 7-Twe)
This observation implies that

Prob(Kir(G) = d) = Prob(Kir(G) = 2" 'd)

13



for any graph G on n vertices and any x # 0. Therefore, the index of G must
be a factor of n—1. It would be interesting to know when the index is exactly
n — 1. Although it seems to be quite hard to compute the index of a general
graph, for a special family of graphs it could be relatively easier to verify.
When the number of vertices is n = p + 1 for some prime number p, and
g = 1 (mod p) is the cardinality of the finite field, the only possible value
for the index is 1 or p = n — 1. If we can provide two distinct probabilities
for two nonzero values of d; and ds, the index of the graph must then be
n— 1.

Since Dirichlet Theorem asserts that for a fixed n = p + 1, there are
infinitely many primes (hence prime powers) ¢ such that ¢ =1 (mod n—1).
Therefore we may have infinitely many possible extremal cases.

In particular, we consider cycles C,, on n vertices, which have Kirchhoff
polynomials

Kir(Cp) = > &5
J
where #; = ([];z;)/z;. By computation, we have verified the following
small cases:
n=4,q="7

336/7* when d = 1 or 6,
294/7*  when d = 2 or 5,
357/7* when d = 3 or 4,
427/7  when d = 0.

Prob(Kir(Cy) =d) =

n=4,q=13

2262/13* when d = 2, 3, 10 or 11,
2145/13* when d =4, 6, 7 or 9,
2106/13* when d =5, 8, 1 or 12,
2509/13*  when d = 0.

Prob(Kir(Cy,) =d) =

14



n==6,q=11

149930/11%  when d = 1 or 10,
151360/11%  when d = 2 or 9,
152185/11%  when d = 3 or 8,
150810/11% when d =4 or 7,
150260/11%  when d = 5 or 6,
262471/11%  when d = 0.

Prob(Kir(C,) =d) =

Therefore we have proved the following fact:

Lemma 5.1 The index of Cy is 3 over the finite field F7 is 3. or F13. The
index of Cg over the finite field F11 is 5.

This leads to the following problem:

Problem 2: Prove or disprove that the index of ()41 is p for a prime p
over the finite field F, with ¢ =1 (mod p).

Of course, it would be even better if the index of any cycles can be
determined.

Another natural question is whether that Prob(Kir(G) = d) over the
finite field Fy is a universal function of 1/¢ or not. From equation (15), we
see that the answer is negative for d # 0, ¢ prime, n odd and G = K,,.

We remark that there are counterexamples for the version of Kontse-
vich’s conjecture over a ring. In [2], the explicit formula for Prob(Kir(G) =
0 over Zg) for ¢ = p¥, where p is a prime and k > 1, is a polynomial in 1/p
depending on k but not a universal polynomial in 1/q.

So far, we have not found any counterexample to the following strength-
ened version of Kontsevich’s conjecture:

Conjecture : For a graph G and a positive integer r, the probability that

its reduced combinatorial Laplacian L of G over the finite field F, has rank
r, denoted by Prob(rank(L(G)) = r), is a universal function in 1/gq.
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